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Figure 1: Deformation using Moving Least Squares. Original image watttrol points shown in blue (a). Moving Least Squares deforma-
tions using af ne transformations (b), similarity transformations (c) agil transformations (d).

Abstract the position and orientation of these handles, the image should de-
form in an intuitive fashion.

We provide an image deformation method based on Moving Least  We view this deformation as a functidnthat maps points in the

Squares using various classes of linear functions including af ne, undeformed image to the deformed image. Applying the function

similarity and rigid transformations. These deformations are real- f to each pointv in the undeformed image creates the deformed

istic and give the user the impression of manipulating real-world image. Now consider an image with a set of hangli¢isat the user

objects. We also allow the user to specify the deformations using moves to new positiong. For f to be useful for deformations it

either sets of points or line segments, the later useful for control- must satisfy the following properties:

ling curves and pro les present in the image. For each of these

technigues, we provide simple closed-form solutions that yield fast Interpolation The handlesp should map directly tq under

deformations, which can be performed in real-time. deformation. (i.ef(pi) = o).

CR Categories: 1.3.5 [Computer Graphics]: Computational Ge-
ometry and Object Modeling—Boundary representations; Curve,
surface, solid, and object representations; Geometric algorithms,
languages, and systems

Smoothnessf should produce smooth deformations

Identity. If the deformed handlegare the same as thg then
f should be the identity function. (i.e; = pi) f(v) = V).
Keywords: Deformations, moving least squares, rigid transforma-
tions These properties are very similar to those used in scattered data
interpolation. The rst two properties simply state that the func-

. tion f interpolates the scattered data values and is smooth. The last
1 Introduction property is sometimes referred to as linear precision in the approxi-
mation eld. It states that if data is sampled from a linear function,
then the interpolant reproduces that linear function. Given these
similarities, it comes as no surprise that many deformation meth-
%ds borrow techniques from scattered data interpolation.

Image deformation has a number of uses from animation, to mor-
phing [Smythe 1990] and medical imaging [Ju et al. 2003]. To

perform these deformations the user selects some set of handle
to control the deformation. These handles may take the form of
points [Bookstein 1989], lines [Beier and Neely 1992], or even Previous Work

polygon grids [MacCracken and Joy 1996]. As the user modies  previous work on image deformation has focused on specify-
ing deformations using different types of handles. Grid-based
techniques such as free-form deformations [Sederberg and Parry
1986; Lee et al. 1995] parameterize the image using bivariate cubic
splines to creat€? deformations. Typically these methods require
aligning grid lines corresponding to the control points of the spline
with features of the image, which can be cumbersome for the user.
Beier et al. [Beier and Neely 1992] improve upon these grid-
based techniques and allow the user to specify the deformation
using sets of lines. This method is based on Shepard's inter-
polant [Shepard 1968] and creates smooth deformations. However,
the authors note that their method produces complicated warps that
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Figure 2: Deformation of the test shape from gure 1 using thin-
plate splines (left). The deformation is smooth but lacks realism.
On the right we use the method by Igarashi et al. shown with tri-
angulation (right). The lack of smoothness is clearly visible in the
wood grain.

can sometimes suffer from “ghosts”, undesirable folding in the de-

formation. Koba et al. [Kobayashi and Ootsubo 2003] later gener-

alized this technique to surface deformations.
Very few deformation methods investigate the type of transfor-

mations that are desirable for performing deformation. One notable
exception is worked based on thin-plate splines [Bookstein 1989]

that attempts to minimize the amount of bending in the deforma-
tion. Bookstein presents a deformation algorithm using the sim-

plest deformation handle, a point, that uses radial basis functions

with thin-plate splines. Figure 2 (left) shows an example of the
deformation created with thin-plate splines for our example in g-
ure 1. The deformation appears very similar to the af ne-method in

gure 1. In both cases, the test shape undergoes local non-uniformfu

scaling and shearing, which is undesirable in many applications.
Our paper builds primarily on a recent paper by Igarashi et

al. [lgarashi et al. 2005] that proposes a point-based image defor

mation technique for cartoon-like images in which the resulting de-

formations are as “rigid-as-possible”. Such deformation have the

property that amount of local scaling and shearing is minimized.
(The concept of rigid-as-possible transformations was itself rstin-
troduced in Alexa [Alexa et al. 2000].)

