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ABSTRACT

Functional reactive programming (FRP) is a declarative pro-
gramming paradigm where the basic notions are continuous,
time-varying behaviors and discrete, event-based reactivity.
FRP has been used successfully in many reactive program-
ming domains such as animation, robotics, and graphical
user interfaces. The success of FRP in these domains en-
courages us to consider its use in real-time applications,
where it is crucial that the cost of running a program be
bounded and known before run-time. But previous work on
the semantics and implementation of FRP was not explicitly
concerned about the issues of cost. In fact, the resource con-
sumption of FRP programs in the current implementation
is often hard to predict.

As a first step towards addressing these concerns, this pa-
per presents Real-Time FRP (RT-FRP), a statically-typed
language where the time and space cost of each execution
step for a given program is statically bounded. To take
advantage of existing work on languages with bounded re-
sources, we split RT-FRP into two parts: a reactive part
that captures the essential ingredients of FRP programs,
and a base language part that can be instantiated to any
generic programming language that has been shown to be
terminating and resource-bounded. This allows us to fo-
cus on the issues specific to RT-FRP, namely, two forms
of recursion. After presenting the operational explanation
of what can go wrong due to the presence of recursion, we
show how the typed version of the language is terminating
and resource-bounded.

Most of our FRP programs are expressible directly in RT-
FRP. The rest are expressible via a simple mechanism that
integrates RT-FRP with the base language.
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1. INTRODUCTION

Many real-world software systems are required to respond
to external stimuli in a bounded amount of time. In addi-
tion, some need to execute using a fixed amount of memory.
Today, many such real-time and embedded systems are being
designed, implemented, and maintained. As this trend con-
tinues, the reliability and safety of programming languages
for such systems becomes more of a concern, and real-time
systems become a natural domain for a high-level program-
ming language.

Functional Reactive Programming (FRP) [16, 39] is a
paradigm that has been used for building a host of interest-
ing reactive systems in domains such as animation [8, 9, 33],
graphical user interface design [5], and robotics [27, 28, 31].
As such, FRP is a good candidate for a high-level language
for real-time programming. The central semantic notions in
FRP are behaviors and events. Each is provided to the user
in the form of a parametric type, namely Behavior a and
Event a, respectively. In the original denotational semantics
for FRP [9, 39], a behavior is simply a function of continuous
time, corresponding to the intuition that a behavior has a
value at any given instant. Time itself is modeled by the real
numbers. An event, in contrast, is a time-ordered sequence
of event occurrences. Together, these two notions provide a
natural foundation for describing systems of recursive equa-
tions over time-parametric, hybrid (that is, continuous and
discrete) operators.

1.1 Problem

Although FRP has proven to be fast enough for most of
the applications we have considered, it is not easy to estab-
lish strong guarantees about its time and space behavior.
Our goal is to provide a practical framework where clear
guarantees about the cost of an FRP computation can be
made. There are three distinct problems that need to be
addressed: First, the reference semantics for FRP is deno-
tational [9, 39]. While a denotational model helps in under-
standing the meaning of an FRP program, it does not ex-
plain how a program can be effectively executed on a digital
computer with finite resources, nor does it provide a natu-
ral notion of cost. Second, because FRP was initially im-
plemented as an embedded language in Haskell [13, 14, 15],
making assertions about the cost of a computation was non-
trivial. Third, embedding a language into a higher-order
language introduces all of the power of the lambda calculus.
Inherent in this expressiveness is the possibility of writing
programs that perform unreasonable or unbounded amounts
of computation at each time step, or that have subtle (hard



to find) space leaks.
1.2 Our Approach

The first step towards addressing these problems is to
specify an operational model of the execution of an FRP
program. By their very nature, FRP programs do not ter-
minate: they continuously emit values and interact with the
environment. Thus it is appropriate to model FRP program
execution as an infinite sequence of steps. In each step,
the current time and current stimuli are read, and the re-
sult is an output value and an updated program state. Our
goal is to guarantee that every step executes in bounded
time, and that overall program execution occurs in bounded
space. However, we cannot make such guarantees for arbi-
trary FRP programs, and thus we define a subset of FRP
called Real-Time (RT-)FRP for which we can make such
guarantees. With this approach, we solve each of the above
three problems as follows:

1. RT-FRP is given an operational semantics [29] that
provides a well-defined notion of cost. That is, the
size of the derivation for the judgment(s) defining a
step of execution provides a measure of the amount of
time and space needed to execute that step on a digital
computer.

2. RT-FRP is a closed language [21] in the sense that it is
not embedded into a larger language such as Haskell.
This makes it possible to give a direct operational se-
mantics to the language, and therefore to provide a
tractable notion of cost.

