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ABSTRACT

A multi-stage computation is one involving more than one
stage of execution. MetaML is a language for program-
ming multi-stage computations. Previous studies presented
big-step semantics, categorical semantics, and sound type
systems for MetaML. In this paper, we report on a con-
fluent and sound reduction semantics for untyped call-by
name (CBN) MetaML. The reduction semantics can be used
to formally justify some optimization performed by a CBN
MetaML implementation. The reduction semantics demon-
strates that non-trivial equalities hold for object-code, even
in the untyped setting. The paper also emphasizes that
adding intensional analysis (that is, taking-apart object pro-
grams) to MetaML remains an interesting open problem.

1. INTRODUCTION

Recently, there has been significant interest in multi-stage
programming languages [5; 6; 7; 8; 9; 10; 11; 14; 21; 26]. A
multi-stage programming language provides high-level con-
structs for the construction, combination, and execution of
code fragments [31]. MetaML [31; 34] is an SML-like multi-
stage programming language that provides three staging
constructs called Brackets (_), Escape ~_, and Run run _
Intuitively, these three constructs are analogous to LISP’s
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back-quote, comma, and eval [2]. There are however two no-
table differences between LISP’s and MetaML’s constructs:
First, the former work on lists, and the latter work only on
a-equivalence classes of representations of programs contain-
ing binding constructs. Second, MetaML avoids the need
for the use of a newname or gensym constructs to provide
fresh names for bound variables. These differences simplify
the formal semantics of MetaMIL substantially.

Previous studies on the formal semantics of MetaML have
focused on the feasibility of static (or dynamic) type sys-
tems [23; 30; 33; 34], typically using a big-step semantics
for characterising correctness [23; 33], and sometimes using
categorical denotational semantics for achieving a better un-
derstanding of the notions of type [4]. Types, however, are
not prerequisite for MetaML to be useful. In particular, as
we will show in this paper, code objects in untyped MetaML
enjoy strong equational properties that are of interest in
their own right.

1.1 Intensional Analysisand MetaML

Part of the strength of the equational properties of MetaML
comes from the absence of an explicit mechanism for in-
tensional analysis (or the taking-apart) of code. In other
words, even though MetaML can express staged computa-
tion in a practically useful way [31; 34], it does not provide
the programmer with arbitrary access to the representation
of object-code.

Given that intensional analysis is needed for describing
any kind of program analysis (such as type checking) or
source-to-source transformation (such as Binding-Time Anal-
ysis (BTA) [9; 11; 15; 16]) a natural question is then, why
does MetaML not have intensional analysis? Before answer-
ing this question, it is important to note that many trans-
formations such as BTA can be defined outside MetaML,
and introduced as a constant. This could be sufficient for
many users (and applications): We can certainly construct
a representation of a program in MetaML, for example, by
typing in:

-l val p = {fnx = fny = (x+1)+y);
and the MetaML implementation prints [34]:

val p = {fn x = fny = (x+1)4y)



: {int — int — int).
For simplicity, assume that we are only interested in pro-
grams that take two curried arguments, and the first one is
static, and the second one is dynamic. One can, in principle,
add a primitive constant BTA to MetaML with the following
type:

-| BTA;
val BTA = -fn-
{(a= b= '¢g=>('a—= (b= 'c).
Then, to perform BTA, we apply this constant to the source
program:

-| val ap = BTA p;
val ap = {fn x = {(fn y = “(lift (x+1))+y))
s {int — (int — int))

yielding the “annotated program”'. Then specialization is

achieved by running the two-level program on an input term:

-| val p5 = (run ap) 5;
val p5 = (fn y = 6+y)
s ({int — int)
yielding, in turn, a specialized program.

But there are certainly applications where good support
for intensional analysis is highly desirable. And even though
multi-stage programming does not need to concern itself
with how code is represented, MetaML itself was developed
as a meta-programming language, and the long-term goals of
the MetaML project have at various times included support
for intensional analysis.

To answer the question we raise above: there seems to be a
number of fundamental reasons why introducing intensional
analysis require care. We know of two: First, it is hard to
find reasonable type systems in the presence of intensional
analysis. This problem is beyond the scope of this paper and
the reader is referred to [31]. Second, as we will illustrate in
this paper, adding intensional analysis to MetaML, weakens
the notion of equivalence to the extent that it makes most
interesting program optimizations unsound.

1.2 Organization and Contrib utions

Section 2 reviews the previously proposed big-step seman-
tics for MetaM1L. [23; 33], and explains why it cannot be used
directly as a basis for establishing the soundness of a reduc-
tion semantics. Using a notion of expression family we
define the fine big-step semantics that seems crucial for
the formal development of the untyped language.

