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Abstract Phylogenetic networks are special graphs that generalize phylogenetic
trees to allow for modeling of non-treelike evolutionary histories. The ability to
sequence multiple genetic markers from a set of organisms and the conflicting evo-
lutionary signals that these markers provide in many cases, have propelled research
and interest in phylogenetic networks to the forefront in computational phylogenet-
ics. Nonetheless, the term ‘phylogenetic network’ has been generically used to refer
to a class of models whose core shared property is tree generalization. Several excel-
lent surveys of the different flavors of phylogenetic networks and methods for their
reconstruction have been written recently. However, unlike these surveys, this chap-
ter focuses specifically on one type of phylogenetic networks, namely evolutionary
phylogenetic networks, which explicitly model reticulate evolutionary events. Fur-
ther, this chapter focuses less on surveying existing tools, and addresses in more
detail issues that are central to the accurate reconstruction of phylogenetic networks.

1 Introduction

In Charles Darwin’s Origin of Species [17], the depiction of an evolutionary history
of species took the shape of a tree. Ever since, trees, in a variety of forms, have
been the mainstream of phylogenetics. Such a tree, also referred to as a phylogeny,
is taken to model the ancestor-descendant evolutionary relationship of a group of
species from their most recent common ancestor. Though appropriate for several
groups of taxa, a phylogenetic tree may be inadequate for other groups. For ex-
ample, evidence shows that bacteria may obtain a large proportion of their genetic
diversity through the acquisition of sequences from distantly related organisms, via
horizontal gene transfer (HGT) [20, 21, 40, 60, 70, 77, 87, 113]. Furthermore, ad-
ditional evidence of widespread HGT in plants has emerged recently [5, 6, 76].
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Interspecific recombination is believed to be ubiquitous among viruses [88, 89], and
hybrid speciation is a major evolutionary mechanism in plants, and groups of fish
and frogs [23, 63, 68, 69, 86, 91, 92].

These processes are collectively referred to as reticulate evolutionary events and
occur at different evolutionary scales: the individual, the population, and the species.

1. Reticulation Between Chromosome Pairs: Meiotic Recombination. During
each round of sexual reproduction, the total number of chromosomes must be halved
to produce the gametes. The process is called meiosis, and during one phase of it the
chromosome pairs (sister chromatids) exchange pieces in a precise fashion known
as meiotic recombination. The net result is chromatids that have two or more evolu-
tionary histories on them. Blocks of chromosomes that share a single evolutionary
history are referred to as haplotype blocks.

2. Reticulation Within a Lineage: Sexual Recombination. For sexually reproduc-
ing organisms, there is recombination of nuclear genomes during each bout of re-
production. Each parent contributes half of its original nuclear genome—one sister
chromatid from each chromosome—and each of these chromosomes have them-
selves undergone meiotic recombination during the process of producing the hap-
loid gametes (sex cells). Because different parts of each parent’s contribution to the
genome of the next generation may have a different evolutionary history from that of
the other parent’s contribution, sexual recombination is a form of population-level
reticulation. Organellar genomes (mitochondria and chloroplasts) are usually inher-
ited uniparentally so they do not usually undergo any sort of sexual recombination.

3. Reticulation Among Lineages: Horizontal Gene Transfer and Hybrid Specia-
tion. In horizontal (also called lateral) gene transfer (HGT for short), genetic mate-
rial is transferred from one lineage to another. In an evolutionary scenario involving
horizontal transfer, certain sites (specified by a specific substring within the DNA
sequence of the species into which the horizontally transferred DNA was inserted)
are inherited through horizontal transfer from another species, while all others are
inherited from the parent.

In hybrid speciation, which is a form of horizontal transfer, two lineages recom-
bine to create a new species. The new species may have the same number of chro-
mosomes as its parent (diploid hybridization) or the sum of the numbers of chro-
mosomes of its parents (polyploid hybridization). In a diploid hybridization event,
the hybrid inherits one of the two homologs for each chromosome from each of its
two parents. Since homologs assort at random into the gametes (sex cells), each has
an equal probability of ending up in the hybrid. In polyploid hybridization, both
homologs from both parents are contributed to the hybrid. Prior to the hybridization
event, each site on the homolog has evolved in a tree-like fashion, although due to
meiotic recombination (exchanges between the parental homologs during produc-
tion of the gametes), different strings of sites may have different histories. Thus,
each site in the homologs of the parents of the hybrid evolved in a tree-like fash-
ion on one of the trees contained inside the network representing the hybridization
event.

Looking through a macroevolutionary lens (evolution among lineages), only
reticulate events at the species level fail to be modeled by a tree. However, looking
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through a microevolutionary lens (evolution within a lineage), sexual and meiotic
recombination fail to be modeled by a bifurcating tree. Since phylogenies are usu-
ally constructed at either the population or the species level, meiotic recombination
does not cause a species-level reticulate evolutionary history, but it can confound
species-level inference of reticulation by producing patterns that have the appear-
ance of species-level reticulation (more on this in Section 4).

In effect, when reticulation occurs, two or more independent evolutionary lin-
eages are combined at some level of biological organization, thus resulting in com-
plex evolutionary relationships that cannot be adequately modeled with trees; in-
stead, phylogenetic networks become the appropriate model. Phylogenetic networks
are a special class of graphs that allows for multiple paths between pairs of taxa
in the phylogeny, and as such provide an extension of phylogenetic trees, in which
a unique path exists between any two taxa. Phylogenetic networks come in vari-
ous flavors, and a variety of methods for reconstructing them have been designed
recently. There have been several recent detailed surveys of phylogenetic recon-
struction methods [32, 48, 49, 64, 67, 75], some of which identify their similarities
and differences. Further, Gambette has created an excellent online resource for doc-
umenting all work related to phylogenetic networks [31].

In this chapter, we focus on a specific type of phylogenetic networks, namely
evolutionary phylogenetic networks, which explicitly model reticulate evolutionary
events. Rather than surveying tools and implementations, in this chapter we address
issues that are central to accurate detection of reticulate evolution and reconstruc-
tion of phylogenetic networks. The rest of this chapter is organized as follows. In
Section 2, we define evolutionary phylogenetic networks, discuss their relationships
with trees, and outline the general approach for their reconstruction from gene trees.
In Section 3, we discuss extensions to three popular optimization criteria, maximum
parsimony (MP), maximum compatibility, and maximum likelihood (ML), to the
domain of phylogenetic networks. In Section 4 we address various processes that
result in patterns that resemble those resulting from reticulate evolutionary events,
and the need for a framework to distinguish among those processes as a prerequisite
to accurate reconstruction of phylogenetic networks. In Section 5, we provide a set
of exercises for the reader to gain more understanding of the issues surrounding phy-
logenetic networks. We conclude in Section 6 with a list of further reading materials
that provide in-depth details about other aspects of phylogenetic networks.

2 Phylogenetic Networks and the Trees Within

In this work, we focus on evolutionary phylogenetic networks, i.e., networks that
model reticulate evolutionary events explicitly. An important assumption underly-
ing all results in this section as well as Section 3 is that the sole cause of gene
tree incongruence is reticulate evolution and that a phylogenetic network reconciles
gene trees by explicitly modeling reticulate evolutionary events while ignoring dis-
cord processes such as lineage sorting. We discuss the implications of incorporating
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lineage sorting into the framework in Section 4. While much of the literature is on
unrooted, undirected networks (and trees), we focus exclusively in this chapter on
rooted networks (and trees).

Definition 1. A phylogenetic X -network, or X -network for short, N is an ordered
pair (G, f ), where

• G = (V,E) is a directed, acyclic graph (DAG) with V = {r}∪VL∪VT ∪VN , where

– indeg(r) = 0 (r is the root of N);
– ∀v ∈VL, indeg(v) = 1 and outdeg(v) = 0 (VL are the leaves of N);
– ∀v ∈VT , indeg(v) = 1 and outdeg(v)≥ 2 (VT are the tree-nodes of N); and,
– ∀v ∈VN , indeg(v) = 2 and outdeg(v) = 1 (VN are the network-nodes of N),

and E ⊆V ×V are the network’s edges (we distinguish between network-edges,
edges whose heads are network-nodes, and tree-edges, edges whose heads are
tree-nodes.