To produce rigid-as-possible deformations, Igarashi et al. trian-

formations and rigid transformations that minimize a common least
squares problem. As opposed to Igarashi et al., our formulastdo no
require the use of a general linear solver.

As a natural extension of our point-based method, we extend our
MLS deformation method from sets of points to sets of line seg-
ments and again provide closed-form expressions for the resulting
deformation method.

2 Moving Least Squares Deformation

Here we consider building image deformations based on collections
of points with which the user controls the deformation. pabe

a set of control points and the deformed positions of the con-
trol pointsp. We construct a deformation functidnsatisfying the
three properties outlined in the introduction using Moving Least
Squares [Levin 1998]. Given a poiatin the image, we solve for
the best af ne transformatioly(x) that minimizes

A wilv(p)  ai® (1)

wherep; andg; are row vectors and the weights have the form

1
ipi vj2a’

Wi

Because the weights; in this least squares problem are dependent
on the point of evaluation, we call this aMoving Least Squares
minimization. Therefore, we obtain a different transformatigr)

for eachv.

Now we de ne our deformation functior to be f(v) = Iy(V).
Observe that as approacheg;, w; approaches in nity and the
nction f interpolates, (i.ef(pi) = gi). Furthermore, ifg = pj,
then eacHy(x) = x for all x and, thereforef is the identity trans-
formation f(v) = v. Finally, this deformation functiorf has the
property that it is smooth everywhere (except at the control points
pi whena 1).

Now sincely(x) is an af ne transformatior,(x) consists of two
parts: a linear transformation matii4 and a translatiofi .

lv(X)= xM+ T 2

gulate the inputimage and solve a linear system of equations whoséwe can actually remove the translatidn from this minimiza-

size is equal to the number of vertices in the triangulation. In con- tion problem further simplifying these equations. Equation 1 is
trast, our method creates deformations by solving a small linear qyadratic inT. Since the minimizer is where the derivatives with

system (2 2) at each point in a uniform grid (see Section 4 for de-

respect to each of the free variabled,ifx) are zero, we can solve

tails). Since, we solve much smaller systems of equations, we cangjrectly for T in terms of the matriM. Taking the partial deriva-

create very fast deformations of grids consisting of tens of thou- tyes with respect to the free variablesTirproduces a linear system
sands of vertices in real-time whereas Igarashi et al. report that ot equations. Solving foF yields that

their methods slows at 300 vertices on a 1 GHz machine. Due to
the relatively small number of vertices, the deformations produced
by lgarashi et al. may contain noticeable discontinuities as shown
in gure 2. Figure 7 shows an equivalent deformation with our
technique, which appears smooth.

T=q pM

wherep andq are weighted centroids.

Contributions p = & inv ?i
In this paper, we propose an image deformation method based on q = & wig
aiw

linear Moving Least Squares. To construct deformations that min-
imize the amount of local scaling and shear, we restrict the classe
of transformations used in Moving Least Squares to similarity and
rigid-body transformations. By using MLS, we avoid the need to
triangulate the input image (as done in Igarashi et al.) and produce
deformations that are globally smooth.)

Next, we derive closed-form formulas for both similarity and
rigid MLS deformations. These formula are simple, easy to imple-
ment and provide real-time deformations. This derivation relies on
a surprising and little-known relationship between similarity trans-

SWith this observation we can substitute into equation 2 and
rewritely(X) in terms of the linear matri.

@)

Based on this insight, the least squares problem of equation 1 can
be rewritten as

(X =(x p)M+q

awipM Gj* 4)
I



wherepi= pi p andd =g q . Notice that Moving Least
Squares is very general in that the matxdoes not have to be
a fully af ne transformation. In fact, this framework allows us to
investigate different classes of transformation matridesin par-
ticular, we are interested in the case whbtas a rigid transfor-
mation. However, we rst examine the case whétds an af ne

To alter our deformation technique to only use similarity trans-
formations, we constrain the matri to have the property that
MTM = | 2| for some scalaf . If M is a block matrix of the form

M= M; M,

transformation as the derivation is the simplest. Next we construct whereMy, My are column vectors of length 2, then restrictivg

deformations with similarity transformations and show how these
solutions can be used to nd closed-form solutions to Moving Least
Square deformations with rigid transformations.

2.1 A ne Deformations

Finding an af ne deformation that minimizes equation 4 is straight-
forward using the classic normal equations solution.

