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ABSTRACT

This paper proposes and develops the basic theory for a new
approach to typing multi-stage languages based a notion of
environment classifiers. This approach involves explicit but
lightweight tracking — at type-checking time — of the origina-
tion environment for future-stage computations. Classifica-
tion is less restrictive than the previously proposed notions
of closedness, and allows for both a more expressive typing
of the “run” construct and for a unifying account of typed
multi-stage programming.

The proposed approach to typing requires making cross-
stage persistence (CSP) explicit in the language. At the
same time, it offers concrete new insights into the notion of
levels and in turn into CSP itself. Type safety is established
in the simply-typed setting. As a first step toward introduc-
ing classifiers to the Hindley-Milner setting, we propose an
approach to integrating the two, and prove type preservation
in this setting.
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1. INTRODUCTION

At the untyped level, multi-stage languages are a unify-
ing framework for the essence of partial evaluation [32, 11,
10, 34, 25, 52|, program generation [36, 59, 3], runtime code
generation [2, 17, 18, 28, 29], and generative macro-systems
[21]. But until now, this was not the case for the typed set-
ting, as there have been different, orthogonal proposals for
typing multi-stage languages. In fact, ever since the incep-
tion versions of these formalisms, including those of Nielson
and Nielson [44, 46, 47, 51, 48, 45, 49, 50] on one hand,
and Gomard and Jones [35, 26, 27, 34] on the other, the
question of whether these languages should support either
closed code or open code has been unresolved. Code is open
if fully evaluated runtime value of this type can contain free
variables. Code is closed otherwise. Note that traditionally
in both call-by-name and call-by-value languages, values are
closed. Languages supporting closed code naturally allow for
safe runtime execution of this code. Languages supporting
open code naturally admit a form of symbolic computation.
Combining the two notions has been the goal of numerous
previous works.

1.1 Multi-stage Basics

Multi-stage programming languages provide a small set of
constructs for the construction, combination, and execution
of delayed computations. Programming in a multi-stage lan-
guage such as MetaOCaml [39] can be illustrated with the
following classic example!:
let even n = (n mod 2) = 0
let square x = x * X
let rec power n x = (x int -> .<int>. -> .<int>. %)

if n=0 then .<1>.

else if even n
then .<square .~ (power (n/2) x)>.
else .<."x * ."(power (n-1) x)>.
let power72 = (* int -> int *)
run .<fun x -> .7 (power 72 .<x>.)>.
Ignoring the type constructor .<t>. and the three staging
annotations brackets .<e>., escapes . e and run, the above
code is a standard definition of a function that computes
2", which is then used to define the specialized function
"2 Without the staging, however, the last step just pro-
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we talk about underlying calculus rather than the imple-
mentation.



it gets a value for x. To understand the effect of the staging
annotations, it is best to start from the end of the exam-
ple. Whereas a term fun x -> e x is a value, an anno-
tated term .<fun x -> .7 (e .<x>.)>. is not. Brackets in-
dicate that we are constructing a future stage computation,
and an escape indicates that we must perform an immedi-
ate computation while building the bracketed computation.
The application e .<x>. has to be performed even though
x is still an uninstantiated symbol. In the power example,
power 72 .<x>. is performed immediately, once and for all,
and not repeated every time we have a new value for x.
In the body of the definition of the power function, the re-
cursive applications of power are also escaped to make sure
that they are performed immediately. The run on the last
line invokes the compiler on the generated code fragment,
and incorporates the result of compilation into the runtime
system.

1.2 When is Code Executable?

A basic challenge in designing typed multi-stage languages
is ensuring that future stage code can be executed in a type-
safe manner. In particular, not all code arising during a
multi-stage computation is executable. In the expression
such as

<fun x > .7 (e .<x>.)>.

the sub-expression e should not attempt to execute the term
.<x>.. For example, e should not be run.

1.2.1 State of the Art

Moggi pointed out that early approaches to multi-level
languages seem to treat code either as always being open
or always being closed [40]. These two approaches are best
exemplified by two type systems motivated by different sys-
tems from modal logic:

A© Motivated by the (O modality from linear time tem-
poral logic, this system provides a sound framework
for typing constructs that have the same operational
semantics as the bracket and escape constructs men-
tioned above [14]. As illustrated above, the brackets
and escapes can be used in to annotate A-abstractions
so as to force symbolic computations. This type sys-
tem supports generating code, but does not provide a
construct corresponding to run.

A" Motivated by the [0 modality from modal logic, this
system provides constructs for constructing and run-
ning code [15]. Until now, the exact correspondence
between these constructs and brackets, escape, and
run where not established. It is known, however, that
all values generated during the evaluation of terms in
this language are closed. Thus, the connection be-
tween this system and symbolic evaluation is less ob-
vious than for the previous system.

