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Abstract- Highly scaled CMOS devices in the nanoscale regime
would inevitably exhibit statistical or probabilistic behavior. Such
behavior is due to process variations and other perturbations
such as noise. Therefore current circuit design methodologies,
which depend on the existence of deterministic and uniform
devices with no consideration for either power consumption
or probabilistic behavior, would no longer be sufficient to
design robust circuits. To help overcome this challenge, we have
been characterizing CMOS devices with probabilistic behavior
(probabilistic CMOS or PCMOS devices) at several levels: from
foundational principles to analytical modeling, simulation, fab-
rication and measurement, as well as innovative approaches
to harnessing PCMOS devices in system-on-a-chip architectures
which can implement a wide range of applications. In this paper,
we present a broad overview of our contributions in the domain
of PCMOS, and outline ongoing work and future challenges in
this area.

I. INTRODUCTION AND OVERVIEW

Sustained device scaling into the nanometer regime faces
several hurdles. Manufacturing difficulties yield devices with
parameter variations and since these devices are likely to
operate close to the thermal limit, they are susceptible to
perturbations due to noise [1], [2], [3]. We refer to such CMOS
devices whose behavior is probabilistic as probabilistic CMOS
devices, or PCMOS devices for short. Clearly, current circuit
design methodologies are inadequate to design robust circuits
in the presence of these perturbations, since they depend on the
devices with deterministic behavior. To design robust circuits
and architecture in the presence of this (inevitable) statistical
behavior at the device level, it has been speculated that a shift
in the design paradigm from the current day deterministic
designs to statistical or probabilistic designs of the future-
would be necessary [4].
We have addressed this issue of probabilistic design at

several levels, from foundational models [5], [6] to practical
system-on-a-chip architectures which leverage PCMOS tech-
nology for applications from the cognitive and embedded
domains [7]. This paper presents a broad overview of our
contributions in the area of probabilistic CMOS; several of
these results have appeared in prior publications [7], [8], [9],
[5], [6]. In this paper we survey our past work, present some
new results in particular a formulation of the two laws of
PCMOS using asymptotic notation as well as a scheme for

efficient implementation of PCMOS based system on a chip
architectures.
The rest of the paper is organized as follows. In Section II

we outline the foundational principles of PCMOS technology
based on the probabilistic switch. In Section III we show
how these abstract foundational models can be realized in
the domain of CMOS in the form of noise susceptible scaled
CMOS devices operating at low voltages and state the two
laws of PCMOS technology using novel asymptotic notions.
For our present purpose, it is convenient to partition the
application domain into three groups (i) applications which
benefit from (or harness) probabilistic behavior at the device
level naturally, (ii) applications that can tolerate (and trade
off) probabilistic behavior at the device level (but do not need
such behavior naturally) and (iii) applications which cannot
tolerate probabilistic behavior at all. We will briefly sketch our
approach towards implementing PCMOS based architectures,
in Section IV. In Section V we outline other challenges such
as design for manufacturability, and through a probabilistic
approach present a novel approach towards addressing one
such problem the problem of multiple voltage levels on a
chip. Finally in Section VI we conclude and sketch future
directions of inquiry.

II. FOUNDATIONAL PRINCIPLES
We have innovated probabilistic switches as foundational

models which incorporate probabilistic behavior as well as
energy consumption as first class citizens [6]. A probabilis-
tic switch is a switch, which realizes a probabilistic one-
bit switching function. As illustrated in Figure 1, the four
deterministic one bit switching functions (Figure l(a)) have
a probabilistic counterpart (Figure 1(b)) with an explicit prob-
ability parameter (probability of correctness) p. Of these, the
two constant functions are trivial and the others are non-
trivial. We consider an abstract probabilistic switch sw to
be the one which realizes one of these four probabilistic
switching functions. Such elementary probabilistic switches
may be composed to realize primitive boolean functions, such
as AND, OR, NOT functions.