• f : VL→X is the leaf-labeling function, which is a bijection from VL to X .

Fig. 1(a) shows an example of a phylogenetic X -network. Clearly, Definition 1
generalizes that of a phylogenetic X -tree; an X -tree is a phylogenetic network
with VN = /0.

The semantics of network-nodes are context dependent. For example, in phylo-
genetics, a network-node may represent a hybrid speciation event, whereas in evo-
lutionary population genetics it may represent a recombination event. While Defini-
tion 1 requires a network-node to have two parents and a single child, this definition
may be relaxed so as to allow for three or more (graph-theoretic) parents and two
or more (graph-theoretic) children, which correspond to in- and out-polytomies, re-
spectively; e.g., see the discussions in [73, 79].

a dcb

r

h

a dcb

e1 e2

a dcb

e3

e4

(a) N (b) T1 (b) T2

Fig. 1 (a) A phylogenetic X -network, rooted at node r, with a single network-node, h, and with
X = {a,b,c,d}. The trees T1 (b) and T2 (c) are the elements of T (N).
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A fundamental observation that underlies reticulate evolution is that the network
modeling the evolutionary history of a set of organisms contains1 a set of trees, each
of which models the evolutionary histories of certain genomic regions of those or-
ganisms. At the lowest level of “atomicity,” each nucleotide in the genomes of these
organisms had evolved down exactly one of those trees2. The descent of a single nu-
cleotide in a set of organisms could not have followed two different evolutionary his-
tories from the most recent common ancestor of those organisms. Formally, we can
define the set of X -trees contained inside a phylogenetic X -network. Procedure
Induce in Fig. 2 yields one of trees contained inside a phylogenetic X -network.
All trees that can be obtained by applying this procedure to a given phylogenetic
X -network N is denoted by T (N). For the X -network N in Fig. 1(a), the set

Induce(N)
Input: Phylogenetic X -network N = (G, f ), where G = (V,E).
Output: Phylogenetic X -tree T = (G′, f ).

1. For each node v ∈VN , remove all but one of the edges incoming into v;
let T = (G′, f ), where G′ = (V ′,E ′), be the resulting tree.

2. While ∃u ∈V ′ such that indeg(u) = outdeg(u) = 1

a. Let u be such a node with {(p,u),(u,c)} ⊆ E ′;
b. V ′ = V ′−{u}; (* remove a node of indegree and outdegree 1 *)
c. E ′ = E ′−{(p,u),(u,c)}; (* remove its incident edges *)
d. E ′ = E ′∪{(p,c)}; (* connect its parent to its child *)

3. Return T ;

Fig. 2 Procedure Induce for computing a tree in T (N) for a given phylogenetic X -network N.
Observe the random choice of an incoming edge to keep in Step 1. This procedure can be iterated in
a deterministic fashion to produce all trees in T (N) or run non-deterministically a certain number
of times to sample from the trees in T (N).

T (N) = {T1,T2}, where T1 and T2 are the two trees shown in Fig. 1(b) and 1(c), re-
spectively. Notice that |T (N)|= O(b`), where b is the maximum indegree of a node
in N, and ` is the number of network-nodes in N. A tighter bound can be obtained
as

|T (N)| ≤ ∏
u∈VN

(indeg(u)). (1)

Given an X -network N and an X -tree T , the problem of deciding whether T ∈
T (N) is NP-complete [55].

Notice that both the Induce procedure and the result on the cardinality of T (N)
do not apply when events such as lineage sorting occur; we discuss this in more
detail in Section 4.

1 In this context, the term contain has been used in the literature interchangeably with two other
terms: induce and display.
2 Some argue that a forest, rather than a tree, may be a more appropriate model at this atomic level,
to allow for events such as insertions and deletions.
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While computing the set T (N) for a given X -network is straightforward, com-
puting an X -network N from a set T of trees is not as straightforward. In fact, this
problem is the holy grail of reticulate evolution. First, observe that for a given set
T of X -trees, there may not exist an X -network N such that T = T (N) (see Ex-
ercise 1); in this case, it is desirable to find an X -network N such that T ⊆T (N).
A trivial way to obtain such a network N = (G, f ), where G = (V,E), is as follows:

1. V = {vx : x(6= /0) ⊆X }. In other words, create one node for each non-empty
subset of taxa.

2. E = {(vx,vy) : vx,vy ∈V, y⊂ x}.

Clearly, N is an X -network3 and T ⊆ T (N). Baroni et al. proposed another “di-
rect” method for constructing a phylogenetic network from a collection of trees [3].
However, while the networks obtained by the method of Baroni et al. are smaller
in size than those obtained by the method described here, both methods result in a
gross overestimation of the extent of reticulation in the evolutionary history.

These observations have been the basis for much work on phylogenetic networks,
particularly those with explicit evolutionary implications. In the case of reconstruct-
ing ancestral recombination graphs (ARGs), the problem has been investigated
from the perspective of reconciling the “evolutionary trees” that model the evo-
lution of single nucleotide polymorphisms, or SNPs. For reconstructing reticulate
evolutionary histories of species, single nucleotides clearly do not provide enough
information, and the atomic unit used in this context is a gene. Hereafter, we refer
to these units, such as SNPs, genes, haplotype blocks, etc., as markers, which are,
in essence, the observed biological data from which the phylogenetic network is
inferred.

Definition 2. The Phylogenetic Network Reconstruction (PNR) Problem

Input: A set of markers, M = {M1,M2, . . . ,Mk}, from a set X of organisms
and a criterion Φ .
Output: A phylogenetic X -network N that models the evolution of M and that
is optimal under criterion Φ .

For example, one version of the problem of inferring ancestral recombination graphs
(ARGs) can be formulated as an instance of PNR if one takes M to be the set of
SNPs, and Φ to be the criterion “N contains the minimum number of network-
nodes and every SNP is compatible with at least one tree in T (N).” As another
example, one version of the problem of inferring species evolutionary networks can
be formulated as an instance of PNR if, given a set W = {T1, . . . ,Tk} of trees with
Ti being the gene tree of gene Mi, the criterion Φ is taken to be “N contains the
minimum number of network-nodes and Ti ∈T (N) for every Ti ∈W .”

3 This construction does not ensure that the leaves have indegree of 1, which is one of the require-
ments in Definition 1, but the construction can be extended in a straightforward manner to take
care of this.
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2.1 Combining Trees Into a Network via SPR Operations

One of the most commonly pursued approaches for reconstructing phylogenetic
networks is based on reconciling “gene trees,” under the assumption that incon-
gruities, or disagreements, among these trees are caused by only reticulate evolu-
tionary events, such as horizontal gene transfer or hybrid speciations. In this case,
several methods have been developed for inferring a lower bound on the number
of reticulation events by identifying the minimum number of subtree prune and re-
graft, or SPR, operations required to transform one tree into the other. As the name
indicates, an SPR operation applied to tree T cuts, or prunes, a subtree t of T , yield-
ing a tree T ′, and attaches, or regrafts, it from its root to another branch in T ′ [1];
see Fig. 3 for an illustration. The SPR distance between two trees is the minimum

a dcb a dcb

a dcb

Prune the 
subtree (b)

e

Regraft it to
edge e

Fig. 3 An illustration of the subtree prune and regraft, or SPR, operation. The subtree that contains
only the leaf b is pruned from the tree on the left, thus resulting in a forest of two trees, shown in
the middle, and then the subtree is regrafted as a sibling of c, resulting in the tree on the right.
Observe that the SPR distance between the two trees on the left and right is 1, and both trees can
be reconciled in a phylogenetic network with one network-node, as can be seen in Fig. 1.

number of SPR moves required to transform one tree into the other. For example,
the SPR distance between the two trees in Fig. 1 is 1, since a single SPR move is
required, as illustrated in Fig. 3.