There have been two distinct efforts to combine the features
of these two type systems:

AE The essence of this approach is to count the num-
ber of run’s surrounding the term .<x>. [42]. Un-
fortunately, this means that run cannot be lambda-
abstracted. This is a serious expressivity limitation,
because we cannot type

let x = .<1+1>. in run x.

when let is seen as syntactic sugar for a beta-redex.
The “run counting” approach propagates the informa-
tion about the presence of run and its impact on the
value it takes as its argument by change only the locally
perceived typing of the environment.

ABN This approach uses combinations of the temporal O
modality and the modal logic 0 modality to allow
both open code and a means to express that a cer-
tain code fragment is closed [42, 5, 8, 6, 7]. Using
a type constructor for closed values it is possible to
assign fun x -> run x the type [.<A>.]->[A], which
means that run takes a closed code fragment and re-
turns a closed value. But not all open code is unsafe
to run. Additionally, this approach is acceptable for
executing single-stage programs (which do not contain
future stage variables), but it is unnatural in the multi-
stage setting, and treats open code as a second class
citizen.

Thus, while the first approach allows us to run open code but
not abstract run, the second allows us to do the latter but
not the former. This paper presents a system that provides
both features.

1.3 Implicit Goals

The explicit goal of the present work is to address the
above limitations. This can be viewed as a quest for more
accurate types for multi-stage program. But an implicit goal
is to improve (or at least maintain) the particularly light-
weight nature of previous proposals for syntax, types, and
equational theory for multi-stage languages. This goal ex-
plains why explicit representations of future stage code are
not solutions that we will consider (c.f [60]). For example,
representing future stage computations by strings or even
datatypes does not provide the programmer with any help
in avoiding the inadvertent construction of syntactically in-
correct or ill-typed programs. A better alternative would be
the use of dependently typed inductive datatypes (as is done
for object languages programs in the recent work on Meta-
D [54]). This option, however, is substantially more verbose
than using a quotation mechanism like brackets and escape.
In addition, it forces the user to move to the dependently
typed setting and to give up Hindley-Milner type inference.
More importantly, it does not provide any immediate sup-
port for avoiding inadvertent variable capture problems, un-
less we also have access to FreshML types [55, 43], which
have not yet been studied in the dependent type setting.
Finally, all such representations are intensional. While this
allows the programmer to express program transformations,
it reduces the equational theory on future stage computa-
tions to syntactic equivalence [62, 67]. This reduction is not
always desirable.

1.4 Approach

We have considered reflecting the free variables of a term
explicitly in the types of open fragments, and borrowing
ideas from linking calculi [9], implicit parameters [38], mod-
ule systems [57], explicit substitutions [4], and program anal-
ysis [19]. The general flavor of such an approach can be
illustrated by the following hypothetical judgment:

TF (z): ()=t



Closer inspection of this approach suggests that it may not
be as appealing as it seems at first. A practical programming
concern with this approach is that types become very big, as
the size of a type would be linear in the number of variables
used in the term. Furthermore, to deal with a-renaming
correctly, variable uses should not be directly mentioned in
types. Thus, the term language needs to be extended to
handle this problem. In addition, a notion of polymorphism
would be essential. For example, the term

fun £ -> .<fun x -> .“(f .<x>.)>.

is a two-level n-expansion [13], and is used quite often in
multi-stage programming. It would be highly desirable to
have a single type for this function, so that it would not be
defined afresh every time we need it. This function would
need to take a value of type (t1)¢ — (t2)° and to return a
value of type (t1 — t2)¢ for “any” environment e. A reason-
able approach to dealing with this problem is to introduce
p polymorphism [66], but we would need to use negative
side conditions in the type system to stop the type {z : t}
from going outside the scope of this term. Negative side
conditions complicate unification, and in turn inference. It
is also unclear how this approach could be generalized to the
multi-level setting.

1.5 Organization and Contributions

Section 2 explains the need for explicit cross-stage per-
sistence (CSP), which is necessary for the development of
the notion of environment classifiers. The key insight be-
hind the work presented in this paper is that a carefully
crafted notion of polymorphic variables that are never con-
cretely instantiated is both possible and sufficient for provid-
ing an expressive type system for multi-stage programming
and at the same time avoiding the typing problems associ-
ated with introducing signatures into types. These variables
will be called environment classifiers, and are introduced in
Section 3.

The soundness of Hindley-Milner polymorphism in the
presence of statically typed brackets and escapes does not
seem to have been addressed in the literature (c.f. [7]). Dy-
namically typed versions of brackets, escape, and run have
been used to introduce a notion of staged type inference
[68]. Type safety has been demonstrated in this setting,
but it was also found that care must be taken in defining
the semantics of such language. Section 4 demonstrates the
soundness of typed multi-stage programming in the presence
of Hindley-Milner polymorphism.

Section 5 shows how a type system based on this approach
provides a unifying account of typed multi-stage program-
ming. This is demonstrated by presenting two embeddings
of both A© and A" into the new typed language. The new
type system has no more constructs than the previous sys-
tems.