M= A pwp  apa:
[ j

Though this solution requires the inversion of a matrix, the matrix
is a constant size (2 2) and is fast to invert. With this closed-form
solution forM we can write a simple expression for the deformation
function fa(v).

Loy

faW=(v p) apwp A&pG+ra:
i i

Applying this deformation function to each point in the image cre-
ates a new, deformed image.

While the user creates these deformations by manipulating the

pointsq, the pointsp are xed. Since thep do not change during

deformation, much of equation 5 can be precomputed yielding very

fast deformations. In particular, we can rewrite equation 5 in the
form

faV)= & AjGj+q:
J

whereA; is a single scalar given by

Loy

Aj=(v p) apwp B
1

Notice that, given a point, everything inAj can be precomputed
yielding a simple, weighted sum. Table 1 provides timing results

to be a similarity transform requires thet/ My = MIM, = 12
andM] M, = 0. This constraint implies thafl, = M where? is
an operator on R vectors such thatx;y)” =( y;x). Though re-
stricted, the minimization problem from equation 4 is still quadratic
in My and can be rephrased as nding the column vedfligrthat
minimizes

9 pi 77

aw 2 M1 G

i P
This quadratic function has a unique minimizer, which yields the
optimal transformation matriki

bi

1,
M= 8w | § §T 6
n@,ai‘w' &7 (4 o) (6)
where

m= 3 wpip:
I

Similar to the af ne deformations, the user manipulates ghte

produce the deformation while theremain xed. Using this ob-
servation we write the deformation functidig(v) in a form that
allows us to precompute as much information as possifal@) is

then

£ = A 6(A)

whereng andA; depend only on the;, v and can be precomputed
andA is

A T
- Pi v p :
ASW v opy? )

As expected, similarity MLS deformations preserves angles in
the original image better than af ne MLS deformations. (Transfor-
mations that strictly preserve angle are called conformal transfor-
mations and have been studied extensively in [Gu and Yau 2003].)
While approximate (or exact) angle preservation is a desirable prop-
erty in many cases, allowing local scaling can often lead to unde-
sirable deformations. Figure 1 (c) shows an example of applying

for the examples in this paper, which shows that these deformationsthe similarity Moving Least Squares deformation to our test image.

may be performed over 500 times per second in our examples.
Figure 1 (b) illustrates this af ne Moving Least Squares defor-
mation applied to our test image. Unfortunately, the deformation

The result is a much more realistic looking deformation than (b).
However, this deformation scales the size of the upper arm as it is
stretched. To remove this scaling, we consider building deforma-

does not appear very desirable due to the stretching in the arms andions using only rigid transformations.
torso. These artifacts are created because af ne transformations in-

clude deformations such as non-uniform scaling and shear. To elim-
inate these undesirable deformations we need to consider restrict

ing the linear transformatiok,(x). In particular, we modify the
class of deformationk(x) produces by restricting the transforma-
tion matrixM from being fully linear to similarity and rigid-body
transformations.

2.2 Similarity Deformations

2.3 Rigid Deformations

Recently, several works [Alexa et al. 2000; Igarashi et al. 2005]
have shown that, for realistic shapes, deformations should be as
rigid as possible; that is, the space of deformations should not even
include uniform scaling. Traditionally researchers in deformation
have been reluctant to a[?proach this problem directly due to the
non-linear constraint thadl ' M = |. However, we note that closed-
form solutions to this problem are known from the Iterated Closest

While af ne transformations include effects such as non-uniform Point community [Horn 1987]. Horn shows that the optimal rigid
scaling and shear, many objects in reality do not undergo even theseransformation can be found in terms of eigenvalues and eigenvec-
simple transformations. Similarity transformations are a special tors of a covariance matrix involving the poirgsandg;. We show
subset of af ne transformations that only include translation, ro- that these rigid deformations are related to the similarity deforma-
tation and uniform scaling. tions from section 2.2 via the following theorem.



Figure 3: Original image (left) and its deformation using the rigid
MLS method (right). After deformation, the face is thinner and she
is smiling.

Theorem 2.1 Let C be the matrix that minimizes the following sim-
ilarity functional

. o N a2
min wijpiM i<
aron ZIai i Bi il

If C is written in the form' R where R is a rotation matrix and is
a scalar, the rotation matrix R minimizes the rigid functional

. o . A5 M ~ .2:
MTTT?\}'E | aI Wi Pi di)
Proof: See Appendix A.

