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ABSTRACT resource-bounded language. To apply concepts such as staging to

mainstream visual languages, we are faced with the question of
in domains ranging from scientific computing to real-time systems, how 1o map the ideas and formallsms.assouated with Such concepts
the wealth of abstraction mechanisms, reasoning principles, andfr(,)m the textual to the graphical setting. One approach is to star_t
type systems developed over the last thirty years is currently avail- with a general-purpose calculus that has_ both textual and graphl-
able mainly for textual languages. With the goal of understanding cal syntax, and then to study what extensions to one representation

how results in the textual languages can be mapped to the graphicafantail for the other.

setting, we develop the visual calculus PreVIEW. While this calcu- But wha}t Is the right starting point? The visual programming
lus visualizes computations in dataflow-style similar to languages resear_ch literature focuses largely on languages that are accessible
like LabVIEW and Simulink, its formal model is based on Ariola to novice programmers an'd domain-experts, rather than general-
and Blom's work on cyclic lambda calculi. We extend this model purpose calculi. Examples include form-based [4] and spreadsheet-

with staging constructs, establish a precise connection between tex-_based [2, 8, 10] languages. Citrin et al. give a purely graph-

tual and graphical program representations, and show how a reducic@l description of an object-oriented language called VIPR [5]

tion semantics for a multi-stage language can be lifted from the 2nd @ functional language called VEX [6], but the mapping to and
textual to the graphical setting from textual representations is only treated informally. Erwig [7]

presents a denotational semantics for VEX using inductive def-
initions of graph representations to support pattern matching on
1. INTRODUCTION graphs, but this style of semantics does not preserve information
Visual programming languages are finding increasing popularity about the syntax of graphs, as it maps syntax to “meaning”.
in a variety of domains, and are often the preferred programming  Ariola and Blom [3] provide precisely the starting point we need.
medium for experts in these domains. Examples include data-flow Their work on cyclic lambda calculi establishes a formal connec-
languages like LabVIEW [9, 14], Simulink [21], and Ptolemy [12], tion between textual and graph-based program representations. The
a wide range of hardware CAD design environments, spreadsheetiwo representations are not one-to-one because of a subtle mis-
based languages such as Microsoft Excel, or data modeling lan-match between textual and graphical representations in how they
guages such as UML. Compared to modern text-based languagesexpress sharing of values. However, Ariola and Blom define a no-
many visual languages are limited in expressivity. For example, tion of equivalence for terms that represent the same graph, and
while they are often purely functional, they generally do not sup- establish an isomorphism between graphs and equivalence classes
port first-class functions. More broadly, the wealth of abstrac- Of textual terms. While Ariola’s lambda-graphs are essentially ab-
tion mechanisms, reasoning principles, and type systems developedtract syntax “trees”, we adopt their formalism to model dataflow-
over the last thirty years is currently available mainly for textual Style visual programs, and extend it with staging constructs.
languages. Yet there is real need for migrating many ideas and re- : :
sults developed in the textual setting to the graphical setting. 1.1 Contributions
A specific example can be found in the real-time and embedded The starting point for this paper is the observation that Ariola
setting, where staging constructs [20] and appropriate type systemsand Blom’s work not only serves as a model for graph-based im-
have been used for generating digital circuits [11], and for distin- Plementations of functional languages, but that it can also be used
guishing between the development and the deployment platformsas a basis for studying the formal semantics of visual programming
for heap-bounded computations [19]. From the software engineer- languages. The first technical contribution of this paper is to extend
ing point of VieW, such multi_stage |anguages can provide the ex- Ariola and Blom'’s calculus with Staging constructs typ|Ca| in tex-
pressivity of a general-purpose language and the guarantees of gual multi-stage languages [20]. The resulting calculus is based
on a one-to-one correspondence between visual programs and a
variation of the text-based lambda-calculus. We then use this for-
mal connection to lift the semantics of multi-stage languages to the
graphical setting. We show that graph reductions have correspond-
Permission to make digital or hard copies of all or part of this work for ing reductions at the term level, and similarly, term reductions have
personal or classroom use is granted without fee provided that copies arecorresponding reductions at the graph level.
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to 1.2~ Qrganization of this Paper

lish, t t istri toli i i ifi . . .
Li?ﬁfi’s';c;n%ﬁﬁ/sof’ 2 fZ‘aer_\'ers or to redistribute tolists, requires prior specific The rest of the paper is organized as follows. Section 2 ex-
Copyright 200X ACM X-XXXXX-XX-X/XX/XX ...$5.00. plains how the syntax for visual languages such as LabVIEW and

While visual programming languages continue to gain popularity
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(a) LabVIEW [14]

(b) PreVIEW (this paper)

(c) Ariola and Blom [3]

Figure 1: The syntax of PreVIEW as middle-ground between that of LabVIEW and lambda-graphs

Simulink can be modeled using a variation of Ariola and Blom’s fore defining the syntax of PreVIEW formally, we give an informal
cyclic lambda-graphs. Section 3 introduces the syntax for a graph- description of its visual syntax. Note that this paper focuses on
ical calculus called PreVIEW. Section 4 defines textual representa- abstract syntax for both terms and graphs, while issues such as an
tions for PreVIEW and shows that graphs and terms in a specific intuitive concrete syntax and parsing are part of future work (see
normal form are one-to-one. Section 5 describes a reduction se-Section 6).

mantics for both terms and graphs, and Section 6 concludes. Proofs
for the results presented in this paper are available online [1]

2. LABVIEW AND LAMBDA-GRAPHS

The practical motivation for the calculus studied in the rest of
this paper is to extend popular languages such as LabVIEW or
Simulink with higher-order functional and staging features. The
main abstraction mechanism in LabVIEW is to declare functions;
Figure 1 (a) displays the syntax for defining a function with two for-
mal parameters in LabVIEW. PreVIEW abstracts away from many
of the details of LabVIEW and similar languages. We reduce the
complexity of the calculus by supporting only functions with one
argument and by making functions first-class values. We can then
use nested lambda abstractions to model functions with multiple
parameters, as illustrated in Figure 1 (b).

Graph (c) illustrates Ariola and Blom’s lambda-graph syntax [3]
for the same computation. In this representation, lambda abstrac-
tions are drawn as boxes describing the scope of the parameter
bound by the abstraction. Edges represent subterm relationships in

the syntax tree, and parameter references are drawn as back-edges

to a lambda abstraction. While the lambda-graph (c) may appear
less closely related to (a) than the PreVIEW graph (b), note that the
graphs (b) and (c) are in fact dual graphs. That is, by flipping the
direction of edges in the lambda-graph (c) to represent data-flow
instead of subterm relationships, and by making connection points
in the graph explicit in the form of ports, we get the PreVIEW pro-
gram (b). Based on this observation, we take Ariola and Blom’s
lambda-graphs as the starting point for our formal development.

3. SYNTAX OF PREVIEW

The core language features of PreVIEW are function abstrac-
tion and function application as known from thealculus, and the

staging constructs Bracket)”, Escape *~”, and Run “!". Brackets
are a quotation mechanism delaying the evaluation of an expres-

3.1 Visual Syntax

A PreVIEW program is a graph built from the following compo-
nents:

1. Nodesrepresent function abstraction, function application,

the staging constructs Brackets, Escape, and Run, and “black
holes”. Black holes are a concept borrowed from Ariola
and Blom [3] and represent unresolvable cyclic dependen-
cies that can arise in textual languages with recursién.

As shown in Figure 2, nodes are drawn as boxes labeled
1,@),~, !, ande respectively. Each lambda node contains

a subgraph inside its box which represents the body of the
function, and the node’s box visually defines the scope of the
parameter bound by the lambda abstraction. Bracket and Es-
cape boxes, drawn using dotted lines, also contain subgraphs.
The subgraph of a Bracket node represents code being gener-
ated for a future-stage computation, while the subgraph of an
Escape node represents a computation resulting in a piece of
code that will be integrated into a larger program at runtime.

2. Free variables displayed as variable names, represent name

references that are not bound inside a given PreVIEW graph.