2. CROSS-STAGE PERSISTENCE

The proposed approach requires the use of an explicit
treatment of cross-stage persistence. At the same time, it
sheds a new light on this basic notion. Cross-stage persis-
tence (CSP) [64] is the ability to use a value available in
the current stage in a future stage. If a user defined the
list reverse function, there is usually no reason to prohibit
them from using reverse inside future-stage code. This fea-
ture is used to allow the usage of both * and square inside

brackets in the power example.

The treatment of this feature has subtle interactions with
the run typing problem. Type theoretically, CSP can be
introduced in two distinct ways: Implicit and explicit. With
the implicit approach (used in the power example above),
CSP is only admitted on variables through a rule such as:

Nz)=t" m<n

n
'Fax:t

which compares the bracket-depth at which a variable is
bound (m) and makes sure that it is no greater than that at
which the variable is used (n). It must then be separately
demonstrated the there is an analogous notion of implicit
CSP (called “promotion”) that holds on terms [63, 42]. The
implicit approach, therefore, allows less structure than what
we show here to be possible and is essential for executing
open terms. In particular, the implicit approach (and devel-
opments based on it [7]) considers a term to be cross-stage
persistent if and only if its variables can be made cross-stage
persistent. With the explicit approach, there is a dedicated
construct with the following typing:

r Iz e:t
TS
I' - %e:t
which essentially allows us to pretend that we are surrounded
by one less bracket when we are typing the term e. To illus-
trate the kind of structure missing in the implicit presenta-
tion, consider the term:

<fun x -> ."(run .<.<x>.>.)>.

which evaluates under the standard untyped big-step seman-
tics for multi-stage languages (c.f. [62]) to .<fun x -> x>..
In the initial term, x is surrounded by only one bracket when
it is bound, and two brackets when it is used. Implicit CSP
means that we can consider the argument to run to be a term
.<.<...>.>. containing a cross-stage persistent constant x.
This is in fact mot a reasonable interpretation, because the
inner brackets will eventually be canceled by the escape in
the original term. Thus, the variable x is surrounded imme-
diately by the “right” brackets, and should not be treated
as a cross-stage persistent constant. An acceptable inter-
pretation, however, is that the argument to run is a term
.<...>. containing a cross-stage persistent constant .<x>..
The intuition is that inside the escape .<x>. is a legitimate
(typable) value, and we wish to use it inside another pair
of brackets. Equationally, these observations can be inter-
preted as:

(%(e)) % ((%e))

for any notion of typed equality ~ that we would be inter-
ested in. This distinction cannot be made if CSP is implicit.
Exactly why explicit CSP is useful for preserving the seman-
tics of classification becomes clear in details of the demotion
lemma. This lemma is the cornerstone in the argument for
why running a given code fragment preserves typing.

3. ENVIRONMENT CLASSIFIERS

We introduce the idea of environment classifiers by means
of a multi-stage calculus called A*. After presenting its type
system and semantics, we demonstrate its basic properties,
such as type safety. We also relate the various features of
A“ to previous proposals.
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Figure 1: Syntax and Static Semantics of Simply Typed \*

NOTATION 1. We define sets of terms in three ways:

is followed by a set of productions that can be used to
derive a term in the set being defined.

is followed by a set of productions that are allowed in
addition to ones previously introduced.

is standard set equality.

3.1 Basic Definitions

Figure 1 presents the static semantics of A“. The first syn-
tactic category introduced is environment classifiers, ranged
over by a and 3, drawn from a countably infinite set of
names W. Environment classifiers allow us to name parts
of the environment in which a term is typed. Named levels
are sequences of environment classifiers. They will be used
to keep track of which environments are being used as we
build nested code. Named levels are thus an enrichment of
the traditional notion of levels in multi-stage languages [14,
64, 62], the latter being a natural number which keeps track
only of the depth of nesting.

The first two type constructs are standard: Integers int,
and functions t1 — t2. Next is a-closed types («a)t, read
“a-closed t”.2 Note that the occurrence of a here is in a
binding position, and it can occur free in ¢. Last is the type
for code fragments (t)“, read “code ¢ in o”. Here « is in
a usage occurrence. Compared to previous work, the (¢)*
type is a refinement of A©’s Ot [14] (the latter also being
essentially the open code type used in previous proposals for
type systems for MetaML [63, 42, 60].) The « in this type is
an abstract reference to the environment in which this code
fragment was created.

Environments are ordered sequences that can carry either
a variable declaration z : t* indicating that x is a variable

2This quantifier is similar to universal quantification in sys-
tem F. The main difference is that it is restricted to a par-
ticular kind, and never instantiated to a concrete value. As
the full implications of these restriction are not yet known,
we have avoided using the notation V for this quantifier.

of type t that has been introduced at named level A, or
an environment declaration «. Additional well-formedness
requirements are given, but first we introduce expressions.