In addition, having an ezplicit notion of state is a fea-
ture of our model that was not present in previous
work. Making state explicit allows us to specify an ef-
ficient destructive-update semantics, which is hard to
enforce with the embedded approach.

3. A key aspect of our approach is to split RT-FRP into
two naturally distinguishable parts: a reactive part
and a base language part. Roughly speaking, the re-
active part is comparable to a synchronous system [4],
and the base language part can be any language that
we wish to extend to a reactive setting. As we will
show, the reactive part has bounded cost in terms of
both time and space, independent of the base lan-
guage. Thus we can reuse our approach with a new
base language without having to re-establish these re-
sults. Real-time behavior of the base language can be
carried out independently, and such techniques already
exist even for a functional base language [12, 18, 19,
24].

One important question that our work needs to address
is the treatment of recursion, as it is a source of both ex-
pressiveness and computational cost. A key contribution of
our work is restricting the reactive part of the language so
as to limit both the time and space needed to execute such
computations. We achieve this by first distinguishing two
different kinds of recursion in FRP: one for pure signals,
and one for reactivity. Without constraint, the first form of
recursion can lead to programs getting stuck, and the sec-
ond form can cause terms to grow in size. We address these
problems using carefully chosen syntax and a carefully de-
signed type system. Our restrictions on one of the forms of
recursion is inspired by tail-recursion [30].

1.3 Organization of the Paper

Section 2 introduces the syntax and basic concepts of RT-
FRP. Section 3 defines and explains the type system and
operational semantics for RT-FRP. In this section we also
explain how two different forms of recursion in RT-FRP can
cause the semantics to either get stuck or use unbounded
space. Section 4 presents our main technical results, namely,
termination and type preservation, and resource-bounded-
ness. All of these properties are qualified by explicit assump-
tions about the base language. Section 5 discusses related
work.

The operational semantics of the example base language
that we use is presented in Appendix A.

2. ABRIEF INTRODUCTION TO RT-FRP

In this section we introduce the syntax and basic concepts
of RT-FRP.

2.1 Behaviors and Eventsas Signals

A key difference between discrete models (such as our op-
erational semantics) and continuous models (such as a deno-
tational semantics) is that in the discrete case behaviors and
events only need to have values at a countable set of points.
This means that there is an interesting type isomorphism [7]
relating behaviors and events, namely [16]:

Event a = Behavior (Maybe a)

where Maybe ais a data type with data constructors Nothing
and Just a. This isomorphism makes it possible in our work
to combine behaviors and events into one common type that
we call a signal, and thus treat both concepts uniformly.

2.2 A ConcreteBaselLanguageSyntax

To simplify the presentation, we will work with a concrete
base language, which has the syntax:

e u= z|c|()]|(e1,e2)]er|L]Az.e|er e
v = c|()|(v1,v2)|vL| L] Azee

where z and ¢ are the syntactic categories of variables and
real numbers, respectively. The only unusual feature is that
the terms ey and L are used as a more concise way of writing
Just e and Nothing introduced earlier. For clarity, we also
occasionally take the liberty of using some common syntax
not provided here, such as where clauses and if-then-else.
Values in the base language are represented by the terms v.

2.3 Reactive LanguageSyntax
The reactive part of RT-FRP is given by:

s,ev == input|time|ext e|delay v s|
let snapshot z <— s1 in s2 |
s1 switch on z < ev in s2 |
let continue {k; z; = u; } in s|
U
u u= suntil (ev; = k;)

where k is the syntactic category of continuation variables.
Note that the base language terms can occur inside signal
terms, but not the other way around. Furthermore, a vari-
able bound by let-snapshot can only be used in the base
language.

In the rest of this section we explain each of the reactive
constructs of RT-FRP in more detail.



2.3.1 Primitive Sgnals

The two primitive signals in RT-FRP are the current stim-
ulus input and the current time time in seconds. In this paper
we only make use of time, as it is sufficient for illustrating
all the operations that one might want to define on exter-
nal stimuli. In practice, however, input may be instantiated
to much more interesting types — such as mouse clicks, key-
board presses, network messages, and so on — since there are
few interesting systems that react only to time.

2.3.2 Interfacing with Base Language

The reactive part s of RT-FRP does not provide primitive
operations such as addition and subtraction on the values
of signals. Instead, this is relegated to the base language
e. To interface with the base language, the reactive part of
RT-FRP has a mechanism for exporting snapshots of signal
values to the base language, and a mechanism for importing
base language values back into the signal world. Specifically,
to export a signal, we snapshot its current value using the
let-snapshot construct, and to invoke an external computa-
tion in the base language we use the ext e construct.

