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This paperprovidesseveral contributionsrelatedto dual contour-
ing implicit dataincludingsolving rank de�cient QEF's, reducing
memoryrequirements,andperformingfastpolygonupdatesduring
CSG.First, we describeour methodfor solving QEF's and pro-
vide a methodusingmasspoints that improves vertex placement
in the rank de�cient case.This improvementleadsto a technique
for handlingvertex placementin thepresenceof non-manifoldsign
con�gurations. Next, we provide a methodfor reducingthespace
requirementsfor storing the implicit dataneededto generatethe
contour. Finally, we describeour methodfor storingthegeometry
datain a formatsuitablefor fastdisplayon moderngraphicshard-
wareaswell astechniquesupdatingthe data-structurein constant
time duringCSGoperations.

CR Categories: I.3.5 [ComputationGeometryandObjectModel-
ing]: CSG—Curve,surface,solidandobjectrepresentations

Keywords: implicit functions, contouring, crack prevention,
quadraticerrorfunctions,polyhedralsimpli�cation
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One techniquefor representingsurfacesis implicit modeling. In
this paradigmthe surfaceis modeledas the zerocontourof a 3D
function. This function is typically representedusinga 3D grid of
datawherethe function is sampledat the verticesof the grid. In
practicethesegridsof dataarisein avarietyof applicationssuchas
medicalimagingandvisualizinggeologicaldata.

Thereareseveral methodscapableof extracting surfacesfrom
thesegrids of data; however, one of the most well-known is the
MarchingCubesalgorithmof LorensonandCline [Lorensonand
Cline 1987]. Thealgorithmproceedsasfollows: for eachedgein
the grid that containsa sign change(i.e.; the verticeson its end-
pointsareof differentsign),placea vertex on thatedgewherethe
contourintersectsit. Marching Cubesthen provides a table that
storesthetriangulationof theverticeson theedgesof thegrid and
is indexedby theeightsignsat thecornersof acube.For eachcube
in thegrid, look up its signcon�guration in the tableandgenerate
polygonsaccordingto the triangulationstoredthere. Notice that
this methodproducesverticesthat lie on theedgesof thegrid and
polygonsareproducedinternal to the cubesin the grid. We call
thesemethodsprimal methods.
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Figure1: A spherecontouredusingMarchingCubes(left) andDual
Contouring(right).

Dual methods[Gibson1998;PerryandFrisken2001]takeadif-
ferentapproachto contouringproducingverticeson thesurfacein-
terior to eachof the cubesin the grid andpolygonsdual to edges
of the grid. SurfaceNets[Gibson 1998] is an exampleof a dual
method.For eachcubethatcontainsa signchange,a vertex is gen-
eratedat the centroidof the intersectionpointson the edgesthat
would have beengeneratedby Marching Cubes. Then, for each
edgein thegrid thatexhibits a signchange,a polygonis produced
connectingtheverticesof thefour cubescontainingthatedge.We
call thisadualapproachto contouringbecausefor eachvertex gen-
eratedby this method,MarchingCubesgeneratesa polygon; and
for eachvertex producedby MarchingCubes,this methodgener-
atesa polygon.Therefore,thepolygonalcontourscreatedaredual
to eachother.

Dual techniquesintroducea numberof advantagesover tradi-
tionalprimalmethods.Becauseverticesareplacedinterior to cubes
andnoton theedgesof thegrid, thereis morefreedomin theposi-
tioningof thosevertices.Dual techniquesalsoproducepolygonsof
moreuniformsizethanprimalmethods,whichcansometimesgen-
eratevery smallpolygonsdependingon how thecontourintersects
thegrid. Also,primalmethodsgenerateanoticeablegriddingeffect
in thesurfacesbecausetheedgesof thepolygonsareconstrainedto
lie alongthegrid planesasseenin �gure 1.

In Siggraph2002, the authorsof this paperintroduceda new
techniquethattook a dualapproachto contouringaswell [Ju et al.
2002]. Entitled “Dual Contouring,” this methodprovided several
advantagesover traditionalcontouringmethods.First, the grid of
datawas representedas a signedoctreesimilar to Adaptive Dis-
tanceFields[Friskenetal.2000;PerryandFrisken2001],whichre-
sultedin substantiallyreducedmemoryrequirements.Second,the
methodaugmentedthe datarepresentationwith hermitedata(ex-
act intersectionpointsandnormals)aswasdonein [Kobbeltet al.
2001] to reproducesharpfeaturessuchasedgesandcornersaccu-
rately (see�gure 2). Fromthis hermitedata,quadraticerror func-
tions (QEF's) were generatedfor eachcubein the octree,which
enabledthemethodto collapsethepolygonalmodelsupward in a
Lindstrom-like [Lindstrom2000]mannerto reducethenumberof
polygonspresent.Theauthorsthenprovidedarecursivemethodfor
generatinga closedcontourfor anunrestricted,signedoctree.