The first four kinds of expressions are standard: integers 1,
variables x drawn from some countably infinite set of names,
lambda abstractions Ax.e, and applications e; e2. The next
two constructs are « introduction (a)e, read “a-closed e”,
and instantiation e[a], read “e of ”. They allow the pro-
grammer to declare the start of new, named environments
and the embedding of an a-closed value into a weaker con-
text. The next three constructs are essentially the standard
constructs of MetaML [64]: Brackets (e)®, escape ~e, and
run run e. Having an « annotation, however, is not stan-
dard. While this annotation has no effect on the operational
semantics, it is a declaration of the environment this code
fragment should be associated with. We take the last « in
the environment as the default, and require the user to pro-
vide one explicitly only when it is different from the default.
Next is an explicit construct for CSP %e. In MetaML, CSP
is limited (by typing rules) to variables [64]. In the current
proposal, however, CSP will be allowed on terms.

As mentioned before, environments are ordered. There
are additional requirements on environments. A type is well-
formed under a given environment, written I' + ¢, when
all the free environment classifiers in ¢, written GV (¢), are
contained in the declarations in I'. An environment is well-
formed, written I I', when all free variables in a type and the
named level for a binding are introduced in the environment
to its left.

3.2 Type System

The first four rules are mostly standard. As in type sys-
tems for multi-level languages, the named level A is prop-
agated without alteration to the sub-terms in these con-
structs. In the variable rule, the named level associated
with the variable being typed is checked and is required to
be the same as the current level. In the lambda abstraction
rule, the named level of the abstraction is recorded in the
environment.
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Figure 2: Stratified Expressions, Values, Demotion, and Reductions for \*

The next two rules are for a introduction and instanti-
ation. For a (new) a to be introduced around a type, the
term of that type must be typable under the current environ-
ment extended with « at the top. The type system and the
well-formedness conditions ensure that o was not introduced
previously by the environment I'. The well-formedness con-
ditions on environments therefore ensure that « can only
occur in environments used higher up in the type derivation
tree, and to the right of this a. Proof-theoretically, these
environments are the ones that « classifies. The rule for o
instantiation allows replacing « in any a-closed type by any
classifier 3 in the current environment.

The rule for brackets is almost the same as in A© and
in previous type systems for MetaML. First, for every code
type a classifier must be assigned. This classifier must al-
ready be declared in the environment. Second, while typing
the body of the code fragment inside brackets, the named
level of the typing judgment is extended by the name of the
“current” classifier. This information will be used in both
the variable rule and the escape rule to make sure that only
variables and code fragments of the same classification are
ever incorporated into this code fragment. The escape rule
at level A, « only allows the incorporation of code fragments
of type (t)“.

The rule for CSP itself is standard: It allows us to in-
corporate a term e at a “higher” level. However, we will
see in the rest of the section that using named levels has a
significant effect on the role of CSP. Finally, the rule for run
allows us to execute a code fragment of type (¢)* only if it
is a-closed.

3.3 Reduction Semantics

Figure 2 presents the definition of the reduction semantics
for A%, and some auxiliary definitions needed for character-
izing the behavior of typings under reductions.

Levels are natural numbers. Stratified expressions are
used to define values. There are two essential properties that
stratification is used to capture: First, escapes can only oc-
cur at levels n+ in expressions and n + + in values. Second,
% can only occur at level n+ in both expressions and values.

Demotion is an operation needed to convert a value (v')

into an expression e®. This is needed to carry out the run
reduction, which takes a term “free of level 1 escapes” and
runs it. In multi-stage calculi where there is no explicit CSP,
this operation is syntactic identity (c.f.[42]). The definition
here is similar to previous definitions used in calculi with
explicit CSP (c.f. [7]), except that previous work defines
demotion in the case of % at the lowest level (0) as:

%elo = ez == %xs] {z:i} = FV(e)

The definition presented here:

1. uses the named level of the argument rather the level
of the result (in this case « rather than 0). The names
of the levels will be used to generate the coercions dis-
cussed next.

2. does not perform the substitution for all the free vari-
ables, but rather, for a specific set of variables that
come from the set X. As we will see in this section,
the variables that are unaltered are essentially the ones
that come from “outside the current environment clas-
sifier @”. Given the typing of run, this also means that
they are variables outside the scope of the current in-
vocation of the run construct. This is essential for
correctly dealing with the execution of open code, and
will allow us to ensure that a term such as:

. ((run (a)

.<fun x -> <%.<x>.>.) [b])>.

reduces to
<fun x -> x>.

3. does not substitute with % but rather %4, which in-
volves an additional set of escapes and brackets around
its argument to make sure that the bracket that is be-
ing removed corresponds to the “right” environment.
As we will explain at the end of this section, %s and
matching brackets and escapes are computationally ir-
relevant, so this coercion is used only to capture the
information needed to make these operations type the-
oretically correct.
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Figure 3: Big-step Operational Semantics for A\

Essentially all previous formulations of the demotion oper-
ation, whether explicit or implicit, traverse the whole term
that is being demoted, only counting brackets, and not act-
ing in a special way when a CSP point is encountered. This
is a weakness, as brackets contained in a cross-stage persis-
tent constant really bear no connection to the brackets that
are currently being eliminated. The definition of demotion
proposed here reflects this action in the case of %.