The problem of computing the SPR distance between two rooted trees has been
shown to be NP-hard as well as fixed-parameter tractable [7]. Examples of ex-
act algorithms and heuristics for reconciling trees via SPR operations include the
exact algorithm of Bordewich and Semple [7], the exact algorithm of Wu [115],
HorizTrans [39], RIATA-HGT [82], EEEP [4], HorizStory [65], and the method of
Goloboff as implemented in the TNT software package [33]. For the most part, these
methods are aimed at finding the phylogenetic network N with the minimum num-
ber of network-nodes that contains the pair of input trees. For example, the network
N in Fig. 1(a) is the only phylogenetic network with a single network-node that
contains both trees T1 and T2 in Fig. 1.

There are several limitations with using the SPR distance as a proxy for the
amount of reticulation, as well as with the methods listed above for estimating this
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distance. We discuss some of those here, and discuss the issue of time-consistency
of SPR moves in the next section.

It is worth mentioning that methods that attempt to find minimal sets of SPR
moves to reconcile a pair of trees are in fact attempts at approximating the true
number of reticulation events in the evolutionary history. However, while the SPR
distance provides a lower bound on this number, recent results have shown that the
SPR distance can provide a value that is arbitrarily smaller than the true amount of
reticulation [2, 47].

The tools listed above all assume k = 2 (i.e., they solve the problem for a pair of
trees) and assume that each of the two trees has exactly |X | leaves, each labeled
uniquely by one label from X . In other words, these tools do not solve the problem,
in terms of computing a minimal network, for more than two trees, nor do they
allow for trees with different leaf-sets. Both of these present practical limitations to
the use of the methods in practice, particularly the latter, since, in general, there is
no guarantee that a 1-1 correspondence exists between the leaves of the (species)
phylogenetic network and those of the gene trees.

A very important issue that tools for combining trees into a network must ac-
count for is the potential multiplicity of different, optimal (minimal, in this case)
networks. Than et al. showed that the number of minimal networks that reconcile a
given pair of trees may be exponential in the minimum number of reticulation events
required [109].

Last but not least, reconstructed gene trees are often non-binary (which mostly
indicates soft polytomies4). The reconciliation problem becomes more complicated
when non-binary trees are concerned. In this case, one objective is to simultaneously
resolve the trees and infer the minimum number of reticulation events. The number
of resolutions of non-binary tree is exponential in the degree of nodes, and hence ef-
ficient techniques are required for solving this problem. Than and Nakhleh provided
a heuristic for solving several cases of this problem [108], which are implemented
in the PhyloNet package [110] as an extension of the RIATA-HGT method [82].

2.2 Totally-ordered Trees and Time-consistent SPR Operations

In our discussion thus far of the SPR operation and its induced distance, we have
considered only the topologies of a pair of trees. However, when times at the internal
nodes of the species and gene trees are known (in the former case, those times
would indicate the divergence time of the species from their common ancestors, and
in the latter case those times would indicate the times of the coalescence events),
the situation becomes more complicated. Rooted trees in which internal nodes are
totally ordered are called ordered tree [97].

4 In a rooted phylogenetic tree, a polytomy is a node with more than two children. There are two
types of polytomies: a hard polytomy indicates the hypothesis that the speciation event gave rise
to multiple lineages, whereas a soft polytomy indicates the lack of knowledge to resolve a multi-
furcating node into a sequence of bi-furcating nodes.
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When ordered trees are considered, two crucial issues arise:

1. Topologically identical or similar trees may be very different when branch
lengths are considered (S. Edwards recently labeled such phenomenon “branch
length heterogeneity” [22], though in the different context of lineage sorting),
and

2. certain SPR moves may not be time consistent.

We elaborate on these two issues in a few examples. Consider the two trees in Fig. 4.
Topologically, the two trees are identical. However, considering the trees on the left
and right to be the species and gene trees, respectively, the species a and b diverged
at time T2 (similarly for species c and d), while their genes coalesced at time T1,
which is different from T2. This is a scenario of branch length heterogeneity, and the
trees, when viewed as ordered trees, are different.

a b c d a b c d
T1

T2
T3

Fig. 4 Two phylogenetic trees that require no SPR moves to transform into each other, when only
the topologies are considered. However, when times at internal nodes are considered, the two trees
are different, and require a minimum number of two SPR moves, as shown in Fig. 5. The horizontal
dashed lines represent times.

In this case, the true SPR distance is not zero, but rather two, as illustrated in
Fig. 5.

a b c d
T1

T2
T3

Fig. 5 Two SPR moves required to transform the tree on the left in Fig. 4 into the one on the right,
when times at internal nodes are taken into account. The horizontal dashed lines represent times.

For the second issue, consider the species and gene trees shown in Fig. 6 (left and
right, respectively). When their topologies are compared, a single SPR move suffices
to transform the species tree into the gene tree, as shown in Fig. 7. However, notice
that in this scenario, the transfer of the genetic material took place between two
organisms that do not co-exist in time. In other words, this SPR move is not time
consistent.
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a b c d a b c d
T1

T2
T3

Fig. 6 Two trees that differ in the placement of b, thus requiring a single SPR move to transform
the tree on the left into the one on the right, as shown in Fig. 7(a), when only the topologies of
the trees are considered. However, such a move is not time-consistent since the “donor” (tail of the
HGT edge) and “recipient” (head of the HGT edge) do not co-exist in time. The horizontal dashed
lines represent times.

An important question in this case is whether such an SPR move should be ruled
out in a species/gene tree reconciliation scenario. While the scenario, as drawn in
Fig. 7(a), contains a time inconsistent SPR move, this inconsistency may be ex-
plained as an artifact of incomplete taxon sampling, as we now illustrate.

a b c d
T1

T2
T3

a b c d
T1

T2
T3

x
(a) (b)

Fig. 7 (a) The SPR move required for the scenario in Fig. 6. This SPR move is not time-consistent.
(b) The SPR move can be viewed as time-consistent if incomplete taxon sampling occurs; in this
case, the horizontal transfer occurred from a taxon x, which is contemporaneous with b yet was
not sampled when the the species and gene trees were reconstructed. The horizontal dashed lines
represent times.

Consider the case in which the horizontal transfer occurred from species x to
species b, where x was a sibling of the clade (c,d) yet was not sampled (or became
extinct after the horizontal transfer event) in the evolutionary analysis. This case is
shown in Fig. 7(b). In this scenario, while the SPR moves necessary to transform the
species tree into the gene tree is seemingly time inconsistent, it is in fact a reflection
of incomplete taxon sampling, or even a true biological hypothesis—that of the
extinction of species x. Determining whether a time inconsistent SPR move is truly
so or is merely a reflection of incomplete taxon sampling (or extinction) is a very
challenging question.

It is important to note, though, that not all time inconsistent SPR moves can be
justified with the incomplete taxon sampling scenario. Consider the species and gene
trees in Fig. 8 (left and right, respectively). In this case, a single SPR move, pruning
the clade (b,c) and regrafting it as a sibling of d, would reconcile the two trees, as
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shown in Fig. 9(a). Clearly, this SPR move is time inconsistent. Unlike the previous
case, incomplete taxon sampling cannot explain the inconsistency in this scenario,
since no matter how we augment the species tree with “phantoms” of missing taxa,
the source and destination of the SPR move cannot be made contemporaneous. In-
stead, a scenario involving two time consistent SPR moves may be the correct one,
as illustrated in Fig. 9(b).

a b c d

T2
T3
T4

e a b c d e
T1

Fig. 8 Two trees that differ in the placement of clade (b,c), thus requiring a single SPR move
to transform the tree on the left into the one on the right, as shown in Fig. 9(a), when only the
topologies of the trees are considered. However, such a move is not time-consistent since the donor
and recipient do not co-exist in time. The horizontal dashed lines represent times.

a b c d

T2
T3
T4

e
T1

a b c d

T2
T3
T4

e
T1

(a) (b)

Fig. 9 (a) The SPR move required for the scenario in Fig. 8. This SPR move is not time-consistent.
(b) A solution of two time-consistent SPR moves that explains the scenario in Fig. 8. The horizontal
dashed lines represent times.

