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Abstract

Chaiken’s algorithm is a procedure for inserting new knots into uniform quadratic B-
spline curves by doubling the control points and taking two successive averages. Lane
and Riesenfeld showed that Chaiken’s algorithm extends to uniform B-spline curves
of arbitrary degree. By generalizing the notion of successive averaging, we further
extend Chaiken’s algorithm to B-spline curves of arbitrary degree for knot sequences
in geometric and affine progression.

1 Subdivision for knots in arithmetic progression

Let N/ () be the B-spline basis function of degree n + 1 whose support lies over the knot
sequence toy, tog12, --rs topronra and let A,?“(t) be the B-spline basis function of degree n + 1
whose support lies over the refined knot sequence tx, {511, ..., tg1nio. Since the B-splines form

a basis, there exist constants Oz?“ such that
n+2
1 1 X741
NEH(D) = 3 ot NI (1), (1)

=0

For the degree zero basis functions, the o's satisfy

[l e}
I
—_

but for arbitrary knot sequences, the a’s depend on k.
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In the case of uniform (arithmetic) knot sequences, Lane and Riesenfeld [LR80, Rie75]
observed that the a;-”’l’s are independent of k. For knot sequences satisfying ¢;,1 = t; + 7,

the B-spline basis functions satisfy the identities

Nyt —2k7) = NP0,
Nt —ke) = Kpti(e).

If equation 1 holds for £ = 0, then for any &

NI = Nt - 2k9),

n+2 R

= > oINPTt — 2k)
J=0
n+2

_ n+1 n+1
- Za NJ+2k

Therefore in the uniform case, any formula for subdividing /NJ is automatically a formula
for subdividing N}. Lane and Riesenfeld [LR80] then observed that the following recurrence

holds among the a’s.

Theorem 1 For any knot sequence satisfying t;.1 = t; + v, the a’s satisfy the recurrence

. 1 1
aj+1 - 2 ] 1 + 5 (3)

This recurrence leads directly to a subdivision (knot insertion) algorithm for B-spline
curves with knots in arithmetic progression. To illustrate this algorithm, consider the case

of a quadratic B-spline curve with a single nonzero control point P

Recurrence 3 can be used to compute the new non-zero control points Q, Qxi1, Qkr2, and

k3 of the subdivided B-spline curve satisfying
S(t) = QeNE() + Qur1 NZ (1) + QuaaNE () + QrraNi (1),

Figure 1 illustrates the diagrams for three separate recurrences starting at P, P, and Ps.

In the degree zero case, the a'’s satisfy a) = o) = 1. Therefore, the topmost level of the

n+1»

diagrams contain two copies of P,. By equation 3, the a”*"’s can be computed from a™’s

via averaging. Therefore, control points at (n + 1)st level of the diagrams can be computed
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FIGURE 1: Subdivision recurrences for single basis functions

from control points on the nth level of the diagrams via averaging. Edges in the diagrams

are labeled by an associated multiplier % The control points for the subdivided B-spline
curve are produced on the bottom level of the diagram.

Given a B-spline curve with control points Py
S(t) = ZP]CNI?JFI(t)a
k

the Lane-Riesenfeld algorithm computes new control points (J; over a refined knot sequence

that defines the same curve

S(t) = 3 QeNE (1),

In general, several adjacent control points in the original B-spline curve may contribute to
the same control point in the subdivided B-spline curve. To combine these contributions,
the recurrence for each individual basis function can be overlapped to form a single global
recurrence for all the basis functions (see figure 2). In the quadratic case, the resulting
method is exactly Chaiken’s algorithm [Cha74, Rie75].

This paper investigates other types of knot sequences for which the corresponding B-
spline curves have analogous subdivision algorithms. In particular, we show that B-spline

curves defined over knot sequences in geometric progression possess a similar subdivision
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FI1GURE 2: Chaiken’s algorithm



algorithm. In the process of proving this algorithm, a new proof of the Lane-Riesenfeld

algorithm is derived.

2 Swubdivision for knots in geometric progression

A knot sequence is in geometric progression if ¢;,; = [t; where § # 1. For geometric knot

sequences, the basis functions are related by the identities

Nyt (t/B%) = NpT(t),
Ny tH(t/B%) = NETH).

If equation 1 holds for £ = 0, then for any &

NI = N/ B,
n+2

= >N /6%

n+2
o n+1 n+1
- Z @ N J+2k

Therefore, any subdivision formula for NJ'** is automatically a subdivision formula for Nyt
In the case of knots in geometric progression, the a’s of equation 1 can be computed using

the following theorem.