. Ports mark the points in the graph which edges can connect.

We distinguish betweesource portgdrawn as triangles) and
target ports(drawn as rectangles). As shown in Figure 2, a
lambda node provides two source podst carries the value

of the lambda itself, since functions are first-class values in
PreVIEW. When the function is applied to an argument, then
bind carries the function’s parameter, and theirn port re-
ceives the result of evaluating the function body, represented
by the lambda node’s subgraph. Intuitively, fln@ andarg
ports of an application node receive the function to be applied
and its argument respectively, whidet carries the value re-
sulting from the application. Theut port of a Bracket node

sion, while the Escape construct escapes the delayffiegteof a

In functional languages, recursion is typically expressed using a

Bracket (and so must occur inside a Bracket). Run executes suchigirec-construct. The textual prografetrec x=x in x introduces a

a delayed computation. The semantics and type theory for thesecyclic dependency that cannot be simplified any further. Ariola and
constructs has been studied extensively in recent years [20]. Be-Blom visualize such terms as black holes.



O ~
A fun
Pbind returnll arg OUt return i reurnl jp @out @out

out
out out

Figure 2: PreVIEW nodes

carries the delayed computation represented by the node’s Examrie 3.2 (Murri-stace Constructs). The power function can
subgraph, andeturn receives the value of that computation be staged by annotating it as follows in MetaOCaml [%£3]:

when it is executed in a later stage. Converselyotlteport

of an Escape node carries a computation that escapes the sur-
rounding Brackets delayingffect, andreturn receives the
value of that computation.

fun x -> fun n ->
then .<1>.
.“(power’ x (n-1))>.

let rec power’
if iszero?
else .<.7x
in power’

=T

4. Edgesconnect nodes and are drawn as arrows: The same program is represented in PreVIEW as shown to the left
of Figure 3. As in the text-based program, in PreVIEW we only
need to add a few staging “annotations” (in the form of Bracket
and Escape boxes) to the unstaged version of the power function.

P——1 x—f b x—

ExampLe 3.3 (GeneratiNG GrapHS). In MetaOCaml, the staged
power function can be used to generafcent specialized power
functions by applying the staged version only to its second input
(the exponent). For instance, evaluating the term M

The source of any edge is either the source port of a node or
a free variablex. The target of any edge is the target port
of some node. The only exception to this is toet of the
graph. Similar to the root of an abstract syntax tree, it marks
the entry-point for evaluating the graph. Itis drawn as a dan- .1 o.<fun x -> .7 (power’ .<x>. 3)>.

gling edge without a target port, instead marked with a dot. yields the non-recursive functiofun x -> x*x*x*1. Similarly,

‘evaluating the PreVIEW graph in the middle of Figure 3 yields the
specialized graph on the right side; the graph in the middle trig-
gers the specialization by providing the staged power function with
its second input parameter. Note the simplicity of the generated
graph. When applying this paradigm to circuit generation, con-
trolling the complexity of resulting circuits can be essential, and
staging constructs were specifically designed to give the program-
mer more control over the structure of generated programs.

let rec power = fun x -> fun n -> 3.2 Formal Syntax
if iszero? n then 1 The following syntactic sets are used for defining PreVIEW graphs:

For convenience, the examples in this paper assume that Pre
VIEW is extended with integers, booleans, binary integer opera-
tors, and conditionals.

ExampLe 3.1  (FuncrionaL ConstrucTs). Consider the following
recursive definition of the power function in OCaml. The function
computes the number for two inputs x and n:

else x * (power x (n-1))
in power Nodes uv,w € V
Freevariables xy € X
In PreVIEW, this program is expressed as follows: Source port types 0 € O == bind|out
Target port types i e I == return|fun|arg]|in
Sourceports Jrs € S = Vv.O|X
A Targetports t € T = Vi
Edges e € E = (st)
%vl As a convention, we use regular capital letters to denote concrete
sets. For exampld C E stands for a concrete set of edgedVe

write (V) to denote the power set bf.

A PreVIEW graph is then defined as a tupe= (V,L,E, S,r)
whereV is a finite set onodes L : V — {1,@,(),~,! , e} is
a labeling function that associates each node with a laltelis
) a finite set ofedges S : {v e V | L(v) € {1,(,~}} — PV)
is a scoping function that associates each lambda, Bracket, and
Escape node with a subgraph, and theroot of the graph. When
it is clear from the context, we refer to the componenhts, E, S,
Closely following the textual definition, we visualize the power func- andr of a graphg without making the binding = (V,L, E, S,r)
tion as two nested lambda nodes. Consequently, two cascaded apexplicit.

plication nodes are necessary forthe fun_cti_o_n mwer x (n-1). . 2MetaOCaml adds staging constructs to OCaml. Dots are used to
Note that the recursive nature of the definition is represented visu- gisambiguate the concrete syntax: Brackets around an expression
ally by an edge from theut-port of the outer lambda node back  are written as.<e>., an Escaped expressieris written as. ~ €,

into the lambda box. and !eis written as. !e.

<




Figure 3: Generating power

3.3 Auxiliary Definitions

For any PreVIEW graply = (V, L, E, S, r) we define the follow-
ing auxiliary notions. The set aficoming edgesof a nodev € V
is defined apredVv) = {(s,v.i) € E} for any edge targets Given a
setU ¢ V, the set otop-level nodesin U that are not in the scope
of any other node itJ is defined adopleve(U) = {ue U | Vv e
U :ueS((v)=v=u. lfveV has ascope, then teententsof
v are defined asontent$v) = S(v)\{v}. For a given node € V, if
there exists a node € V with v € topleve(content§u)), thenuis a
surrounding scopeof v. Well-formedness conditions described in
the next section will ensure that such a surrounding scope is unigque
when it exists. Apath v~» win gis an acyclic path fronv € V to
w € V that only consists of edges {(s,t) € E | Yu : s # u.bind}.
The negative condition excludes edges startingtama port.

3.4 Well-Formed Graphs

Whereas context-free grammars are generalfficient to de-
scribe well-formed terms in textual programming languages, char-
acterizing well-formed graphs (in particular with respect to scop-
ing) is more subtle. The well-formedness conditions for the func-
tional features of PreVIEW are taken directly from Ariola and Blom.

Since Bracket and Escape nodes also have scopes, these conditions

extend naturally to the multi-stage features of PreVIEW. Note how-

ever that the restrictions associated with Bracket and Escape are

simpler since unlike lambdas these are not binding constructs.
The setG of well-formed graphsis the set of graphs that satisfy
the following conditions:

1. Connectivity - Edges may connect ports belonging only to
nodes inV with the correct port types. Valithports and
outportsfor each node type are defined as follows:

[ L(v) [ inportsv) | outportgV) |

A {return} {bind, out}
@ {fun, arg} {out}
O, ~ {return} {out}
! {in} {out}
. 0 {out}

We require that an edge.¢, w.i) connecting nodegandw is
in E only if v,w € V ando € outportgv) andi € inportgw).
Similarly, an edgeX, w.i) originating from a free variabl&
is in E only if w € V andi € inportgw).

functions in PreVIEW

We also restrict the in-degree of nodes: each target port (drawn
as a rectangle) in the graph must be the target of exactly one
edge, while a source port (drawn as a triangle) can be unused,
used by one or shared by multiple edges. Thus we require for
any nodev in the graph thapredv) = {(s, v.i) | i € inportgV)}.

. Scoping- Intuitively, source ports in PreVIEW correspond
to bound names in textual languages, and scopes are drawn
as boxes. Letv, w;, W, € V andyv, vy, v, € dom(S) be distinct
nodes. By convention, all nodes that have a scope must be in
their own scopeV € S(v)). The following three graph frag-
ments illustrate three kinds of scoping errors that can arise:

S

A name used outside the scope where it is bound corresponds
to an edge from &ind or anout port thatleavesa scope. We
prohibit the first case by requiring thatlfind, t) € predw)

only if w € S(v). For the second case, we require that if
wy; ¢ S(v) andw, € S(v) and (v..out,t) € predw;) then

w, = V. Partially overlapping scopes correspond to overlap-
ping lambda, Bracket, or Escape boxes. We disallow this by
requiring thatS(vy) N S(vz) = 0 or S(v1) € S(v2) \ {vo} or

S(V2) € S(v1) \ {wa}.