Figure2: Reporductionof sharpfeatures.A mechanicalpart (left)
andits dualcontour(right).

This paperexpandson the techniquespresentedin the original
Dual Contouringpaper[Ju et al. 2002]. Due to lack of space,not
all of thedetailscouldbewrittenin theoriginalpaperonDualCon-
touring. Speci�cally, we concentrateon detailsimportantfrom an
implementationperspective. First, we discussour implementation
of QEF's anddescribehow the rankde�cient caseis detectedand
solved. This methodthen leadsto a solution for positioningver-
ticesin the presenceof non-manifoldgeometry. Next, we discuss
spaceconsiderationsincludinga descriptionof the data-structures
usedto reducethe memoryrequirementsof our method. Finally,
we endwith a techniquefor polygoninsertionanddeletionduring
CSGoperationsthat is performedin constanttime andgenerates
a data-structuresuitablefor fastdisplayon moderngraphicshard-
ware.
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Dual Contouringutilizes thehermitedataon theedgeswith a sign
changeto positionverticesinsideof cubes.Eachpieceof hermite
datais theequationfor the tangentplaneof thesurfacewherethe
surfacecrossesthatedgeandis representedasanexactintersection
point, pi , anda normal,ni . The methodplacesa vertex insideof
eachcubecontainingasignchangeatthesolutionto equation1 that
minimizesE � x� . This equationcan alsobe representedin matrix
form as the leastsquaressolution to Ax � B whereA is a n 	 3
matrix whoserows areni andB is a n 	 1 matrix whoseentriesare
ni 


pi . Notice that this error function is quadraticin termsof the
variablex and,hence,thenameQEF.

E � x��� å
i

�

ni 


�

x 
 pi ���

2 (1)

In practice,the error function,E � x� , is not representedasa list
of planeequationsbecausethespacerequiredto storethis function
is linear in thenumberof planes.Garland[GarlandandHeckbert
1997] popularizeda techniquefor meshsimpli�cation that stored
this error function using a normal equationform, which resulted
in constantspaceusage.In this representation,the only matrices

storedareATA, ATB, andBTB. Using the matrix form for equa-
tion 1, E � x� can be written as

�

Ax 
 B
�

T �

Ax 
 B
�

, which is then
expandedinto theform

E � x��� xTATAx 
 2xTATB � BTB (2)

whereATA is a symmetric3 	 3 matrix,ATB is a 3 	 1 matrix,and
BTB is a single scalar. Therefore,only 10 quantitiesneedto be
storedin orderto representtheerrorfunction,E � x� . This represen-
tation alsohasthe advantagethat merging two QEF's togetheris
just a matterof addingthe respective entriesof the threeseparate
matricesandusesonly a constantamountof space.

Onedisadvantagethattherepresentationin equation2 hasis that
it is numericallyunstable. Forming the matrix ATA squaresthe
conditionnumber(a quantitymeasuringthenumericalstability) of
thematrix. Therefore,this form of theerrorfunctionexhibits poor
accuracy whenevaluatingE � x� .

Dual Contouringintroduceda new, numericallystablemethod
for the QEF basedon the QR decompositionof a matrix. This
methodcomputesanorthogonalmatrix Q asa sequenceof Givens
rotationssuchthattheproductof Q and

�
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whereÂ is anuppertriangular3 	 3 matrix. Solvingthenew setof
equationsÂx � B̂ yieldsthesamesolutionasequation2. This tech-
niquealsohastheadvantagethatevaluatingE � x���

�

Âx 
 B̂
�

T �

Âx 


B̂
�

� r2 is muchmorenumericallystable.However, this stability is
not free. While merging two QEF's using the normal equations
takesonly 10 operations,merging two QEF's usingtheQR repre-
sentationtakesapproximately150operations.
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There have been many different methodsproposedfor solving
QEF's [Lindstrom2000;LindstromandSilva 2001;Kobbeltet al.
2001;GarlandandHeckbert1997].Themajorityof thesemethods
rely on usingthepseudoinverseof thematrix ATA, which �nds the
solutionx with minimalL2 norm.Thepseudoinverse,M 7 , of ama-
trix M hasthepropertythat theL2 normof thematrix MM 78
 I is
minimized.This pseudoinverseis de�ned for any matrix and,for a
matrixof full rank,thepseudoinverseof M is M 9

1.
Typically, thepseudoinverseis calculatedusingtheSVDdecom-

positionof thematrix. Thesingularvaluedecompositionof a ma-
trix, M, resultsin threematricesof the form M � UTDV whereU
andV areorthogonalmatricesandD is a diagonalmatrix. Theel-
ementsin the diagonalof D, si , arecalled the singular valuesof
the matrix M. The SVD is particularlysimple to calculatewhen
the matrix is of the form ATA becauseU � V andthe rows of U
are the eigenvectorsof ATA and the singularvaluesin D are the
eigenvaluesof ATA.

SinceU andV areorthogonalmatrices,theinverseof M is then
M 9

1
� VTD 9

1U. However, when M is rank de�cient, someof
thesingularvalueswill be0 andD 9

1 cannotbeexplicitly formed.
BecauseD is a diagonalmatrix, D 9

1 is also diagonalwith each
entryin its diagonalas 1

si
. However if a singularvalue,si , in D is 0

or closeto 0, 1
si

resultsin alarge,if not in�nite, valuein D 9

1. In this
situationthe pseudoinverseperformsa methodfor rank detection.
For eachentry in D, if the ratio of that singularvalue, si , to the
maximumsingularvalue,smax, is lessthansomeconstant,thenthe
valuein D 9

1 is truncatedto 0; otherwise,it is 1
si

.



Figure3: Minimizing towardscenterof square(left). Masspoint
approach(right).

In Dual Contouring,we solve for the minimizer of the QEF in
several steps. We form the QEF by �rst initializing a 4x4 matrix
to 0. Then, for eachedgein a cubethat containsa sign change,
weappendtheplaneequationdescribedby thehermitedataonthat
edgeto thebottomof thematrix andperformGiven's rotationson
this 5x4 matrix to bring it into uppertriangularform. Notice that
theorthogonalmatrix Q is never explicitly formedduringthis pro-
cedure.

To solve the QEF for the minimizer, we extract the threesub-
matricesÂ, B̂, and r. Next we form ATA � ÂT Â and compute
the SVD of that matrix. As notedabove, �nding the SVD only
requiresthat we computethe eigenvaluesandeigenvectorsof the
matrix ATA. Whencomputingthe pseudoinverse,ATA7 , we use
a differentmethodof truncationon thesingularvalues.Insteadof
truncatingbasedontherelativemagnitudeof thevalueto thelargest
singularvalue,we truncatebasedontheabsolutemagnitudeof that
singularvalue.

Truncationbasedon theabsolutemagnitudeof thesingularval-
ues is not typically done. However, we usenormalizedvectors
in the hermiteasopposedto areaweightednormals. Several pa-
pers[Hoppe1999]have shown areaweightednormalsto give su-
perior resultsin termsof polygonssimpli�cation. In Dual Con-
touring thenormalsareassociatedwith edgesin thegrid andonly
give anindicationof thepolygonthat intersectsthatedgeandpro-
videsno informationaboutthe surfacecontainedwithin the adja-
centgrid squares.Therefore,we felt that thebene�ts achieved by
areaweightednormalsin polygonsimpli�cation would not trans-
late into implicit modeling. In fact, we found that using area
weightednormalsoccasionallyproducedartifactswherefeatures
werelost dueto incorrecttruncationof singularvalues. By using
normalizedvectors,the extractedsingularvalueswill be propor-
tional to the numberof vectorsthat align in the direction of the
correspondingeigenvectors. Therefore,truncatingsingularvalues
atanabsolutemagnitudeof � 1 givesaveryrobustmethodof detect-
ing noisepresentin thedata.

Oneproblemthat using the pseudoinverseintroducesis that it
�nds thepoint on thesolutionspacewith minimal L2 norm,which
meanstheclosestpoint to theorigin. Whenthesystemof equations
is underdetermined(asis thecasein a �at areaor alonganedge),
thentheanswerproducedcanbelocatedfar from thecubethatgen-
eratedit. Kobbelt[Kobbeltet al. 2001]andLindstrom[Lindstrom
2000]combatthisproblemby translatingthecenterof thecubethat
generatedtheQEFto theorigin, solvingtheequations,andthenin-
verting the translation.This processeffectively �nds the solution
with minimaldistanceto thecenterof thecube.