To illustrate, suppose we wish to define a signal represent-
ing the current time in minutes. We can do this by:

let snapshot = < time in ext (z/60)

To compute externally with more than one signal, we have
to snapshot each one separately. For example, the term:

let snapshot z < s;1 in
let snapshot y < s3 in ext (z + y)

is a signal that is the point-wise sum of the signals s; and
$2. Those familiar with FRP will recognize this idea as one
of the lifting primitive operations into the signal world. We
can define lifting operators such as:

[lift0e] = exte
[liftl e s] = let snapshot z < s in ext (e x)
[lift2 e s1 s2] = let snapshot z; < s1 in

let snapshot z2 < s2 in ext (e z1 z2)

in which case the above two examples could be written more
simply as:

lift2 (/) time (lift0 60)
lift2 (+) 81 82

2.3.3 Sateful Constructs

There are two stateful constructs in RT-FRP: delay and
switch. The signal delay v s is a delayed version of s, whose
initial value is v. To illustrate the use of delay, the following
term computes the difference between the current time and
the time at the previous program execution step:

let snapshot £ < time in
let snapshot t; < delay 0 time in ext (to — t1)

As another example, the when operator in FRP turns a
Boolean signal s into an event that occurs whenever s transi-
tions from False to True. This useful operator can be defined
using delay:

[when s] = let snapshot z1 « s in
let snapshot z2 < delay False s in
ext (if 7z2 Az then ()L else ).

The second stateful construct, switch, is used to define sig-
nals that react to other signals. For example, a sample-and-
hold register that remembers the most recent event value it
received can be defined as:

(ext 0) switch on z < ev in (ext x).

This signal starts out as 0. Whenever the event ev occurs,
its current value is substituted for = in the body ext z, and
that value becomes the current value of the overall switch
construct.

2.3.4 Recursion

In addition to its role in exporting signal values to the
base language, the let-snapshot construct can also be used to
define recursive signals. By combining delay with recursive
signals, we can add internal state to signals. For example,
we can define the running maximum of a signal s as follows:

let snapshot cur < s in
let snapshot rmaz + delay (—oo) (ext max{rmaz, cur})
in ext rmax

rmax is —oo in the initial step. At the (n + 1)-th step, it is
updated to be the larger one of its previous value and the
value of s at step n. Therefore rmax records the maximum
value of s up to the previous step.

A particularly useful stateful operation that we can ex-
press in RT-FRP is integration over time, defined below us-
ing the forward-Euler method:

[integral s] = let snapshot t  time in
let snapshot v < s in
let snapshot st « delay (0, (0, 0))
(ext ((z, (v, t)) where
(0, (vo, to)) = st
1 =10+ Uo(t - to))
in ext (fst st).

Note that the internal state of integral s is a tuple (i, (v, t)),
where i is the running integral, v is the previous value of s,
and t is the previous sample time.

Integration is extremely useful in the definition of control
systems. For example, the velocity of a mass m under force
f and friction kv can be described by the recursive integral
equation:

v= /(f — kv)/mdt
The RT-FRP encoding for this signal is simply:

let snapshot v < integral (ext (f — k * v)/m).

2.3.5 Modes and Continuations

RT-FRP provides two additional constructs, namely let-
continue and until, that allow the definition of multi-modal
signals, that is, signals that shift from one operating mode
to another depending on the occurrence of events.! For ex-
ample, here is a system that switches between two signals

1t is technically possible to use let-snapshot and switch to
do this, but the result is much more awkward, and requires
extensive escape to the base language.



s1 and sz depending on the occurrence of an event ev:

let snapshot y1 < s1 in

let snapshot y2 < s2 in

let snapshot x « ev in

let continue { k1 y = ext y1 until (ext x = ka),
ko y = ext ys until (ext z = k1)} in

ext y1 until (ext z = k2).

The let-continue declaration defines a set of mutually re-
cursive continuations. A continuation is essentially a signal
parameterized by a variable, and corresponds naturally to a
mode in control systems design. The until construct is used
to jump between continuations at event occurrences.

As a more concrete example, consider the task of imple-
menting a thermostat in RT-FRP. A thermostat has two
modes. In the On mode, the heater is on, and the tem-
perature rises according to some flow condition. When the
condition “temperature > Thigp” occurs, it switches to the
Off mode, and the temperature gradually drops. The ther-
mostat jumps back to the On mode when “temperature
< Tiow” becomes true. The following program defines such
a system:

let snapshot t < temperature in
let continue
{ on z = (ext 1) until (when (ext (¢t > Thign)) = off),
off x = (ext 0) until (when (ext (¢ < Tiow)) = on) }
in (ext 1) until (when (ext (¢ > Thign)) = off)

2.3.6 Switch in Terms of Continuations

It is possible to express the switch construct in terms of
continuations (where y and k are fresh):

[s1 switch on z < ev in s2]
= let snapshot y < ev in
let continue {k = = s until (ext y = k)}
in (s1 until {(ext y = k)).