Section 3 analyses the basic problems associated with
finding an appropriate reduction semantics for MetaML. In
particular, we show why working on raw MetaML terms is
problematic, and why “level-annotated terms” [33] also lead
to complications.

Section 4 presents a simple reduction semantics for a
subset of MetaML that we call A-U?. The proposed reduc-
tion semantics works on terms that have no explicit level
annotations, and uses the standard notion of substitution.

'The lift function is a secondary annotation that takes a
ground value and returns a code fragment containing that
value [34]. In this study we consider lift to be secondary
because most of its high-level behaviour can be modelled
with other constructs.

2The letter U is simply the last in the sequence R, S, T,

Section 5 summarizes our main results. The first result is
confluence of the proposed reduction semantics. Conflu-
ence states that the result of any two sequences of reduction
can always be reduced to a common term. From the point
of view of language design, confluence is often an indicator
of the well-behavedness of the proposed notions of reduc-
tion. The second (and main) result is the soundness of
the proposed reduction semantics with respect to the pro-
posed fine big-step semantics. This result has two parts.
First, all what can be achieved by the big-step semantics,
can be achieved by the reductions. Second, applying the re-
ductions to any sub-term of a program does not change the
termination behavior of the big-step semantics. This result
establishes that the reduction semantics and the big-step
semantics are “essentially equivalent” formulations of the
same language. Proof details appear in a technical report
[32].

2. BIG-STEP SEMANTICS (CBN x-M)

A big-step semantics is a partial function from expressions
to values (or “answers”). There are a number of reasons why
the big-step semantics for MetaML [23; 33] is an instructive
model for the formal study of multi-stage computation:

1. By making “evaluation under lambda” explicit, this
semantics makes it easy to illustrates how a multi-
stage computation often violates one of the basic as-
sumptions of many works on programming language
semantics, namely, that we are dealing only with closed
terms.

2. By using just the standard notion of substitution (see
for example Barendregt [1]), this semantics captures
the essence of static scoping, and there is no need for
using additional machinery for performing renaming
at run-time.

In this section, we will review the big-step semantics pro-
posed for MetaML in previous work, and will discuss why
using it directly to justify a reduction semantics in the un-
typed setting is problematic. We then present a refined no-
tion called the fine big-step semantics that we use in our
formal development.

2.1 CoarseBig-StepSemantics

In previous work, we have presented a big-step semantics
for a core subset of untyped MetaML called A-M [33; 23].
The raw terms for this language are:

e EE = z|Xzel|ee| (e ]| "e|rune.

The big-step semantics for A-M is specified by a partial func-
tion . <3 _: E — E. Figure 1 summarizes the coarse CBN
big-step semantics for A-M. Taking n to be 0, we can see that
the first two rules correspond to the rules of a CBN lambda
calculus. The rule for Run at level 0 says that an expression
is Run by first evaluating it to get a Bracketed expression,
and then evaluating the Bracketed expression. The rule for
Brackets at level 0 says that they are evaluated by rebuild-
ing the expression they surround at level 1: Rebuilding, or

U. The first attempt at a calculus was called A-R, where
R stands for “Run” [33]. We call this reduction semantics
A-U to avoid asserting a priori that it is equivalent to the
big-step semantics A-M. The letter M stands for “MetaML.”.



Syntax:

e €EE = z|ee|Ave|{e)| "e|rune
Big-Step Rules:
0
e1 — Az.e
0 0 0
e[z :=e2] = e3 e1 <= (e2) €2 —es
5 Lam 5 App 5 Run —r Var+
AT.€ = Az.€ €1 €2 < e3 run e; < es T
n+ n+ n+ n+ n+
€1 “> €3 €3 —> ey €1 < es €1 — ez €1 — e2
-y App+ — Lam- — Brk — Run+
€1 €2 <> e3 €4 Ax.e1 — Ar.es (61> — <€2> run e; < run es
n+ 0
€1 “— €2 €1 — <€2>
-y Esc++ T Esc
“e1 <= Tes “e1 < es

Figure 1: The Coarse CBN Big-Step Semantics for A-M

“evaluating at levels higher than 0”, is intended to elimi-
nate level 1 Escapes. Rebuilding is performed by traversing
the expression while correctly keeping track of level. Thus
rebuilding simply traverses a term until a level 1 Escape
is encountered, at which point normal (level 0) evaluation
function is invoked in the Esc rule. The Escaped expression
must yield a Bracketed expression, and then the expression
itself is returned.