A

o
e |

3. Root Condition - The rootr cannot be the port of a node
nested in the scope of another node. Therefore, the root must
either be a free variable € X) or theout port of a nodew

that is visible at the “top-level” of the graph & w.out and

w € topleve(V)).

4. GRAPH-TERM CONNECTION

To develop the connection between PreVIEW graphs and their
textual representations, this section begins by defining a term lan-
guage and a translation from graphs to terms. Not all terms can
be generated using this translation, but rather only terms in a spe-
cific normal form. A backward-translation from terms to graphs is
then defined, and it is shown that a term in normal form represents
all terms that map to the same graph. Finally, sets of graphs and
normal forms are shown to be in one-to-one correspondence.



4.1 From Graphs to Terms 5. The term constructionis then defined as:

Building on Ariola and Blom’s notion of cyclic lambda terms, 7(g) = mkre¢dec{V), namér))
we usestagedcyclic lambda terms to represent PreVIEW programs
textually, and define them as follows: The translatiorr starts by computing the set of top-level nodes

in V (see Section 3.3), and creates a letrec declaration for each of
these nodes. For a nogevith no subgraph, the letrec declaration
binds the variables, to a term that combines the variables associ-
ated with the incoming edges o If v contains a subgraph, then
Conventions: By assumption, all recursion variablasin letrec is applied recursively to the subgraph, agds bound to the term
declarations are distinct, and the sets of bound and free variablesthat represents the subgraph. The constraimtopleve(W) in the
are disjoint. We writed* for a (possibly empty) sequence of le- definition ofdeclensures that exactly one equation is generated for
trec declarationd. Different permutations of the same sequence of each node: if/ ¢ topleve(W), thenv is in the scope of a éierent
declarationgl* are identified. Therefore, we often use the set nota- nodew € W, and an equation fow is instead included iterm(w).
tion D instead ofd*. Given two sequences of declaratidds and
D,, we write D1, D, for the concatenation of the two sequences.
We write M;[x := M;] for the result of substituting/, for all free
occurrences of the variabbein M;, without capturing any free
variables inM,. We use=, to denote syntactic equality up te
renaming of both lambda-bound variables and recursion variables.
To translate a graph into a term, we define téem construc-
tion 7 : G — M. Intuitively, this translation associates all nodes in
the graph with a unique variable name in the term language. These
variables are used to explicitly name each subterm of the result-
ing term. Lambda nodes are associated with an additional variable
name, which is used to name the formal parameter of the repre-

Terms Me M X| AXM | M M | letrec d* in M
~M[M)[I'M

XxX=M

Declarations deD

ExampLe 4.1 (Term Construction). The functionr translates
the graph

sented lambda abstraction. I
DEFINITION 41 (TERM CONSTRUCTION). Let g = (\/’ I_, E, S, r) be as fO“OWS Let ‘1/ be the Iambda nodeg\lhe BI’aCket nOde,g\and
a well-formed graph irG. v, the top and bottom Escape nodes, agdhe application node
) ] in the graph g. We associate a variable namewith each node
1. For every node \e V, we define a unique name,and a v;. In addition, the name;yis associated with the parameter of the

second distinct name, yf L(v) = 1. We then associate @  |ambda node ¥ The result is:

name with each edge source s in the graph as follows:
letrec X, = Ay;.(letrec X, = (letrec Xz = ~ Y1, X4 = ~ Y1, X5 = X3X4

Xy ifs=v.out in Xs)
namgs) = ¢ Y, if s=v.bind in %)
x ifs=x in X

All nodes are in the scope of 8o it is the only “top-level” nhode in

g. We create a letrec declaration for,\binding x to a termay;.N
where N is the result of recursively translating the subgraph inside
M ifD=0 v;. When translating the subgraph of the Bracket nogewte that
letrec Din M otherwise this subgraph contains three top-level nodes W, vs). Therefore,

the term for y contains three variable declarations;(X, Xs).
3. We construct a term corresponding to each nodew: .
4.2 Terms in Normal Form

Lv) =« predy) =0 The term construction functiononly constructs terms in a very
term(v) = x, specific form. For example, while the graph in the previous exam-
L(v) =4 predv) = {(s, v.return)} ple represents the computatidy.(~ y1 ~ y1), the example shows

— thatr constructs a dierent term. Compared tdy;.(~ y1 ~ V1),
term(v) = dy,.mkreddec(content)), nam¢s)) every subterm in the constructed term is explicitly named using le-
L(v)=@ predv) = {(s1, v.fun), (s, v.arg)} trec. This explicit naming of subterms expresses the notion of value
term(v) = namgs;) namés,) sharing in PreVIEW graphs, where the output poraeynode can
_ _ be the source of multiple edges. Sumirmal forms are essentially
LV = O predv) = {(s v.return)} the same as A-normal form [17], and can be defined as follows:
term(v) = (mkre¢declcontent$v)), namgs)))

2. To avoid the construction of empty letrec teXtagec _in M)
in the translation, we use the following function:

mkre¢D, M) = {

Terms Ne Mpom = X]|letrec g*in X
L(v) =~ predv) = {(s v.return)} Declarations 0 Dporm = X=X|X=yz|x=Ay.N
term(v) = ~ mkreddeclcontent§v)), names)) | x=(N)|x=~N|x=ly
L(v)=! predv) = {(s,v.in)} whereq* is a non-empty sequence of declaratipsin normal
term(v) = ! namés) forms, nested terms are only allowed in function bodies and inside
Brackets or Escapes, i.e. only for language constructs that corre-
4. We construct letrec declarations for any set of nodes W spond to nodes with subgraphs. All other expressions are explic-

itly named using letrec declarations, and pure “indirection” decla-
decl(W) = {x, = term(V) | v € topleve{W)} rations of the formx = y with x # y are not allowed.



Lemma 4.1  (NORMAL FORMS ARE TERMS). Mporm € M. e may have 0 or 1 incoming edge. Formally, whenelv@n = e
thenpredv) = 0 or predv) = {(s v.in)}. If such a node has 1
Lemma 4.2 (7 MAPS GRAPHS TO NORMAL ForRMS). If g € G then predecessor, we call it andirection node. Since free variables
7(9) € Mhorm. are not represented as nodes in PreVIEW, the idea is to associate
an indirection node with each variable occurrence in the translated
As we will show,7 is an injection, i.e. not every term corresponds  |ampda-term. This simplifies connecting subgraphs constructed
to a distinct graph. However, we will show that every term has qyring the translation, as it provides “hooks” for connecting bound
a normal form associated with it, and that these normal forms are yariable occurrences in the graph to their binders. We will also use

one-to-one with graphs. To this end, we define tloemaliza- indirection nodes to model intermediate states in the graph reduc-
tion function v : M — Mpem in two steps: general terms are first  tigns presented in Section 5.2.
mapped tantermediate forms, which are then converted into nor- We translate terms to PreVIEW graphs in two steps: A func-
mal forms in a second pass. We define the\gt of intermediate  tjon . maps terms to intermediate graphs, and a simplification
forms as follows: function o maps intermediate graphs to proper PreVIEW graphs.
Terms NeMpe == Xx|letrec g™ in x Before defining these translations formally, we give visual descrip-
Declarations ¢e€Dye = X=Yy|Xx=yz|x=ay.N tions ofypre ando.
= ’ = ~ ’ =1
| x=(NYIx=~Nx=ly Ve ) = DA M)= g (MM =
Note that this set consists of normal forms with fewer restrictions:
empty letrec terms and indirections of the fore: y are allowed. x—aep— Iy x Yore M) ‘l
DeriniTioN 4.2 (TeErm NormaLization). Given the definitions of »—E:g/"’e(M) - Vore(M5)
the translationd_ pre : M — Mpre and [_Jnorm : Mpre = Mporm In X
Figure 4, we define the normalization functien M — My by I

composition:y = [_Jnorm © [-] pre-
A free variablex is mapped byyye to an indirection node wittx

The translatiorf_] ,,e maps any ternM to a letrec term, assigninga  connected to itén port. A lambda termix.M maps to a lambda

fresh letrec variable to each subterm\df We preserve the nesting  nodev, where the pre-graph favl becomes the subgraphwéand

of lambda abstractions, Bracket and Escapes by applyihg to all free variablesin the subgraph are replaced by edges originating

subterms recursively. Once every subterm has a letrec variable as- at the lambda nodelsind port. An applicationVl; M, translates to

sociated with it, and all lambda, Bracket, and Escape subterms arean application node where the roots of the pre-graphs tdy and

normalized recursively, the functido].om eliminates empty letrec M, are connected to thfen andarg ports ofv.

terms and letrec indirections of the fonm=y (wherex # y) us-

ing substitution. The claud¥’ ¢ Myom in the definition of]_[norm

ensures that normalization terminates: without this restriction we

could apply[_Jnorm to @ fully normalized term without making any

progress.