Ideally, whatever pointon thesolutionspaceis chosen,it should
have thepropertythat if thesolutionspaceintersectsthecubethat
generatedthe QEF, then the point shouldlie inside of that cube.
Figure3 (left) illustratesa 2D casewherethis propertydoesnot
hold. Heretheline thatintersectsthesquarerepresentsthesolution

Figure4: Masspointswithout featuredimension(upperleft). Min-
imizedverticesusingQEF's without masspoint featuredimension
(upperright). Masspoints using featuredimension(lower left).
MinimizedverticesusingQEF'swith masspoint featuredimension
(lower right).

space.Notice thatby minimizing thedistanceto thecenterof the
cube(shown asa projection),a point outsideof thecubeis gener-
atedeventhoughpartof thesolutionspaceis interior to thesquare.
This methodis only guaranteedto yield thecorrectresultif theso-
lution spaceintersectsa spherecenteredat themiddleof thecube
with diameterequalto thelengthof thesidesof thecube.

In Dual Contouringwe take a differentapproachto solvingthis
problem.Insteadof �nding a point in thesolutionspacethatmini-
mizesthedistanceto thecenterof thecube,weminimizetowardsa
thatwecall themasspoint. Themasspointfor acubeis theaverage
of theexact intersectionpointson theedgesof thecube. Because
themasspoint is aconvex combinationof pointsontheedgesof the
cube,it hasthe propertythat it alwayslies insideof thecubethat
generatedit. Wesolve for theminimizer, x, of theequationAx � B
with minimal distanceto a point, p, in spaceby letting x � c � p
andcomputing

c �

�

ATA
�

7

�

ATB 
 ATAp
�

� (4)

Whenthe systemhasfull rank
�

ATA
�

7
�

�

ATA
�

9

1 andthe solu-
tion is theleastsquaressolutionshown previously. Figure3 shows
a comparisonbetweenthesetwo methods.In this �gure the mass
pointsolution(right) generatesaminimizerequalto themasspoint,
which is interior to thecube. This newer methodrelieson theas-
sumptionthatthesolutionspacewill notbefarfrom theintersection
pointsontheedgesandthenminimizestowardsapoint insideof the
cubecloseto thesolution.

The addition of a masspoint to the QEF addsan additional
4 �oats to the representation:� å xi �

å yi �

å zi �

n� . Whenmerging
QEF's upward in the octreeduring simpli�cation the respective
componentsof themasspoint aresummedtogether. Theproblem
with thismethodis thatwhenlargenumbersof cubesarecollapsed
together, it is possibleto producea masspoint far from theactual
solutionspace.Theseaggregatemasspoints thensuffer from the
sameproblemsasminimizing towardsthecenterof thecube.

To combatthiseffect,weintroduceanalternatemethodfor com-
bining masspointsusingfeaturedetection.In additionto thedata
alreadystoredfor the masspoint, we alsostorethe dimensionof
the masspoint. This dimensionis equalto the dimensionof the
featurepresentin theQEFfor thatmasspoint (1 = plane,2 = edge,
3 = corner).This dimensionis computedduringthepseudoinverse



Figure5: Non-manifoldgeometrygeneratesa undesiredpoint out-
sideof thesquare(left). Usingthemasspointpreventsspikesin the
surface(right).

andis equalto threeminusthenumberof singularvaluestruncated.
Thealgorithmfor merging two masspointsis then

1. If themasspointsareof thesamedimension,merge the two
masspointslike beforeby summingtheir components.

2. If the masspointsareof differing dimensions,set the com-
binedmasspoint equalto the masspoint of the highestdi-
mension.Thedimensionof thenew masspoint is alsoequal
to thatof thehigherdimensionalmasspoint.

This algorithmhasthepropertythat the resultingmasspoint is
only theaverageof thepointsthatgeneratedthefeatureof highest
dimension. Sincethe minimizer of the merged QEF is likely to
benearthefeatureof thehighestdimension,this methodproduces
a point insideof the cubecloseto the feature. In our testingthis
techniquesolved many problemsthat we experiencedwith point
placementsuchaspolygonsfolding backontothemselves.