2.1.1 TheClosednesassumptionjfolated

The semantics is standard in its structure, but note it has
the unusual feature that it manipulates open terms. In par-
ticular, rebuilding goes “under lambda” in the rule Lam+,
and Escape at level 1 re-invokes evaluation during rebuild-
ing. Thus, even though a closed term such as (Az.” (z))

evaluates to {Az.z) (that is (Az.”(z)) ‘£> {Az.z)) the deriva-

tion of this evaluation involves the sub-derivation (z) A {z)
which itself is the evaluation of the open term {(z). While it
is common that such a semantics is restricted a posteriori to
closed terms (for example, in Plotkin [28]), there was noth-
ing in our development that necessitates this restriction.

2.2 The Problemwith the CoarseFunction

The notions of reduction that we wish to propose are
not sound under the coarse big-step semantics function de-
scribed above. In particular, if we do not explicitly forbid
the application of the coarse big-step semantic function on
terms that are manifestly “not of the right level”, finding
suitable notions of reduction seems hard. For example, con-
sider the term ~(Az.z) € E. If this term is subjected to the
coarse big-step semantic function at level 0, the result is un-
defined. At the same time, if we pragmatically optimize this
term to Az.x, the big-step semantics is defined. Applying a
reduction to a sub-term of a program should not change its
termination behavior. In particular, an optimization that
takes an “undefined” term and makes it “defined” is not
sound. In the next section, we will introduce a finer notion
of big-step semantics that will avoid this kind of problem.

2.3 Fine Big-StepSemantics

To define the fine big-step semantics, we employ a finer

classification of expressions. For example, the evaluation
of a term “e does not interest us because Escapes should
not occur at top-level (that is, should not occur at level
0). Thus, we introduce expression families. An ezpression
family is a collection of sets E°, E', E?, ... indexed by the
natural numbers. The expression family for terms is defined
as follows:

e’ €E°
n+1 c En-l- 1

z | Az.e® | e®e® | (e!) | rune®

e o | Ap.e™tl | et entl |

(e™*2) ] ~e™ | run ™t

REMARK 1 (NOTATION). The above presentation of ex-
pression families is  essentially in that it defines a set
of terms by simple induction n more standard notation the
set is defined by induction on the height of a set membership

udgment e € E™ defined by induction over e

e c E" €1,€e2 € E™
r e E" Azr.e € E" erex € B
e € Entl e € E" e€ E"
(e) € E" “e € B! rune € E"
The -li e notation is especially convenient for defining

the sets of workable and stuck terms introduced in the tech-
nical report

This stratification of the expression is crucial to the cor-
rectness of the reduction semantics that we propose in this
paper.

Note that we have not changed the syntax at all, rather,
we have imposed a finer classification on terms. For exam-
ple, the following results states that every element E™ of the
expression family is a subset of the set of terms E:

EMMA ( AI RO ERTIE O RE ION AMI IE ).
n ¢
E" E
En En-l-l

e1 € E™es € B eq[x :=ex] € B



Note also that we do not annotate terms explicitly with any
additional information: The terms of the language are ex-
actly the same as before, and we are simply building a finer
classification of the same terms.

While we do not depend on the following property in the
formal development, it is instructive to note that it can be
easily proved with the help of the previous lemma:

EMMA (A IT1 ATION).

ecE. ne .ee€E"™.

2.3.1 Values

Values are a subset of terms. The defining characteristic
of this subset is that a value (an element of the subset)
represents the result of a computation (see Lemma 5). To
inductively define values, we must once again use expression
families, rather than just one set:

0 e ° = 2wl | (Y
! e ' o= x| " Ve M) [run !
n+2 c n+2 = T | n+2 n+42 |)\(I) n+2 |

< n+3> | ~ n+1 | run n+2.

Intuitively, level 0 values are what we get as a result of evalu-
ating a term at level 0, and level n+1 values are what we get
from rebuilding a term at level n+1. Thus, the set of values
has three important properties: First, a value at level 0 can
be a lambda-abstraction or a Bracketed value, reflecting the
fact that lambda-abstractions and terms representing code
are both considered acceptable results from a computation.
Second, values at level n + 1 can contain applications such
as {(Ay.y) (Az.z)), reflecting the fact that computations at
these levels can be deferred®. Finally, there are no level 1 Es-
capes in level 1 values, reflecting the fact that having such
an Escape in a term would mean that evaluating the term
has not yet been completed. Evaluation is not complete, for
example, in terms like ("(  z)). Note, however, that we can
have a level n Escape in a level n value, for n 2.

The following lemma establishes a simple yet important
property of A-M:

EMMA ( NT E TRON

ne . "tl=pn

A ERE E TION).

