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This paperprovides several contritutions relatedto dual contour
ing implicit dataincluding solving rank de cient QEF's, reducing
memoryrequirementsandperformingfastpolygonupdatesiuring
CSG. First, we describeour methodfor solving QEF's and pro-
vide a methodusing masspoints that improves vertex placement
in therank de cient case. This improvementleadsto a technique
for handlingvertex placementin the presenc®f non-manifoldsign
con gurations. Next, we provide a methodfor reducingthe space
requirementdor storing the implicit dataneedecdto generatethe
contour Finally, we describeour methodfor storingthe geometry
datain a formatsuitablefor fastdisplayon moderngraphicshard-
wareaswell astechniquesipdatingthe data-structurén constant
time duringCSGoperations.

CR Categories: 1.3.5[ComputationGeometryandObjectModel-
ing]: CSG—Cune, surface,solid andobjectrepresentations

Keywords:  implicit functions, contouring, crack prevention,
quadraticerrorfunctions,polyhedralsimpli cation

Onetechniquefor representingurfacesis implicit modeling. In
this paradigmthe surfaceis modeledasthe zerocontourof a 3D
function. This functionis typically representedisinga 3D grid of
datawherethe function is sampledat the verticesof the grid. In
practicethesegridsof dataarisein avariety of applicationssuchas
medicalimagingandvisualizinggeologicaldata.

Thereare several methodscapableof extracting surfacesfrom
thesegrids of data; however, one of the mostwell-known is the
Marching Cubesalgorithm of Lorensonand Cline [Lorensonand
Cline 1987]. The algorithmproceedssfollows: for eachedgein
the grid that containsa sign change(i.e.; the verticeson its end-
pointsareof differentsign), placea vertex on thatedgewherethe
contourintersectsit. Marching Cubesthen provides a table that
storesthetriangulationof the verticeson the edgesof the grid and
isindexed by the eightsignsat the cornersof acube.For eachcube
in the grid, look up its sign con gurationin the tableandgenerate
polygonsaccordingto the triangulationstoredthere. Notice that
this methodproducesverticesthatlie on the edgesof the grid and
polygonsare producedinternal to the cubesin the grid. We call
thesemethodsprimal methods.
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Figurel: A spherecontouredisingMarchingCubegleft) andDual
Contouring(right).

Dual method4Gibson1998;PerryandFrisken2001]take a dif-
ferentapproacto contouringproducingverticeson the surfacein-
terior to eachof the cubesin the grid and polygonsdual to edges
of the grid. SurfaceNetgGibson 1998] is an exampleof a dual
method.For eachcubethatcontainsa signchangea vertex is gen-
eratedat the centroidof the intersectionpoints on the edgesthat
would have beengeneratedby Marching Cubes. Then, for each
edgein the grid thatexhibits a signchangea polygonis produced
connectinghe verticesof the four cubescontainingthatedge.We
call thisadualapproacho contouringbecauséor eachvertex gen-
eratedby this method,Marching Cubesgenerates polygon; and
for eachvertex producedby Marching Cubes,this methodgener
atesa polygon. Therefore the polygonalcontourscreatedaredual
to eachother

Dual techniquesntroducea numberof advantagesover tradi-
tional primalmethods Becauseerticesareplacednteriorto cubes
andnotontheedgesof thegrid, thereis morefreedomin the posi-
tioning of thosevertices.Dual techniqueslsoproducepolygonsof
moreuniform sizethanprimal methodswhich cansometimegen-
eratevery small polygonsdependingon how the contourintersects
thegrid. Also, primalmethodsgyeneratanoticeablggriddingeffect
in thesurfaceshecauseheedgeof thepolygonsareconstrainedo
lie alongthegrid planesasseenin gure 1.