There are four basic notions of reduction for \*. The
reduction is almost standard. The restriction to stratified
expressions and values of level 0 means that we cannot apply
this reduction when any of the sub-terms involved contains
an escape that is not matched by a surrounding bracket
[62]. The W reduction is similar to 3, but is for the classi-
fier constructs. The escape reduction says when an escape
can “cancel” a bracket. Similarly, the run reduction says
when a run can cancel a bracket. Like previous definitions,
the value restriction is essential for demotion to work: we
can only eliminate a pair of brackets when all their corre-
sponding escapes have been eliminated. Demotion is then
used to make sure that the level 1 value is converted to an
appropriate level 0 expression. This only involves reorganiz-
ing %s, which we will argue are computationally irrelevant
at the end of this section.

The definitions of %I, |T'|, and I'* will be used in charac-
terizing the typing behavior of demotion.

3.3.1 Subject Reduction
A desirable property of a typing is to withstand reduction:
THEOREM 2
A
{B,E,R,W}. Whenever I' - e1 : t and e1x —, ez, then
A
I+ €9 t.

(SuBJECT REDUCTION). Let p range over

Establishing this theorem requires proving the key property
for each of the reductions. For the § reduction, the main
lemma needed is one that shows that typing is well-behaved
under substitution:

Ay
1.TF e :tiandl,x:

LEMMA 1  (SUBSTITUTION).

4 Ao Az
7T oeo i to implies T,TY F eox :=e1] : to.

A
2. B € dom(T") and ' - e : t implies
Alai=p]
ela:= 0] : tla := f].

MNa:=p] F
The reduction for escape is straightforward. The reduction
for run requires characterizing the manner in which demo-
tion affects typing. In the special case, demotion can be
characterized as follows:

Ao

LEMMA 2 (SPECIAL DEMOTION). [a b o' :t

A
implies T,a vl [0 t

This lemma gives us a way to take a value v € V! typable
at level A, a, and under an environment where the classifier
a is at the top, and produce a term that has the same type,
but at level A. This term will be computed by demoting v.
Having such a well-defined set of conditions for “shifting a
term down a level” is necessary for safe execution of code.

Both to carry out the proof for the above lemma, and to
show that reduction “at any level” preserves typing, we need
a more general (albeit less readable) result:

A A,a,A A
(DEMOTION). I, o, "4 1 glod’l g

LEMMA 3

A A ey I
implies T', o, T’ Foole ‘la ait



To deal with the case for % at level a;, we need a lemma:

Al
LEMMA 4. T, o, T4 T" b e: t implies

Al

Do, T4 T F e[wlV] : t

Where I'* and %I are defined in Figure 2. Note that the
latter converts an environment into a substitution. The ap-
plication of this substitution to a term e is denoted by e[%I'].

3.4 Type Safety

Figure 3 presents the big-step semantics for A*. With the
exception of classifier abstraction and instantiation and run,
the rest of the rules are standard for multi-stage languages
(see for examples [60, 42, 62, 7]). The rule for run is almost
standard, except for the fact that it requires its argument to
evaluate to a classifier abstraction rather than just a code
fragment. Furthermore, it propagates this classifier abstrac-
tion in the return value.

LEMMA 5. 1. e <% ¢’ then it is the case that ¢ € V™.

L4 AL, L8,
2.T"Fe:t and e — €' implies that T e : ¢t.

If evaluation goes under some lambda abstraction, it must
be at some named level o, A, and not simply a named level.
To express this fact in typing judgments, we introduce the
following auxiliary definition:
rt e Gt [T, z:t* | TF, a

To establish type safety, we must extend our big-step se-
mantics with rules for generating and propagating errors.
Errors are represented by extending all expression families
by a unique term err. The main problematic case for multi-
stage languages is that evaluation at level 0 should not en-
counter a free variable. Thus, it is necessary to include this
as an error-generating case in the augmented semantics.

A A
THEOREM 3. ' Fe:t ande Ao then e # err.

The proof uses the lemmas introduced for subject reduction,
in addition to properties of the big-step semantics.

3.5 Erasure Semantics

As the reference point we use the untyped big-step and
reduction semantics for MetaML [62]. The additional con-
structs introduced in this paper are designed to be compu-
tationally irrelevant. The sense in which they are irrelevant
is captured by an erasure function from A\* to AV (of [62]),
and is defined as follows:

lil =4, |z] = =, |Az.e| = Az.fe], Jlex e2] = [ea] [ez],
[(@el = lel, lela]l = lel, )™ = (lel), I7el = ~lel,
[rune| = run fef, |%e] =~ ((Az.(z)) [e])

A basic equational theory can be built from the reflexive,
symmetric transitive closure of the notions of reductions pre-
sented above. We expect to be able to justify the soundness
of such an equational theory by lifting the equational theory
for the underlying untyped calculus AV using the erasure
function above. We use a standard definition of observa-
tional equivalence but which is indexed by levels. We leave
this development to future work.