For clarity, we will define the typing rule and operational se-
mantics for switch directly. When we present the semantics,
it should be easy to verify that the translation is preserved
by execution. For this reason we will not consider switch
when proving properties about RT-FRP.

3. SEMANTICS OF RT-FRP

In this section we present and explain the type system
and operational semantics of RT-FRP.

3.1 Notation

We use the notation (f;)€{1"} as shorthand for a finite
sequence (f1, f2, ..., fn). We omit the superscript j € {1..n}
when it is obvious from the context. Similarly, we write

{fj}jE{l--"} or {f;} for a finite set {fi, fo, -+, fal}-
3.2 TypeSystem

For simplicity of presentation, we do not explicitly distin-
guish between the reactive types for RT-FRP and the types
provided by the base language.

3.21 Types
The syntax for RT-FRP types is defined as follows:

g u= input|real|unit|gxg|lgi|lg—g

The meaning of these types will vary depending on whether
they are assigned to base language terms or RT-FRP sig-
nals. In the first case, g will have its usual interpretation.
In the second case, it will mean “a signal carrying a value
of type ¢”. In FRP, these would be written e :: ¢ and s

Behavior g, respectively. Using two different interpre-
tations makes it possible to describe the latter case as “a
signal of type g”.

The type input is a placeholder for the signature of the
external stimuli visible to the system. The real is for real
numbers, and unit is a singleton type. The type g1 is a
“maybe ¢g” value. Having the latter type in the base lan-
guage allows us to treat behaviors and events uniformly as
signals (in the manner explained at the beginning of the pre-
vious section). The type g1 — g2 is for functions that take
an argument of type g1 and return a value of type ga.

It will be convenient in the definition of the type system
to identify the following set of base types, that is, types that
do not have a functional part:

b == input|real|unit|bxb|by

3.2.2 Contexts

A wvariable context T is a function from variables to anno-
tated types. An annotated type could be either exportable
(written 1 g) or local (written g). These annotations are
need to ensure that the phase distinction between the eval-
uation of a term and updating a term is reflected in enough
detail so as to allow us to guarantee type safety, even in the
presence of recursion.

We will also treat contexts functions as sets (their graph).
We require all variable names in a program to be distinct.

Variable contexts I' = {z;:7g;}

where ?7g is an annotated type. The annotations allow us
to define the following two functions on variable contexts,
called ezpose and ezport, respectively:

Mzi?9} = {zj 19}
I{zitgitU{zr:ge}) = {=zj:9;}

A continuation context A is a function from continuations
to types.

Continuation contexts A == {k;:g; = g; }-

A binding k : ¢ — ¢’ in A means that k is a continuation
that takes a value of type g and returns a signal of type g'.

3.2.3 Typing Judgment

Figure 1 defines the RT-FRP type system using a judg-
ment I'; A ks s : g, read “s is a signal of type ¢”. The
signal input has type input. The signal time has type real.
The term ext e is a signal of type g when e is a base lan-
guage term of type g. In this typing rule, e is typed without
using A. Intuitively, this means that continuations cannot
be exported to the base language.

The type of delay v s is the type of s, given that the base
language term v has the same type. Note, however, that the
term s must have a base type b. This technical restriction is
necessary to ensure type preservation.

A term let snapshot x < s1 in s» has the same type as s2,
assuming that s; is well-typed. The typing reflects the fact
that this is a recursive binding construct, and that z can
occur anywhere. In s; switch on £ < ev in s2, ev must have



(t1)

I'; AFs input:input

Oy v:b
Jlkye:g 10 Abs s:b

I' Abs exte: g (t4)

. icJ
{TU{zitgil; {k; : g = gf P Fs i g} }'€
I; AU {k; :w—)g}}”ej Fs s:g

I; Ats let continue {k; z; = u; €/ ins:g

- t2
I'; AbFs time: real

I Abs delayv s: b (t5)

(t7)

TU{z:g1}; Aks s1:q1
TU{z tgi}; Ats s2: g2

T'; A ks let snapshot z « s1in s2: g2 (t3)
T;AFs s1: g1
T Abs eviga
TU{z tg2}; Abs s2: 91 (t6)

T'; Abs s1 switchon z < evin sz : g1

[0ks s:g  {1T50Fs evj:g;, }
T3AU{kj:g; > g}ts suntil (ev; = kj):g

(t8)

Figure 1: Type System for Reactive part of RT-FRP
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Figure 2: Type System for an Example Base Language for RT-FRP

an event type, s; and sz should be of the same type, and
the scope of z is in s2.

The type of a continuation k has the form g — ¢’, meaning
that when fed a value of type g, k becomes a signal of type g'.
A group of mutually recursive continuations are defined by
let-continue. A continuation definition has the form k x = u,
where z is the formal parameter for k, and » (an until term)
is the definition body. Note that u can only contain those
continuations being defined in the same declaration. These
constraints resemble tail recursion, and so we call such terms
tail signals. Intuitively, the constraints establish a set of
simple scoping rules for continuations:

1. The definitions {u;} in a new continuation declaration
cannot refer to surrounding continuation declarations

A.