Vorelletrec x,=M,..x,=M, in M) = V,;re(<M>) = Yorel M) =
X

ypre(M 1 )

0
ylzre(M ) -1

% !
Tl M)

A

ypre(M ) 4@_.

ExampLe 4.2  (Term NormaLization). Given the following terms:

M; = AX(~ X ~ X)
M, = letrecy = AX(~ X ~X)iny
M3z = Axletrecy=(~ X ~x)iny

Thenv(My), v(My), andv(M3) all yield a term alpha-equivalent to: )
Given a letrec termi€trec X; = My, .., X, = My in M), ypre trans-

. late the termsvi; throughM,, andM individually. The root of the

. n ys) resulting pre-graph is the root gf.(M). Any edge that starts with

) in y2) one of the free variablg; is replaced by an edge from the root of
Ny the corresponding graphye(M;). The cases fofM) and~ M are

Note that the basic structure of the original terms (lambda term treated similarly to the case fax.M, and the case foM is treated

with Bracket body and application of two escaped parameter ref- similarly to the case for application.

erences inside) is preserved by normalization, but every subtermis  Simplification eliminates indirection nodes from the pre-graph

now named explicitly. using the following local graph transformations:

letrec y; = Ax.(letrec y, = (letrec Y3 = ~ X,Y4 = ~ X,Y5 = Y3 Ya

Lemma 4.3 (v MAPS TERMS TO NORMAL ForMS). If M € M then

V(M) € Mnorm- [> ¥ [> ﬁj [> }_B
4.3 From Terms to Graphs ﬁ[j B B x B

To simplify the definition of a translation from terms to graphs, ~ Any indirection node with a self-loop (i.e. there is an edge from its
we introduce a notion analogous to Ariola and Blom’s scoped pre- out port to itsin port) is replaced by a black hole. If there is an edge

graphs. The sefy. of intermediate graphsconsists of all graphs  from a free variable or from a diferent node’s pors to an indi-
for which a well-formedness condition is relaxed: nodes with label rection noda/, then the indirection node is “Skipped" by rep|acing

3This is similar to the translationfrom graphs to terms presented @l €dges originating at to edges originating at or s. Note that
above, where lambda, Bracket and Escapdesare translated to the second and third cases arffetient since free variables cannot

terms recursively. be shared in PreVIEW.




[MJpre = N X fresh

[X[pre = letrec _in x  [AX.M]pre = (letrec x; = AX.N" in X;) [NJnorm= N [letrec _in X]norm = X
[Mi]pre = letrec Q1 in X3 [M2]pre = letrec Qzin X, X fresh N’ ¢ Mnorm  [N'Jnorm = N1 [letrec y = AZNg, Q in X]norm = N2
[[MlMZ]]pre = (Ietrec Ql, Qz, X3 = X1 X in X3) [[Ietrec y= AzN’, Q in X]]norm =N,
[[M]]pre = letrec Q in y [[Mjﬂpre = letrec Qj in yj N ¢ Minorm [[N/]]norm = Nl [[Ietrec y= <N1>, Q in X]]norm = N2
— — letrecy = (N’), Qin X] =N
[letrec xj = Mj in M] e = (letrec Q, Qj, X; =y; iny) : Y QN Xrom = Nz .
[M]pre = N" X, fresh [M]pre = N" X, fresh N’ ¢ Mnorm  [N'Jnorm = N1 [[Ietre.c Y =~ Ng, Qin X]Jnorm = N2
[(M)] pre = (letrec % = (Nyin Xq) [~ M] pre = (letrec X, = ~ N’ in xy) [letrecy = ~ N, Qin X]nom = N

[M]pre = letrec Qiny X fresh
[! M]pre = (letrec Q,x; = ! yin xq)

[(etrec Qin X)[y := ZJnom=N yzz
[letrecy =z Qin X]norm= N

Figure 4: The translation functions [_] pre : M — Mpre and [_Jnorm : Mpre = Miorm

To define these translations formally, we use the following nota-
tion: E[s; := s;] denotes the result of substituting any edgeEin
that originates frons; with an edge that starts at:

E[s; =] ={(st) e E|s# s} U{(s,1) | (s1,1) € E}

S\u stands for the result of removing nodérom any scope in the
graph: S\u)(v) = S(v)\{u}. The substitution[s; := s;] results in
s if r = 5, and inr otherwise.

DerinitioN 4.3 (GraPH consTRUCTION). Given the definitions of
the translationsypre : M — Gpe ando : Gpre — G in Figure 5,
we define the graph construction: M — G by composition:

Y =0 °Ypre

Lemma 4.4 (y MAPS TERMS TO WELL-FORMED GRAPHS). Forany M e
M, y(M) is defined and is a unique, well-formed graph.

Using the mappings, v, andr, we can now give a precise defi-

nition of the connections between terms, graphs, and normal forms.

5. SEMANTICS FOR PREVIEW

This section presents a reduction semantics for staged cyclic lambda

terms and graphs, and establishes the connection between the two.

5.1 Staged Terms

Ariola and Blom study a call-by-need reduction semantics for
the lambda-calculus extended with a letrec construct. In order to
extend this semantics to support staging constructs, we use the no-
tion of expression familieproposed for the reduction semantics of
call-by-namei-U [18]. In the context oft-U, expression families
restrict beta-redeces to terms that are valid at level 0. Intuitively,
given a staged terrivl, thelevel of a subterm oM is the number
of Brackets minus the number of Escapes surrounding the subterm.
Aterm M is valid at level n if all Escapes insid& occur at a level
greater tham.

Exampre 5.1. Consider the lambda term M (Ax. ~ (f(X))).
The variable f occurs at level 0, while the use of x occurs at level
1. Since the Escape occurs at level 1, M is valid at level 0.

Two terms map to the same graph if and only if they have the same o c4icu1usi-U does not provide a letrec construct to directly

normal form. Thus, normal forms represent equivalence classes of

terms that map to the same graphbyThe functionv gives an al-
gorithm for computing such representative terms. Given two well-
formed graphg, h € G, we writeg = h if g andh are isomorphic
graphs with identical node labels.

Lemma 4.5 (Sounpness oF NormaLizaTioN). If M € M. then
y(M) = y(»(M)).

LemMA 4.6 (RecOVERY OF NORMAL FORMS). If N € Myorm then
N =, 7(¥(N)).

Lemma 4.7 (CompLETENESS OF NORMALIZATION). Let My, M, € M.
If y(M1) = y(Mz) thenv(Mz) =aipna v(M2).

