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I s t hi s pr ogr am 
cor r ect ? 
—How do we know?

i nt  Fi nd( f l oat [ ]  a,  i nt  m,  i nt  n,  
f l oat  x)  {
whi l e ( m < n)  {
i nt  j  =  ( m+n)  /  2;
i f  ( a[ j ]  < x)  {
m =  j +1;
} el se i f  ( x < a[ j ] )  {
n =  j - 1;
} el se {
r et ur n j ;
}
}
r et ur n - 1;
}



Maki ng sense of  
pr ogr ams

• Pr ogr am semant i cs def i nes a l anguage
– e. g. ,  Hoar e l ogi c,  Di j kst r a' s weakest  

pr econdi t i ons
• Speci f i cat i ons r ecor d desi gn deci si ons

– Gener al i zat i on of  t ype annot at i ons
• Tool s ampl i f y human ef f or t

– manage det ai l s
– f i nd i nconsi st enci es
– ensur e qual i t y
– you have al r eady seen t ype checki ng,  t ype 

i nf er ence



St at e pr edi cat es
• A pr edi cat e i s a bool ean f unct i on on

t he pr ogr am st at e
• Exampl es:

– x = 8
– x < y
– m ≦ n ⇒ ( ∀j  |  0≦j <a. l engt h   a[ j ]  ≠ ･

NaN)
– t r ue
– f al se 



Hoar e t r i pl es
• For  any pr edi cat es P and Q and

any pr ogr am S,

{P} S {Q}

says t hat  i f  S i s st ar t ed i n ( a 
st at e sat i sf yi ng)  P,  t hen i t  
t er mi nat es i n Q

post condi t i on

pr econdi t i on



Exampl es
• {t r ue} x : = 12 {x = 12}
• {x < 40} x : = 12 {10 ≦ x}
• {x < 40} x : = x+1 {??}
• {m ≦ n} j  : =( m+n) / 2 {??}
• {0 ≦ m < n ≦ a. l engt h ∧ a[ m]  

= x}
 r  : = Fi nd( a,  m,  n,  x)
{??}

• {f al se} S {xn + yn = zn}
m ≦ r



Pr eci se t r i pl es
• I f {P} S {Q}  and  {P} S {R},

t hen does
{P} S {Q ∧  R}

hol d?



Pr eci se t r i pl es
• I f {P} S {Q}  and  {P} S {R},

t hen does
{P} S {Q ∧ R}

hol d?
• The most  pr eci se Q such t hat

{P} S {Q}
i s cal l ed t he st r ongest  
post condi t i on of  S wi t h r espect  
t o P.

yes



Weakest  
pr econdi t i ons
• I f {P} S {R}  and  {Q} S {R},

t hen
{P ∨ Q} S {R}

hol ds.
• The most  gener al  P such t hat

{P} S {R}
i s cal l ed t he weakest  
pr econdi t i on of  S wi t h 
r espect  t o R,  

wr i t t en wp( S,  R)



Tr i pl es and wp

{P} S {Q}
i f  and onl y i f
P ⇒  wp( S,  Q)



Pr ogr am semant i cs
—ski p 

• no- op
• wp( ski p,  R)    ≡   R

• wp( ski p,  xn + yn = z n)
≡  xn + yn = z n



Pr ogr am semant i cs
—assi gnment  

• eval uat e E and change val ue of  w 
t o E

• wp( w : = E,  R)    ≡   R[ w : = E]

• wp( x : = x + 1,  x ≦  10)
≡ x+1 ≦ 10
≡ x < 10

• wp( x : = 15,  x ≦  10)
• wp( y : = x + 3*y,  x ≦  10)
• wp( x, y : = y, x,  x < y)

r epl ace w by E
i n R



Pr ogr am semant i cs
—asser t  
• i f  P hol ds,  do not hi ng,  el se 

don' t  t er mi nat e
• wp( asser t  P,  R)    ≡   P ∧  R

• wp( asser t  x < 10,  0 ≦  x)
≡ 0 ≦ x < 10 

• wp( asser t  x = y*y,  0 ≦  x)
• wp( asser t  f al se,  x ≦  10)



Pr ogr am 
composi t i ons
• I f   {P} S {Q}  and  {Q} T {R},  

t hen  {P}  S ;  T  {R}
• I f   {P ∧  B} S {R}  and  {P ∧

B￢ } T {R},
t hen  {P} i f  B t hen S el se T 
end {R}



• wp( S; T,  R)    ≡   wp( S,  wp( T,  R) )
• wp( x : = x+1 ;  asser t  x ≦  y,  0 < x)

