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Abstract

A new O(n) algorithm is given for evaluating univariate polynomials of degree n
in the P�olya basis. Since the Lagrange, Bernstein, and monomial bases are all special
instances of the P�olya basis, this technique leads to e�cient evaluation algorithms for
these special bases. For the monomial basis, this algorithm is shown to be equivalent
to Horner's rule.

1 P�olya basis functions

Let nk(t) be the restriction of the standard B-spline basis functions [dB72] of degree n over

the nondecreasing knot sequence t1; t2; :::; t2n to the interval tn < t < tn+1. The P�olya basis

functions are the unique polynomial functions dk(t) that satisfy Marsden's identity [Mar70].

(x� t)n =
nX

k=0

dk(t)nk(x):

The P�olya basis functions of degree n can be written explicitly as

dk(t) =
nY

i=1

(tk+i � t): (1)

(See Barry and Goldman [BG93, pp.28] for more details.)

Using the explicit de�nition of equation 1, the P�olya functions can be de�ned directly

for arbitrary sequences t1; :::; t2n. Under this de�nition, the P�olya functions includes several

important bases as special cases. These bases are:

� The Lagrange basis,
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� The Bernstein basis,

� The monomial basis.

Given a set of n+ 1 distinct values u0; :::; un, The Lagrange basis functions lk(t) [BF85]

of degree n are the n+ 1 polynomial basis functions that satisfy

lk(ui) = �ki:

The kth Lagrange basis function can be explicitly written as

lk(t) =
1

�k

Y

i6=k

(ui � t)

where �k =
Q

i6=k(ui � uk). The Lagrange basis may be viewed as an instance of the P�olya

basis. Consider the P�olya basis with knot sequence

t1 = u1; t2 = u2; :::; tn = un;

tn+1 = u0; tn+2 = u1; :::; t2n = un�1:

The P�olya basis function dk(t) is exactly the Lagrange basis function lk(t) multiplied by the

constant �k.

The Bernstein basis functions of degree n are

bk(t) =
n!

k!(n� k)!
tk(1 � t)n�k:

These basis functions are the building blocks for one of the most popular curve representa-

tions in geometric design, B�ezier curves [Far88]. Specializing the knot sequence to

t1 = 0; t2 = 0; :::; tn = 0;

tn+1 = 1; tn+2 = 1; :::; t2n = 1

yields a P�olya basis of the form

dk(t) = (�t)n�k(1 � t)k:

Thus, the P�olya basis function dk(t) is exactly the Bernstein basis function bn�k(t) multiplied

by the constant (�1)n�k n!
k!(n�k)! .

Finally, the monomial basis, f1; t; t2; :::; tng is probably the most commonly used basis

in mathematics. To express the monomial basis as a P�olya basis, one must �rst develop a
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notion of a knot at in�nity. The a�ne knot ti can be homogenized to yield the homogeneous

representation (ti; 1). The linear factors in the P�olya basis can be expressed in the form

(ti � 1 � 1 � t). If ti = 1, then the corresponding homogeneous knot is (1; 0). The related

linear factor is (1 � 1 � 0 � t), the constant 1. (For information on this interpretation, see

[BG93].) Thus, specializing the knot sequence to have values

t1 = 0; t2 = 0; :::; tn = 0;

tn+1 =1; tn+2 =1; :::; t2n =1

yields P�olya basis functions of the form

dk(t) = tn�k:

These basis function are exactly the monomial basis function after renumbering.

2 Evaluation in the P�olya basis

Let d(t) be a polynomial of degree n in the P�olya basis.

d(t) =
nX

k=0

Pkdk(t): (2)

We next describe an algorithm for evaluating d(t) that requires O(n) arithmetic operations

per evaluation. The following recurrence describes such an algorithm.

L0 = 1;

U0 = P0;

Li+1 = Li � (ti+n+1 � t);

Ui+1 = Ui � (ti+1 � t) + Pi+1 � Li+1: (3)

This recurrence can be expressed as a ladder shaped diagram in �gure 1. Values are

associated with the intersection of arrows and 
ow up the ladder. A value at an intersection

is passed along an outgoing edge and multiplied by the label of that edge. The resulting

value is then added to the value at the end of edge. The L0
is lie along the lower right portion

of the ladder. The U 0
is lie along the upper left portion of the ladder.