2. In s until (ev; = k; ), none of the sub-terms can con-
tain free continuations, as shown by the rule t8.

The analogy with tail recursion lies in that just as tail calls
have to be the last calls made, an invocation of a tail signal
has to be the last invocation made.

In a term s until (ev; = k;), the type of an event ev; must
match the parameter type of the continuation k;, and the
result type of all k; must be the same as the type of s.

To use a concrete example for the base language, Figure
2 defines a fairly standard type system using a judgment
T'Fy e: g, read “e is a base language term of type g.”

3.3 Operational Semantics

We now present the full details of the operational seman-
tics of the reactive part of RT-FRP.

3.3.1 Environments

Program execution takes place in the context of a variable
environment £ and a continuation environment K:

Variable environments E u= {z;—v;}
Continuation environments K 1= {k; — Azj.u;}.

A variable environment is used to store the current values
of signals, and hence maps signal variables to values. The
environment K maps a continuation to its definition. The
lambda abstraction makes explicit the formal argument and
the signal parameterized by that argument.

3.3.2 Two Judgment Forms

Figure 3 defines the single-step semantics by means of
t,i
two judgments: € F s i v, read “s evaluates to v”, and

£ K F s 2% ¢, read “s is updated to become s””. Note
that the semantics for each step is parameterized by the cur-
rent time ¢ and the current input 7. Sometimes we combine

t,
the two judgments and write £&; K F s < v,s’. When the

environments are empty, we write s <t—>l-> v, 8.

The role of evaluation is to compute the output of a term.
The role of updating is to modify the state of the program.
We will explain the rules of each of these judgments shortly.

The overall execution, or “run”, of an RT-FRP program is
modeled as an infinite sequence of interactions with the en-
vironment, and in that sense does not terminate. Formally,
for a given sequence of time stamps and external stimuli
{(to,%0), (t1,%1),...), a run of an RT-FRP program s¢ pro-

thig
duces a sequence of values (v, v1,...), where s < Uk, Sgp+1
for some sequence (sk+1). Thus, a run can be visualized as
an infinite chain of the form:

to,ip t1,i1 tn,in
S0 = V0,81 “—* V1,82...8n = Un,Sp+1...
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Figure 3: Operational Semantics for RT-FRP

3.3.3 The Mechanics of Evaluating and Updating

The evaluation rule for calls to the base language (rule
e3) uses the judgment £ F e < v to evaluate the A-term e.
An example definition for this judgment is given in the ap-
pendix. Lambda terms are left unchanged during updating.

Evaluating the input and time constructs simply returns
the current value for the input and the time, respectively.
Updating these two constructs leaves them unchanged. Note
that, operationally, time is just one of the inputs.

The instantaneous value of delay v s is just v. But it is
updated to a new term delay v’ s’, where v is the previous
instantaneous value of s, and s’ is the new term resulting

from updating s.

Evaluation of let snapshot £ < s1 in s2 consists of two
stages: first, s1 is evaluated to get v; second, s2 is evaluated
with z bound to v, yielding the result. Updating the term
is done by updating both s1 and s».

The rules for s; switch on = < ev in sy are a bit involved.
If the event does not occur, the default signal s; is evalu-
ated as usual. Note that the updating rules do not update
the signal s» that is to be (eventually) switched into. This
means that signal begins execution only after the event oc-
curs. Moving to the next rule, if the event does occur, we
make a new default value consisting of s» where x has been



replaced by the current value of the event.

The evaluation of let-continue and until is straightforward
with one exception: the value returned by s until {ev; = k;)
does not depend on any of the events {ev;}. This behavior
is similar to that of switch. The motivation for this design is
to allow the user to define signals that react to themselves,
such as

let snapshot = « s; switch on y < when (ext (z > 10))
in sa,

which switches to the signal s when the value of itself ex-
ceeds 10.

The updating rules for let-continue and until are more in-
volved. For the construct

let continue {k; z; = u;} in s

the continuation definitions {k; z; = u;} are unchanged,
and s is executed with the continuation environment ex-
tended with the new definitions. For the construct

s until {ev; = k;)

the events (ev;) are tested one after another until the first
occurrence, then the signal evolves to the definition of the
corresponding continuation, with its formal parameter re-
placed by the value of the event. If no event occurs, then
we get back the original term with the sub-terms updated.

3.4 What Can Go Wrong?

RT-FRP supports two forms of recursion [6]: recursive
pure signals as defined by let-snapshot, and recursive switch-
ing as defined by let-continue and until. This section dis-
cusses these two forms and the concrete run-time problems
they can cause.