≡ wp( x : = x+1,  wp( asser t  x ≦  y,  0 < x) )
≡ wp( x : = x+1,  0 < x ≦  y)

 ≡ 0 < x+1 ≦  y
≡ 0 ≦ x < y

• wp( y : = y+1 ;  x : = x + 3*y,  y ≦  10 ∧  3 ≦ 
x)

≡ wp( y : = y+1,  wp( x : = x+3*y,  y ≦  10 ∧  
3 ≦ x) )  

≡ wp( y : = y+1,  y ≦  10 ∧  3 ≦ x+3*y)
≡ y+1 ≦ 10 ∧  3 ≦ x+3*( y+1)  
≡ y < 10 ∧  3 ≦ x + 3*y + 3
≡ y < 10 ∧  0 ≦ x + 3*y

Pr ogr am semant i cs
—sequent i al  composi t i on 



• wp( i f  B t hen S el se T end,  R)    ≡ 
  ( B ⇒ wp( S,  R) )  ∧ (￢B ⇒ wp( T,  R) )   ≡
  ( B ∧ wp( S,  R) )  ∨ (￢B ∧ wp( T,  R) )

• wp( i f  x < y t hen z : = y el se z : = x end,  0 ≦ z)
≡ ( x < y ∧ wp( z : = y,  0 ≦ z) )  ∨
( ( x < y)  ￢ ∧ wp( z : = x,  0 ≦ z) )  
≡ ( x < y ∧ 0 ≦ y)  ∨ ( y ≦ x ∧ 0 ≦ x)  
≡ 0 ≦ y ∨ 0 ≦ x 

• wp( i f  x≠10 t hen x : = x+1 el se x : = x + 2 end,  x ≦ 10)
≡ ( x≠10 ∧ wp( x : = x+1,  x ≦ 10) )  ∨
( (￢ x≠10)  ∧ wp( x : = x+2,  x ≦ 10) )
≡ ( x≠10 ∧ x+1 ≦ 10)  ∨ ( x=10 ∧ x+2 ≦ 10)  
≡ ( x≠10 ∧ x < 10)  ∨ f al se
≡ x < 10

Pr ogr am semant i cs
—condi t i onal  composi t i on



Exampl e

if (x != null) {
n = x.f;

} else {
n = z-1;
z++;

}
a = new char[n];

t r ue

n >= 0

z- 1 >= 0

x ! = nul l  && x. f  >= 0

( x ! = nul l   ==>  x ! = nul l  && x. f  >= 0)  &&
( x == nul l   ==>  z- 1 >= 0)



A good exer ci se

Def i ne

    change w such t hat  P

by gi vi ng i t s weakest  
pr econdi t i on



Loops
To pr ove

{P} whi l e B do S end {Q}
f i nd i nvar i ant  J  and wel l - f ounded var i ant  
f unct i on vf  such t hat :

– i nvar i ant  hol ds i ni t i al l y:   P ⇒ J
– i nvar i ant  i s mai nt ai ned:   {J  ∧ B} S {J }
– i nvar i ant  i s suf f i ci ent :   J  ∧ B ￢  ⇒ Q
– var i ant  f unct i on i s bounded:

J  ∧ B ⇒ 0 ≦ vf
– var i ant  f unct i on decr eases:

{J  ∧ B ∧ vf =VF} S {vf <VF}



Revi ew
• {P} ski p {P}
• {P[ w: =E] } w: =E {P}
• {P∧B} asser t  B {P}
• i f   {P} S {Q}  and  {Q} T {R},

t hen  {P} S ;  T {R}
• i f   {P∧B} S {R}  and  {P∧ B￢ } 

T {R},
t hen  {P} i f  B t hen S el se T 
end {R}



Loops
To pr ove

{P} whi l e B do S end {Q}
pr ove

{P} {J }
whi l e B do
{J  ∧ B} {0 ≦ vf } 
{J  ∧ B ∧ vf =VF} S {J  ∧ vf <VF}
end
{J  ∧ B}￢  {Q}