ExampLe 4.3. In Example 4.2 we showed that the three terms
M, My, and M; have the same normal form. By Lemma 4.5, they
translate to the same graph. This graph is shown in Example 4.1.
By Lemma 4.7, the termsMM,, and My must have the same
normal form since they map to the same graphyby

Tueorem 4.1 (CorrecTNESs OF GrapHicAL Syntax). Well-formed
graphs and normal forms are one-to-one:

1. If M € M thenv(M) =apha 7(¥(M)).
2. If g e G then g= y(r(qg)).

express sharing in lambda terms. Therefore, we extend the notion
of expression families to include the letrec construct as follows:

MO e MO = X|AXM°| M°MO | letrec D° in M°
| (MY 1M

M™ e M™ = X|AXM™ | M™M™ | letrec D™ in M™
| <Mn++>|~ Mn|| Mn+

D" e D" = Xj= M

]

In order to combine Ariola and Blom’s reduction semantics for
cyclic lambda-terms with the reduction semantics#dy, we need

to account for the dierence in beta-reduction between the two for-
malisms: While1-U is based on a standard notion of substitution,
Ariola and Blom’s beta-rule uses the letrec construct to express a
binding from the applied function’s parameter to the argument of
the application, without immediately substituting the argument for
the function’s parameter. Instead, substitution is performed on de-
mand by a separate reduction rule. Furthermore, substitutidfin

is restricted (implicitly by thes-rule) to M°-terms. We make this
restriction explicit by defining which contexts are valid afelient
levels:

CeC = O|AXC|CM|MC|letrecDinC
| letrecx=C,DinM|({C)|~C]|!C
CheC" = {CeC|C[X]eM



v fresh

Yore(M) = (V,L,E,S,r) vfresh

Yore(X) = ({V}, {v > o}, {(X, v.in)}, 0, v.out) Yore(AXM) = (V¥ {v}, L

W {v i A}, E[x := v.bind] w {(r, v.return)}, S w {v - V ¥ {v}}, v.out)

Yore(M1) = (V1, L1, E1,S1,11)  Ypre(M2) = (V2, L2, E2, S2,12)  viresh

Yorel(MiMp) = (V1 W Vo W {v), L1 W Ly W {v > @}, E; W Ex W {(rq, v.fun), (ro, v.arg)}, S; & Sy, v.out)

7pre(Mj) = (Vjv Lj, Ejvsjvrjj Vpre(M) =(V,L,E,S,;r) vfresh

——i —>
Yore(letrec X; = Mj in M) = (VV,

LeL;, (EWE))[X =T]].S¥S,.1)

')’pre(M) = (V, L,E,S, I’) v fresh

Yore((M)) = (Vi {v}, LW {vi> ()}, EwW{(r, v.return)}, S w {v > V ¥ {V}}, v.out)

7pre(M) =(V,L,E,S,;r) vfresh

7pre(M) =(V,.L,E,S,r) vfresh

Yore(~ M) = (VW (v}, Ly {vis~}, EW{(r,v.return)},Sw {vi> V w {V}}

YveV:L(V)=e= pred{) =0

,v.out) Yore(! M) = (VW {v},Lw {v=! Ew{(r,v.in)}, S, v.out)

o(Vu{v,Lu{vi e}, E,Sr) =g

o(V,.LLE,S;r) = (V,L,E,S,1)

s#vout (vout,t)¢ E o(V,.L,E

o(Vw{v,Lw{v e}, Ew{(v.out,v.in)},S,r) =g

w{(s 1)} S\v.r[vout:= ) = g

o(Vy{vl,LW{v e}, Ew{(s V.in)} v {(v.out, tji}, Srn=g

Figure 5: The translation functions ype : M — Gpe and o : Gpe = G

We write C[M] for the result of replacing the hoke in C with M,
potentially capturing free variables M in the process. Further-
more, we adopt the notatidd L. M from [3] to denote that the set
of variables occurring as the left-hand side of a letrec declaration
in D does not intersect with the set of free variabledin

Using these families of terms and contexts, we extend Ariola
and Blom'’s reductions as shown in Figure 6. We writefor the
compatible extension of the rules & and we write—* for the
reflexive and transitive closure e$. The idea behind the rulesib
is to perform substitution on demand after a function application
has been performed. In this sense, the reduction muband the
rule Bo together mimic the behavior of beta-reductioniy.

5.2 Staged Graphs

To define a reduction semantics for PreVIEW, we define similar
notions as used in the previous section: el of a node is the
number of surrounding Bracket nodes minus the surrounding Es-
cape nodes, and a set of nodgss valid at level n if all Escape
nodes inU occur at a level greater tham

Derinition 5.1 (Nopk Lever). Givenagrapho= (V,L,E,S,r) €
G, anode e V has level n if there is a derivation for the judgment
level(v) = n defined as follows:

v e topleve(V) surroundv) =u L(u)=2 levelu)=n
levelv) =0 levelv) = n
surroundv) =u L(u) =¢) levelu)=n

levelv) =n+1
surroundv) =u L(u)=~ leveluy=n+1

levelv) =n

We write levelv;) < levelv,) as a shorthand for level) = ny A
levelv;) = n; Ang < . AsetUC V is valid at level n if there is a

derivation for the judgment” U defined as follows:

F'v VYvetopleve(U) L(V)<€{@,s,!}
U H'v
L(v) =1 +"contentéy) L(v)=¢( +™! contentv)
LRV Y
L(v) =~ " content$v)

En+l oy

Context families and node levels are closely related. In the term
reductions presented in the previous section, context families re-
strict the terms in which a variable may be substituted. In the
graph reductions described in this section, determining whether
two nodes constitute a redex will require comparing the levels of
the two nodes. Furthermore, we can show that the notion of a set of
nodes valid at a given level corresponds directly to the restriction
imposed on terms by expression families.

LemmAa 5.1  (FROPERTIES OF GRAPH VALIDITY).
1. Whenever Me M" and g= y(M"), then" V.

2. Whenever g G with+" V, thent(g) € M".

When evaluating a grapd = (V,L,E,S,r), we require thag
be well-formed (see Section 3.4) and th&tV. This ensures that
levelv) is defined for allv € V.

Lemma 5.2 (NoDE LEVELS IN WELL-FORMED GRAPHS). FOr any graph
g € G with+° V and ve V, we have levé¥) = n for some n.

We now define three reduction rules that can be applied to Pre-
VIEW graphs. Each of these rules is applied in two steps: 1) If
necessary, we copy nodes to expose the redex in the graph. This
step corresponds to using the term reduction raldsor the rules



letrec x= M%,D"in C°[x] —qp letrec x=M% D" in CO[MC]
letrec x = CO[y],y = M%,D"in M" ., letrec x = C°[M°],y = M%, D" in M"
(AXM) M9 >4  letrec x= M2 in M?
~ <M0> —esc MO
! <MO> —run MmO
letrec DY in (letrec D} in M")  —erge  letrec DY, DS in M"
letrec x = (letrec D} in M7), D} in MJ  —perge letrec x= M7, DY, DJ in MJ
(letrec D" in M) MJ  —yi;y  letrec D" in (M] MJ)
M7 (letrec D" in MJ)  —yiy  letrec D" in (M7 MJ)
letrec D" in (M™  —jisy  (letrec D" in MMy

letrec _in M"
letrec DY, DJ in M"

—gc

Mn
letrec D} in M"

if D3 # 0 A DJ L letrec D} in M"

Figure 6: Term Reduction Rules

w lew lew lew w. low. low low.
n n n » 0 0 0 0
out ’I:> @:> out : ‘
| | ] DI « v pa— 1®v PEEN g <
26w ~ ~ 2®W
A 2ew 0O
bindp— 5, —>lfretum 5 8§ 5, —Hreturn 5 55—
in~ out ‘
out return out return 2ow lov
fun fun »
arg arg in out in—out in—out
5>1@ S S, K T—» T—»
v , , ,
lov lov g g g =.. alg’)
8 g g = og’)

Figure 7: Beta-reduction for PreVIEW graphs

merge lift, andgc (see Figure 6) on the original term. 2) We con-

Figure 8: Escape-reduction for PreVIEW graphs

DeriNiTioN 5.2 (Grapa BeTa). Given a graph g G with +0 V
and yw € V such that kv) = @, L(w) = 4, (w.out, v.fun) € E,
0 content§w), 0 {u | u € S(surroundv)) Au ~» v}, and levefw) <
levelv) Then the contraction of thgo-redex v, written g—, h, is
defined as follows:

tract the redex by removing nodes and by redirecting edges in the
graph. This step corresponds to performing the ag@ualese, or
run-reduction on a term. In the following, we wried V for the
set{j®Vv|ve V}wherej € {1,2}. Furthermore, we writ&) & V
forthe set (B U) U 2o V).