Theorem 2 For knot sequences satisfying t; 1 = Pt;, the a’s satisfy the recurrence

1 5n+1 1
n —
@ 1 + 5n+1 J 1T 1+ 5n+1 J (4)
P[] P[] Pl P1 PQ P2
_1 B 1 _B_ 1 B
1+ 1+8 1+ 1+ 1+ 1+
1 82 1 B 1 B2
1452 152 1482 1+52 1+5% 1+62
Qo Q1 Qo Qs Q2 Qs Qi Qs Q4 Qs Qs Q7

FIGURE 3: Subdivision recurrences for single basis functions



A subdivision algorithm similar to the Lane-Riesenfeld algorithm can now be derived
in manner similar to that of the previous section. Applying Theorem 2 to a single basis

function P,N}!(t) yields the recurrences shown in figure 3. Note that the multipliers on the

kth level of the diagram are % and

1
1+8+:

from the original B-spline curve to the same basis function in the subdivided B-spline curve

Contributions of neighboring basis functions

can be computed by overlapping the recurrences as shown in figure 4.

More generally, if the B-spline curve is of the form
S(1) = 3 PN (1),
k
then the subdivision algorithm proceeds as follows:
1. Construct a new sequence of control points @9, = Q5,., = Px.
2. Forj=1ton+1,

(a) For all control points Q{;, let

1
1+ 37

B
1+ 37

) - -
ch = Q‘lyc + Q‘lycﬂ-

The resulting control points now satisfy

S(t) =2 QTN (1)
k

3 A proof using Prautsch’s method

To prove Theorems 1 and 2, we use a variant of Prautsch’s proof of the Oslo algorithm
[Pra84]. The key to this proof is to apply the subdivision recurrence of equation 1 and the

Cox-de Boor degree recurrence to N, (t). Two different expressions result, depending on

Q @& @ Qs Qi Q5 Q¢ Q

FIGURE 4: A subdivision method for knots in geometric progression



the order in which the two equations are applied to N/ (¢). The necessary degree recurrence

is found in [dB72].

t— o n tokyonya — 1 n
NptH(t) = ——————Ni (1) + i Ny (1) (5)
Lokt2nt2 — ok tokt2n+4 — lokg2

The proof will proceed over an arbitrary knot sequence with specialization to particular knot
sequences deferred till appropriate.

First, we apply the subdivision formula of equation 1 to Ni! and N}, in equation 5.

n+1 =2 t—top n t2/€+2n+4 —1 n 7T
Ny 7(t) = Z(—_ Q; + — o) N o (1) (6)
70 lok+2nt2 — tok lokton+a — lokyo

Next, we apply the degree recurrence of equation 5 to the basis function NJ” of equation 1.

n+2
t— topss forriimin — 1 .
Nty = ( M qntt T QFH N7 o (1) (7)
70 oktjrnt1 — ok Loktjintl — Loktj

Comparing the coefficients of Njn(t) in equations 6 and 7 yields the following relation among

the o’s.
(Bl TR 7 T XY Sk SV SN B 3% il Doktjintt 71
v r = : 11
toktont2 — tor 7 toksonta — okt 7 toktjrnt1 — bokys * toktjant1 — Lokts °

(8)

This is the fundamental recurrence from which proofs of both theorems will be derived.

3.1 Knots in arithmetic progression

The Lane-Riesenfeld algorithm works for knots in arithmetic progression, ¢;y; = t; + 7. If
we assume for the sake of simplicity that t; = 0 and v = 1, then sequence satisfies t; = 1.

Equation 8 simplifies to

t_%an 2k+2”+4_tan :t_(2k+j)an+1 2k+j+n+1—tan+1
2n+2 7 2n + 2 =2 n+1 7 n+1 =2
Since this equality holds for all ¢, the ¢ coefficients must be equal.
al al, "
5 g = et )

Note that this recurrence is independent of k.
Equation 3 can be derived from equation 9 by induction on j. For j = 0, equation 9

simplifies to
ag

n+1 __
OZO = 7



If equation 3 holds for 7 — 1, then

o t!

i—1 2 2

Substituting this expression into equation 9 yields

n

a” o o™ o™ a o«
n+1 J Jj—2 Jj—2 Jj—1 J Jj—1
o = = — + + = — 4 .
J 2 2 ( 2 2 ) 2 2

Therefore, equation 3 holds for all j.