In Siggraph2002, the authorsof this paperintroduceda new
techniguethattook a dualapproactto contouringaswell [Ju et al.
2002]. Entitled “Dual Contouring, this methodprovided several
adwantageover traditional contouringmethods. First, the grid of
datawas representeds a signedoctreesimilar to Adaptive Dis-
tanceFields[Friskenetal. 2000;PerryandFrisken2001],whichre-
sultedin substantiallyreducedmemoryrequirements Secondthe
methodaugmentedhe datarepresentationvith hermite data(ex-
actintersectiorpointsandnormals)aswasdonein [Kobbeltetal.
2001]to reproducesharpfeaturessuchasedgesandcornersaccu-
rately (see gure 2). Fromthis hermitedata,quadraticerrorfunc-
tions (QEF's) were generatedor eachcubein the octree,which
enabledhe methodto collapsethe polygonalmodelsupward in a
Lindstrom-like [Lindstrom 2000] mannerto reducethe numberof
polygonspresentTheauthorghenprovidedarecursve methodfor
generatinga closedcontourfor anunrestrictedsignedoctree.



Figure2: Reporductiorof sharpfeatures.A mechanicapart (left)
andits dualcontour(right).

This paperexpandson the techniquegresentedn the original
Dual Contouringpaper[Ju et al. 2002]. Dueto lack of spacenot
all of thedetailscouldbewrittenin theoriginal paperon Dual Con-
touring. Speci cally, we concentrateon detailsimportantfrom an
implementatiorperspectie. First, we discussourimplementation
of QEF's anddescribehow therank de cient caseis detectecand
solved. This methodthenleadsto a solutionfor positioningver
ticesin the presencef non-manifoldgeometry Next, we discuss
spaceconsiderationsncluding a descriptionof the data-structures
usedto reducethe memoryrequirementof our method. Finally,
we endwith atechniquefor polygoninsertionanddeletionduring
CSG operationghatis performedin constanttime and generates
a data-structursuitablefor fastdisplayon moderngraphicshard-
ware.

Dual Contouringutilizes the hermitedataon the edgeswith a sign
changeto positionverticesinsideof cubes.Eachpieceof hermite
datais the equationfor the tangentplaneof the surlacewherethe
surfacecrosseshatedgeandis representedsanexactintersection
point, p;, anda normal,n;. The methodplacesa vertex inside of
eachcubecontaininga signchangeatthesolutionto equationl that
minimizesE x . This equationcan also be representedn matrix
form asthe leastsquaressolutionto Ax B whereAisan 3
matrix whoserows aren; andBisan 1 matrix whoseentriesare
n; p;- Notice thatthis error function is quadraticin termsof the

v:ariablex and,hencethenameQEF
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In practice,the error function, E x, is not representedsa list
of planeequationsecausehe spaceequiredto storethisfunction
is linearin the numberof planes.Garland[Garlandand Heckbert
1997] popularizeda techniquefor meshsimpli cation that stored
this error function using a normal equationform, which resulted
in constantspaceusage. In this representationthe only matrices

storedare ATA, ATB, andB'B. Using the matrix form for equa-
tion 1, E x canbewrittenas Ax BT Ax B, which is then
expandednto theform

Ex x ATAx 2x'ATB B'B 2)

whereATAis asymmetric3 3 matrix, ATBisa3 1 matrix,and
BTB is a single scalar Therefore,only 10 quantitiesneedto be
storedin orderto representhe errorfunction, E x . Thisrepresen-
tation also hasthe adwantagethat meging two QEF's togetheris
just a matterof addingthe respectie entriesof the threeseparate
matricesandusesonly a constanamountof space.

Onedisadwantagehattherepresentatioin equatior? hasis that
it is numerically unstable. Forming the matrix ATA squareshe
conditionnumber(a quantitymeasuringhe numericalstability) of
thematrix. Therefore this form of the errorfunction exhibits poor
accurag whenevaluatingE x .

Dual Contouringintroduceda new, numerically stablemethod
for the QEF basedon the QR decompositionof a matrix. This
methodcomputesan orthogonalmatrix Q asa sequencef Givens
rotationssuchthatthe productof Q and AB is of theform
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whereA is anuppertriangular3 3 matrix. Solvingthe new setof

equationsAx B yieldsthesamesolutionasequation2. This tech-
niquealsohastheadwantagehatevaluatingE x ~ Ax B T Ax

B r2is muchmorenumericallystable.However, this stability is

not free. While memging two QEF's using the normal equations
takesonly 10 operationsmeiging two QEF's usingthe QR repre-
sentatiortakesapproximatelyl50 operations.