34.1 Getting Stuck

To see how untyped programs that use let-snapshot can
get stuck, consider this example: evaluating

let snapshot z < ext = in ext x

requires evaluating ext z in an environment where x is not
bound (rule e5). The essence of this problem is that any
occurrence of x in the body of the let-snapshot should not
be “needed” during evaluation, although it could be used
during updating. In fact, the distinction between evaluation
and updating exists primarily so that evaluation can be used
to “bootstrap” the recursion in an early phase, so that we
can give a sensible notion of updating to such expressions.

3.4.2 Needing More Space

The second rule for updating until requires special atten-
tion, as it replaces a reactive term by a possibly larger re-
active term from the environment, and so could lead to un-
bounded program size. As an example, the program

let continue {k z = s1 until (ev = k) }
in so until (ev = k)

becomes larger when ev occurs, if the size of s; is larger than
that of ss.

4. PROPERTIES OF RT-FRP

In this section we prove the basic resource-boundedness
properties of RT-FRP, namely, that the time and space in
each execution step is bounded:

THEOREM 1 (MAIN). For any closed and well-typed pro-
gram, we know that

1. its single-step execution terminates and preserves type,
and

2. there is a bound for the time and space it needed during
1ts ezecution.

PRrROOF. The proof of the first part is a special instance of
Lemma 4. The proof of the second part requires formalizing
notions of cost and showing that they are bounded during
the execution of any program. []

In the rest of this section, we present the technical details
required to establish this result.

4.1 Type Presewation and Termination
4.1.1 Compatibility

In order to express the type safety property concisely, we
must have a concise way for expressing the necessary con-
straints on the environments involved in the statement of the
properties. In general, we will need to assume that a given
value environment is consistent with a given type context.
We say an environment £ = {z; — v; ¥ <" is compatible with
a context I' = {z; : g;}'¢”, and define T' I £ as follows:

{{zs - 97} Fx vit g}
{z - g e H{zj = v pET

ieJ

Similarly, we say K = {k; — Az;.u; }'€” is compatible with
I and A = {k; : g; = ¢;}'€’, and define Iy A + K as
follows:
{DU{zi : 1gi}; {hs 2 95 = g€ bs wiz g}
U5 {kj - g5 = g; 1€ F {kj = Azju; }e/
It is easy to show the above definitions enjoy the following
forms of weakening:

LEMMA 2 (BASIC PROPERTIES).
T'FE Thywv:g
;00 Tu{z:g}rE&U{z— v}

ARFK T;ARK
D;AUA'FKUK!

TU{z:g1};AFs:90
TTU{z:1};AFs:g0

4.1.2 Assumptions about Base Language

In order to prove the key properties of RT-FRP, we must
be explicit about our assumptions about the base language.
We assume three key properties of the base language: First,
that evaluation terminates and preserves typing. Second,
that values of lifted type be of the two obvious forms dis-
tinguished at the head. Third, that the type system enjoys
substitutivity. These requirements are formalized as follows:

JTHE [T'kye:g
. (EFe—=sv [Tkyv:g)

JTEx v:igL
v=LlorI.(v=0v] [Tkxv:g)

IThye:g JTU{z:g}Fre:¢g
JTEy ezi=e]: g




4.1.3 Substitutivity

Using the substitutivity assumption about the base lan-
guage, it is now possible to establish the following lemma
for RT-FRP:

LEMMA 3  (SUBSTITUTION). Whenever JI'Fy v : g and
TU{z:1tg};AlFs s:g', we have T; Ats s[z:=v]: g

4.1.4 Main Lemma
LEMMA 4 (TYPE PRESERVATION AND TERMINATION).
For ollT, A, E, K, s, and g,
1. if _ITF & and T'; A ks s: g, then there erists a value
v such that & + s‘th} and [T'Fy v:g, and

2. PTHE and ;A K and T; A Fs s :

there exists a term s such that £; K + s L4 ¢ and
T;AFs s’ i g.

g, then

PRrROOF. The proof of both parts is by induction over the
height of the typing derivation. The proof of the first part
uses the assumptions about the base language to establish
the soundness of the ext construct. The proof of the second
part uses the substitutivity property, and the first part of
the lemma. O

After this property is established, it is easy to see that not
only is evaluation always terminating, but it is also deter-
ministic whenever the base language is also deterministic.

4.2 ResourceBoundedness

Having established that the language is terminating, we
now come to the proof of the second part of our main the-
orem, namely, time- and space-boundedness. As a measure
of the time and space needed for executing a program, we
will use term size at run-time (modulo the size of base lan-
guage terms). This measure is reasonable because of two
observations: First, the size of a derivation tree is bounded
by the term size. Second, the derivation is syntax directed,
and so the time needed to propagate the information around
a rule is bounded by the size of the term (assuming a naive
implementation, where each term is copied in full). Thus,
our focus will be on showing that there exists a measure on
programs that does not increase during run-time.