3 Optimization Criteria for Inferring and Evaluating
Phylogenetic Networks

The relationship between a phylogenetic network N and its constituent trees, T (N),
allows for extending sequence-based optimization criteria from phylogenetic trees
to phylogenetic networks. Such extensions are based on the fact that, at the lowest
level of atomicity in genetic inheritance, a nucleotide in the genomes of a set of
species evolves down a single tree, even if the evolutionary history of the species is
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best modeled by a network5. This, in essence, is the concept of positional homol-
ogy. In this section, we discuss extensions to the maximum parsimony, maximum
compatibility, and maximum likelihood criteria.

Let T be an X -tree with leaf-set L and let Σ be an alphabet (e.g., Σ =
{A,C,T,G} for DNA). A function λ : L → Σ is called a state assignment func-
tion for tree T over alphabet Σ . The function λ̂ : V (T )→ Σ is an extension of λ on
T if it agrees with λ on the leaves of T (i.e., if λ̂ (v) = λ (v) for every v ∈L ). In a
similar way, we define a function λ k : L → Σ k and an extension λ̂ k : V (T )→ Σ k.
The latter function is called a labeling of T , and it denotes the labeling of all nodes
of a tree T with sequences of length k over alphabet Σ . Given a labeling λ̂ k, we
denote by de(λ̂ k) the Hamming distance (or any edit distance) between the two se-
quences labeling the two endpoints of edge e ∈ E(T ). We define the state assigment
and labeling functions for an X -network similarly. The difference between the la-
beling of a tree and that of a network lies in the interpretation of sequence evolution.
Let (u,v) be an edge in a phylogenetic tree with x = λ̂ k(u) and y = λ̂ k(v). Then, the
state at position i in sequence y is the result of zero or more mutations on the state
at position i in sequence x. In a phylogenetic network, this interpretation is slightly
more involved. Assume edge (u,v) in a phylogenetic network, with x and y defined
as before. If indeg(v) = 1, then the relationship between the states at position i in se-
quences x and y is identical to that in trees. However, if indeg(v) = m, where m > 1,
then the state at position i in sequence y is the result of zero or more mutations on
the state at position i in exactly one of the sequences labeling the m parents of v.
These labeling and interpretation serve as the basis for extending sequence-based
optimization criteria from trees to networks.

3.1 Maximum Parsimony of Phylogenetic Networks

Roughly speaking, the maximum parsimony criterion is a reflection of Occam’s
razor; that is, the best solution is the simplest. In the context of phylogenetics, the
maximum parsimony criterion seeks the tree on a given set of genomic sequences
such that the tree minimizes the overall number of mutations along all edges of the
tree. This is formalized as follows.

Definition 3. The parsimony length of a phylogenetic tree T with a labeling λ k is
PS(T,λ k) = min

λ̂ k∈Λ̂ k [∑e∈E(T ) de(λ̂ k)], where Λ̂ k is the set of all possible exten-
sions of λ k.

We denote by PSi(T,λ k) the parsimony length of tree T with respect to site i. Given
a labeling λ k of a set X of taxa, the maximum parsimony (MP) problem for phy-
logenetic trees amounts to solving

T ∗ = argminT PS(T,λ k), (2)

5 The same comment in Footnote 2 applies here.
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where T ranges over all X -trees. There is a polynomial time algorithm for comput-
ing the parsimony length of a fixed X -tree [29], while solving the MP problem in
general is NP-hard [18, 30].

In the early 1990’s, Jotun Hein introduced an extension of the maximum par-
simony (MP) criterion to model the evolutionary history of a set of sequences in
the presence of recombination [41, 42]. Recently, Nakhleh and colleagues gave a
mathematical formulation of the MP criterion for phylogenetic networks and de-
vised computationally efficient solutions aimed at reconstructing and evaluating the
quality of phylogenetic networks under the MP criterion [50, 52, 53]. The parsi-
mony length of a phylogenetic network with respect to a set of sequences is defined
as follows.

Definition 4. The parsimony length of a phylogenetic network N with a labeling λ k

of the leaves of N is

PS(N,λ k) = ∑
1≤i≤k

[
min

T∈T (N)
PSi(T,λ k)

]
.

Notice that this definition of the parsimony length allows for the rather biologically
unrealistic scenario of switching back and forth between different trees for consec-
utive sites. For example, for k = 10, the definition may lead to the scenario in which
sites 1, 3, 5, 7, and 9 are best fit by tree T ′ and sites 2, 4, 6, 8, and 10 are best fit by
tree T ′′, for two different trees T ′ and T ′′. This was addressed in practice in the se-
quence of papers by Jin et al. by doing the computation on a block-by-block, rather
than site-by-site, basis. Another way to address this issue is to introduce a penalty
for switching among trees. As the parsimony criterion is based on the assumption
of rare events (e.g., [26, 27]), a reticulation event may be best modeled as causing a
penalty of one change (J. Felsenstein, personal communication).

Given a labeling λ k of a set X of taxa, the maximum parsimony (MP) problem
for phylogenetic networks amounts to solving

N∗ = argminNPS(N,λ k), (3)

where N ranges over all X -networks. Unlike the case of trees, the problem of com-
puting the parsimony length of a fixed X -network is NP-hard [50], and the problem
of solving the MP problem for phylogenetic networks is NP-hard as well, as it con-
tains the MP problem for trees as a special case.

Let N be an X -network and N′ be another X -network obtained by adding a set
H of edges to N, where each edge in H is posited between a pair of edges whose
heads are tree-nodes in N. Then, we have

T (N)⊆T (N′).

This result is illustrated in Fig. 10.
From this fact it follows that, for a given labeling λ k of a set X of taxa, we have

PS(N′,λ k)≤ PS(N,λ k).
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ba dc fe

h h'

ba dc fe

N N′

Fig. 10 Two X -networks N and N′ such that N′ is obtained by adding an additional edge
to N from edge h to edge h′. We have T (N) = {T1,T2} and T (N′) = {T1,T2,T3,T4}, where
T1 = ((a,(b,c)),(d,(e, f ))), T2 = (((a,b),c),(d,(e, f ))), T3 = ((a,((b,c),d)),(e, f )), and T4 =
(((a,b),(c,d)),(e, f )). Clearly, T (N)⊆T (N′).

This simple observation has a significant implication on the use of the MP crite-
rion for inferring networks, as defined above. It basically implies that adding more
edges to a network “never hurts” under the MP criterion as defined above: the par-
simony length either decreases or stays the same as more edges are added. This in
turn implies that while making networks more “complex” improves their parsimony
lengths, using the MP criterion in this fashion would inevitably result in a gross
over-estimation of the amount of reticulation in the evolutionary history of a data
set. This had led to refining the definition of the MP criterion so that adding edges
to a network is accepted only if the parsimony length is improved beyond a given
threshold [52]. Currently, such a threshold is dataset-specific and is determined by
inspection of the trend of parsimony length decrease as the complexity of networks
is increased. Such an approach has produced very promising results, on both syn-
thetic and biological data sets [52, 107].