There have beenmary different methodsproposedfor solving
QEF's [Lindstrom 2000; Lindstromand Silva 2001; Kobbeltet al.
2001;GarlandandHeckbert1997]. The majority of thesemethods
rely onusingthe pseudoimerse of thematrix A' A, which nds the
solutionx with minimalL,, norm. ThepseudoimerseM , of ama-
trix M hasthe propertythatthe L, normof the matrix MM lis
minimized. This pseudoirerseis de ned for ary matrixand,for a
matrix of full rank,the pseudoirerseof M isM 1

Typically, the pseudoimerseis calculatedusingthe SVDdecom-
positionof the matrix. The singularvalue decompositiorof a ma-
trix, M, resultsin threematricesof theformM  UTDV whereU
andV areorthogonalmatricesandD is a diagonalmatrix. The el-
ementsin the diagonalof D, s, arecalledthe singular valuesof
the matrix M. The SVD is particularly simpleto calculatewhen
the matrix is of the form ATA becaus&) V andthe rows of U
arethe eigevectorsof ATA andthe singularvaluesin D arethe
eigevaluesof ATA.

SinceU andV areorthogonalmatricestheinverseof M is then
M 1 VTD 1U. However, whenM is rank de cient, someof
the singularvalueswill be0 andD ! cannotbe explicitly formed.
BecauseD is a diagonalmatrix, D 1 is alsodiagonalwith each
entryin its diagonalas%. Howeverif asingularvalue,s;, in D is 0

orcloseto0, 2 resultsin alarge, if notin nite, valuein D 1. In this
situationthe pseudoimerseperformsa methodfor rank detection.
For eachentry in D, if the ratio of that singularvalue, s, to the
maximumsingularvalue,smax, is lessthansomeconstantthenthe

valuein D 1is truncatedo O; otherwisejt is s%
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Figure 3: Minimizing towardscenterof square(left). Masspoint
approacHright).

In Dual Contouring,we solve for the minimizer of the QEF in
several steps. We form the QEF by rst initializing a 4x4 matrix
to 0. Then,for eachedgein a cubethat containsa sign change,
we appendheplaneequationdescribedy thehermitedataonthat
edgeto the bottomof the matrix andperformGiven's rotationson
this 5x4 matrix to bring it into uppertriangularform. Notice that
the orthogonaimatrix Q is never explicitly formedduringthis pro-
cedure.

To solve the QEF for the minimizer, we extract the threesub-
matricesA, B, andr. Next we form ATA  ATA and compute
the SVD of that matrix. As notedabore, nding the SVD only
requiresthat we computethe eigervaluesand eigervectorsof the

matrix ATA. When computingthe pseudoinerse, ATA , we use
a differentmethodof truncationon the singularvalues. Insteadof
truncatingbasedntherelatve magnitudeof thevalueto thelargest
singularvalue,we truncatebasedn theabsolutemagnitudeof that
singularvalue.

Truncationbasedon the absolutemagnitudeof the singularval-
uesis not typically done. However, we use normalizedvectors
in the hermiteasopposedo areaweightednormals. Several pa-
pers[Hoppe 1999] have shavn areaweightednormalsto give su-
perior resultsin termsof polygonssimpli cation. In Dual Con-
touring the normalsareassociateavith edgesin the grid andonly
give anindicationof the polygonthatintersectdhatedgeandpro-
videsno information aboutthe surfacecontainedwithin the adja-
centgrid squares.Therefore we felt thatthe bene ts achieved by
areaweightednormalsin polygonsimpli cation would not trans-
late into implicit modeling. In fact, we found that using area
weightednormalsoccasionallyproducedartifacts where features
werelost dueto incorrecttruncationof singularvalues. By using
normalizedvectors,the extractedsingularvalueswill be propor
tional to the numberof vectorsthat align in the direction of the
correspondingeigervectors. Therefore truncatingsingularvalues
atanabsolutemagnitudeof 1 givesaveryrobustmethodof detect-
ing noisepresenin the data.