This theorem is valid in arbitrary dimension, however, it is very
easy to apply in B. Using this theorem, we nd that the rigid

Figure 4: Original image (left) and its deformation using the rigid
MLS method (right).

3 Deformation with Line Segments

So far we have considered creating deformations with Moving
Least Squares using only sets of points to control the deformation.
In applications where precise control over curves such as pro les in
the image is needed, points may be insuf cient for specifying these
deformations. One solution that allows the user to control curves
precisely is to convert these curves to dense sets of points and ap-
ply a point-based deformation [Wolberg 1998]. The disadvantage
of this approach is that the computation time of the deformation is
proportional to the number of control points used and creating large
numbers of control points adversely affects performance.
Alternatively, we desire a generalization of these Moving Least

transformation is exactly the same as equation 6 except that we use>duares deformations from section 2 to arbitrary curves in the

a different constanty in the solution so thati™M = | given by

u T 5

+ awGpT

i [

Unlike the similarity deformatiorfs(v), we cannot precompute as

much information for the rigid deformation functidia(v). How-
ever, the deformation process can still be made very ef cient. Let

Tr(v) = é_. GiA

whereA is de ned in equation 7, which may be precomputed. This
vectorT; (v) is a rotated and scaled version of the vestorp . To
computef; (v) we normalizef;, scale by the length of p (which
also can be precomputed), and translate by

T (V)
iT(Vi

This method is slower than the similarity deformation due to the
normalization; however, these deformations are still very fast as
shown in table 1.

Figure 1 (d) shows this rigid deform applied to the test image

ff(=ijv pj +q: ®)

in (a). As opposed to the other methods, this deformation is quite
realistic and almost feels as if the user is manipulating a real object.

Figures 3 and 4 show additional examples of this rigid deformation
method. In the gure with the Mona Lisa, we deform the image to
create a thinner facial pro le and make her smile. In the gure with

the horse, we stretch the horses legs and neck to create a giraffe. i

Due to the use of rigid transformations, the deformation maintains
rigidity and scale locally so that the body and head of the horse
retain their relative shape.

plane. First, assum@(t) is theith control curve andj (t) is the de-
formed curve corresponding tg(t). We generalize the quadratic
function in equation 1 by integrating over each control cymy¢)
where we assume2 [0; 1].

Z,

a  wOipOM+T 6’ 9)
wherew;(t) is

1:30)]
M vz

andpJt) is the derivative ofj(t). (This factor ofj p{t)j makes the
integrals independent of the parameterization of the cy(g.)
Now notice that, despite the integral, equation 9 is still quadratic in
T and can be solved for in terms of the matkiix

wi(t) =

T=q pM
wherep andq are again weighted centroids.

& dwmpmat

p = 2 R
i o Wi(t)dt
_ & tmoana (10)
q & gwi(t)dt
Therefore, we rewrite equation 9 only in terms\bfas
Z,
o . A A~ .
a wOisoM GO (11)

where
pi(t)
Gi(t)

pi(t) P
gi(t) d:



Figure 5: Deformation of the Leaning Tower of Pisa. From left to righigioel image, Af ne MLS, Similarity MLS and Rigid MLS
deformations.

Until now, pi(t) andg;(t) have been arbitrary curves. However, As before, we write the deformation functidg(v) as
the integrals in equation 11 may be dif cult to evaluate for arbitrary
functions. Instead, we restrict these functions to be line segments
and derive closed-form solutions for the deformations in terms of
the end-points of these segments. Similar to section 2, we rst con-
sider af ne transformations due to its relatively simple derivation whereA| isal 2 matrix of the form
and then move to similarity transformations, which we use to create
closed-form solutions to the equivalent problem using rigid-body T Tl

i o
transformations. Aj=(v p) a W
|

o Cj
fa(v) = a Aj d'J] +q
J

> Q>
QO
S

o
o0

3.1 Ane Lines i . . .

During the deformation, the end-poirgisandb; of the line segment
Sincepi(t), Gi(t) are line segments, we can represent these curves pi(t) are xed while the user manipulates the end-poigtandd;
as matrix products of the line segmentg; (t). SinceA; is independent of; andd;, A;
can be precomputed.