Beta A Bo-redex in a PreVIEW graph consists of an application
nodev that has a lambda nodeas its first predecessor. The con-
traction of the redex is performed in two steps (see Figure 7): 1. We define a transitional graph & (V’,L’,E’,S’,r’) using

the functions f and % that map edge sources in E to edge
1. Checkthatthe edg®/(out, v.fun) is the only edge originating unet ! b pedg . I g

atw.out, and that the application nodes outside the scope sources in &
of w. If any of these conditions do not hold, copy the lambda
node in a way that ensures that the conditions hold for the f1(%) - ¥
copy ofw. The copy ofw is called 26 w, and the original of £,(u.0) - 1euo
vis called 1® v. Place 26w and its scope in the same scope = )
as lov. f2(X) = X
2. Convert 18 v and 26 w into indirection nodes, which are fo(ubind) = { i: 32:23 gtﬂ:rvsvi(s\,lg
then removed by the graph simplification functioidefined ’ )
in Section 4.3). Redirect edges so that after simplification, f(uout) = { 2euout ifueSWw\iw
edges that originated at the applied function’s parameter (2 leuout otherwise

w.bind) now start at the roos, of the function’s argument,
and edges that originated at the application node’s outgut (1
v.out) nhow start at the roog; of the function’s body.

Let $ be the origin of the unique edge in E with targeirg.



The components of gre constructed as follows:

if [{(w.out,t) e E}j =1
V/ - (V\S(W)) ® S(W) and V¢ S(W)
V & S(w) otherwise
E' = {(fu(s),leui)|leoueV A(sui)e EAUZV}
U {(2ew.out, 1@ v.fun), (f1(s), 1 @ v.arg)}
U {(fx(9),20ui)|20ue V' A(sul) € E}
L'(jeuw = L(u) for j € {1,2}
S'2eu) = 2 S(u)
S'leu) = 1&S(u) if v.g S(u)
S'leu) = S(uyeS(w) ifveSu)
rr=fir)

2. Let 5§ and s be the origins of the unique edges in \Eith
targets2@w.return and1év.arg respectively. We modify E
L’, and S as follows:

2owout, 1o v.fun) = (s,16V.in)
(s, 2@ w.return) = (S, 2@ w.in)
(s, 1@ varg) = removed
L'(lev) = e
L'Cew) = e
S'(2ew) := undefined

Furthermore, any occurrence of pdt® w.bind in E’ is re-
placed by2ew.out. The resulting graph h of thg»-reduction
is then the simplification-(g’).

EscapeAn escredex consists of an Escape nodéhat has a
Bracket nodew as its predecessor. We contract the redex in two
steps (see Figure 8):

1. Check that the edgev(out, v.return) is the only edge orig-
inating atw.out, and that the Escape nodds outside the
scope ofw. If any of these conditions do not hold, copy the
Bracket node in a way that ensures that the conditions hold
for the copy ofw. The copy ofw is called 2& w, and the
original ofvis called I®v. Place 2pw (and its scope) in the
scope of B v.

2. Convert Bvand 2pw into indirection nodes, which are then
removed by the functionr. Redirect edges so that after sim-

plification, edges that originated at the Escape node’s output

port (1& v.out) now start at the roas; of the Bracket node’s
body.

DernitioN 5.3 (Grapu Escapg). Given a graph ge G with +-°
V andvyw € V such that iv) = ~, L(w) = (), (w.out, v.return) € E,
+0 content$w), and levefw) < levelv). Then the contraction of the
esc-redex v, written gresc h, is defined as follows:

1. We define a transitional graph g (V’,L’,E’,S’,r’) where
V’/,’,S’, and r are constructed as in Definition 5.2. The
set of edges Hs constructed as follows:

E’ {(fi(s),1oui)|leoueV A(sui)e EAU#V}

{(2® w.out, 1 & v.return)}

{(f2(9),2@ui) | 20Uec V' A(Su.i) € E}

cci

“4In Definition 5.2,v andw refer to the application- and lambda
nodes of gBo-redex. Herey stands for the Escape node, and
stands for the Bracket node of thecredex.

SR U

—1 —1 —1 —1
out
> — | E—
- - -
2ew
0
N 4>| return Nind
v lev
in in out
8 g g= alg’)

2.

Figure 9: Run-reduction for PreVIEW graphs

Let 5 be the origin of the unique edge i ®ith target2 &
w.return. We modify E L’, and S as follows:

(2@ w.out, 1 & v.return) (2@ w.out, 1 @ v.in)

(s1, 2@ w.return) (s1, 2@ w.in)
L'(lev) = e
L2ew) = e
S'(lev) := undefined
S'(2ew) := undefined

The resulting graph h of the esc-reductiorigy’).

Run A run-redex consists of a Run nodethat has a Bracket

nodew as its predecessor. The contraction of the redex is performed
in two steps (see Figure 9):

1.

Check that the edgev(out, v.in) is the only edge originating
atw.out, and that the Run nodeis outside the scope of. If

any of these conditions do not hold, copy the Bracket node in
a way that ensures that the conditions hold for the copy. of
The copy ofw is called 2& w, and the original of is called

1@ v. Place 2pw (and its scope) in the same scope asvi

. Convert Ipvand 2pw into indirection nodes, which are then

removed byo. Redirect edges so that after simplification,
edges that originated at the Run node’s output papt(tut)
now start at the roas; of the Bracket node’s body.

Dernition 5.4 (Grap Run). Given a graph ge G with 10 v
and yw € V such that kv) = !, L(w) = (), (w.out,v.in) € E,
+° contentgw), and levefw) < levelv). Then the contraction of the
run-redex v, written g, h, is defined as follows:

1.

2.

We define a transitional graph & (V’,L’,E’,S’,r’) where
V’,Ll’,S, and r are constructed as in Definition 5.2. The set
of edges Eis constructed as follows:

E = {(fi(s),1leui)|leoueV A(Sui)eEAUZV]
U {(2®w.out, 1o v.in)}
U {(f2(9),20ui)|2®0ue V' A(suli) € E}

Let § be the origin of the unique edge ir ®ith target2 &
w.return. We modify E L’, and S as follows:

(s1, 2@ w.return) = (S, 2@ w.in)
L'(lev) = e
Lew) = e
S'(2ew) := undefined

The resulting graph h of the run-reductiond€g’).
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the contraction of a redex in the grapgM). Computer Society Press.

[6] W. Citrin, R. Hall, and B. Zorn. Programming with visual
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APPENDIX Proof LetM € M. Sincev = []norm © [-Jpre; We prove the claim
separately fof_] pre aNd[_Jnorm.

A. PROOFS _ . .
1. We first show by structural induction o that [M] e €
Lemma 4.1 (Normal forms are terms)Morm € M. Mpre.
Proof LetN € My,m- We proceed by structural induction oh If e M = x. By definition,x € Mpre.
N = x, then we are done sincee M. If N = letrec Q in X, then e M = Ax.M;. We have[AX.My] pre = (letrec X3 = AX.[M1] pre in Xy).
we consider the dlierent cases for declarations@ and show that By induction, [My]pre € Mpre. From the grammar for
the right-hand side of any such declaration i&in Mpre it follows that (etrec X; = AX.[Mi]pre in X;) is in
e x=Xx. Clearly,x € M. Mpre.

e M = M;M,. We have[M;M;]Jpre = (letrec Q1, Qz, X3 =
X1X2 in X3) where [My]pe = (letrec Q in %) and
[M2] pre = (letrec Q in Xp). By induction, {etrec Qy in ;)

e X = AX.N; whereN; € Mpom. By the inductive hypothesis we
haveN; € M. It follows thatAx.N; € M.

e x =Yy z Trivially holds sincey ze M. and (etrec Q, in Xx,) are both iV ,e. From the grammar
e X = (Np) whereN; € Myom. By the inductive hypothesis we for Mre it follows that (etrec Qy, Q2, X3 = X1 X2 in Xg) is
haveN; € M. It follows that{N;) € M. in Mpre.
e x =~ Ny whereN; € Mpom. By the inductive hypothesis we e M = letrec x; = M; in M. We have]letrec x; = M; in M e =
haveN; € M. It follows that~ N; € M. (letrec Q,
_—
e x=1y. Clearly, ly e M. Qj, xj =Y;j in y) where[M;]pe = (letrec Qj in y;) and
[M] pre = (letrec Q in y). By induction, (etrec Qj in y;)
§mma4.2 (r maps graphs to normal forms)if g € G thent(g) < and (etrec Q in y) are all inMre. From the grammar for
norm-

Mypyre it follows that (etrec Q, Q;, X; = yj in y) is in Mpe.
M = (M;). Similar to the case faix.M;.
° = ~ Mj. Similar to the case fatx.M;.
e M =! M. Similar for the case fokM; M.