One problemthat using the pseudoirerseintroducesis that it

nds the point on the solutionspacewith minimal L,, norm,which
meangheclosesipointto theorigin. Whenthesystenof equations
is underdetermine@asis the casein a at areaor alonganedge),
thentheanswerproducedcanbelocatedfar from thecubethatgen-
eratedit. Kobbelt[Kobbeltetal. 2001]andLindstrom[Lindstrom
2000]combathis problemby translatinghecenterof the cubethat
generatedhe QEFto theorigin, solvingtheequationsandthenin-
verting the translation. This processeffectively nds the solution
with minimal distanceto the centerof thecube.

Ideally, whatever point on the solutionspaces chosenit should
have the propertythatif the solutionspacentersectghe cubethat
generatedhe QEF thenthe point shouldlie inside of that cube.
Figure 3 (left) illustratesa 2D casewherethis propertydoesnot
hold. Heretheline thatintersectshe squarerepresentshe solution

Figure4: Masspointswithout featuredimension(upperleft). Min-
imizedverticesusing QEF's without masspoint featuredimension
(upperright). Mass points using featuredimension(lower left).
Minimized verticesusingQEF's with masspoint featuredimension
(lowerright).

space.Notice that by minimizing the distanceto the centerof the

cube(shavn asa projection),a point outsideof the cubeis gener

atedeventhoughpartof the solutionspaces interior to the square.
This methodis only guaranteedb yield the correctresultif the so-

lution spaceintersectsa spherecenterecht the middle of the cube
with diameterequalto thelengthof the sidesof the cube.

In Dual Contouringwe take a differentapproacho solving this
problem.Insteadof nding apointin the solutionspacehatmini-
mizesthedistanceao thecenterof thecube we minimizetowardsa
thatwe call themasspoint Themasspointfor acubeis theaverage
of the exactintersectionpointson the edgesof the cube. Because
themasspointis aconvex combinatiorof pointsontheedgeof the
cube,it hasthe propertythatit alwayslies inside of the cubethat
generatedt. We solve for theminimizer, x, of theequationAx B
with minimal distanceto a point, p, in spaceby lettingx ¢ p
andcomputing

c ATA ATB ATAp (4)

Whenthe systemhasfull rank ATA ATA 1 andthe solu-
tion is theleastsquaresolutionshavn previously. Figure3 shavs
a comparisorbetweenthesetwo methods.In this gure the mass
pointsolution(right) generatea minimizerequalto themasspoint,
which is interior to the cube. This newer methodrelieson the as-
sumptionthatthesolutionspacewill notbefarfromtheintersection
pointsontheedgesandthenminimizestowardsapointinsideof the
cubecloseto the solution.

The addition of a masspoint to the QEF addsan additional
4 oats to therepresentation: 4 x ay; 4z n . Whenmemging
QEF's upward in the octreeduring simpli cation the respectre
component®f the masspoint are summedogether The problem
with this methodis thatwhenlarge numbersof cubesarecollapsed
togetherit is possibleto producea masspoint far from the actual
solutionspace. Theseaggr@atemasspoints then suffer from the
sameproblemsasminimizing towardsthe centerof the cube.

To combatthis effect, we introduceanalternatenethodfor com-
bining masspointsusingfeaturedetection.In additionto the data
alreadystoredfor the masspoint, we also storethe dimensionof
the masspoint. This dimensionis equalto the dimensionof the
featurepresentn the QEFfor thatmasspoint (1 = plane,2 = edge,
3 = corner). This dimensionis computedduringthe pseudoirerse



Figure5: Non-manifoldgeometrygenerates undesiregpoint out-
sideof thesquardleft). Usingthemasspoint preventsspikesin the
surface(right).

andis equalto threeminusthe numberof singularvaluestruncated.
Thealgorithmfor meiging two masspointsis then

1. If themasspointsareof the samedimension meige the two
masspointslik e beforeby summingtheir components.

2. If the masspointsare of differing dimensionssetthe com-
bined masspoint equalto the masspoint of the highestdi-
mension.The dimensionof the newv masspointis alsoequal
to thatof the higherdimensionamasspoint.