3.2 Character Compatibility of Phylogenetic Networks

Two models of sequence evolution that have been central in population genetics, and
which have been assumed to underly a special type of phylogenetic networks are the
infinite-allele model and infinite-site model . The infinite-allele model, proposed by
Kimura and Crow [58], assumes that each mutation at a site results in a state that
is different from any preexisting state at that site in the population. The infinite-
site model, proposed by Kimura [57], assumes that the sequences are very long
and mutation rate per site is low so that each site mutates at most once. These two
models can be formulated within the parsimony framework. If a site i evolves down
a tree T under the infinite-allele model, and m distinct states are observed at site i
in the leaves of T , then the parsimony length of T with respect to site i is m− 1.
If site i evolves under the infinite-site model, then the parsimony length of T with
respect to site i is either 0 (no mutations occurred at site i) or 1 (exactly one mutation
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occurred). In the phylogenetics jargon, a site that evolves down a tree T under either
infinite-allele or infinite site model is said to be compatible with the tree T . A tree
T for which all sites in the sequences labeling its leaves are compatible is called a
perfect phylogeny. Gusfield provided an O(nm) algorithm for determining whether
there exists a perfect phylogeny for a set of n binary sequences, each of length m,
and reconstructing such a perfect phylogeny if it exists [36], thus improving on an
earlier O(nm2) algorithm [24, 71].

Barring any (meiotic) recombination events, the evolutionary history of a se-
quence of sites under the infinite-site model is modeled by a tree. However, when
recombination occurs, the evolutionary histories of sites to the left and right of a
recombination breakpoint follow different paths in their ancestries, thus giving rise
to a phylogenetic network model. The compatibility criterion can be extended to
phylogenetic networks in a fashion similar to that of extending the MP criterion. We
say that a site is compatible with a phylogenetic network N if it is compatible with
at least one of the trees in T (N). Determining if a site is compatible with a phy-
logenetic network is NP-Complete [55]. An ancestral recombination graph [35],
or ARG for short, is a phylogenetic network that models the evolution of a set of
sequences under the infinite-site model, in which:

• each edge is labeled by a set of numbers denoting the sites that mutate along that
edge,

• each node of indegree 2 is labeled by a number denoting the recombination
breakpoint giving rise to that network-node, and

• each site in the sequences is compatible with the network.

Fig. 11 shows an ARG modeling the evolutionary history of a set of four se-
quences under the infinite-site model. ARGs have also been referred to as per-
fect phylogenetic networks [111]. Much work has been done on reconstructing

c1 c2 c3 c4
a 1 0 0 0
b 1 0 1 1
c 0 1 1 1
d 0 1 0 1

a dcb

1 4

3
3

2
0000

(a) (b)

Fig. 11 (a) A data set of four binary sequences a, b, c, and d. (b) An ARG showing the evolutionary
history of the four sequences from the ancestral sequence 0000 under the infinite-site model. The
solid circle at the node of indegree 2 indicates a recombination event, and the value 3 indicates
that the states of sites 1 and 2 (which are 1 and 0, respectively) were inherited from the left parent,
whereas the states of sites 3 and 4 (which are 1 and 1, respectively) were inherited from the right
parent, thus forming the sequence 1011 at b. The other solid circles indicate mutations, where the
numbers associated with them indicate the site at which each mutation occurred.
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minimal ARGs, i.e., ARGs with the minimum number of nodes of indegree 2 to
model the evolution of a set of binary sequences under the infinite-site model;
e.g., see [37, 38, 98, 99, 100, 101]. Recently, Willson provided a new method for
reconstructing certain phylogenetic networks from binary sequences when back-
mutations are allowed to occur at network-nodes [114].

While we focused on binary characters in the preceding discussion, perfect phy-
logenetic networks can be defined on multi-state characters as well. Let λ : L → Σ

be a leaf-labeling of a tree T , with Σ ′ ⊆ Σ being the character states that are ob-
served at the leaves of T (not all character states in Σ may be observed at the leaves,
and hence the need for Σ ′). We say that λ is compatible on T if there exists an
extension λ̂ such that

∑
e∈E(T )

de(λ̂ ) = |Σ ′|−1.

We say that λ is compatible with a phylogenetic network N if it is compatible with
at least one of the trees in T (N). Character compatibility on a tree and on a net-
work can be extended in a straightforward manner to sequences of characters (λ k).
Fig. 12(a) shows a tree whose leaves are labeled by sequences of length 2 over the
alphabet Σ = {1,2,3,4}. For the first character (site), we have Σ ′1 = {1,2,3} and for
the second we have Σ ′2 = {2,3,4}. The first character is compatible with the tree,
whereas the second is not. When a single reticulation event is added to the tree, as
shown in Fig. 12(b), we obtain a perfect phylogenetic network for the sequences
labeling the leaves; see Exercise 5.

1224 341312 34 1224 341312 34
(a) (b)

Fig. 12 (a) A phylogenetic tree leaf-labeled by sequences of length 2 over the alphabet Σ =
{1,2,3,4}. The first character is compatible on the tree, whereas the second is not. (b) A perfect
phylogenetic network obtained from the tree by adding a single reticulation event.

Nakhleh et al. proposed multi-state perfect phylogenetic networks6 to model the
evolutionary histories of natural languages in the presence of borrowing [81]. The
Character Compatibility on Phylogenetic Networks Problem is to decide whether a
given phylogenetic network is a perfect phylogenetic network for a set C of char-
acters (alternatively, a leaf-labeling λ k). This problem has been shown to be NP-

6 In [81], network-edges were allowed to be bi-directional.
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hard [78] even for binary characters. Kanj et al. provided an efficient parameterized
algorithm for the binary case of this problem [56].

3.2.1 Binary Character Compatibility and Combining Trees into a Network

There is an elegant connection between the problem of combining a set of trees into
a network and the problem of inferring a perfect phylogenetic network (with only
uni-directional edges) for a set of binary sequences. Let T = {T1,T2, . . . ,Tm} be a
set of (rooted) X -trees. For each edge e in a tree Ti ∈ T , define a binary site ce
with its states assigned as follows for each x ∈X :

ce(x) =
{

1, x under e;
0, otherwise. (4)

The collection C = ∪Ti∈T {ce : e ∈ E(Ti)} is called the character encoding of the
trees in T . If the trees in T contain p distinct edges (two edges are distinct if they
define different clusters of leaves), then C contains p distinct sites, and each taxon
x ∈X is associated with a binary sequence sx of length p. The main result here is
that if N is a network such that T ⊆T (N) then N is a perfect phylogenetic network
for the set C, which is the character encoding of T .

e1 e2 e3 e4
a 1 0 0 0
b 1 0 1 1
c 0 1 1 1
d 0 1 0 1

Fig. 13 The character encoding of the two trees in Fig. 1(b) and 1(c). The resulting matrix is
identical to that of the binary sequences in Fig. 11.

Fig. 13 shows the character encoding of the two trees in Fig. 1. Indeed, the se-
quences in Fig. 13 are compatible with the phylogenetic network in Fig. 11, which
is identical (in terms of topology) to the phylogenetic network N in Fig. 1(a) that
contains the two trees.

3.3 Maximum Likelihood of Phylogenetic Networks

Extending the maximum likelihood (ML) criterion to phylogenetic networks is done
in a similar fashion to that used in the MP criterion, with the additional details about
the probabilistic setting in which to interpret the trees of a network and summarize
the likelihood scores computed on these trees.
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Assuming independence among sites, the overall likelihood of a set S of aligned
sequences, given by the labeling function λ k, given a tree topology ψ and a model M
(branch lengths and model of sequence evolution), is the product of the probability
of the labeling of every site i given ψ and M:

L(λ k|ψ,M) =
k

∏
i=1

L(λ k[i]|ψ,M), (5)

where k is the number of sites, and L(λ k[i]|ψ,M) can be defined in two ways:

• For (average) likelihood [102], Lavg, we have:

∑
Λ̂ k

[
P(root) · ∏

e∈E(T )
Pe(te)

]
, (6)

where Λ̂ k is the set of all possible extensions of λ k, and Pe(te) denotes the prob-
ability of observing the sequences at the two endpoints of edge e whose branch
length is te.