Principles of statistical thermodynamics may be applied to
such switches to quantify their energy consumption, and hence
the energy consumption (or energy complexity) of a network
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Fig. 1. (a) Deterministic one bit switching functions (b) Their probabilistic
counterparts with probability parameter (probability of correctness) p

(J2. The normalized output voltage V.,jt can be represented as
a random variable having a Gaussian distribution as shown in
Figure 2 (b), and the variance of the distribution is 1. The mean
value of the distribution is 0 if the correct output is supposed
to be a digital 0, and Vdd if the correct output is supposed to
be a digital 1. In this representation, the two shaded regions
of Figure 2 (b) (which are equal in area) correspond to the
probability of error per switching of a PCMOS inverter. From
this, we determine the probability of correctness denoted as p,
by computing the area in the shaded regions and express p as

p = 1- Ierfc (
d

2 k2 v~2u
where erfc(x) is the complementary error function
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Using the bounds for erfc derived by Ermolova and Hag-
gman [15], we have

Fig. 2. (a) PCMOS switch (b) Representation of digital values 0 and I and
the probability of error for a PCMOS switch

of such switches. While a switch that realizes the deterministic
non-trivial switching function consumes at least Kt In 2 Joules
of energy [10], a probabilistic switch can realize a probabilistic
non-trivial switching function with Kt ln(2p) Joules of energy
where p is the probability parameter [6]. For a complete
definition of a probabilistic switch, the operation of a network
of probabilistic switches and a derivation of energy complexity
of such networks, the reader is referred to Palem [6].

III. THE CMOS DOMAIN: PROBABILISTIC CMOS

We have demonstrated how abstract probabilistic switches
might be used to implement useful logic, where the probability
of correct operation p is a parameter. Probabilistic switches
serve as a foundational model for physical realizations of
highly scaled devices as well as emerging non-CMOS devices.
In the domain of CMOS, they model noise-susceptible CMOS

(or PCMOS) devices operating at very low voltages [9]. To
show that PCMOS based realizations correspond to abstract
probabilistic switches, we have demonstrated two key charac-
teristics of PCMOS: (i) Probabilistic switching and (ii) Energy
savings through probabilistic switching. These characteristics
were demonstrated through analytical modeling and HSpice
based simulations [9], [11] as well as actual measurements of
fabricated PCMOS based devices. We will now formalize these
behavioral and energy characteristics of PCMOS switches using
asymptotic notions from computer science [12], [13], [14] in
the form of two laws.

For a PCMOS switch as shown in Figure 2 (a), the output
voltage (V,,tl) is probabilistic due to (thermal) noise coupled to
its output. This noise has a mean value of 0 and a variance of

d275d2
p <lI 0.28e -1.27 , (3)

Using this expression to lower-bound Vdd and hence the
switching energy CVdd2, we have, for a given value of p,

Ep C, 7) >C72 (45) In (0.28) (4)

Clearly, E is a function of the capacitance C, determined
by the technology generation, or the root-mean-square (RMS)
value of the noise and the probability of correctness p. For
a fixed value of C C and p = P, E (or) is defined as

Ec p(or) C(J2 ( 1 75) In (028 . Similarly for fixed values

of C C and or , Ec- a function of p, is defined as

EcU' (p) C(2 (1 275) in (o0 28)
In computer science, the notion of asymptotic complexity

is widely used to study the efficiency of algorithms. Usually,
efficiency is characterized by the growth of the running time
(or space), of the algorithm as a function of the size of its
inputs [12], [13], [14]. The 0 notation provides an asymptotic
upper-bound. In this context, for a function f(x) where x is
from the set of natural numbers

f(x) = O (h(x))
Given any function h(x), whenever there exists positive

constants c, x0 such that Vx > xo, 0 < f(x) < ch(x).
Similarly, the symbol Q is used to characterize an asymp-

totic lower-bound on the rate of growth of a function. For a
function f(x) as before,

f(x) = Q (h(x))
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