This algorithmhasthe propertythatthe resultingmasspoint is
only the averageof the pointsthat generatedhe featureof highest
dimension. Sincethe minimizer of the meiged QEF is likely to
be nearthe featureof the highestdimension this methodproduces
a point inside of the cubecloseto the feature. In our testingthis
techniguesolved mary problemsthat we experiencedwith point
placemensuchaspolygonsfolding backontothemseles.

Figure4 shavs a pieceof atemplemodelgeneratedisingDual
Contouringthat illustratesthe differencebetweenthe two tech-
niques.Theleft sideof the gure depictstheverticesof thetemple
positionedat the masgpointswithout usingfeaturedimension(top)
andwith featuredimension(bottom). Notice thatthe masspoints
using the dimensionalquantity are positionedmuch closerto the
solutionspacethanthe masspointswithout the featuredimension.
Theright sideof the gure shavs theminimizedverticesusingthe
QEF'sandthemasspointsfrom theleft sideof the gure. Themin-
imizedvertex on top doesnot usefeaturedimensionsandcauses
fold in the mesh. The minimized vertex on the bottom usesfea-
ture dimensionsandis positionedon the solution spaceinside of
thecubethatgeneratedhe vertex sothatno suchfolding occurs.

Anotherbene t thatthis methodhasis thatit providesa way of
handlingpoint placemenfor non-manifoldgeometry In the case
wheremultiple, separatpiecesf asurfaceintersecthesamecube,
QEF'scando apoorjob of positioningtheminimizer(see gure 5,
left). SinceDual Contouringusesa signedgrid to determinethe
topology of the resultingsurface,non-manifoldcon gurationsare
simpleto detectusingthe signsat the eight cornersof a cube. In
thesecases positioningthe point at the minimizer of the QEF is
usually not desiredand canresultin “spikes” in the surface. In
thesecaseswe usethe position of the masspoint to positionthe
vertex inside of the cube. Using the masspoint's positionhasthe
adwantagethat it is a point inside of the cube so that no folding
occursandit is nearthe portionsof the surfacethatintersectthat
cube.

model size | interior | mixed | empty/full
Chinesecube | 128 | 12.5% | 40.2% 47.3%

temple 2568 | 12.5% | 38.5% | 49.0%

david 512 | 12.5% | 38.0% | 49.5%

Figure6: Percentagef differenttypesof nodesfor threedifferent
models.

When using a volumetric representatiorfor models, spacecan
quickly becomenissue.Weuseseveraltechniqueso reducespace
usagein Dual Contouring. Insteadof usinga uniform grid to de-
scribethe implicit surface,we usean octreewith emptyandsolid
spacecollapsedmaximally This datastructureresultsin a large
spacesavingsbecauséhe spacerequiredto storethe grid hasbeen
reducedrom beingproportionalto the volumeof the objectto the
surfaceareainstead.

Evenwith the octreestructure we managedo reducethe space
requirementanore. We identi ed threedifferenttypesof nodes
presentin the octreeand specializecthe datastoredin eachtype
of nodeto reducewastedspace.Thethreedifferenttypesof nodes
inside of the octreeare interior nodes,homogeneouseaves, and
heterogeneougsaves. While thesenodeshave somedataelements
in common,therearemary elds thatare speci c to thattype of
node.