• For ancestral likelihood [90], Lanc, we have:

max
Λ̂ k

[
P(root) · ∏

e∈E(T )
Pe(te)

]
. (7)

Given a labeling λ k of a set X of taxa, the maximum likelihood (ML) problem for
phylogenetic trees amounts to solving

(ψ∗,M∗) = argmaxψ,ML(λ k|ψ,M), (8)

where ψ ranges over all X -tree topologies, and M ranges over all combinations of
branch lengths and models of sequence evolution. When all elements of this com-
bination are specified, scoring the likelihood can be done in polynomial time using
Felsenstein’s “pruning” algorithm [28]. Solving the ML problem in general is NP-
hard [16].

Lathrop defined a maximum likelihood criterion for phylogenetic inference of
populations when some of those populations are hybridized (in this context, hy-
bridization corresponds to admixture) [61]. Strimmer and Moulton defined the max-
imum likelihood criterion for splits networks, once their edges are oriented so as to
produce a rooted, directed, acyclic, graph [104]. Jin et al. defined ML criteria for
evolutionary phylogenetic networks [51], which we review here.

Let N be an X -network in which network-nodes have indegree 2 (the results
can be generalized in a straightforward way to networks with nodes whose inde-
gree is higher than 2), and let R = {pi = (ei

l ,e
i
r) : ei

l ,e
i
r ∈ E(N), ei

l = (x,v), ei
r =

(y,v), and x 6= y}, with r = |R|. In other words, R is the set of pairs of edges
where each pair is incident into the same network node. Further, we associate with
each pair pi ∈ R parameter γi ∈ [0,1] which denotes the probability of choosing
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the “left” edge ei
l (the probability of choosing the “right” edge ei

r is (1− γi)). These
probabilities are to be estimated from the sequence data, and can be interpreted as
the proportion of sites (of the sequence at a network-node) inherited from one of
the parents [104]. When multiple loci are involved in the analysis, these probabili-
ties can denote the proportion of the genome arising from a particular parent [72];
see Section 4.3. In the case of admixture, these probabilities correspond to the pro-
portion of the population derived from a particular ancestral population [61]. For
example, consider the phylogenetic network N in Fig. 14. For this network, we
have R = {p1 = ((u,x),(v,x)), p2 = ((w,y),(z,y))}, parameter γ1 associated with p1
(which denotes the probability of taking edge (u,x) for certain sites in the sequence
at node x), and parameter γ2 associated with p2 (which denotes the probability of
taking edge (w,y) for certain sites in the sequence at node y).

Let T ∈ T (N). A characteristic set of tree T is a set ϕT of size r that contains
exactly one edge from every pair in R such that when all network-edges except
for those in ϕT are removed from network N in Step 1 of procedure Induce in
Fig. 2, the procedure yields tree T . For the network N and its induced trees shown
in Fig. 14, we have ϕT1 = {(v,x),(z,y)}, ϕT2 = {(u,x),(z,y)}, ϕT3 = {(v,x),(w,y)},
and ϕT4 = {(u,x),(w,y)}.

ba dc fe

x

y

u
v

w
z

γ1

γ2

N

ba dc fe ba dc fe ba dc fe ba dc fe

T1 T2 T3 T4

Fig. 14 A phylogenetic network (top) and the four trees it induces (bottom). Using Formula (9), we
have P(T1|N) = (1−γ1)(1−γ2), P(T2|N) = γ1(1−γ2), P(T3|N) = (1−γ1)γ2, and P(T4|N) = γ1γ2.

Notice that multiple characteristic sets may exist for the same tree T ; in this case,
we denote the set of all characteristic sets by ΦT . Then, the probability of a tree T ,
given network N and leaf-labeleing λ k is

P(T |N,λ k) = ∑
ϕT∈ΦT

 ∏
ei

l∈ϕT

γi ∏
e j

r∈ϕT

(1− γ j)

 . (9)
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In other words, the probability of inducing a tree T by network N is the product of
the probabilities of all the network-edges used to induce T . The summation in the
formula is to account for cases when there exist multiple ways to induce the tree T .
The probabilities of the four trees in Fig. 14 are given in the caption of the figure.

We are now in position to define likelihood criteria for phylogenetic networks.
The likelihood of a phylogenetic network with respect to a set of sequences is de-
fined as follows.

Definition 5. The likelihood of a phylogenetic network N with a labeling λ k of the
leaves of N is

L(λ k|N,M) = ∑
T∈T (N)

[
P(T |N,λ k) ·L(λ k|T,MT )

]
, (10)

where M is the model (branch lengths, probabilities γi, and model of sequence evo-
lution), MT is the “restriction” of M to tree T , and L(λ k|N,M) can be either the
average or ancestral likelihood functions.

Given a labeling λ k of a set X of taxa, the maximum likelihood problem for phy-
logenetic networks can be defined so as to solve

(N∗,M∗) = argmaxN,ML(λ k|N,M), (11)

where N ranges over all X -network topologies, and M ranges over all combinations
of branch lengths, probabilities γi, and models of sequence evolution.

Notice that while the likelihood of a network, as given by Definition 5, is an aver-
age of the likelihood of all trees within the networks, we can modify this definition
so that the likelihood of a network is the best over all trees, which is analogous to
the way we defined the parsimony length of a network above. In this case, we have

L(λ k|N,M) = max
T∈T (N)

[
P(T |N,λ k) ·L(λ k|T,MT )

]
.

This definition would be more appropriate for inferring ancestral states on a phylo-
genetic network.

Finally, the type of input data further refines the versions of the ML problems, as
outlined in [51]. This results in several formulations of ML criteria for phylogenetic
networks, where these formulations amount to the combinations of tree likelihood
type (ancestral vs. average), tree selection criterion (average vs. maximum), and
input data.

Problem 1. (The Tiny ML Problem)

Input: The full model M of an X -network N, and a labeling λ k of the leaves.
Output: The labeling λ̂ k that maximizes the likelihood of the network.

Problem 2. (The Small ML Problem)

Input: The topology of a phylogenetic network N and a labeling λ k of the leaves.
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Output: The branch lengths, edge probabilities, and labeling λ̂ k that maximize
the likelihood of the network.

Problem 3. (The Big ML Problem)

Input: The labeling λ k of a set X of taxa.
Output: A full model M of an X -network N that maximizes L(λ k|N,M).

4 To Network, or Not to Network, That Is the Question

In our discussion thus far, we have made an important assumption: incongruities
and incompatibilities in the data are due to reticulate evolutionary events and there-
fore should be reconciled by using a phylogenetic network. We assumed that gene
trees disagree due to the occurrence of events such as horizontal gene transfer, and
sought a network that reconciles them. In the case of ancestral recombination graphs
and perfect phylogenetic networks, we assumed that if a perfect phylogenetic tree
does not exist for a set of sequences, then that is an indication of the occurrence
of intralocus recombination [46], and hence a network, rather than a tree, is sought
as a model of the evolutionary history. However, this assumption must be inspected
carefully and thoroughly before phylogenetic network reconstruction is attempted.
Several ways exist for explaining the evolution of a data set without invoking retic-
ulate evolutionary events:

• In the analysis of biological data, gene trees are unknown and reconstructed from
sequence data. These reconstructions of the trees may have errors in them, in
the form of wrong edges. When compared to a species tree, these wrong edges
masquerade as true incongruities, triggering the false inference of reticulate evo-
lutionary events, and sometimes they may in fact hide true incongruities, thus
resulting in an underestimation of the amount of reticulation in the data; e.g.,
see [109].

• As Fig. 15(a) shows, a gene tree may disagree with species tree due to a combi-
nation of duplication and loss events that took place during the evolution of the
gene. In this case, and notwithstanding the incongruities among gene trees, these
trees need be reconciled into a tree, not a network.

• As Fig. 15(b) shows, the evolution of a set of sequences may be explained by
multiple mutations at a site, rather than inferring putative recombination events.
In this case, the evolutionary history is still a tree, albeit relaxing the infinite-site
model to allow recurrent mutations.