4. POLYMORPHISM

Because of the practical utility of automatic type infer-
ence, an important extension of the A* calculus is the one to
Hindley-Milner polymorphism [12, 31]. In this setting, poly-
morphism is implicit, but is limited to definitions introduced
by a let-construct. Thus, the term let id = Az.x in e will
bind the polymorphic identity function with type V7.7 — 7
in the body e whereas (Aid.e)(Az.z) will bind a monomor-
phic identity of type (say) int — int in e.

As (a)t is already a form of quantification at the level
of types (albeit over classifiers rather than general types) it
can interfere with polymorphism. The central problem has
to do with the a-substitution on types, which is needed in
the rule for a-instantiation:

A
'te: ()t THP
Ao

I F elf]:ta:=70]

Substitution is problematic when ¢ is (or contains) a type
variable: This type variable may at a later point become in-
stantiated with a type containing «. As a concrete example
consider the following legal typings of the term Az.z[]:

BF Ax.z[8] : ((w)int) — int
B F xz.z[] : ((o)(int)*) — (int)”?

What could be a type that generalizes both of these types?
If this problem is not addressed, then the system lacks prin-
cipal types. A reasonable candidate is V7.((a)7) — 7. But
this type cannot be instantiated to the type in the second
derivation above, as it would require the value of 7 to depend
on the locally-bound name a.

One solution to dealing with this problem would be to
use function types, thus allowing type variables to depend
on the context in which they are used. They would allow us
to unify the two above mentioned types into one type:

vr.((@)7[a]) — (4]

But with general type functions it is likely that type infer-
ence would become problematic. Thus we consider here a
less standard approach that allows us to prove type safety
for an expressive language, and which seems likely to enjoy
reasonable inference properties. This approach explicitly de-
lays the a-substitutions in type schemes until type variables
are instantiated, at which point the a-substitutions can be
resumed. The type scheme for the term in the derivations
above would be V7.((a)7) — (7(a := )). Instantiating
(int)* for T would give the type ((a)(int)*) — (int®).

The type schemes need to remember any a-substitution so
we extend the syntax for types with delayed a-substitutions.
As a-substitutions can be pushed all the way down to type
variables, we will only annotate type variables: 7(0) where
0 = {a; := a}} is a set of a-substitutions.

The syntax and type system for polymorphic A* are pre-
sented in Figure 4. The main change to the simply typed
version of the type system is that environments carry type
schemes instead of types. In the variable rule type schemes

are instantiated according to the o ; t relation. The ab-
straction rule binds the variable to a monomorphic type:
V().t1 which has only ¢; as an instance. On the other hand
the rule for let generalizes the type t1 over all free type vari-
ables in ¢1 that are not in I'.



Type Schemes c € ¥ u= V7i,...,Tat
Types with Variables t € 77 u* 7(6)
a-Substitution 0 € R == ar1:=01,...,an:=0n
Expressions e € E7 ::; let x = e1 in ez
Auxiliary definitions:
v {11,...,7} =FTV() \ FTV(I')
Wt;t{@} ClOSG(t,F)EVTh...,Tn..t
Type System:
A r A A A
Ik Nz)=0* o=t TF Iz : VOt Fe:ts ke :ty—ta Thex:ty
A A A A
I'4:int 'kax:t ' Are:ti — ta 'k eres:ta
A A Ao
Make:t F'te:(a)t THP 'k e:t THa
A A A
'k (a)e: (a)t 't e[g]: t{a:= 8} L {e)*: ()~
A A Ao A A A
Lke: H)” F'te:t T F Lke: (a){t)” Ikei:ty Dz:close(ty, D) F es:ty
A, A, A A
T “e:t T %e : t T'krune: (a)t T'kletz=e;ines:ts

Evaluation. The same rules as for - < - in Figure 3:

0
*61} — e4

eslz :

n—+ n—+
€1 — €3 €2 — €4

. 0
let x =e1in ez — ey let

. n+ .
—e1inex —letx =e3in ey

Figure 4: Polymorphic \“

The most subtle change to the a-substitution is in the
a-instantiation rule. It is replaced with a non-standard sub-
stitution operation t{a := (3} that delays the substitution
on the type-variables in t. This in turn implies that type
instantiation should resume the delayed substitutions. This

r
is done by defining the > relation using a non-standard type
substitution ¢{7 := t'}. Examples of the two non-standard
substitutions are:

e (M —=1)H{a:=8}={r(a:= ﬂ))ﬂ — 7(a:=p)
o ((r(a:=p)" = r(a:=B){r = (int)*}

= ((int)?)? — (int)”?
o (1) — 1){r:=(int)*} = ((int)*)* — (int)"

((fine)™)™ — (int)*){a = B} = ((int))? — (int)”

Notice the difference between the meta-level a-substitution
t{0} and the object-level a-substitution 7(0).