All threetypesof nodesstorethe depthof the nodein the oc-
tree (for the adaptve contouringalgorithm). Interior nodesstore
8 pointersto the children (32 bytes), a QEF (68 bytes), and the
signsat the cornersof the cube (8 bytes). The QEF of an inter-
nal nodestoresthe aggregate QEF for all of the nodes children.
Homogeneousiodesare leavesin the octreethat are either com-
pletely empty or completelyfull and have beencollapsedmaxi-
mally. Thesenodesonly storea singlenumber(1 byte) represent-
ing the sign at all eightcornersof the node. Heterogeneousodes
areleavesof the octreethat containa sign changeand, therefore,
a portion of the surface being generated. Theseleaves storethe
signsat the cornersof the cube(8 bytes),the QEF (68 bytes),and
twelve pointersto the hermite dataon the edges(48 bytes). The
edgepointersareall setto NULL unlessthereis a signchangeon
thatedge,in which casethe hermitedata(16 bytes)populateghat
pointer We storethe hermitedataasanormal ny ny n, and
an alphacomponentwhich indicateswherethe exact intersection
pointis locatedonthatedge.

Figure6 displaysa tablelisting the percentagesf eachtype of
nodefor threedifferentmodels. Notice that the amountof homo-
geneousodegempty/full) dominategshetwo othertypes.By spe-
cializing the datarepresentatiofior the differenttypesof nodesin
the octree,we reducethe spaceconsumptiorof the datastructure
by approximatelyfty percent.The spacerequirementganbere-
ducedevenfurther by remaving the QEF's from the datastructure
resultingin areductionof anothetwentypercentTheseQEF'scan
be computeddynamicallyfrom the hermitedataon the edges put
this approachrequiresatradeof betweersizeandprocessindgime.

BecauseDual Contouringusesan implicit representatiorior sur
faces,approximateCSG operationscanbe appliedto the surfaces
very quickly. Due to our useof an octreerepresentatiorior the
data,theseoperationnly take time proportionalto the combined
surfaceareaaffectedby the CSG operationas opposedo the af-
fectedvolume. However, polygonsneedto be addedandremoved
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Figure7: Structureof thevertex array Data is informationsentto
graphicscard.Polygonsis alist of polygonscontainingthis vertex.
Nodeis a pointerto the nodethatgeneratedhis vertex.

Index | Vertices
0 0,1,2,3

Figure8: Structureof thetopologyarray Verticesis alist of fourin-
dicesinto thevertex arrayfor the verticesthatmale up this quadri-
lateral.

from the previous surfacein orderto displaythe new surface.Fur-
thermore the polygonsandverticesproducedneedto be storedin
aformatthatallows for fastdisplayon moderngraphicshardware.
We provide an algorithm usedin Dual Contouringthat achieves
constantime insertionanddeletionof polygonsandverticesfrom
atightly packtopology/geometrylatastructureoptimizedfor dis-
play on moderngraphicscards.

In orderto achieve higherframerates graphicshardwareprefers
to receive geometrydatain a topology/geometryrepresentation,
whichis atightly pacledlist of polygonsandverticesrespectiely.
This structureallows the hardwareto transformandlight eachver
tex exactly once. In our representationye needadditionalpieces
of datastoredwith verticesthatis not sentto thegraphicscard. To
maintainatightly pacledstructurewe useauxiliary arraysto store
the additionaldataindexed in the samemannerasthe list of ver
tices. However, for simplicity, we will describedhe datastructure
asbeingasingleentity in anarray but it shouldbe understoodhat
theextrainformationis storedseparately

In Dual Contouring gachheterogeneousode(andpossiblyinterior
nodesdf themodelis collapsedrontainsanintegerthatindexesinto
avertex arrayfor thevertex containedwithin thatnode.Eachentry
in the vertex array containsthe datasentto the graphicscard (po-
sition, normal, texture coordinatesetc...),a list of indicesinto the
topologyarrayfor eachquadcontainingthis vertex, anda pointer
to thenodethatgeneratedhis vertex ( gure 7). Thetopologyarray
simply storesalist of four indicesinto thevertex arrayin eachentry
(gure 8).

Constructingthesedatastructuress straightforward from the
octree. A single passover the octreegenerateshe verticesin the
vertex arraywith the nodepointerspopulated put no polygonsin
its list. Next, the multi-resolutioncontouringalgorithmdescribed
in Dual Contouringis performed.For eachpolygongeneratedit is
appendeantothe endof thetopologyarrayandits index is added
to thelist of polygonsfor thefour verticesin thatpolygon.