We formally define the size of a term s, written |s|, to be
the number of constructors, base language expressions, and
continuations in the term:

linput|] = 1

[time] = 1

[exte] = 2
|delay v s| = 2+ |s]

|let snapshot = < s1 in so| 2+ |s1] + |s2]

|let continue { kj z; = u; P} in g
= 1+42n+X7_|uj| + s
s until (ev; = k; Y€l
= 1+n+|s|+ X7 |ev;|
As mentioned earlier, the size of a term can grow at run-

time. However, we can still show that there exists a bound
for the size of the term at run-time. The following function

(on continuation environments and terms) will be used to
define such a bound:

I{kj = Azju;}| = max ({0} U {Ju;l,})
linput|,, = 1
[time],, = 1
lextef,, = 2
Idelay v s|,, = 2+]s],,

|let snapshot x < s1 in sz, 2+ |s1],, + 1521,
|let continue { k; ; = u; YU} in g
= 1+42n+ Z;L:1|uj| + ||8||ma,x{\|{kj!—))\a:j.uj}je'{l""}",m}

|s until {ev; = k; y/€t-m3)

= max{l+n+|sl,+Ziilevily, m}.
where m in ||s||,, is the size bound for the free continuations
in s.

In order to establish the bound, we must always consider
a term in the context of a particular continuation environ-
ment. Thus we define the term size bound for a term s under
continuation environment K to be |s| . First, it is useful
to know that this measure is an upper bound for term size
|s:

LEMMA 5. For all m and s, |s| < |s|,,,-

PROOF. By induction on s. []

Now we can show that even though term size can grow dur-
ing execution, its size bound as defined by ||, does not:

LEMMA 6. (Bound Preservation) &;K F s LY ¢ im-

plies [s'[[;c; < Islx)-

ProOOF. The proof is by induction on the derivation for
EKEs LY ¢/ In what follows, we let m = |K|.

1. The last rule used in the derivation is ul, u2, or u3. In
this case s = ¢'. Hence ||s'|,, < |s],,-

2. The last rule in the derivation is u4. Then s = delay v s1,
s’ =delay v’ si, and £; K F s1 L By induction
h)ipothesis, )
Il = 2+ 51l <2+ 151l = 18]

3. The last rule is u5, or u9. The proof is by induction
hypothesis.
4. The last rule is u8. We know that
s = let continue {k; x; =u; } in 51
s' = let continue {k; T; = u; } in s}
and & KU {k; — Azju;} F s1 25 s
Note that
IKUA{k; = Azj.u;}
= max{max{|u;|,}, m}
max{|{k; — Az;.u;}|, m}

Hence by induction hypothesis,

I, ,

1+ 2n 4 37 |uj| + |51 ||ma.x{”{kjb—))\mj.u]-}\|,m}
1420+ i |u;| + ||51||max{|\{kj.—mzj.uj}u,m}

Il

INA



5. The last rule is ul0. In this case,
s = s1 until (ev; = k; )]'E{l..n}7

and s’ = u[z := v], where (k — Az.u) € K for some k

and z.
Is'll.
= |ul,,
= max{1+n+|[sz2|, + Zjlevj|y, m}
where u = s2 until {ev; = k; )y €t
= max{1l+n+|sz2|,+ Z;|evj],,0,m}
= max{|ufg, m
= m (since (k +— Az.u) € K)
< sl

And we are done. []

5. DISCUSSIONAND RELATED WORK

Several languages have been proposed around the syn-
chronous data-flow notion of computation. The general-
purpose functional language Lucid [38] is an example of this
style of language. More relevant to the present paper are the
languages Signal [10], Lustre [3], and Esterel [1, 2], which
were specifically designed for control of real-time systems. In
Signal, the central notion a signal, a time-ordered sequence
of values. This is analogous to the sequence of values gener-
ated in the execution of an RT-FRP program. The designers
of Signal have also developed a clock calculus with which one
can reason about Signal programs. Lustre is a language sim-
ilar to Signal, rooted again in the notion of a sequence, and
owing much of its nature to Lucid.

Esterel is perhaps the most ambitious language in this
class. Compilers are available that translate Esterel pro-
grams into finite state machines or digital circuits for em-
bedded applications. In relation to our current work, a large
effort has been made to develop a formal semantics for Es-
terel, including a constructive behavioral semantics, a con-
structive operational semantics, and an electrical semantics
(in the form of digital circuits). These semantics are shown
to correspond in a certain way, constrained only by a notion
of stability.