Exampl e:  Ar r ay sum
{0≦N
}k : = 0;  s : = 0;  
whi l e k ≠ N 
do s: =s+a[ k]  ;  

k: =k+1end
{s = ( Σi  |  0≦i <N  ･
a[ i ] ) }



{0≦N} k : = 0;  s : = 0;  {J }
whi l e k ≠ N do

{J  ∧  k≠N} {0 ≦ vf } 
{J  ∧  k≠N ∧  vf =VF}

s: =s+a[ k]  ;  k: =k+1
{J  ∧  vf <VF}

end
{J  ∧ ( k≠N) }￢  {s = ( Σi  |  0≦i <N 
 a[ i ] ) }･

Exampl e:  Ar r ay sum
{0≦N
}k : = 0;  s : = 0;  
whi l e k ≠ N 
do s: =s+a[ k]  ;  

k: =k+1end
{s = ( Σi  |  0≦i <N  ･
a[ i ] ) }



Exampl e:  Ar r ay sum
{0≦N} k : = 0;  s : = 0;  {J }
whi l e k ≠ N do

{J  ∧  k≠N} {0 ≦ vf } 
{J  ∧  k≠N ∧  vf =VF}

s: =s+a[ k]  ;  k: =k+1
{J  ∧  vf <VF}

end
{J  ∧ (￢ k≠N) } {s = ( Σi  |  0≦i <N 
 a[ i ] )･ }



Exampl e:  Ar r ay sum
{0≦N} k : = 0;  s : = 0;  {J }
whi l e k ≠ N do

{J  ∧  k≠N} {0 ≦ vf } 
{J  ∧  k≠N ∧  vf =VF}

s: =s+a[ k]  ;  k: =k+1
{J  ∧  vf <VF}

end
{J  ∧  k=N} {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }• J :   s = ( Σi  |  0≦i <k  a[ i ] )･

    ∧ 0 ≦ k ≦ N
• vf :   N- k



{0≦N}
{0 = ( Σi  |  0≦i <0  a[ i ] )  ∧ ･
0≦0≦N}
 k : = 0;
{0 = ( Σi  |  0≦i <k  a[ i ] )  ∧ ･
0≦k≦N}
 s : = 0;
{s = ( Σi  |  0≦i <k  a[ i ] )  ∧ ･
0≦k≦N}

Exampl e:  Ar r ay sum
—I ni t i al i zat i on



Exampl e:  Ar r ay sum
—I nvar i ance

{s = ( Σi  |  0≦i <k  a[ i ] )  ∧ 0≦k≦N ∧ ･ k≠N
∧ N- k=VF}
{s+a[ k]  = ( Σi  |  0≦i <k  a[ i ] ) +a[ k]  ∧ 0≦k<N･
∧ N- k- 1<VF}
 s : = s + a[ k] ;
{s = ( Σi  |  0≦i <k  a[ i ] ) +a[ k]  ∧ 0≦k<N･
∧ N- k- 1<VF}
{s = ( Σi  |  0≦i <k+1  a[ i ] )  ∧ 0≦ k+･ 1≦N
∧ N- ( k+1) <VF}
 k : = k+1;
{s = ( Σi  |  0≦i <k  a[ i ] )  ∧ 0≦k≦N ∧ N- k<VF･ }



I n- cl ass exer ci se:  
comput i ng cubes

{0≦N}
 k : = 0;   r  : = 0;   s : = 1;   t  : = 6;
 whi l e k≠N do
a[ k]  : = r ;
r  : = r  + s;
s : = s + t ;
t  : = t  + 6;
k : = k + 1
 end
{( ∀ i  |  0≦i <N  a[ i ]  = i･ 3) }



Comput i ng cubes
—Guessi ng t he i nvar i ant

• Fr om t he post condi t i on
( ∀i  |  0≦i <N  a[ i ]  = i･ 3)

and t he negat i on of  t he guar d
k=N

guess t he i nvar i ant
( ∀i  |  0≦i <k  a[ i ]  = i･ 3)  ∧ 

0≦k≦N
• Fr om t hi s i nvar i ant  and var i ant  

f unct i on N- k,  i t  f ol l ows t hat  t he 
l oop t er mi nat es



Comput i ng cubes
—Mai nt ai ni ng t he i nvar i ant
whi l e k≠N do
 {( ∀ i  |  0≦i <k  a[ i ]  = i･ 3)  ∧ 0≦k≦N ∧ k≠N}