During a CSG operation verticesare addedand removed from
thedatastructuredynamicallycorrespondingo additionor deletion
of heterogeneousodesin the octree. Remwing a vertex alsohas
theeffect of remaving the polygonsconnectedo thatvertex. After
the CSG operationis nished, we perform a truncatedversionof
thefull polygongeneratiorpassto addthe new polygonsinto the
model. Thealterationsof the vertex andtopologyarrayscausedy
a CSGoperationare performedusingfour methods:remawe poly-
gon remaove vertex, add polygon andaddvertex.

Remee polygontakesanindex of the polygonto remove from

" oam

- =" B
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Figure9: Recursie callsusedto generate closed,completecon-
tour for amulti-resolutionoctree.

thetopologylist asinput. Theproceduresimplywalksoverthefour
vertex indicesin thelist for thatpolygonandrequestshatthevertex
removesthat polygons index from its list of polygons. Next, the
polygonis removed from the polygonlist by copying the polygon
atthelastpositionin thetopologylist overtheentryin thelist being
deleted Finally, the methodprocessesachvertex index in thenew
polygonslist andrequestshatthoseverticesrenumbethepolygon
in its list from the previousindex of thatpolygonto its new index.
This function ensureghat the datastructureis consistenendthat
the polygonsaretightly pacledin thetopologylist.

Remee vertex is the function called during a CSG operation
whena heterogeneousodeis modi ed or deleted. This function
processeshe list of polygonsstoredin the vertex to be removed
from the highestindex to the lowestindex. For eachpolygonin-
dex in theverte<'s list, remave vertex callsremave polygonon that
index. Processinghe polygonsfrom highestindex to lowestindex
eliminatesproblemsarisingfrom renumberinghe polygonsin the
deletedvertex's polygonlist. Next, the methodcopiesthe vertex
from thelastpositionin the vertex arrayto theindex of the deleted
vertex. Thevertex index of the nodestoredin the moved vertex is
thenupdatedo point to the vertex's new position. Next, for each
polygonin the moved vertex's list, the procedurerequesthatthat
polygonrenumbersheindex of thevertex in theold positionto the
new index.

Whena CSGoperationaddsa nenv heterogeneousode,a new
vertex is addedinto the vertex list by appendinghe vertex to the
endof the vertex list with an empty polygonlist anda pointerto
the nodethat generatedt. Similarly, addinga polygon appends
the polygonto the end of the topologylist andrequestghat each
referencedvertex in the vertex array add that nev polygonto its
polygonlist.

During a CSGoperationary nodesmodi ed by the operation(in-
cludingnew nodes)aremarkedaswell asall of theparentsf those
nodesup to theroot. Whena CSGoperation nishes, old vertices
have beendeletedfrom the vertex array new verticeshave been
added,and polygonsassociatedvith the old verticeshave been
deletedfrom the topology list. However, the CSG operationhas
not createdthe new polygonsin the affectedregions. In orderto
generatehosepolygons we performa truncatedversionof there-
cursive methoddescribedn Dual Contouring.

Dual Contouringintroduceda new, recursve methodfor con-
touring multi-resolution,unrestrictedoctrees. The recursve calls
for contouringaquadtreen 2D areshavn in gure 9. Darkregions
in the gure correspondo acall to processBceandgrayregionsto
processEdg Startingattheroot of the quadtreewith a call to pro-
cesshce therecursve calls continueby generatingour new calls
to processBceon its four childrenandfour callsto processEdg
EachprocessEdeg call produceswo new callsto processEdgon
two pairsof thechildrenasshavn in the gure. ProcessBcetermi-