Figure4 shows a pieceof a templemodelgeneratedusingDual
Contouringthat illustratesthe differencebetweenthe two tech-
niques.Theleft sideof the�gure depictstheverticesof thetemple
positionedat themasspointswithoutusingfeaturedimension(top)
andwith featuredimension(bottom). Notice that the masspoints
using the dimensionalquantityarepositionedmuchcloserto the
solutionspacethanthemasspointswithout thefeaturedimension.
Theright sideof the�gure shows theminimizedverticesusingthe
QEF'sandthemasspointsfrom theleft sideof the�gure. Themin-
imizedvertex on top doesnot usefeaturedimensionsandcausesa
fold in the mesh. The minimizedvertex on the bottomusesfea-
ture dimensionsand is positionedon the solutionspaceinsideof
thecubethatgeneratedthevertex sothatnosuchfolding occurs.

Anotherbene�t that this methodhasis that it providesa way of
handlingpoint placementfor non-manifoldgeometry. In the case
wheremultiple,separatepiecesof asurfaceintersectthesamecube,
QEF'scandoapoorjob of positioningtheminimizer(see�gure 5,
left). SinceDual Contouringusesa signedgrid to determinethe
topologyof the resultingsurface,non-manifoldcon�gurationsare
simpleto detectusingthe signsat the eight cornersof a cube. In
thesecases,positioningthe point at the minimizer of the QEF is
usually not desiredand can result in “spikes” in the surface. In
thesecases,we usethe positionof the masspoint to positionthe
vertex insideof the cube. Using the masspoint's positionhasthe
advantagethat it is a point inside of the cubeso that no folding
occursandit is nearthe portionsof the surfacethat intersectthat
cube.

model size interior mixed empty/full
Chinesecube 1283 12.5% 40.2% 47.3%

temple 2563 12.5% 38.5% 49.0%
david 5123 12.5% 38.0% 49.5%

Figure6: Percentageof differenttypesof nodesfor threedifferent
models.
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When using a volumetric representationfor models, spacecan
quickly becomeanissue.Weuseseveraltechniquesto reducespace
usagein Dual Contouring. Insteadof usinga uniform grid to de-
scribethe implicit surface,we useanoctreewith emptyandsolid
spacecollapsedmaximally. This datastructureresultsin a large
spacesavingsbecausethespacerequiredto storethegrid hasbeen
reducedfrom beingproportionalto thevolumeof theobjectto the
surfaceareainstead.

Evenwith theoctreestructure,we managedto reducethespace
requirementsmore. We identi�ed threedifferent typesof nodes
presentin the octreeandspecializedthe datastoredin eachtype
of nodeto reducewastedspace.Thethreedifferenttypesof nodes
inside of the octreeare interior nodes,homogeneousleaves, and
heterogeneousleaves.While thesenodeshave somedataelements
in common,therearemany �elds that arespeci�c to that type of
node.

All threetypesof nodesstorethe depthof the nodein the oc-
tree(for the adaptive contouringalgorithm). Interior nodesstore
8 pointersto the children (32 bytes),a QEF (68 bytes),and the
signsat the cornersof the cube(8 bytes). The QEF of an inter-
nal nodestoresthe aggregateQEF for all of the node's children.
Homogeneousnodesare leaves in the octreethat areeithercom-
pletely empty or completelyfull and have beencollapsedmaxi-
mally. Thesenodesonly storea singlenumber(1 byte) represent-
ing thesignat all eightcornersof thenode.Heterogeneousnodes
areleavesof the octreethat containa sign changeand,therefore,
a portion of the surfacebeing generated.Theseleaves storethe
signsat thecornersof thecube(8 bytes),theQEF(68 bytes),and
twelve pointersto the hermitedataon the edges(48 bytes). The
edgepointersareall setto NULL unlessthereis a signchangeon
thatedge,in which casethehermitedata(16 bytes)populatesthat
pointer. We storethe hermitedataasa normal 	 nx

�

ny
�

nz 


and
an alphacomponent,which indicateswherethe exact intersection
point is locatedon thatedge.