• As Fig. 16 shows, a gene tree may differ from the species tree due to lineage
sorting . Informally, lineage sorting happens when two alleles of a gene from two
species fail to coalesce, or “merge” at a common ancestral gene, at the divergence
time of the two species, and instead they coalesce deeper. We elaborate on this
process further below.

Notice that when gene trees disagree with each other, or with the species tree, it
is crucial to determine the cause, or causes, of incongruence first, and then use the
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Fig. 15 (a) A gene tree (solid lines) evolving within the branches of the species tree, where the gene
tree topology is identical to that of T2 in Fig. 1(b). The gene tree differs from the species tree due
to multiple gene duplication and loss events. (b) A phylogenetic tree that models the evolutionary
history of the sequences in Fig. 11(a) from the ancestral sequence 0000, while violating the infinite-
site model assumptions. In this scenario, sites c3 and c4 mutated twice, yet no recombination events
were invoked.

a b c d

Fig. 16 A gene tree (solid lines) evolving within the branches of the species tree, where the gene
tree topology is identical to that of T2 in Fig. 1(b). The gene tree differs from the species tree due
to (incomplete) lineage sorting.

appropriate reconciliation method. What is needed in practice is a unified, proba-
bilistic framework that, given a set of gene trees, determines the causes of incongru-
ence. It has been argued that a combination of techniques from population genetics
and phylogenetics is needed to achieve this goal, particularly to distinguish between
reticulate evolutionary events and lineage sorting as probable causes of incongru-
ence [63]. A natural choice for approaching this issue has been to augment the stan-
dard coalescent theory so as to allow for computing the probabilities of gene trees
assuming the presence of events such as horizontal gene transfer.

In a seminal paper, Maddison proposed a framework for inferring the species tree
such that both mutations at the nucleotide level and incongruence among gene trees
are taken into account [66]. The likelihood of a given species tree, according to [66],
is the product, over all loci, of the probability of obtaining the observed sequences
at the locus:
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∏
loci

∑
possible gene trees

[P(sequences|gene tree) ·P(gene tree|species tree)]. (12)

The probability P(gene tree|species tree), when deep coalescence is allowed, can
be calculated using coalescence theory, as we briefly review in Section 4.1. How-
ever, in the most general setting, the species phylogeny may not be a tree. There-
fore, an extension to Maddison’s framework is necessary to account for reticulate
evolutionary events. The ML formulation given in Section 3.3 is similar to Mad-
dison’s proposal, but it explicitly models reticulate evolution and ignores lineage
sorting. What is needed is an extension to the coalescent to allow for calculating
the probability of a gene tree given a species phylogeny assuming any combination
of the three discord processes (lineage sorting, reticulate evolution, and gene dupli-
cation/loss) could be involved. Preliminary work that simultaneously accounts for
lineage sorting and horizontal gene transfer events has been proposed in [109] and
another that simultaneously accounts for lineage sorting and hybrid speciation has
been proposed in [72]; we review these two in Sections 4.2 and 4.3, respectively.

It is worth mentioning that other approaches for distinguishing reticulate evolu-
tion from lineage sorting without explicit modeling of the coalescent process have
been introduced. For example, Sang and Zhong proposed a test statistic for distin-
guishing between lineage sorting and hybridization based on the divergence time
of the two parents of a hybrid [96]. However, Holder et al. showed later that this
statistic fails to reliably distinguish between the two processes [43]. More recently,
Holland et al. proposed to use supernetworks for this task [44].

4.1 Lineage Sorting and the Coalescent

Lineage sorting occurs because of the random contribution of genetic material from
each individual in a population to the next generation. Some fail to have offspring
while some happen to have multiple offspring. In population genetics, this process
was first modeled by R. A. Fisher and S. Wright, in which each gene of the popu-
lation at a particular generation is chosen independently from the gene pool of the
previous generation, regardless of whether the genes are in the same individual or
in different individuals. Under the Wright-Fisher model, “the coalescent” considers
the process backward in time [45, 59, 105]. That is, the ancestral lineages of genes
of interest are traced from offspring to parents. A coalescent event occurs when two
(or sometimes more) genes “merge” at the same parent, which is called the most
recent common ancestor (MRCA) of the two genes.

The basic process can be treated as follows. Consider a pair of genes at time τ1 in
a randomly mating haploid population. The population size at time τ is denoted by
N(τ). The probability that both genes are from the same parental gene at the previ-
ous generation (time τ1 +1) is 1/N(τ1 +1). Therefore, starting at τ1, the probability
that the coalescence between the pair occurs at τ2 is given by
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Prob(τ2) =
1

N(τ2)

τ2−1

∏
τ=τ1+1

(
1− 1

N(τ)

)
. (13)

When N(τ) is constant, the probability density distribution (pdf) of the coalescent
time (i.e., t = τ2−τ1) is given by a geometric distribution, and can be approximated
by an exponential distribution for a large N:

Prob(t) =
1
N

e−t/N . (14)

A B C
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t2

A B C
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t3

(a) (b) (c)

Fig. 17 A species tree on three species A, B, and C. Shown within the branches of the species tree
are the three possible gene tree topologies that may result due to different coalescence histories.

Under the three-species model (Fig. 17), there are three possible types of gene
tree: (AB)C, (AC)B and A(BC). Let Prob[(AB)C], Prob[(AC)B] and Prob[A(BC)]
be the probabilities of the three types of gene tree. These three probabilities are
simply expressed with a continuous time approximation when all populations have
equal and constant population sizes, N, where N is large:

P(t1) = 1− 2
3

e−T/N , (15)

and
P(t2) = P(t3) =

1
3

e−T/N . (16)

Recently, Rosenberg and colleagues showed that the most likely gene tree may be
different from the species tree, when the number of leaves is four or more [19, 94].
It is worth mentioning, however, that when the number of leaves is three, the result
does not apply, since the expression in (15) is greater than the expression in (16) for
all strictly positive, finite values of T and N.

Observe that in the presence of lineage sorting (in addition to reticulate evolu-
tionary events), the number of gene trees given a (species) phylogenetic network is
no longer bounded, as given above by Inequality (1). Rather, the number of pos-
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sible gene trees now equals the number of possible rooted trees (with the same
number of leaves as that of the network). For example, let us consider how the tree
(((a,b),c),d) could be one of the gene trees inside the phylogenetic network in
Fig. 1(a). To obtain this tree, consider the scenario under which b inherits its gene
from the a lineage, the genes of c and d fail to coalesce before they reach the root
r; instead, c first coalesces with the ancestral gene of a and b, and then the ancestral
copy of all three coalesces with that of d. This scenario is illustrated in Fig. 18.

a cb d
Fig. 18 Illustration of the combined effect of reticulate evolution and lineage sorting. The tubes
represent a phylogenetic network in which b is a hybrid taxon (the same as the one in Fig. 1(a)),
and shown within the tubes is gene tree (((a,b),c),d). Notice that this gene tree cannot be obtained
using the Induce procedure described in Fig. 2, and it is not one of the two trees shown in Fig. 1.

4.2 Augmenting the Coalescent with Horizontal Gene Transfer

We now review the model of [109] for extending the coalescent to allow HGT as a
cause of incongruence. Suppose that each haploid individual in a population with
size N has a lifespan that follows an exponential distribution with mean l. When an
individual dies, another individual randomly chosen from the population replaces it
to keep the population size constant. In other words, one of the N−1 alive lineages
is duplicated to replace the dead one. Under the Moran model, the ancestral lin-
eages of individuals of interest can be traced backward in time, and the coalescent
time between a pair of individuals follows an exponential distribution with mean
lN/2 [25, 93]. While phylogeny-based detection of HGT is usually based on quan-
tifying incongruence between a species and a gene tree, the situation becomes more
complicated when lineage sorting may be a cause of the incongruence as well.
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Fig. 19 A three bacterial species model with an HGT event. A demonstration that a congruent tree
could be observed even with HGT.