H(t)= 1 t t é‘ Figure 5 shows an example deformation performed with line seg-
pi(t) b . X .

i ments where we modify the Leaning Tower of Pisa to lean the op-
G)= 1t t Gi posite direction and shrink the tower. The Af ne MLS deformation

di shears the tower to the side instead of being rotated and does not
A ) . ) appear to be realistic. To remove this shear effect, we restrict the
wheredi, bj are the end-points gfi(t) andcj, d; are the end-points  matrix in equation 11 to be a similarity or rigid-body transforma-

of Gi(t). Equation 11 is then written as tion.
o Z1 & G 2 T .
a (rTot)y § M ¢ (12) 32 Similarity Lines
1

Restricting equation 12 to similarity transforms requires that
MTM = | 2| for some scalal . As noted in section 2.2 can
T 1 s T A be parameterized using a single column vedglyielding

whose minimizer is

- 5 @& & s g G
M=-a 5 W j a 5 Mo 00 1 1,
Z, a7 &T
whereW is a weight matrix given b 2 1t 0 t 0 %% 3 § G §
' ? gvendy d, 0 1t o0t b AMgr
di%  go1 b? '
= g d:ll '

. . . o This error function is quadratic iM;. To nd the minimizer, we
and thed are integrals of the weight functiomi(t) multiplied by differentiate with respect to the free variablesMa and solve the
the different quadratic polynomials. linear system of equations to obtain the maivix

R
do = Rolwi(t)(l t)2dt 0 . 17t
01 — .. a; !
d R wi(t)(1 t)tdt 1 3 a @t
gt = gwintidt M= 8@ p & w g @ (13)
. ) . .
These integrals have closed-form solutions for various valuas of J bJ? . .
In appendix B we provide a closed-form solution fo= 2 though
other solutions can be computed with the aid of a symbolic integra- whereW, is a weight matrix
tion package. Note that these integrals can also be used to evaluate 0 1
p andg from equation 10. djoo 0 djOl 0
_ A e e d _B O d? 0 d¥
po= 3, s 27 g Wit at o gt o
oii 00. dlol did|1 dlll
qg = = i ((; ;;00+ ;;01+( Oi.11+ ) djoj‘ 0 djll



Figure 6: Comparison of the line deformation method of Beier et
al. (left) with the Rigid MLS deformation (right).

andng is again a scaling constant, which has the form

m= é ’\éde|00+ 2aAiBdeI01+ E)iBdelll:
i

This deformation function has a very similar structure to the
point-based similarity deformation. Using this matrix we write
fs(v) explicitly as

o ~ 1
fs(=a( ¢ dj)(—A)+q
j J J m J

whereAjisa4 2 matrix.

0 1

5

Figure 5 shows the tower deformed using this similarity-based
method. In contrast to the af ne method, the tower actually appears
to be rotated, not sheared, to the left resulting in a more realistic
deformation. Similarity transformations contain uniform scaling,
which is apparent from the way in which the tower shrinks with the
line segment. Rigid transformations remove this uniform scaling.

o

>

v p

A=Y v )’

(14)

oo’

—0

3.3 Rigid Lines

Using the solution from section 3.2 and Theorem 2.1, we imme-
diately have a closed form solution for rigid-body transformations.

The transformation matrix is, therefore, the same as equation 13

except we choose a different scaling constanso thatM ™M = I.
!

&

BT
]

T er
bj ] W d'l.f
j

This deformation is non-linear, but we can compute it in a sim-

Figure 1 Figure 4 Figure 5
Method I goints) (1lgpoints) (7glines)
Afne MLS 1.5ms 2.2ms 1.5ms
Similarity MLS 2.3ms 3.4ms 1.6 ms
Rigid MLS 2.6ms 3.8ms 3.3ms
[Bookstein 1989] 2ms 2.7ms N/A
[Beier and Neely 1992] N/A N/A 1.6ms

Table 1: Deformation times for the various methods.

T:(v), scales the vector so that its lengthjis p j and translates
by g . For this deformation using line segments, the rotated vector
is given by

V=3¢ d)A
j

whereA; is from equation 14.

Figure 5 (right) shows a deformation of the tower using this rigid
method. In this deformation, the tower is rotated but does not shrink
as the similarity deformation does. Instead the effect is almost the
same as non-uniform scaling along the direction of the line seg-
ment.