{( ∀ i  |  0≦i <k  a[ i ]  = i･ 3)  ∧ r =k3 ∧ 0≦k<N}
a[ k]  : = r ;
r  : = r  + s;
s : = s + t ;
t  : = t  + 6;
{( ∀ i  |  0≦i <k  a[ i ]  = i･ 3)  ∧ a[ k] =k3 ∧ 0≦k<N}
{( ∀ i  |  0≦i <k+1  a[ i ]  = i･ 3)  ∧ 0≦k+1≦N}
k : = k + 1
{( ∀ i  |  0≦i <k  a[ i ]  = i･ 3)  ∧ 0≦k≦N}

end

Add t hi s t o t he 
i nvar i ant ,  and t hen 
t r y t o pr ove t hat  i t  
i s mai nt ai ned



Comput i ng cubes
—Mai nt ai ni ng t he i nvar i ant

whi l e k≠N do
 {r  = k3 ∧  …}

{r  + s = k3 + 3*k2 + 3*k + 1}
a[ k]  : = r ;
r  : = r  + s;
s : = s + t ;
t  : = t  + 6;
{r  = k3 + 3*k2 + 3*k + 1}
{r  = ( k+1) 3}
k : = k + 1
{r  = k3}

end

Add
    s = 3*k2 + 3*k + 1 
t o t he i nvar i ant ,  and 
t hen t r y t o pr ove t hat  
i t  i s mai nt ai ned



Comput i ng cubes
—Mai nt ai ni ng t he i nvar i ant

whi l e k≠N do
 {s = 3*k2 + 3*k + 1 ∧  …}

{s + t  = 3*k2 + 6*k + 3 + 3*k + 3 + 1}
a[ k]  : = r ;
r  : = r  + s;
s : = s + t ;
t  : = t  + 6;
{s = 3*k2 + 6*k + 3 + 3*k + 3 + 1}
{s = 3*( k+1) 2 + 3*( k+1)  + 1}
k : = k + 1
{s = 3*k2 + 3*k + 1}

end

Add
    t  = 6*k + 6 
t o t he i nvar i ant ,  and 
t hen t r y t o pr ove t hat  
i t  i s mai nt ai ned



Comput i ng cubes
—Mai nt ai ni ng t he i nvar i ant

whi l e k≠N do
 {t  = 6*k + 6 ∧  …}

{t  + 6 = 6*k + 6 + 6}
a[ k]  : = r ;
r  : = r  + s;
s : = s + t ;
t  : = t  + 6;
{t  = 6*k + 6 + 6}
{t  = 6*( k+1)  + 6}
k : = k + 1
{t  = 6*k + 6}

end



Comput i ng cubes
—Est abl i shi ng t he i nvar i ant

{0≦N}
{( ∀ i  |  0≦i <0  a[ i ]  = i･ 3)  ∧ 0≦0≦N ∧

0 = 03 ∧
1 = 3*02 + 3*0 + 1 ∧
6 = 6*0 + 6}

k : = 0;   r  : = 0;   s : = 1;   t  : = 6;
{( ∀ i  |  0≦i <k  a[ i ]  = i･ 3)  ∧ 0≦k≦N ∧

r  = k3 ∧
s = 3*k2 + 3*k + 1 ∧
t  = 6*k + 6}



I n- cl ass exer ci se:  
comput i ng cubes
—Answer s
• I nvar i ant :

( ∀i  |  0≦ i <k  a[ i ]  = i･ 3)  
∧

0 ≦ k ≦ N ∧
r  = k3 ∧
s = 3*k2 + 3*k + 1 ∧
t  = 6*k + 6

• Var i ant  f unct i on:
N- k



Chi ps:  Does i t  
t er mi nat e?
• You have a bag of  R,  Y,  B chi ps.
• I f  one chi p r emai ns,  you t ake i t  out .
• Ot her wi se,  r emove t wo chi ps at  r andom:

– I f  one of  t he t wo chi ps i s R,  you do not  put  
chi ps back i n bag.

– I f  bot h ar e Y,  you put  one Y and f i ve B chi ps i n 
bag.

– I f  one chi p i s B and t he ot her  i s not  R,  put  t en 
R chi ps i n bag.