The lemma has two parts: One saying that every element
in a set of (code) values is also an element of the “previous”

%A reviewer asked “can” or “must”? The big-step semantic
says “must”.  owever, the proposed reduction semantics
brings the interesting news, and says “can”. The reduction
semantics has no mechanism for enforcing that a term is not
reduced (or evaluated). Thus, the main difference between
application at level 0 and application at higher levels is that
the former must be reduced, while the latter do not need to
be reduced. This observation comes directly from the defini-
tion of values. The fact that the proposed reductions allow
us to interpret higher-level applications as “can be deferred”
as opposed to “must be deferred” is part of the power of this
semantics. In particular, higher level applications does not
need to be deferred if the effect of performing them cannot
be observed by the outside world. This is useful, for exam-
ple, in allowing an implementation of MetaML to optimize
object code, and improve the quality of the code generated
by a multi-stage system.

set of expressions, and the other, saying the converse. Both
of these properties can be interpreted as positive qualities
of a multi-level language. The first part tells us that every
object-program (value) can be viewed as a meta-program,
and the second part tells us that every meta-program can
viewed as an object-program (value). aving established
Strong Value Reflection, it is easy to verify that if the big-

. n .\ . .
step semantics at level n (e < ) returns an expression, this

expression is a value € ™ at level n :
EMMA ( Al RO ERTIE O I TE EMANTI
nec
n ntil
€, € EE"ee = e € "
Noting also that ° E° and ™' = E™ E™! the

previous lemma implies level-preservation,in the sense that:
n e .61€En. ey € F.

n
€1 ‘—)62:>62€En.

REMARK (N 1 TE N TION). n previous
or s on the semantics of ela the term big-step se-
mantics referred to the coarse function  or the purposes
of this paper e il only be concerned ith the fine big-step

semantic function _ < L E™ — E™ as it is more closely
related to the reduction semantics that e are proposing e

il also use the term big-step semantics to refer only to
the fine-big step semantic function

3. WHAT'S NOT AMETAML REDUCTION

A reduction semantics can be viewed as a set of directed
rewrite rules. Such a semantics can be used to define a no-
tion of equality between terms: Two terms are equal if they
can be reduced to a common term. In our experience, it
has also been the case that studying such a semantics has
helped us in developing the first type system for MetaML
[33]. It is therefore reasonable to expect that having a sim-
ple reduction semantics for a given language can be helpful
in developing new type systems for MetaML. For example,
an important property of a type system is that typability
should remain invariant under reductions (“Subject Reduc-
tion”). A simple reduction semantics helps language design-
ers quickly eliminate inappropriate type systems, hopefully
leading to a better understanding of the design space for
such type systems.

In this section, we will analyse the problem of defining
a suitable reduction semantics of MetaML. We begin by
reviewing the basic notions of coherence and confluence,
and then study why defining a reduction semantics on raw
MetaML terms is not suitable. We then analyse why using
the notion of “level-annotated terms” introduces additional
complications.

3.1 Coherenceand Confluence

Two important concepts central to this section are co-
herence and confluence (For confluence, see Barendregt [1]).
A reduction semantics is non-deterministic. Therefore, de-
pending on the order in which we apply the rules, we might
get different results. When this is the case, our semantics



could reduce a program e to either 0 or 1. We say a re-
duction semantics is coherent when any path that leads to
a ground value leads to the same ground value. Conversely,
we will say that a semantics is incoherent if it there is one
expression that it can reduce to two different ground values.
Clearly, a semantics that lacks coherence is not satisfactory
for a deterministic programming language.

Intuitively, knowing that a rewriting system is con uent
tells us that the reductions can be applied in any order,
without affecting the set of results that we can reach by
applying more reductions. Thus, confluence of a reduction
semantics is a way of ensuring coherence. Conversely, if we
lose coherence, we lose confluence.

3.2 A First Attempt

A direct attempt at extending the set of expressions and
values of basic CBN lambda calculus to incorporate the stag-
ing constructs of MetaML yields the following two rules in
addition to the rule:

(Az.e1) ez = ei[r = e2]

e) — e
run{e) — e

There are several reasons why this naive approach is un-
satisfactory. In the rest of the section, we will explain the
problems with this approach, and explore the space of pos-
sible improvements to this semantics.

3.3 Intensional Analysis Conflicts with

Directed, deterministic support for intensional analysis
means adding constructs to MetaMI, that would allow a
program to inspect a piece of code, and possibly change its
execution based on either the structure or content of that
piece of code. Unfortunately, there is a conflict between
supporting intensional analysis and allowing the rule on
object-code. To illustrate this undesirable interaction, let
us assume a minimal extension to A-M with a hypotheti-
cal construct App that tests a piece of code to see if it is
an application. Big-step evaluation would then justify the
implementation behaving as follows:

-l App {(fn x = x) (fny = y));
valit=tru : b |

Allowing  reduction on object-code means that {(fn x =
x) (fn y = y)} can be replaced by (fn y = y). Such a reduc-
tion could be performed by an optimizing compiler, and is
desirable, because it eliminates a function call in the object-
program and reduces its size to half. But such an “optimiza-
tion” would have a devastating effect on the semantics of this
hypothetical extension of MetaML. In particular, reduction
followed by big-step evaluation would then also justify the
implementation behaving as follows:

-l App {(fn x = x) (fny = y));
valit=fal :b |

When the reduction is performed, the argument to App
is no longer an application, but simply the lambda term (fn
y = y). In other words, allowing both intensional analysis
and object-program optimization implies that we can get the
result fal just as well as we can get the result tru . This

example illustrates a problem of coherence of MetaML’s re-
duction semantics in the presence of reduction at higher
levels, and deterministic intensional analysis.

3.4 Level-Annotated Terms

The difficulty with adding intensional analysis suggests
that distinguishing between level 0 (“meta-”) terms and
higher level (“object-") terms might be useful.

This idea has already been used in a previous attempt at
a reduction semantics for MetaML [33]. In order to control
the applicability of the rule at various levels, we developed
the notion of level-annotated terms. Level-annotated terms
carry around a natural number at the leaves to reflect the
level of the term. Such terms keep track of meta-level in-
formation (the level of a sub-term) in the terms themselves,
so as to give us finer control over where different reductions
are applicable.

Unfortunately, that reductions semantics contains a sub-
tle flaw®. It suffers two main shortcomings:

Working with level annotations requires introducing
auxiliary notions of “promotion”, “demotion”, and the
use of a non-standard notion of substitution, all in or-
der to correctly maintain the level-annotations during
the execution of a program.

In certain instances, the left hand side of a reduction is
defined, but the right hand side is not. This subtle flaw
was partly a result of the fact that the non-standard
notion of substitution (needed to maintain correct level
annotations) was not a total function.

Level-annotated terms also induce an expression family
E° E',E?, ... where each annotated term lives:

e° er° = =z | Az.e® | %% | (e') | run €°
ettt ¢ prtt z T | Az.e™t! |e"‘|'1e"+1 |
(e“+2) | “e™ | run ent!
0 0 = Az [ (1)

I

DY R 1|(2>|run !

n+2 c n+2 + |)\.’L‘ n+2 | n+2 n42 |

T
< n+3> | ~ n+l |run n+2.

Note that whenever we “go inside” a Bracket or an Escape,
the index of the expression set is changed in accordance with
the way the level changes when we “go inside” a Bracket or
an Escape.

The key difference between level-annotated terms and raw
terms is therefore only in the “leaves”, namely, the vari-
ables . In level-annotated terms, variables explicitly carry
around a (term representing a) natural number that corre-
sponding to their level. In other words, where as E? is the
name of a particular subset of some universal set FE, the
term x is a pair consisting of the name of variable z and
a representation of a natural number 2. Note also that =

*Surprisingly, the type system is still sound. See [23] for the
soundness result.

The original definition of level-annotated terms [33] had
every construct carrying level annotations. There is a one-
to-one corresponds between that definition and the simpler
definition we use here.



does not mean “a name drawn from a set a > dedicated
for names of variables at level 0”: throughout the formal
development, there is exactly one set of variable names, and
this is the set used for all variables. For all other constructs,
we can simply infer the (unique) level of the whole term
by looking at the sub-term. For Brackets and Escapes, the
obvious “correction” to levels is performed.

3.4.1 Escape<onflictwith

There is a problematic interaction between the rule at
higher levels and Escape. In particular, does not preserve
the syntactic categories of level annotated terms. Consider
the following term:

((fnx = "x)"( ).
The level of the whole term is 0. If we allow the
higher levels, this term can be reduced to:

OCIE

This result contains two nested Escapes. Thus, the level
of the whole term can no longer be 0. The outer Escape
corresponds to the outer Bracket, but what about the inner
Escape? Originally, it corresponded to the same Bracket,
but after the reduction, what we get is an expression that
cannot be read in the same manner as the original term.

rule at

3.4.2 SubstitutionConflictswith

One possibility for avoiding the problem above is to limit
to level O terms:

z.e)ed = el[z: =€l
At first, this approach is appealing because it makes the
extension of MetaML with code inspection operations less
problematic. But note that a non-standard notion of substi-
tution must be used in €j[z : = €3]. To illustrate, consider
the following term:

(fn x = (x")) (fny = (fn x = x°) 5°%).

There are two possible  reductions at level 0 in this term.
The first is the outermost application, and the second is the
application inside the argument. If we do the first applica-
tion, we get the following result:

{fny = (fn x = x') 5').