3.2 Knots in geometric progression

Equation 8 is also crucial in proving Theorem 2 correct. If the knots are in geometric
progression, t;,; = [3t;; setting to = 1 yields that #; = 3°. After simplification, the constant
terms of equation 8 satisfy the relation:

1 panee +1 1 ntl
_1+6n+1aj+1+5n+1 b= ol + gty (10)

Again, equation 4 can be derived from equation 10 by induction on j. For j = 0, the

formulas trivially agree. If equation 4 holds for 7 — 1, then

BnJrl 1
1+ gntt &j— 2+1_|_6n+1 -1
Substituting this expression into equation 10 yields

Bn—l—l 1 1 B2n+2

n
1+Bn+1]2+1+6n+1 31)+1+6n+1aj_1+6n+1]2’
BnJrl 1

1_|_Bn+1 ] 1+1+5n+1
Therefore, equation 4 holds for all j.

n+l __

an—l—l _ Bn—l—l(
J

n

Applying a similar approach to the ¢ terms of equation 8 yields a second recurrence

among the a’s.
e gt
ottt = v+ oy
J 1+ grtl & 1+ gr+l -1
Combining this equation and equation 4 yields a recurrence relating o to o ;:

n __ B]_l( _Bn—]-l—?) n

QL

7 1— i J=1
This formula in conjunction with the fact that
L 1
af =
0 ,cl;[l 14 gk

allows for fast explicit construction of the a’s.



4 Subdivision for knots in affine progression

Arithmetic and geometric progressions may be viewed as special instances of a more general

type of sequence, the affine progression:

ti+1 == Oéti + )
A simple example of an affine progression is the sequence 0, é, Z, ;, }2, ... . This sequence
satisfies the relation ¢, = %ti + %
If the original knot sequence ty, to, t4, tg, ... satifies the relation

z+2 BZt + 277

then for 5 = 1 the resulting ¢; lie in arithmetic progression. For v = 0, the ¢; lie in geometric
progression. This knot sequence can be refined to create a new knot sequence tg, ty, to, t3,

. in affine progression via the following relation:

2y
t; 11
Note that tg, to, t4, ... still lie in the original affine progression.
2
tiyo = Btigr + 1Jﬁ
2y 2y
= t; + + ,
bs 1+ 6) 1+8
2 s 1
= t; + 2 + ,
= 52251' + 2’)/.

When ( # 1, affine progressions and geometric progressions are closely related. Specif-
ically, the elements of an affine progression can be translated to bring the sequence into a
geometric progression. Given the affine progression of equation 11, we define a translate of

this sequence as follows:

2y
ti=t; + —"— 12
= (12
This new sequence of #;’s lies in geometric progression since
~ 2
tiyi = tig1 + o5—— 1
2 2
= Bti+ s+
1+8 B



Because of this observation, the subdivision algorithm of section 2 can be applied to
B-spline curves whose knots are in affine progression. For § = 1, the resulting knots are in
arithmetic progression. Substituting # = 1 into the recurrence 4 yields the Lane-Riesenfeld
recurrence of equation 3. Thus, the subdivision algorithm of section 2 degenerates into the
Lane-Riesenfeld algorithm for knots in arithmetic progression. For 5 # 1, the B-spline curve
may be reparameterized via equation 12 to bring the knots into geometric progression. Since
this reparameterization is translation, it does not affect the geometry of the B-spline curve.
After applying the subdivision algorithm of section 2, equation 11 may be used to compute

the new refined knot sequence.

References

[Cha74] G. Chaiken. An algorithm for high speed curve generation. Computer Graphics and
Image Processing, 3:346-349, 1974.

[dB72] Carl de Boor. On calculating with B-splines. Journal of Approzimation Theory,
6:50-62, 1972.

[LR80] J. M. Lane and R. F. Riesenfeld. A theoretical development for the computer
generation and display of piecewise polynomial surfaces. [EEE Transactions on

Pattern Analysis and Machine Intelligence, PAMI-2(1):35-46, January 1980.

[Pra84] H. Prautzsch. A short proof of the Oslo algorithm. Computer Aided Geometric
Design, 1(1):95-96, 1984.

[Rie75] R. F. Riesenfeld. On Chaiken’s algorithm. Computer Graphics and Image Process-
ing, 4:304-310, 1975.