Var i ant  f unct i on
• Lexi cogr aphi c or der i ng:

( #Y,  #B,  #R)



Di j kst r a’ s map 
pr obl em
• Gi ven

– t wo set s of  poi nt s i n R2 of  
equal  car di nal i t y

• Fi nd
– A one- t o- one mappi ng such t hat  

mappi ng l i nes do not  cr oss i n  
R2 



Exampl e:  Pr oposed 
al gor i t hm

map = choose any one-to-one mapping

while ( exists crossing)
uncross a pair of crossing lines









Cor r ect ness
• I s t hi s al gor i t hm cor r ect  

when i t  t er mi nat es ( par t i al  
cor r ect ness)  ?

• Does t hi s al gor i t hm 
t er mi nat e?



Cor r ect ness
• I s t hi s al gor i t hm cor r ect  

when i t  t er mi nat es ( par t i al  
cor r ect ness)  ?

• Does t hi s al gor i t hm 
t er mi nat e?
– May be t he number  of  cr ossi ng 

di mi ni shes at  each i t er at i on?





Cor r ect ness
• I s t hi s al gor i t hm cor r ect  when 

i t  t er mi nat es ( par t i al  
cor r ect ness)  ?

• Does t hi s al gor i t hm t er mi nat e?
– May be t he number  of  cr ossi ng 

di mi ni shes at  each i t er at i on? No
– May be t he t ot al  l i ne l engt h 

decr eases





Ot her  common 
i nvar i ant s
• k i s t he number  of  nodes 

t r aver sed so f ar
• t he cur r ent  val ue of  n does not  

exceed t he i ni t i al  val ue of  n
• al l  ar r ay el ement s wi t h an i ndex 

l ess t han j  ar e smal l er  t han x
• t he number  of  pr ocesses whose 

pr ogr am count er  i s i nsi de t he 
cr i t i cal  sect i on i s at  most  one

• t he onl y pr i nci pal s t hat  know t he 
key K ar e A and B



Bel gi an chocol at e
• How many br eaks do you need t o 

make 50 i ndi vi dual  pi eces f r om a 
10x5 Bel gi an chocol at e bar ?

• Not e:   Bel gi an chocol at e i s so 
t hi ck t hat  you can' t  br eak t wo 
pi eces at  once.

• I nvar i ant :   #pi eces = 1 + #br eaks



Loop pr oof  
obl i gat i ons
—a cl oser  l ook
To pr ove

{P} whi l e B do S end {Q}
f i nd i nvar i ant  J  and var i ant  f unct i on 
vf  such t hat :

– i nvar i ant  i ni t i al l y:   P ⇒ J
– i nvar i ant  mai nt ai ned:   {J  ∧ B} S {J }
– i nvar i ant  suf f i ci ent :   J  ∧ B ￢  ⇒ Q
– vf  wel l - f ounded
– vf  bounded:   J  ∧ B ⇒ 0 ≦ vf
– vf  decr eases:   {J  ∧ B ∧ vf =VF} S {vf <VF}

Ar e al l  of  t hese 
condi t i ons 
needed?



{0≦N} k : = N;  s : = 0;  {J }
whi l e k ≠ N do

{J  ∧ k≠N} {0 ≦ vf } 
{J  ∧ k≠N ∧ vf =VF}

s: =s+a[ k]  ;  k: =k+1
{J  ∧ vf <VF}

end
{J  ∧ (￢ k≠N) } {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }
J :   s = ( Σi  |  0≦i <k  a[ i ] )  ∧ ･
0≦k≦N
vf :   N- k

Loop pr oof  
obl i gat i ons
—i nvar i ant  hol ds i ni t i al l y



{0≦N} k : = 0;  s : = 0;  {J }
whi l e k ≠ N do

{J  ∧ k≠N} {0 ≦ vf } 
{J  ∧ k≠N ∧ vf =VF}

s: =s+a[ k]  ;  k: =k+2
{J  ∧ vf <VF}

end
{J  ∧ (￢ k≠N) } {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }
J :   s = ( Σi  |  0≦i <k  a[ i ] )  ∧ ･
0≦k≦N
vf :   N- k

Loop pr oof  
obl i gat i ons
—i nvar i ant  i s mai nt ai ned



Loop pr oof  
obl i gat i ons
—i nvar i ant  i s suf f i ci ent

{0≦N} k : = 0;  s : = 0;  {J }
whi l e k ≠ N do

{J  ∧ k≠N} {0 ≦ vf } 
{J  ∧ k≠N ∧ vf =VF}

     k: =k+1
{J  ∧ vf <VF}

end
{J  ∧ (￢ k≠N) } {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }
J :        0≦k≦N
vf :   N- k