The level annotations need to be adjusted after substitution
(See [33].) But first note that there are no  reductions at
level 0 left in this term. If we do the second application first,
we get

(fn x = (x")) (fny = 5°).

and then we can still go back and perform the outermost
application to get:

(fny = 5.

Again, in the presence of code inspection, this example il-
lustrates an incoherence problem. But even in the absence
of code inspection, we still lose the con wuence of proposed
notions of reduction, despite the fact that we have sacrificed

reductions at higher-levels. Intuitively, the example above

illustrates that cross-stage persistence [34], that is, the pos-
sibility of binding a variable level and using it at a higher
level, arises naturally in untyped MetaML terms, and that
cross-stage persistence makes it hard to limit  to level 0 in
a consistent (that is, confluent) way. In the example above,
applying the lift-like term fn x = (x) to a function causes
all the redices in the body of that function to be frozen.

3.4.3 Summanpof Problemswith Level Annotations

To conclude this section, we emphasize that the seemingly
minor difference between level-annotated terms and expres-
sion families, namely, the level annotations carried on the
leafs of terms, has a profound effect on the formal devel-
opment. In particular, the substitution operation becomes
much more complicated because of the need to change the
level annotations inside a term, depending on how the sub-
stitution operation affects its level. Also, we lose the simpler
reflection property, which means that we have to introduce
a new partial function called “demotion” in order to correct
the level of the sub-term after a run reduction is performed.

4. REDUCTION SEMANTICS (CBN x-U)

We are now ready to present the proposed reduction se-
mantics for MetaML, called A-U. The syntax of A-U consists
of exactly the same expression family introduce for A-M.
Taking advantage of Strong Reflection, we can simplify the
definition of values and present the following equivalent but
more compact definition:

e’ € E° =
en-{-l = En-l-l

Ol x| ee | (") | rune®

x| e"tlemt! | Apemt! |

(e"+2) | “e™ | run ent!
0 e 0 = Az.e’ | (eo>
n+1 c n+1 = en.

The definition of values explicates two essential subtleties:
First, that a code value at level carries an expression of
level . Second, higher level values are simply the expres-
sions of the previous level.

E INITION ( NX RE TION ). The no-
tions of reduction of A- are simply
(Az.ed) el — e[z 1= €3]
ey — e’
run (%) — e’

ust like the rules for a CBN or CBV lambda calculus, these
rules are intended to be applied in any context, indepen-
dently of what the context is, or the level imposed by the
context. The reduction relation is therefore defined is fol-
lows:

E INITION (RE  TION RE ATION). The A-
reduction relation — FE FE as the compatible extension
of re riting a term using any of the three A\- notions of re-
duction e rite — for its re exive transitive closure

Note in particular that the reduction relation allows us to
apply the rule to any expression that loo s li e a level 0O



application. So, in contrast to the big-step semantics, the re-
ductions are independent of the level of the term. By simply
restricting the body of the lambda term and its argument
to be in E°, A-U reductions avoid the problems that rid-
dled the level-annotated term approach, namely, the non-
standard notion of substitution, and the conflict between
Escapes and . The essential idea seems to be defining the
reductions only using expressions in E°, which are free of
top-level Escapes

Note also that restricting the body of the lambda term
in the rule to be a member of E° makes evaluation un-
der lambda explicit. This restriction is no different from
the value restriction on the argument of an application in
Plotkin’s |, which forces the evaluation of the argument
before it can be passed to (substituted in the body of) the
function. Thus, we can read the expression-0 restrictions
on the body of the function and on the argument in the

rule as explicitly forcing the body and the argument to
be “proper expressions” before they can be reduced as an
application.

5. SUMMARY OF TECHNICAL RESULTS

This section gives an overview of the two main technical
results on CBN A-U, namely, confluence and soundness with
respect to the fine big-step semantics of CBN A-M. The de-
tails of the two results are presented in the technical report
[32].

5.1 Confluence

Establishing the confluence of a reduction semantics in
the presence of the rule can be involved, largely because
substitution can duplicate redices, and establishing that these
redices are not affected by substitution can be non-trivial.
Barendregt presents a number of different ways for proving
confluence, and discusses their relative merits [1]. A recently
paper by Takahashi promotes a concise yet highly rigorous
technique for proving confluence, and demonstrated its ap-
plication in a variety of settings, including proving some
subtle properties of reduction systems such as standardiza-
tion [36]. Takahashi promotes the use of an explicit notion
of a parallel reduction and a notion of star reduction that
avoids the need for “residuals”. The idea of parallel reduc-
tion goes back to the original and classic (yet unpublished)
works of Tait and Martin-Lof and is introduced early on in
Barendregt’s book [1, Section 3.2]. Parallel reduction is a
relation between terms that allows multiple reductions to be
performed at the same time. The essential feature of this
notion is that it is indifferent to the number of times a redix
occurs in a term. Star reduction is a function defined di-
rectly by induction on the structure of terms, and greatly
simplifies establishing the confluence of parallel reduction.
The corresponding notion to star reduction in Barendregt is
complete development [1, Section 11.2]. This notion is not
used explicitly in the first (an probably simplest) confluence
proof, rather, is postponed to Section 11.2 and defined using
the more involved notion of residuals.