Consider a model with three species, A, B, and C, in which an HGT event occurs
from species B to C, as illustrated in Fig. 19. Suppose the MRCA of all three species
has a single copy of a gene x. Let a, b and c be the orthologous genes in the three
species, respectively, whose ancestral gene at the MRCA is x. At time Th, a gene was
transferred from species B and was inserted in a genome in species C at Ti, which is
denoted by c′. Since HGT is assumed to be instantaneous at the scale of evolution,
in reality, it is always the case that Ti = Th. However, since these times are estimated
in practice, it may be the case that Th < Ti. For example, if a gene duplication occurs
in lineage b in Fig. 19, and one of the two in-paralogs is transferred to c, then the
estimated time Th would be the duplication time, which is earlier than the actual
time of the HGT events, Ti.

Following the HGT event, c was physically deleted from the genome, so that
each of the three species currently has a single copy of the focal gene. If there is no
lineage sorting, the gene tree should be a(bc′). Since this tree is incongruent with the
species tree, (AB)C, we could consider it as an evidence for HGT. However, lineage
sorting could also produce the incongruence between the gene tree and species tree
without HGT. It is also important to note that lineage sorting, coupled with HGT,
could produce a congruent gene tree, as illustrated in Fig. 19. Although b and c′ have
a higher chance to coalesce first, the probability that the first coalescence occurs
between a and b or between a and c′ may not be negligible especially when T1−Th
is short. The probabilities of the three types of gene tree can be formulated under
this tri-species model with HGT as illustrated in Fig. 19. Here, Th could exceed T1;
in such a case it can be considered that HGT occurred before the speciation between
A and B. Assuming that all populations have equal (constant) population sizes, N,
the three probabilities can be obtained modifying (15) and (16):

P[(AB)C] =
{ 1

3 e−(T1−Th)/N , if Th ≤ T1

1− 2
3 e−(Th−T1)/N , if Th > T1

, (17)
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P[(AC)B] =
{ 1

3 e−(T1−Th)/N , if Th ≤ T1
1
3 e−(Th−T1)/N , if Th > T1

, (18)

and

P[A(BC)] =
{

1− 2
3 e−(T1−Th)/N , if Th ≤ T1

1
3 e−(Th−T1)/N , if Th > T1

. (19)

4.3 Augmenting the Coalescent with Hybrid Speciation

We now review the model of [72] for extending the coalescent to allow hybrid spe-
ciation as a cause of incongruence, using the scenario depicted in Fig. 20 as an
example. The issue at hand is, given a collection of genes whose trees may be in-
congruent, whether their incongruence due to hybrid speciation or lineage sorting.
In the former case, their reconciliation would result in the phylogenetic network de-
picted by the wide bands in Fig. 20. However, as the time T between the MRCA of
any two of the species and the MRCA of all three becomes smaller, the probability
of gene tree disagreement due to lineage sorting increases.

A B C

T

Fig. 20 A phylogenetic network representing a hybrid speciation event involving species A and
C, and producing species B. The two possible (alternative) species trees are t1 = ((A,B),C) and
t2 = (A,(B,C)).

Let a, b, and c be three orthologous genes randomly sampled from the three
species A, B, and C, respectively, where B is a hybrid of A and C. The model of
Meng and Kubatko assumes that when a gene b is arbitrarily selected from species
B, then its most recent common ancestor occurs with species A with probability
γ and with species C with probability 1− γ . These two possible trees are t1 and
t2, respectively, discussed in the caption of Fig. 20. Once one of these two trees is
selected, the model treats the tree as a species tree and allows the coalescent process
to operate for that gene.7 Using Equations (15) and (16) above for calculating the
probabilities of gene trees given a species tree, and assuming t1 as a species tree, we
have

7 Notice the similarity between this and the probability of a tree as given by Equation (9).
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P[((A,B),C)] = 1− 2
3 e−T/N ,

P[((A,C),B)] = P[(A,(B,C))] = 1
3 e−T/N .

Assuming t2 as the species tree, we have

P[(A,(B,C))] = 1− 2
3 e−T/N ,

P[((A,C),B)] = P[((A,B),C)] = 1
3 e−T/N .

The question is to determine, given a collection of genes sampled from the genomes
of the three species, whether the evolutionary history of the three species is the phy-
logenetic network in Fig. 20, the species tree t1, or the species tree t2. One way of
answering this question is to estimate the probability γ . If γ = 1, then the evolution-
ary history of the three species is the species tree t1. If γ = 0, then the evolutionary
history of the three species is the species tree t2. If 0 < γ < 1, then the evolutionary
history is the phylogenetic network shown in Fig. 20, with the proportions of the
genome of B inherited from A and C are γ and (1− γ), respectively.

Meng and Kubatko provided a maximum likelihood estimation of the parameters
γ and T , as well as a Bayesian estimation technique [72]. We briefly review the
main points of the maximum likelihood estimation. Let G = {gt1,gt2, . . . ,gtk} be
an i.i.d. sample of gene trees, where gti is the tree of gene i, sampled so that their
topologies are independent and follow the hybridization model described in Fig. 20.
The likelihood function for a given phylogenetic network with a specified location
for the hybrid speciation event (as shown in Fig. 20) is given by:

L(γ,T |G ) =
k

∏
i=1

P(gti|γ,T ) =
k

∏
i=1

[γP(gti|t1,T )+(1− γ)P(gti|t2,T )] (20)

Notice that this formula is a special case of Formula (10) (when taken for multiple
genes) given in Definition 5. Formula (10) is defined for networks with any number
of hybrid speciation events, and the parameter MT in the formula is a generalization
of the pairs (t1,T ) and (t2,T ) in Formula (20), since MT is the model, which includes
the tree topology, its branch lengths, and the model of evolution.

The question now becomes one of estimating the parameters γ and T that
maximize the likelihood function, and determining based on these (particularly γ)
whether the phylogenetic network or tree is the evolutionary history of the species,
and if the latter, which of the two (t1 or t2).

5 Exercises

Here we give a set of exercises for the reader to gain a better understanding of
evolutionary phylogenetic networks and issues related to their reconstruction and
evaluation.

1. Show an example of a set T of trees, with |T | = 2, and a minimal network N
that reconciles both trees in T such that T 6= T (N).
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2. Fig. 11 shows one minimal ARG for the given sequence data set. Draw all other
minimal ARGs.

3. a. Show a phylogenetic network N with |T (N)|= 2k, where k is the number of
network-nodes in N.

b. Show a phylogenetic network N with |T (N)|< 2k, where k is the number of
network-nodes in N.

4. Show two trees, each with nine leaves, whose SPR distance is 3, and for which
the number of minimal phylogenetic networks that reconcile the two trees is 27.
(Hint: Consider trees with three clades, each clade with three leaves, and each
clade requires a single SPR move.)

5. For each of the two characters labeling the leaves of the network N in Fig. 12(b),
show a tree in T (N) on which the character is compatible, by also showing the
labeling of internal nodes of the tree.

6. Using the illustration in Fig. 18, describe one coalescence scenario for each of
the possible gene trees that are induced by the phylogenetic network in Fig. 1
assuming lineage sorting could occur.

6 Further Reading

An excellent resource on phylogenetic networks is Who is Who in Phylogenetic
Networks [31], which, as of the date of writing this manuscript, catalogs 264 publi-
cations and 34 software tools dedicated to phylogenetic networks. There have been
several recent detailed surveys of phylogenetic reconstruction methods [32, 48, 49,
64, 67, 75], some of which identify their similarities and differences.

Recently, several results have appeared on measures for comparing phyloge-
netic network topologies and quantifying their dissimilarities; we refer the reader
to [3, 8, 9, 10, 11, 14, 15, 73, 79, 83]. Further, some proposals have been made on
representing phylogenetic networks for I/O operations using an extended Newick,
or eNewick, format; e.g., see [12, 13, 74, 110].
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