The primary property that demonstrates that this ap-
proach is sensible is this:

LEMMA 6. t{0}{r :=¢'} = t{r :=t'}{6}

This lemma states that the a-substitution and type sub-
stitution commute, and in effect delayed a-substitutions are
correctly applied when type instantiation is performed. This
lemma together with a host of less interesting lemmas about
the different kinds of substitutions can be used to prove sub-
stitution, demotion, and subject reduction properties:

A
LEMMA 7  (SUBSTITUTION). I'y,x : V761,02 F e : t2
andT1 - e1 :t1 and {7} UFTV(T'1) = 0 implies
A

Fl,FQ |— 62[$ = 61} : t2

For subject reduction, we extend our reductions with one
rule:

0 0

let 2 =2"ine’ —, €[z ="

THEOREM 4  (SUBJECT REDUCTION). Let p range over

A
B, E,R,W,L}. Whenever I' b e1 : t and e1 —, e2, then
3
A
I+ €9 t.

5. EMBEDDINGS OF OTHER SYSTEMS

We present embeddings for the two main calculi repre-
senting the two main approaches to modeling staging into
A%

5.1 Linear Temporal Logic

The embedding of A© [14] into \* is direct. We assume
that the base type b is int. We pick an arbitrary classifier «,
and define the embedding as follows:

[int] = int, [O] = (ED), [t1 — t2] = [t1] — [t2]
[n] =a™, [zi:t]] == : [[ti]][["'i]]
[zl =z, [Mx.e] =Xz.[e], [er e2] = [e1] [e2]
[next e] = ([e])™, [preve] = "[e]



This embedding preserves typability in the following sense:
n [n]
LEMMA 8. 't e:t implies (o, [T']) b [e] : [t]

Note that only a single classifier is needed to embed a A©
program.

The translation [e] maps syntactic constructs to syntac-
tic constructs that have the same big-step semantics, so it
is obvious that there is a lock-step simulation. However, it
should be noted that notions of equivalence can differ be-
tween A© and A®: In the absence of a run construct, there
is no context that can distinguish between next Az.r and
next Az.L, but in the target language these terms can be
run (and then applied), and we can observe a difference.

5.2 Modal Logic

The primary strength of calculi working only with closed
code is that there is no danger of running open code simply
because there is none. Closed code calculi have traditionally
been based on the modal logic S4 with the logic operator (¢
denoting code of type t.

The A% calculus cannot express that a code fragment is
closed—only that it is closed with respect to an environment
a via the type (a)(t)®. It is a natural question whether this
notion of closedness is enough to allow for an embedding of
S4 into A*.

We consider an S4 calculus [16, Section 4.3] that is fairly
close to the Kripke-model of S4 in that it has a stack of envi-
ronments representing knowledge in different sets of worlds.
Furthermore the use of the box and unbox constructs is sim-
ilar to that of the ( — ) and ~— construct, so an easy em-
bedding seems feasible.

The embedding on types should map Ot to (a){t')* to
piggy-back on A“’s notion of a-closed code:

[ = (a) ([N,

The translation of the term box e becomes (a)(e’)*, but
when it comes to translating unbox, e, an o is needed to
instantiate (a)(t)*. The role of unbox, e (for n > 0) is
to splice in e into the surrounding code, and as all code is
closed, it also means linking e’s environment (albeit empty)
to the environment of the surrounding code construction.
Therefore the embedding on S4-terms must maintain a list
of as coming from surrounding a-quantifications:

[[tl — tg]] = Htﬂ] — [[tg]], ﬂintﬂ =int

[boxe]a = (a)([e]a,e)”
[unboxo €]a,e = (run [e]a.q)e]
[unboxnyi1 €]aaaniy,nar = %" (7([e]a,ala]))
[iJa=i, [zla==

[Mz.e]a = Mz.[e]a, [erex]a =[ei]alez]a
The translation of unbox,, depends on the subscript n. When
n > 0 the term unbox,, corresponds to ~—, but if n > 1
it also digs into the environment stack to get code from
previous stages, thus the need for the sequence of %s. On the
other hand unboxg corresponds to running the code, and is
translated into the A version of run. Note however, that run
leaves an unneeded a-quantifier, which has to be removed.
The embedding of S4 environments (not stacks) is:

[[331 Ztl,...,.’lln Ztn]] =T : [t1ﬂ,...,1}n : [[tn]]

Then the embedding of S4 into A* can be formulated as:

LEMMA 9. I'g;...; T F et t implies

QL yeey Oy
aOvHFOHa--'7ana|IF"]] IIe]]QOaw,Oén : IItII

This formulation of S4 was initially not presented with a
direct operational semantics, but rather, via an interpreta-
tion into another “explicit calculus” [15]. A reduction se-
mantics is presented in more recent work [16]. We expect
that the reduction semantics can be used to derive a deter-
ministic operational semantics, which can then be used for
formally establishing a simulation result.

6. RELATED WORK

Multi-stage programming is a paradigm that evolved out
of experience with partial evaluation [20, 35, 30, 34, 10] and
runtime code generation systems [2, 28, 17, 18, 29]. Re-
search in this area aims at providing the programmer with
constructs that can be used to attain the performance ben-
efits of the above mentioned techniques. These languages
are also a natural outgrowth of two-level [48, 27] and multi-
level languages [23, 24, 25, 15, 14], which where initially
conceived to study the semantic foundations and efficient
implementation techniques for both partial evaluation and
runtime code generation. Recently, multi-stage languages
have also been used to develop type systems for expressive,
generative macros [21].

