
a very large number of constraintsxu+xv# 1. The following method
can reduce the number of constraints to exactly |V(G)|. For a
vertexuMV(G), letN(u) be the set of vertices that are adjacent tou.
The constraint

V Gð Þ\N uð Þj j | xuz
X

v=[ N uð Þ

xv† V Gð Þ\N uð Þj j

means that ifu is included in the clique (i.e,xu= 1), then no vertices
in Gthat are not adjacent touare included in the clique (allxv’s not
in N(u) are 0), and that if any of those vertices is included in the
clique, thenucannot be in the clique (i.e.,xu must be 0). Therefore,
the above linear programming formulation is equivalent to

max
P

v[ V Gð Þ
w vð Þxv,

s:t: V Gð Þ\N uð Þj j | xuz
P

v=[ N uð Þ
xv† V Gð Þ\N uð Þj j , Vu[ V Gð Þ,

xv[ 0, 1f g , Vv[ V Gð Þ:

ð5Þ

Dynamic Programming Method
We can find the optimal species tree without the need to find a

maximum vertex-weighted clique in the compatibility graphG by
employing dynamic programming. Dynamic programming (DP) is
a divide-and-conquer algorithmic technique that breaks a problem
into sub-problems, solves the sub-problems, and then uses those
solutions in an efficient way to form the solution to the main
problem. For a problem to be amenable to a DP solution, it has to
exhibit certain properties. For more details, the reader is referred
to any standard textbook on algorithms; e.g., [20]. We now
describe how to solve the MDC optimization problem using a DP
algorithm.

Let t9be a rooted binary phylogenetic tree on a fixed taxon
subsetA~ L t’ð Þof X. Given a collectionGof gene trees, let us
denote l t ’,Gð Þthe sum of

P

T [ G
a A, Tð Þfor all clustersB in t9,

including A. Further, let l � A,Gð Þbe the minimum value of
l t ’,Gð Þover all possible binary treest9on A. If t’1 and t’2 are the
two subtrees whose roots are the children oft9, then clearly we
have

Figure 16. Illustration of our method. A A weighted compatibility graph is constructed from the clusters of the input gene trees (T1, T2, andT3).
Shown at the bottom are all maximal cliques, along with their weights (the sum of weights of their vertices), of which the three heaviest maximal
cliques are highlighted.B A table showing the calculation of the weight of each vertex in the compatibility graph, where in each rowv is the vertex
that corresponds to the cluster in that row, andw(v) =m+12 (a(C, T1)+a(C,T2)+a(C,T3)) (m = 2 in this case).
doi:10.1371/journal.pcbi.1000501.g016
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l t’, Gð Þ~l t’1, Gð Þ~l t’2, Gð Þz
P
T[G

a(A,T):

The quantity
P

T [ G
a A, Tð Þis fixed for each A, and therefore, if

t9 is an optimal tree on A such that l t’,Gð Þis minimum, then

l t’1, Gð Þand l t’2, Gð Þmust also be minimum. This allows us to

compute l� A,Gð Þrecursively as follows.

1. Let Cbe a collection of nontrivial clusters induced by trees in G
plus cluster X and all single-element clusters. We partition C
into subsets C1, . . . ,CXj j , where Ci, 1# i# |X|, is the collection

of all clusters of size i in C.

2. For every A [ C1, l� A,Gð Þ~0, and for A [ C2, l� A, Gð Þ
~
P

T [ G
a A, Tð Þ.

3. For A [ Ci, 3# i# |X|,

l� A, Gð Þ~min l� A1,Gð Þzl� A2,Gð Þ:A1\A2~1 and A~A1|A2f g

z
X
T[G

a A, Tð Þ:

4. Return l � X ,Gð Þ.

Although the algorithm described above only returns the

number of extra lineages, we can easily modify it so that we can

actually reconstruct the optimal species tree. For each i, 3# i# |X|,

in Step 3, we also record two pointers to optimal subclusters A1

and A2. By backtracking those pointers starting with cluster X, we

can obtain the optimal set of compatible clusters.

Any tree T[G induces exactly |X|2 2 nontrivial clusters.

Therefore, Cj j~O Gj j : Xj j{2ð Þð Þ. For every A#X, there are at

most C subsets of A to look at, and hence Step 3 is executed at

most Cj j2
times. The running time of the algorithm is then

O Gj j2: Xj j{2ð Þ2
� �

.

The collection C described in the algorithm only contains

clusters induced by gene trees in G. However, we can replace it by

the collection of all nonempty subsets of X (there are 2|X|2 1 such

subsets). In this case, the running time of the algorithm is bounded

by
P Xj j

i~0

Xj j
i

� �
2i~3 Xj j . Although it is exponential, it is

significantly better than a brute-force approach that examines all

(2|X|2 3)!! binary rooted phylogenetic trees on X.
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