None of these synchronous data flow languages seem to
have considered recursion. Synchronous Kahn networks [4]
extended these proposals with recursion and higher-order
programming, yielding a large increase in expressive power.
The downside of such extension is that resource-boundedness
is no longer guaranteed. In RT-FRP we have shown that,
using some syntactic restrictions and a type system, it is
possible to achieve such a bound.

Mycroft and Sharp [25] develop a statically allocated par-
allel functional language for the specification of hardware.
Their language allows recursion, and restricts recursive calls
to tail calls. However, they use an explicit notion of a syntac-
tic context to specify what is a tail call, and restrict recursive
functions. In our work, we have integrated this restriction
into the type system. It will be interesting to see an inte-
gration is also possible in their setting.

A hybrid automaton [11, 22] is a commonly used formal
model for a hybrid system, and consists of a finite number
of control modes. Discrete events trigger the system to jump
from one mode to another. Within one mode, the system
state changes continuously. Although we have not formally
established such a result, we expect that, in the limit as

the maximum sampling period goes to zero, an RT-FRP
program can implement a hybrid automaton.

CML (Concurrent ML) formalizes synchronous operations
as first-class, purely functional, values called events [32].
FRP’s event combinators “.|.” and “==>" correspond to
CML’s choose and wrap functions. There is a basic differ-
ence, however, between the meaning given to events in these
two approaches. In CML, events are ultimately used to per-
form an action, such as reading input from or writing output
to a file or another process. In contrast, our events are used
purely for the values they generate.

Previous work on FRP defined an implementation seman-
tics that uses streams (potentially infinite sequences). This
semantics is used as the basis for most current FRP imple-
mentations. The fundamental difference in our work is that
we define sequences of whole program ezecution and not just
sequences of values. As such our work presents an explicit
model of the mechanics of executing a subset of FRP pro-
grams, and shows how this model can be used to establish
guarantees that are relevant to embedded systems applica-
tions.

It may be surprising to a reader familiar with FRP that
some of its basic constructs are missing in RT-FRP. Many
of these constructs, however, are definable in RT-FRP. In-
deed,we have already defined when, several lift operators,
and integral. In addition, FRP’s never and once operators
generate event values that never occur and occur exactly
once, respectively. They can be expressed in RT-FRP as
follows:

[never] = ext L

[once ev] = let snapshot z2 < ev in
let snapshot =1 < delay L
(ext (if z1 = L then z2 else z1)) in
ext (if x1 = L then z2 else 1)

FRP’s till operator, similar to the until construct in RT-FRP,
can be translated as follows:

[s1 till ev then s3] = s1 switch on x < once ev in sz

Frappé [5] is an efficient implementation of a subset of
FRP in Java. The exact subset has not yet been formally de-
scribed or characterized. With suitable extensions, RT-FRP
could serve as a model for Frappé. In addition, a number
of interesting evaluation strategies (called push, pull, and
hybrid) have been explored in the context of Frappé? and
we are interested in formalizing these models and studying
their properties.

This paper presented a model of machines that work in
an environment that provides a type of stimulus. Although
we have discussed how a base language can be invoked from
within FRP, we have not proposed a method for combining
or integrating the kind of machines that we have presented
here. Ongoing work at Yale by Antony Courtney, Henrik
Nilsson and John Peterson suggests that Hughes’ arrows [17]
provide a natural mechanism for modeling signals that are
explicitly parameterized by an input type®. We expect that
this approach can be used as a bases for a language for com-
bining RT-FRP machines. We are particularly interested in

?Antony Courtney, personal communication, December
2000.
3Personal communication, May 2001.



seeing if this approach can be used to model asynchronous
systems of synchronous processes.

In this paper, we have chosen to focus on the issue of
bounded resources in the presence of recursion. Ultimately,
however, we are interested in more sophisticated models for
real-time systems, where resources are allocated according
to their priority (see Kieburtz [20] for a nice account from
the Haskell point of view). Signal, Lustre, and synchronous
Kahn networks [4] account for this via a clock calculus.
While this technique may apply directly to RT-FRP, this
still remains to be established.

There are many connections between the semantics here
and the semantics of multi-stage languages. Evaluating re-
cursive let-snapshot declarations requires evaluation under
a binder. This problem arises constantly in the context of
multi-level and multi-stage languages [35]. Our approach
the treatment of this problem, namely, using the exporta-
bility annotations in the type system, is inspired by the work
on multi-stage languages [23, 37]. Our evaluation and up-
dating functions are also analogous to the evaluation and
rebuilding functions of multi-stage language [35]. It will be
interesting to see if this analogy continues to hold as we
continue the development of RT-FRP.

Finally, we are interested in the study of cost-preserving
notions of equivalence in RT-FRP along the lines developed
by Sands [34].
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APPENDIX
A. BASE LANGUAGE SEMANTICS

Figure 4 gives the operational semantics of the base lan-
guage used in this paper.
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