The use of an abstract quantifier was inspired by the re-
cent work on FreshML [55, 43], parametricity [56, 65, 1], the
typing of runST [37, 58, 41], and work on integrating system
F with Hindley-Milner type systems [22]. A formal account
of these connections remains an interesting open question.

Nanevski’s recent work on the combination of A\Y with
type-safe intensional analysis is a promising way to give AP
a semantics closer to the calculi discussed in this paper [43].
It seems possible, however, that this may be primarily due
to the power of intensional analysis (which should, in princi-
ple, allow the programmer to express arbitrary transforma-
tions). As with the explicit environment typing approach
discussed in the introduction, types in Nanevski’s system
could in principle grow linearly in the number of free vari-
ables. There is currently no notion of polymorphism to deal
with this issue in the context of Nanevski’s system. Classi-
fiers could be a useful approach to providing a such a mech-
anism.

Early attempts at developing a reduction semantics for
untyped multi-stage languages involved a construct that can
be interpreted as an explicit CSP constant (the “bubble” of
AT of [60]), and included a number of reductions that prop-
agate this construct “outward” in terms. The non-local na-
ture of the demotion function presented here suggests that,
while such notions of reduction could still be useful in im-
plementations based on untyped calculi, they maybe incom-
patible with the type theory of multi-stage languages.

Michael Florentin Nielsen has been investigating exten-
sions of Davies and Pfenning’s modal calculus that provide
a more direct remedy to the symbolic evaluation question.
The full presentation is beyond the scope of this paper, but
current results indicate that A® provides a lighter notation
than this approach because it avoids the need to explicitly
list the name and type of each variable potentially free in
each code fragment. Another difficulty that A® seems to
avoid is that the open code type allows inserting code frag-
ments made in one environment into other environments.
This implicit form of polymorphism must be made explicit



in systems that Nielsen has developed based on Davies and
Pfenning’s modal calculus, unless an additional notion of
polymorphism (possibly similar to p-polymorphism) is in-
troduced. Note that even in A% there are no polymorphic
variables that deal with environments: only environment
classifiers, which in a sense range over whole classes of envi-
ronments, and which are never instantiated to concrete in-
stances. We continue to pursue a modal calculus, but we ex-
pect that its primary applications will be in providing better
understanding of the semantics and possibly implementation
techniques, and not necessarily in actual programming.

Davies® considered a similar approach to the one pre-
sented here. His work is directly based on natural deduction
rules for two logical operators: “universal world quantifica-
tion” and “truth in a particular world”. The resulting lan-
guage has some differences from the one presented here, but
the basic idea seems related. One notable difference from
our language is that there was no separate run construct
(because the typing rule for run involves two type construc-
tors, while each natural deduction rule should only refer to
a single logical operator). Instead, there was a single (non-
variable) world called “root”, and the evaluation of “code”
occurred whenever this world was substituted for a world
variable.

7. CONCLUSIONS AND FUTURE WORK

‘We have presented a new approach to typing multi-stage
languages, and showed how it can be used to embed previ-
ous approaches. We also showed that the approach is still
sound in the presence of Hindley-Milner polymorphism. Key
insights that come out of this work relate to subtleties in-
volved in specifying a demotion lemma for an expressive
type system. These details, in turn, provide concrete in-
sights into the interplay between CSP and the presence of
the run construct in a multi-stage language.

Currently, we have built only prototype implementations
for the system presented here. We expect that the notion
of classifiers will provide a natural mechanism to allow us
to safely store and communicate open values, which to date
has not been possible [8, 6, 7]. A crucial next step will be
establishing the feasibility of type inference in the presence
of environment classifiers. It will be interesting to see if
the delayed substitutions approach developed in this paper
is more helpful than using a more general approach, such
as type functions. An overall goal will be to minimize type
annotations, but not necessarily to eliminate the need for ex-
plicit world introduction and elimination in programs. Once
these questions are resolved, a system based on A\“ will be
introduced into the MetaOCaml public release. Implement-
ing the system in the context of a full-fledged language will
be essential for validating its practical expressivity.

The development presented here has two features poten-
tially relevant to dependent types. First, because of the
presence of classifiers, we have treated environments as or-
dered, and this was not problematic. Because ordered envi-
ronments are a common feature of dependently typed lan-
guages, this may suggest that integration with dependently
typed languages maybe be seamless. Second, also because of
classifiers, we perform substitution on environments. This
gives rise to a need for careful treatment of types in the
Hindley-Milner polymorphic setting, but type safety still

3Rowan Davies. Personal communication, Sept. 4th, 2002.

goes through. It maybe that some features of the present
system maybe useful in the question of integrating depen-
dent types with Hindley-Milner polymorphism.
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