Loop pr oof  
obl i gat i ons
—var i ant  f unct i on i s wel l -

f ounded
{0≦N} k : = 0;  s : = 0;  r  : = 1. 0;  
{J }
whi l e k ≠ N do

{J  ∧ k≠N} {0 ≦ vf } 
{J  ∧ k≠N ∧ vf =VF}

r  : = r  /  2. 0;
{J  ∧ vf <VF}

end
{J  ∧ (￢ k≠N) } {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }
J :   s=( Σi  |  0≦i <k  a[ i ] )  ∧ 0≦r･
vf :   r



Loop pr oof  
obl i gat i ons
—var i ant  f unct i on i s 
bounded
{0≦N} k : = 0;  s : = 0;  {J }
whi l e k ≠ N do

{J  ∧ k≠N} {0 ≦ vf } 
{J  ∧ k≠N ∧ vf =VF}

k: =k- 1
{J  ∧ vf <VF}

end
{J  ∧ (￢ k≠N) } {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }
J :   s = ( Σi  |  0≦i <k  a[ i ] )  ∧ ･
k≦N
vf :   k



Loop pr oof  
obl i gat i ons
—var i ant  f unct i on decr eases

{0≦N} k : = 0;  s : = 0;  {J }
whi l e k ≠ N do

{J  ∧ k≠N} {0 ≦ vf } 
{J  ∧ k≠N ∧ vf =VF}

ski p
{J  ∧ vf <VF}

end
{J  ∧ (￢ k≠N) } {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }
J :   s = ( Σi  |  0≦i <k  a[ i ] )  ∧ ･
0≦k≦N
vf :   N- k



Ranges i n 
i nvar i ant s
{0≦N} k : = 0;  s : = 0;  {J }
whi l e k ≠ N do

{J  ∧ k≠N} {0 ≦ vf } 
{J  ∧ k≠N ∧ vf =VF}

s: =s+a[ k]  ;  k: =k+1
{J  ∧ vf <VF}

end
{J  ∧ (￢ k≠N) } {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }
J :   s = ( Σi  |  0≦i <k  a[ i ] )  ∧ ･
0≦k≦N
vf :   N- k

Wher e ar e 
t hese used?



Ranges:  l ower  bound
{s = ( Σi  |  0≦i <k  a[ i ] )  ∧ 0≦k≦N ∧ ･ k≠N
∧ N- k=VF}
{s+a[ k]  = ( Σi  |  0≦i <k  a[ i ] ) +a[ k]  ∧ 0≦k<N･
∧ N- k- 1<VF}
 s : = s + a[ k] ;
{s = ( Σi  |  0≦i <k  a[ i ] ) +a[ k]  ∧ 0≦k<N･
∧ N- k- 1<VF}
{s = ( Σi  |  0≦i <k+1  a[ i ] )  ∧ 0≦ k+･ 1≦N
∧ N- ( k+1) <VF}
 k : = k+1;
{s = ( Σi  |  0≦i <k  a[ i ] )  ∧ 0≦k≦N ∧ N- k<VF･ }

Thi s st ep uses 0≦k



Ranges:  upper  bound
{0≦N} k : = 0;  s : = 0;  {J }
whi l e k≠N do

{J  ∧ k≠N} {0 ≦ vf } 
{J  ∧ k≠N ∧ vf =VF}

s: =s+a[ k]  ;  k: =k+1
{J  ∧ vf <VF}

end
{J  ∧ (￢ k≠N) } {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }
J :   s = ( Σi  |  0≦i <k  a[ i ] )  ∧ ･
0≦k≦N
vf :   N- k

Thi s st ep uses k≦N



Ranges:  upper  bound
{0≦N} k : = 0;  s : = 0;  {J }
whi l e k < N do

{J  ∧ k<N} {0 ≦ vf } 
{J  ∧ k<N ∧ vf =VF}

s: =s+a[ k]  ;  k: =k+1
{J  ∧ vf <VF}

end
{J  ∧ (￢ k<N) } {s = ( Σi  |  0≦i <N  ･
a[ i ] ) }
J :   s = ( Σi  |  0≦i <k  a[ i ] )  ∧ ･
0≦k≦N
vf :   N- k

t hi s st ep st i l l  needs k≦N

Even wi t h < i nst ead 
of  ≠
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