Figure 6 also shows a comparison of the rigid deformation tech-
nigue (right) with the line deformation method of Beier et al. [Beier
and Neely 1992] (left). The warps created with Beier et al.'s method
fold and pull in unrealistic ways whereas the rigid method does not
suffer from these same defects.

4 Implementation

To implement these deformations, we precompute as much infor-
mation as possible for the deformation functioi(s). When we
apply the deformation to an image, we typically do not apfdly)

to every pixel in the image. Instead we approximate the image with
a grid and apply the deformation function to each vertex in the grid.
We then Il the resulting quads using bilinear interpolation (see g-
ure 7).

Figure 7: Deforming an image with a uniform grid (5&0). Orig-
inal image (left) and rigid MLS deformation (right) using bilinear
interpolation in each quad.

In practice, this approximation technique produces deformations
indistinguishable from the more expensive process of applying the
deformation to every pixel in the image. For all of the examples
in this paper, the images were approximately 5@DO0 pixels. To
compute the deformations, we used grids on the order of 1010
vertices. If desired, more accurate deformations may be achieved
with denser grids and the deformation time is linear in the number

ple fashion using equation 8. This equation uses the rotated vectorof vertices of these grids.



Table 1 shows the amount of time taken to deform each of the the simple, Euclidean distance used as our weight factor. We intend
images using various methods on a 3 GHz Intel machine. Each de-to explore this issue in future work.

formation uses a grid of size 100100. The rigid transformations Finally, in the future we would like to explore generalizing these
take the longest due to the square root in the deformation function, deformation methods tolBto deform surfaces. Such a generaliza-
but are still quite fast. tion has potential applications in the motion capture eld where an-

imation data can take the form of points in space for each frame of
animation. However, the similarity transformation in section 2.2 no
longer leads to a quadratic minimization, but an eigenvector prob-
lem and we are looking into methods to ef ciently compute the
solution to this minimization.
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A Appendix

Here we provide a proof of Theorem 2.1.
Theorem 2.1Let C be the matrix that minimizes the following sim-
ilarity functional

. o N A2
min wijpiM i<
wrn ZIEEl i ] i diJ

If C is written in the form' R where R is a rotation matrix and is
a scalar, the rotation matrix R minimizes the rigid functional

in 2 witM ,\_.2:
Mml\blrllaiWIJpl di)

Proof: First, we expand both of the above error functions into their
quadratic forms yielding

Mingrrey &iwi 1 2pp7 21 piRGT + GGl
Mingrr=1 &iWi Hipl  2BMG" + Gial
These minimization problems are very similar. We nd the matrices
that minimize these error functions by differentiating the functions
with respect to the free variableg in R.
aiw 2 ﬁi,}]—gqiT =0
diwi  26i{gql =0

Now, unless/ = 0, which implies a degenerate transformation,
these equations are equal. Siace | R, this implies that R mini-

mizes the quadratic function using rigid transformations. The nega-
tive solution corresponds to a maximum while the positive solution

is the minimum. QED

B Appendix

In section 3 we derive closed-form solutions for Moving Least

Squares deformations using line segments. In order to complete
the derivation, we need closed-form solutions for integrals of three

quadratic polynomials times the weight functier(t) over the line
segments. Led;, by be the endpoints of the line segment described
by pi(t) and let

D = (a vy bi)TT ]
_ 1 (b v)(b &) 1 (& V(& b)

G @t mwrmar @ @ va@ by

b® = (& V(& v

b% = (& wv(v b)T

bt (v b)(v b)T:

The integrals then have the closed-form solution

b_Ol

R ; ; 1
1 — i b b g
Fgwi(t)(l t)zdt - J342 I J @ |DQ‘
2 bi 01
gwra tdt = B g b
Ry ; 'bl- pol  poog
0 Wi (t)tzdt = Ja42D2 ) ﬁ IDq

Whenv is on the line segment de ned kg andb;, these integrals
do not need to be evaluated because the fundt{eh interpolates
the line segments. However\ifis on the extension of one of these
line segmentd); = 0 and these integrals reduce to

a_bij®
3((v b)(bi a)N)((a_v)(bi a)T)3

6V B)(b &))A(a V(b &)

Jai bi .
a)N3((a v(b a)T)"

R o2t
Rolwi(t)t(l t)dt
Rolw.(t)tzdt

3((v bi)(by