Proof By definition, 7(g) = mkreddec(V), namégr)). We first
show that for anyJ C V the set of letrec declaratiorec(U) is
in normal form, i.e.dec(U) C Dpom. By the definition ofmkrecit
follows thatr(g) is a normal form. We prove this claim by strong

induction on the size dfl. 2. We now show thafN'Jnorm € Mpom for any N’ € Mpe.
We assume that for alv ¢ U we havedec(W) C Dpom. The We proceed by induction over the derivation of the judgment
setdeclU) consists of one letrec declaratign = term(u) for each [N'Tnorm = N and by a case analysis on the last rule applied.

top-level nodal € U. By a case analysis on the labelipfive show
that each such declaration has the form specified by the grammar
for normal forms. It follows thatlec(U) € Dporm.

e L(u) = e: The declaration fou is x, = %, which is a declara-
tion in normal form.

e [N]norm = N. By the premise of this rulé\ € Myorm.

e [letrec _ in X]norm = X. By definition, the variablecis a
normal form.

e [letrec y = 2zN’, Q' in X]Jnorm = Nz where[NJnorm =
N; and[letrec y = 1zNy, Q' in X]norm = N2. By assump-

e L(u) = &: The declaration fonis x, = Ay,.mkre¢dec(contentgu)), namgs)) tion, (etrec y = 2zN’, Q' in X) € Mpre. This can only be

wheresis the root of the subgraph af We havecontentgu) c the case ifN’ € Mpe andQ C Dy By induction, we

U and so by the inductive hypothesis we det(content§u)) getN; € Mpom. By a similar argument to the proof of

Diorme Sincenamés) is just a variable name, the temkre¢decicontentgu)), nemg®) 4.1, we can show thifom € Mpe. Therefore

is itself a normal form. This establishes that the letrec decla- we haveN; € My and (etrec y = 1zN;, Q in X) €

ration foru is in normal form. Mpre. We can then apply the inductive hypothesis again,
e L(u) = @: The declaration fou is x, = namés;) namgs,) and getN; € Miorm.

wheres, ands, are the sources of the incoming edges to the e [letrec y = (N'), Q" in X]norm = N2. Similar to the third

fun and arg ports ofu respectively (Well-formedness guar- case.

antees thati has exactly two incoming edges). The terms o [letrecy = ~ N, Q in X]norm = N2. Similar to the third

namgs;) andnamés;) are just variable names, which estab- case.

lishes that the declaration faris in normal form. o [letrecy =z Q in X]Jnorm = N wherey # zand[(letrec Q' in X)[y :=
e L(u) = (): The declaration fou is x, = (mkre¢dec(contentgu)), namgs)))  ZJnorm = N. By assumption,létrec y = 2z Q' in X) €

wheresis the root of the subgraph af We havecontentgu) c Mre. This implies that the termigtrec Q' in X)[y := 7

U and so by the inductive hypothesis we det{content$u)) C is also inMe. We apply the inductive hypothesis and

Dhorm. Sincenamés) is just a variable name, the temkreddec(content$u)), 0&hiNés) Mnorm.
is itself a normal form. This establishes that the letrec decla-
ration foruis in normal form.

e L(u) = ~: Similar to the case folc(u) = ().

e L(u) =!: The declaration fou is x, = ! namés) wheres
is the source of the incoming edge to theport of u (Well-
formedness guarantees thidtas exactly one such edge). The
term namés) is just a variable name, which establishes that
the declaration fou is in normal form.

Lemma 4.4 (Graphing) For any M € M, y(M) is defined and is a
unique, well-formed graph.

Proof Given a termM € M, we show separately that M) is
defined, 2)y(M) is a well-formed graph, and 3)is deterministic.

1. We show thaty terminates for any input terrM € M by
showing that bothy e ando terminate. The mappingye(M)
is defined recursively. Each recursive call is performed on a
term strictly smaller thaM. Therefore every chain of recur-
Lemma 4.3 ¢ maps terms to normal forms) If M € M then sive applications of pr is finite, eventually reaching the base
v(M) € Muorm. case for variables. The only condition in the rules defining



Ypre IS that node namesbe fresh. This requirement can al- 1. We first show by structural induction dmthaty(M) = y([M] pre)-

ways be satisfied, and thereforg. is always defined.

To show thatr(g) terminates, we observe that each applica-
tion of the second or third rules in the definitioniefemoves
exactly one indirection node from the intermediate grgyplf

there is at least one such node in the graph, then one of these
two rules can be applied: the side conditions in the premises
of these rules only enforce correct pattern matching. This
ensures progress towards the well-defined base casg for
graph with no indirection nodes.

2. According to the definition of well-formedness for graphs, we
need to consider the following three aspects:

e Connectivity: By a simple inspection of the rules in the
definition ofy,e, we can verify that these rules only cre-
ate edges connecting nodes in the graph with the appro-
priate port types, thereby avoiding dangling edges. Fur-
thermore, for each created nodehe functiony,.e gen-
erates exactly one edge for each target porv,oénd
makesv the root of the resulting graph. This ensures
that each target port in the graph has exactly one incom-
ing edge associated with it. The definition®fensures
that for any indirection node that is removed, the incom-
ing and outgoing edges are merged into one edge that
“skips” the indirection node. Therefore; does not in-
troduce any dangling edges.

e Scoping: The construction of a graph for the tetrmaM
in the definition ofy,. creates the subgraph.(M) re-
cursively, and places it entirely in the scope of a new
lambda node. No edges of the subgraph leave the lambda
node. In fact, the only “edge” of the subgraph that is af-
fected by the construction is the root of the subgraph: it
is connected to theeturn port of the new lambda node.
Similarly, we can show that the constructions for Bracket

and Escape nodes generate well-scoped intermediate graphs.

The remaining cases follow by a simple induction on the
structure of the term being translated. The mapping
only afects indirection nodes, and therefore does not im-
pact the scoping of the respective graph.

« Root condition: Each rule in the definition 9f.e gener-
ates a new node and marks this node as the root of the re-
sulting graph. The only cases in which the root is placed
in the scope of a node are the constructions of lambda,
Bracket, and Escape nodes. However, in these cases the
root is placed only in itown scope. This matches the
requirements for correct scoping. The only rule in the
definition of y,e that does not involve the creation of a
new node is the rule for letrec. Here, the claim holds
by considering the construction of each subgraph induc-
tively. Again, the mapping- does not &ect scoping, and
therefore does not impact the root condition.

3. The mapping . is defined by induction on the structure of
the input termM. For any term, there is exactly one rule that
can be applied. This ensures thgk is deterministic.

The rules in an application of can be applied in non-deterministic
order. However, the final result of a graph without indirection
nodes is unique for a given intermediate graph, and therefore
o is deterministic.

Lemma 4.5 (Soundness of Normalizationlf M € M theny(M) =
y(/(M)).

Proof LetM e M. Sincev = [_Jnorm © [ pre; We prove the claim
separately fof_] yre and[Jnorm.

e M = x. We have[X]ye = (letrec _ in X) andype(X) =

vpre(letrec _in x). Becausey e ando are deterministic,

we gety(x) = y([X]pre)-

M = AX.M;. We haveAx.My] pre = (letrec X, = AX.[M1] pre in X1)
We now describe the construction of the graghsy pre(Ax.M3)
andh = ype(letrec x; = AX[Mi]pre in X1), and then
show thatg andh simplify to the same graph.