nateswhenthe nodeis a leaf. ProcessEdgterminatesvhenboth
of its amgumentsareleavesandthenexaminesthe sharedminimal
edge(anedgein thegrid thatcontainsno smalleredge).If thatmin-
imal edgecontainsasignchangethenprocessEdggeneratealine
connectingthe two minimizersof the correspondingyrid squares.
This processontinuesandgenerates closed,completecontour
Our truncatedcontouringpassusesthe samerecursve calls as
thefull polygongeneratiorpass. The only changemadeis to the
terminationcriteria. ProcessBcenow terminatesvheneer its ar
gumentis aleaf or whenthe nodebeingprocesseavasnot marked
aschangediy the CSGoperation. Lik ewise, processEdg contin-
uesuntil bothof its agumentsareleavesor until thefunction nds
thatneithernodewasmodi ed by the CSGoperation.By truncat-
ing thepolygongeneratiorpassthis new procedurenly takestime
proportionalto the affectedsurfaceareaof the CSGUd region.

We have provided insightinto mary of the detailsof the original
Dual Contouringpaperthat were ommittedor shortened.We de-
scribedour implementatiorof the quadraticerror metric (QEF)in

moredetailincludingour masspoint solutionfor therankde cient
case. Sinceit is simpleto detectnon-manifoldverticesusingim-

plicit geometrywe alsoprovided a methodfor positioningvertices
in the presenceof non-manifoldusing thesemasspoints. Next,

our data-structuressedto storetheimplicit representatiomwerere-
vealedandweillustratedhow we achiezedthespacesavingsquoted
in our paper Finally, we provided a techniquefor insertingand
deletingpolygonsin constanttime and a fast, truncatedpolygon
generatiorpassthatreconstructshe surfaceaftera CSGoperation.

FRISKEN, S. F., PERRY, R. N., Rockwoop, A. P., AND JONES,
T. R. 2000. Adaptiely sampleddistance elds: A general
representationf shapefor computergraphics. In Proceedings
of SIGGRAPH200Q ACM Press/ ACM SIGGRAPH/ Addi-
sonWeslg/ Longman,ComputerGraphicsProceedingsAnnual
Conferenceseries249-254.

GARLAND, M., AND HECKBERT, P. S. 1997. Surfacesimpli ca-
tion usingquadricerror metrics. In Proceeding®f SIGGRAPH
97, ACM SIGGRAPH/ AddisonWesle, Los Angeles,Califor-
nia, ComputeiGraphicsProceedingsAnnualConferencéeries,
209-216.

GIBSON, S. F. F. 1998. Usingdistancemapsfor accuratesurface
reconstructiorin sampledvolumes. In 1998 \Vblume\isualiza-
tion SymposiumEEE, 23-30.

HoppPe, H. 1999. New quadraticmetric for simplifying meshes
with appearancattributes.In IEEE Visualization1999 59-66.

Ju, T., LosAssO, F., SCHAEFER, S., AND WARREN, J. 2002.
Dual contouringof hermitedata. In Proceedingsof the 29th
annual confeenceon Computergraphicsand interactive tech-
nigues ACM Press339-346.

KOBBELT, L. P.,, BOTSCH, M., SCHWANECKE, U., AND SEIDEL,
H.-P. 2001. Feature-sensite surfaceextractionfrom volume
data. In Proceedingof SIGGRAPH2001, ACM Press ACM
SIGGRAPH,ComputerGraphicsProceedingsAnnual Confer
enceSeries57—-66.

LINDSTROM, P., AND SiLVA, C. 2001. A memoryinsensitve
techniquefor large modelsimpli cation. In IEEE Visualization
2001 121-126.

LINDSTROM, P. 2000. Out-of-coresimpli cation of large polygo-
nal models. In Proceedingof SIGGRAPH200Q ACM Press
/ ACM SIGGRAPH/ Addison Wesleg/ Longman, Computer
GraphicsProceedingsinnual ConferenceSeries 259-262.

LORENSON, W., AND CLINE, H. 1987. Marchingcubes:A high
resolution3d surfaceconstructioralgorithm. ComputerGraph-
ics21, 4,163-169.

PERRY, R. N., AND FRISKEN, S. F. 2001. Kizamu: A system
for sculptingdigital characters.In Proceedingsf SIGGRAPH
2001, ACM Presd ACM SIGGRAPH,ComputerGraphicsPro-
ceedingsAnnual Conferenceseries47-56.