Theorem 1 If d(t) is de�ned as in equation 2 and Un is de�ned in equation 3, then

Un = d(t):
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Figure 1 The ladder recurrence for n = 3

Proof: Obviously, Lj satis�es

Lj =
jY

i=1

(ti+n � t): (4)

We claim that Uj satis�es

Uj =
jX

i=0

Pi(
jY

�=i+1

(t� � t))(
iY

�=1

(t�+n � t)):

The proof is by induction on j. For the base case j = 0, this expression evaluates to P0

exactly as speci�ed by the recurrence. If this expression is true for Uj , then we next show

that also is true for Uj+1. By equation 3,

Uj+1 = Uj � (tj+1 � t) + Pj+1 � Lj+1:

Using the inductive hypothesis and replacing Lj+1 by the right hand side of equation 4 yields

Uj+1 = (
jX

i=0

Pi(
jY

�=i+1

(t� � t))(
iY

�=1

(t�+n � t))) � (tj+1 � t) + Pj+1 � (
j+1Y

�=1

(t�+n � t):

After simpli�cation, this relation establishes the inductive hypothesis for Uj+1.

To conclude the proof, we note that if j = n, then Un agrees exactly with the de�nition

of d(t). 2
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3 Comparison with other methods

Given a set of n+1 coe�cients for a polynomial in the P�olya basis, evaluating this recurrence

requires O(n) additions and multiplications. Note that this method avoids any divisions by

functions of t. To evaluate a polynomial in the Lagrange basis using this recurrence, one must

�rst divide the kth coe�cient in the Lagrange basis by �k and then apply the recurrence. All

of the �k's can be precomputed once in an O(n) preprocessing step and subsequently looked

up. The speed of this method compares favorably with that of Neville's algorithm [BF85],

the standard evaluation recurrence for the Lagrange basis that requires O(n2) operations per

evaluation.

The standard evaluation method for polynomials in the Bernstein basis is the deCasteljau

algorithm [Far88]. This algorithm requires O(n2) operations per evaluation. To evaluate a

polynomial in the Bernstein basis using the ladder recurrence, the coe�cient of bk(t) is

�rst multiplied by (�1)n�k n!
k!(n�k)!

and then used as input to the ladder recurrence. Since

these binomial coe�cients can be precomputed in O(n) time, evaluation using the ladder

recurrence requires only O(n) time per evaluation.

In the case of the monomial basis, the knots tn+1; :::; t2n were placed at in�nity. The

linear factors corresponding to these knots were the constant functions 1. Therefore, all the

terms Li in the ladder recurrence were also one and the lower left side of the recurrence in

�gure 1 could be deleted. The resulting recurrence on the Uj's satis�es

U0 = P0;

Ui+1 = Ui � t+ Pi+1:

This recurrence is exactly Horner's rule for evaluating the polynomial

nX

j=0

Pn�kt
k

in the monomial basis [BF85].

4 Conclusion

The existence of O(n) evaluation methods for polynomials in the Lagrange and Bernstein

basis is not surprising in itself. For the Lagrange basis, building such a method is simple if one
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is allowed to resort to division by (uk�t). In the case of the Bernstein basis, a table of various

powers of t and (1 � t) can be used to evaluate the basis functions e�ciently. The beauty

of this result lies in the fact that the ladder recurrence provides a natural generalization of

Horner's method for the monomial basis to polynomials in the Lagrange and Bernstein basis.

The recurrence provides an e�cient method for evaluating a polynomial in the P�olya basis

without resorting to division by polynomial functions in t (and the numerical di�culties

associated with such an approach). For the Lagrange basis, the recurrence is asymptotically

faster than Neville's algorithm. For the Bernstein basis, the recurrence is asymptotically

faster than the DeCasteljau algorithm. One remaining question is the stability of the ladder

recurrence, especially in relation to the methods described above. The author hopes to

address this problem in future work.
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