Our proof of confluence follows closely the development

A reviewer suggested a “free variable analogy”. Top-level
Escapes can be viewed as “free” (or “unbound”) Escapes.
The key use of E° can then be viewed as simply the exclusion
of expressions with “free” Escapes.

in the introduction to Takahashi’s paper, and the CBN re-
ductions of A-U do not introduce any notable complications
to the proof of confluence. Our proof is as simple, concise,
and rigorous as the one presented by Takahashi.
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5.2 Soundness

Establishing the soundness of a reduction semantics with
respect to a big-step semantics involves two parts: First, one
must show that what can be achieved by big-step evaluation
can also be achieved by reduction. This part is typically easy
to prove, and proceeds by induction over the height of the
big-step evaluation derivation. Second, one must show that
what can be achieved by reduction can, “in some sense”,
also be achieved by big-step evaluation. The basic prob-
lem here is that reductions can be applied anywhere in a
term (non-deterministically), and big-step evaluation per-
forms only certain reductions (deterministically). In other
words, the reduction relation typically reduces more redices
than big-step evaluation. For example, the reduction se-
mantics for the lambda calculus can do “reductions under
lambda”, and the big-step semantics generally does not [19;
38]. At the same time, there is typically a formal sense,
called observational e uivalence [19; 38], in which these ex-
tra reductions are irrelevant. This state of matters gener-
ally makes establishing the second half of soundness more
involved.

Our proofs have followed closely Plotkin’s proofs for the
soundness of the CBV and CBN lambda-calculi [28]. While
carrying out these proofs has been largely uneventful, we
have accumulated a number of hints that may benefit others
interested in pursuing similar formal development. These
can be found in the technical report [32].

In what follows, we present our definition of observational
equivalence (the termination behavior of the level 0 A\-M big-
step evaluation) and state the soundness result, namely, that
CBN A-U reductions preserve observational equivalence.
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To define the notion of observational equivalence, we need
to introduce the notion the formal notion of a context:

E INITION 11 ( ONTE T). Context is an expres-

ston ith exactly one hole []

€ =[x [ ele [()]" |run
e rite [e] for the expression resulting from replacing
filling  the hole [] in the context ith the expression e

REMARK 12. illing a hole in a context can involve vari-
able capture in the sense that given Az []  [z] Az
and the binding occurrence of x in  is not renamed
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REMARK 14. The definition says that t o terms are ob-
servationally e uivalent exactly hen they can be interchanged
in every level term ithoutl a ecting the level termination
behavior of the term
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6. RELATED WORKS

The author’s dissertation promotes the formal study of
multi-stage programming, and reports on the results of scru-
tinizing the design and implementation of the multi-stage
programming language MetaML. The focus is on MetaML’s
operational semantics, two type systems, and formalizing
the properties we expect them to enjoy. In doing so, we
have identified a variety of subtleties related to multi-stage
programming, and provided solutions to a number of them.
The results presented in this paper are based directly on
Chapters 5 and 6.

Davies and Pfenning propose two typed frameworks for
staged computation, A [6] and A [5]. The latter is more
directly related to MetaML because it allows evaluation un-
der lambda (and therefore computation with open code).
Davies uses a notion of expression family in the typed devel-
opment of A to classify values, but it is not used to impose
restrictions in the notions of reduction. Thus, the reductions
suggested for A are not sound for the untyped MiniML
big-step semantics (which has fixed points), even when the

-rule is restricted to  and when the terms are well-typed.
This observation does not conflict with any of the formal
claims or results that Davies reports. In the typed setting,
these reductions can only be sound if effects are introduced
using Moggi’s notion of a computational monad [20] (see for
example atcliff and Danvy [13] and Lawall and Thiemann
[17] for studies in this direction). It is not clear from the
categorical analysis of multi-stage computation [3] whether
or not staging and monads can coexist fruitfully, and this
question remains an open and interesting one.