Figure6 displaysa tablelisting thepercentagesof eachtypeof
nodefor threedifferentmodels.Notice that theamountof homo-
geneousnodes(empty/full) dominatesthetwo othertypes.By spe-
cializing thedatarepresentationfor thedifferenttypesof nodesin
the octree,we reducethe spaceconsumptionof the datastructure
by approximately�fty percent.Thespacerequirementscanbere-
ducedevenfurtherby removing theQEF's from thedatastructure
resultingin areductionof anothertwentypercent.TheseQEF'scan
becomputeddynamicallyfrom thehermitedataon theedges,but
thisapproachrequiresa tradeoff betweensizeandprocessingtime.
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BecauseDual Contouringusesan implicit representationfor sur-
faces,approximateCSGoperationscanbe appliedto the surfaces
very quickly. Due to our useof an octreerepresentationfor the
data,theseoperationsonly take time proportionalto thecombined
surfaceareaaffectedby the CSGoperationasopposedto the af-
fectedvolume. However, polygonsneedto beaddedandremoved



Index Data Polygons Node
0 � x,y,z� � 1,5,2,0� ptr

. . . . . . . . . . . .

Figure7: Structureof thevertex array. Data is informationsentto
graphicscard.Polygonsis a list of polygonscontainingthisvertex.
Nodeis a pointerto thenodethatgeneratedthisvertex.

Index Vertices
0 � 0,1,2,3�

. . . . . .

Figure8: Structureof thetopologyarray. Verticesis alist of four in-
dicesinto thevertex arrayfor theverticesthatmake up this quadri-
lateral.

from theprevioussurfacein orderto displaythenew surface.Fur-
thermore,thepolygonsandverticesproducedneedto bestoredin
a formatthatallows for fastdisplayon moderngraphicshardware.
We provide an algorithm usedin Dual Contouringthat achieves
constanttime insertionanddeletionof polygonsandverticesfrom
a tightly packtopology/geometrydatastructureoptimizedfor dis-
playon moderngraphicscards.

In orderto achievehigherframerates,graphicshardwareprefers
to receive geometrydata in a topology/geometryrepresentation,
which is a tightly packedlist of polygonsandverticesrespectively.
This structureallows thehardwareto transformandlight eachver-
tex exactly once. In our representation,we needadditionalpieces
of datastoredwith verticesthat is not sentto thegraphicscard.To
maintaina tightly packedstructure,weuseauxiliaryarraysto store
the additionaldataindexed in the samemannerasthe list of ver-
tices.However, for simplicity, we will describedthedatastructure
asbeinga singleentity in anarray, but it shouldbeunderstoodthat
theextra informationis storedseparately.
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In DualContouring,eachheterogeneousnode(andpossiblyinterior
nodesif themodelis collapsed)containsanintegerthatindexesinto
avertex arrayfor thevertex containedwithin thatnode.Eachentry
in thevertex arraycontainsthedatasentto thegraphicscard(po-
sition, normal,texturecoordinates,etc...),a list of indicesinto the
topologyarrayfor eachquadcontainingthis vertex, anda pointer
to thenodethatgeneratedthisvertex (�gure 7). Thetopologyarray
simplystoresalist of four indicesinto thevertex arrayin eachentry
(�gure 8).

Constructingthesedatastructuresis straightforward from the
octree. A singlepassover the octreegeneratesthe verticesin the
vertex arraywith the nodepointerspopulated,but no polygonsin
its list. Next, the multi-resolutioncontouringalgorithmdescribed
in DualContouringis performed.For eachpolygongenerated,it is
appendedontotheendof thetopologyarrayandits index is added
to thelist of polygonsfor thefour verticesin thatpolygon.

During a CSGoperation,verticesareaddedandremoved from
thedatastructuredynamicallycorrespondingto additionor deletion
of heterogeneousnodesin theoctree.Removing a vertex alsohas
theeffect of removing thepolygonsconnectedto thatvertex. After
the CSGoperationis �nished, we performa truncatedversionof
the full polygongenerationpassto addthe new polygonsinto the
model.Thealterationsof thevertex andtopologyarrayscausedby
a CSGoperationareperformedusingfour methods:remove poly-
gon, removevertex, addpolygon, andaddvertex.

Remove polygontakesan index of the polygonto remove from

Figure9: Recursive callsusedto generatea closed,completecon-
tour for a multi-resolutionoctree.

thetopologylist asinput. Theproceduresimplywalksover thefour
vertex indicesin thelist for thatpolygonandrequeststhatthevertex
removesthat polygon's index from its list of polygons. Next, the
polygonis removed from thepolygonlist by copying thepolygon
atthelastpositionin thetopologylist overtheentryin thelist being
deleted.Finally, themethodprocesseseachvertex index in thenew
polygon's list andrequeststhatthoseverticesrenumberthepolygon
in its list from theprevious index of thatpolygonto its new index.
This function ensuresthat the datastructureis consistentandthat
thepolygonsaretightly packedin thetopologylist.