There has also been a number of related studies in the
contexts of LISP and the untyped lambda calculus. Muller
[24] studies the reduction semantics of LISP’s u t and

val. Muller observes that his formulation of these con-
structs breaks confluence. The reason for this seems to
be that his calculus distinguishes between s-expressions and
representations of s-expressions. Muller proposes a closed-
ness restriction in the notion of reduction for val and shows
that this restores confluence. Muller [25] also studies the
reduction semantics of the lambda-calculus extended with
representations of lambda terms, and with a notion of

reduction on these representations. Muller observes that
this calculus lacks confluence, and uses a type system to re-
store confluence. In both Muller’s studies, the language can
express intensional analysis. Wand [37] studies the equa-
tional theory for LISP meta-programming construct f xpr
and finds that the theory of f xprs is trivial in that the
only meaning-preserving equality isa  a conversion. In the
context of a study on the expressive power of programming
languages using a notion of “abstraction contexts”, Mitchell
also remarks that in ith f xprs  syntactically dif-
ferent expressions are not observationally e uivalent
[18]. These observations imply that is not valid in a

language with f xprs. Wand predicts that there are other
meta-programming languages with a more interesting “non-
trivial” equational theory. As A-U demonstrates, MetaML
is one such language.

Moggi [21] points out that two-level languages generally
have not been presented along with an equational calculus.
Lawall and Thiemann give such a presentation in the context
of a study on sound specialization in the presence of effects
[17]. Our proposed reduction semantics has eliminated this
problem for CBN MetaML, and to our knowledge, is the
first correct presentation of a typed or untyped multi-stage
programming language using a reduction semantics.

7. FUTURE WORK

Corresponding results on the confluence and soundness
of CBV A-U have not been established yet. There were two
reasons for pursuing these results first in the CBN setting:

1. To avoid developing accidental dependency on a par-
ticular strategy (CBV), and

2. To avoid a technical inconvenience relating to the mis-
match between the notion of value in the reduction
semantics and in the big-step semantics for a CBV
language.

The difference between the CBV and the CBN big-step se-
mantics for MetaML (A-M) is only in the evaluation rule
for application at level 0.  The difference between CBV
and the CBN reduction semantics for MetaML (A-U) is also
only in the rule for application where the argument is re-
stricted to be a CBV value, thus forcing it be evaluated
before it is passed to the function. An additional degree of
care is needed in the treatment of CBV A-U. In particular,
the notion of value induced by the big-step semantics for
a call-by-value lambda language is usually not the same as
the notion of value used in the reduction semantics for call-
by-value languages. The latter typically contains variables.
This subtle difference will require distinguishing between the
two notions throughout the development. Furthermore, it
seems necessary to add a special reduction rule for reducing
an application where the argument is a variable in order to
be (strictly speaking) a conservative extension of the CBV
lambda-calculus.

We expect the results to hold when naturals are added.

8. CONCLUSIONS

In this paper, we presented a (“fine”) big-step semantics
(A-M) for a subset of CBN MetaML and explained why the
naive approach to a reduction semantics for MetaML does
not work. We presented a reduction semantics (A-U) that
we have shown to be confluent and sound with respect to a
notion of observational equivalence based on the level O ter-
mination behavior of the big-step semantics on open terms.

In reviewing the failure of the naive approach to the re-
duction semantics, we saw that it is hard to limit  reduc-
tion to level 0 in MetaML, that is, it is hard to stop se-
mantic equality at the meta-level from “leaking” into the
object-level. An alternative interpretation of the concrete
observations is that, in MetaML, it is more natural to al-
low semantic equality at all levels. In particular, the level
of a raw MetaML terms is not “local” information that can



be determined just by looking at the term. Rather, the
level of a term is determined from the context. Because
of substitution (in general) and cross-stage persistence (in
particular), we are forced to allow  to “leak” into higher
levels. We see this “leakage” of as desirable because it al-
lows implementations of MetaML to perform a wider range
of semantics-preserving optimizations on programs. If we
accept this interpretation and therefore accept allowing
at all levels, we need to be careful about introducing inten-
sional analysis. In particular, the direct, deterministic, way
of introducing intensional analysis on code would lead to an
incoherent reduction semantics and an unsound equational
theory. Finding a better way for introducing intensional
analysis to MetaML is an important open problem.

Another important research direction is the formal study
of the notion of observational equivalence itself (see for ex-
ample [12]). An understanding of this notion would pave
the way for the investigation of formal improvement theo-
ries along the lines of those developed by Sands et al (see
for example [29].) Such a development is especially appro-
priate, since MetaML is intended as a framework for staging,
which is itself a form of cost improvement.

To conclude, we view the untyped development proposed
in this paper as capturing the simplest notion of well-formed-
ness needed for having a well-behaved syntaz. Well-behaved
syntax is necessary for a clean and useful separation between
the untyped and typed language. Our initial interest was in
fact the study of expressive type systems for MetaML. The
difficulty of defining the semantics in a type-independent
way hindered this program substantially. Thus, we hope
that A-U will be useful for us and for others in the study of
richer type systems for multi-stage programming languages.
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