Remove vertex is the function called during a CSG operation
whena heterogeneousnodeis modi�ed or deleted.This function
processesthe list of polygonsstoredin the vertex to be removed
from the highestindex to the lowest index. For eachpolygonin-
dex in thevertex's list, removevertex callsremovepolygonon that
index. Processingthepolygonsfrom highestindex to lowestindex
eliminatesproblemsarisingfrom renumberingthepolygonsin the
deletedvertex's polygonlist. Next, the methodcopiesthe vertex
from thelastpositionin thevertex arrayto theindex of thedeleted
vertex. Thevertex index of thenodestoredin themovedvertex is
thenupdatedto point to the vertex's new position. Next, for each
polygonin themoved vertex's list, theprocedurerequestthat that
polygonrenumberstheindex of thevertex in theold positionto the
new index.

Whena CSGoperationaddsa new heterogeneousnode,a new
vertex is addedinto the vertex list by appendingthe vertex to the
endof the vertex list with an emptypolygonlist anda pointer to
the nodethat generatedit. Similarly, addinga polygon appends
the polygonto the endof the topologylist andrequeststhat each
referencedvertex in the vertex array add that new polygon to its
polygonlist.
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During a CSGoperation,any nodesmodi�ed by theoperation(in-
cludingnew nodes)aremarkedaswell asall of theparentsof those
nodesup to theroot. Whena CSGoperation�nishes, old vertices
have beendeletedfrom the vertex array, new verticeshave been
added,and polygonsassociatedwith the old verticeshave been
deletedfrom the topology list. However, the CSG operationhas
not createdthe new polygonsin the affectedregions. In order to
generatethosepolygons,we performa truncatedversionof there-
cursive methoddescribedin DualContouring.

Dual Contouringintroduceda new, recursive methodfor con-
touring multi-resolution,unrestrictedoctrees.The recursive calls
for contouringaquadtreein 2D areshown in �gure 9. Darkregions
in the�gure correspondto acall to processFaceandgrayregionsto
processEdge. Startingat theroot of thequadtreewith a call to pro-
cessFace, therecursive callscontinueby generatingfour new calls
to processFaceon its four childrenandfour calls to processEdge.
EachprocessEdge call producestwo new calls to processEdge on
two pairsof thechildrenasshown in the�gure. ProcessFacetermi-



nateswhenthe nodeis a leaf. ProcessEdge terminateswhenboth
of its argumentsareleavesandthenexaminesthesharedminimal
edge(anedgein thegrid thatcontainsnosmalleredge).If thatmin-
imal edgecontainsasignchange,thenprocessEdgegeneratesaline
connectingthe two minimizersof the correspondinggrid squares.
This processcontinuesandgeneratesa closed,completecontour.

Our truncatedcontouringpassusesthe samerecursive calls as
the full polygongenerationpass.The only changemadeis to the
terminationcriteria. ProcessFacenow terminateswhenever its ar-
gumentis a leafor whenthenodebeingprocessedwasnotmarked
aschangedby theCSGoperation.Likewise,processEdge contin-
uesuntil bothof its argumentsareleavesor until thefunction�nds
thatneithernodewasmodi�ed by theCSGoperation.By truncat-
ing thepolygongenerationpass,thisnew procedureonly takestime
proportionalto theaffectedsurfaceareaof theCSG'd region.
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We have provided insight into many of the detailsof the original
Dual Contouringpaperthat wereommittedor shortened.We de-
scribedour implementationof thequadraticerrormetric (QEF) in
moredetail includingourmasspoint solutionfor therankde�cient
case.Sinceit is simpleto detectnon-manifoldverticesusingim-
plicit geometry, wealsoprovideda methodfor positioningvertices
in the presenceof non-manifoldusing thesemasspoints. Next,
ourdata-structuresusedto storetheimplicit representationwerere-
vealedandweillustratedhow weachievedthespacesavingsquoted
in our paper. Finally, we provided a techniquefor insertingand
deletingpolygonsin constanttime and a fast, truncatedpolygon
generationpassthatreconstructsthesurfaceafteraCSGoperation.
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