The graphg consists of a lambda nodess its root. The
root of the graphype(M1) is connected to’s return port,

and all nodes in this subgraph are placed in the scope of
The graphh represents the ternfefrec x; = AX.[M1]pre

in X1). It contains an indirection nodefor x; as its root,

and a lambda node for the subtermix.[M;]pe. The
nodesu andw are connected by an edge.dut, w.in).

The root of the graphpre([M1] pre) is connected to ta's
return port, and all nodes in this subgraph are placed in
the scope ofl.

From the inductive hypothesis we getypre(M1)) = (¥ pre([M1] pre
Sinceo also removes the indirection noderom h, this
shows thag andh simplify to the same graph.

M = M{M,. We haVe[[MlMg]] pre = (letl’EC Ql» Qz, X3 =

X1X2 in x3) where [Mi]pe = (letrec Q; in x;) and
[M2]pre = (letrec Q. in X). We now describe the
construction of the graphg = ype(M1M;) andh =
Yore([M1M2] ore), and then show thag andh simplify to

the same graph.

The graphg consists of an application nodes its root.

The roots of the graphg,e(M1) andyye(M.) are con-
nected to/'s fun andarg ports respectively. The graph
represents the ternfefrec Qp, Q2, X3 = XXz in X3). It
contains an indirection node for xz as its root, and one
application nodei for the subtermx; X,. The nodesi and

w are connected by an edgedut, w.in). The roots of the
graphsypre(letrec Qq in X1) andyp(letrec Q. in x,) are
connected tar's fun andarg ports respectively. From the
inductive hypothesis we get(yyre(M1)) = o (ypre(letrec Qq in X1))
ando(ypre(M2)) = o (ypre(letrec Q; in X2)). Sinceo also
removes the indirection nodefrom h, this shows thag

andh simplify to the same graph.

M = letrec x; = M in M. We have|letrec x; = MJ in M pre =
(letrec Q,

Qj, xj =Y; in y) where[M;]pre = (letrec Q; in y;) and
[M] pre = (letrec Q in y). We now describe the construc-

tion of the graphsg = yore(letrec x; = MJ in M) and

h = ype([letrec x; = MJ in M] pre), and then show that
andh simplify to the same graph.

The graphy consists of the graphg,(M;) andyp(M),
where the root of/pe(M) is the root ofg, and each free
variable occurrence; in the subgraphgy(M;) andy (M)
is replaced by the root of the respective grapl(M;).

_—
The grapthrepresents the terrferec Q, Q;, X; = y; iny).

It consists of the graphg,e(letrec Q; in y;) andype(letrec Q in'y)
where the root ofe(letrec Q in y) is the root ofh, and

each free variable occurrenggin the graph is replaced

by the root of the respective graph(letrec Qj in y;).

From the inductive hypothesis we @&y pre(M;)) = o (ypre(letrec Q
ando(ypre(M)) = o(ypre(letrec Q in y)). This shows that

g andh simplify to the same graph.

e M = (My). Similar to the case faix.M;.
¢ M = ~ M. Similar to the case fatx.M;.



e M =1 M;. Similar to the case fo; M,.

2. We now show that for a giveN’ € My we havey(N’) =
Y(IN"]norm). We proceed by induction over the derivation of
the judgmenfN']norm = N and by a case analysis on the last
rule applied.

e [N]norm = N. In this case, the claim trivially holds since
v is deterministic.

o [letrec _ in X]Jnorm = X. We haveype(letrec _ in x) =
vpre(X). Sinceo is deterministic, we gef(letrec _ in X) =
¥(X).

e [letrec y = 2ZN’, @ in X]Jnorm = N2. The premises are
[NTnorm = N; and[letrec y = AzZNy, Q" in X]norm =
N,. Applying the inductive hypothesis to these premises
yieldsy(N’) = y(Ny) andy(letrec y = 1zN;, Q' in X) =
v(N;). When constructing a graggfor the term [etrec y =
AzN’, Q in X), the functiony recursively constructs a
graph for N’ which is then made the subgraph of the
lambda node representing the tetmN’. Sincey(N’) =
v(Ny), it follows thatg is the same graph agletrec y =
AzNy, Q in X) which in turn is equal to/(N,).

o [letrec y = (N'), Q in X]norm = Nz. Similar to the third
case.

o [letrecy = ~ N, Q" in X]norm = N2. Similar to the third
case.

o [letrec y = 2 Q in X]norm = N. The important premise
of this rule is[(letrec QY
in X)[Y := Z]norm = N. Applying the inductive hypothe-
sis yieldsy((letrec Q
in Y[y := 7)) = ¥(N). The graphg = yp(letrec y =
z Q' in xX) has one more indirection node than the graph
h = ype((letrec Q' in X)[y := Z]). This indirection node
represents the right-hand sidef the declaratiory = z
However, the functiorr removes this indirection node,
and therefore botlyg and h simplify to the same graph
¥(N).

Lemma 4.6 (Recovery of normal forms)if N € Mpom then N=,
7(y(N)).
Proof We proceed by structural induction over

e N = x. y(X) is a graph with no nodes and the free variable
as its root. This graph is translated backdip the termx.

e N = letrec Q in x. The functiony constructs a grapg by
mapping letrec declarations @ to nodes ing. The transla-
tion T maps nodes ig back to letrec declarations. We assume
thatr associates with any nodg the namex,,, and with any
lambda node, the additional namg,,. By a case analysis on
the diferent possibilities for declarations @, we can show
thatN Zalpha T(g)

— X = X. This equation is translated to a black hole.
The black hole is mapped back byto a letrec declara-
tion Xy, = Xy,.

— X =y z This equation is translated byto an appli-
cation nodev, with two incoming edgess, v,.fun) and
(s, vx.arg). The edge sources, and s, are the roots
of the subgraphs foy andz respectively. The applica-
tion node is mapped back hyto a letrec declaration
Xy, = Nnamgs,) namgs;). Since the mapping from node
names to variable namesris deterministicall occur-
rences of, ands; in the resulting term will be mapped to
the variableamés,) andnamés,) respectively. There-
fore, the declaratiox,, = namgs;) namgs,) is alpha-
equivalent tax = y zwith respect to both full terms.

— X = Ay.N;. LetU ands be the set of nodes and the root
of the graphy(N;) respectively. The letrec declaration
is translated by to a lambda nodg, with an incoming
edge 6, vi.return) and the set) placed in the scope of,

i.e. U = content$v). The lambda node is mapped back

by 7 to a letrec declaratior,, = 1y,,.mkreddeclcontent$v)), name

We observe thankreddeclcontent$v))

,hamés)) = mkre¢dec(U), namgs)) = 7(y(N,)). There-
fore the resulting letrec declaratiomndig = Ay, .7(y(Ny)).

By induction we haveN; =, 7(y(N,)). Furthermoreall
references to node will be mapped to the variables,
(normal reference) oy,, (lambda parameter reference)
in the resulting term. This establishes that the initial and
resulting letrec declarations are alpha-equivalent.

— X =(Ny). Similar to the case fox = 1y.N;.

— X =~ Nj. Similar to the case fox = 2y.N;j.

— x =!y. This equation is translated byto a run node,
with an incoming edges, v.in). The edge sourcs, is
the root of the subgraph for. The run node is mapped
back byr to a letrec declaratior,, = ! namgs,). Since
all occurrences o, in the resulting term will be mapped
to the variableamés,), the declaratiornx,, = ! namgs,)
is alpha-equivalent tx = ! y with respect to both full
terms.

Lemma 4.7 (Completeness of Normalization).et M;, M, € M.
If ¥(M1) = ¥(M2) thenv(M1) Zaipha v(M2).

Proof We proceed in two steps. We first show thdM) = g
impliesv(M) =aipha 7(9). The main claim follows trivially.

1. Lety(M) = gandN = »(M). By Lemma 4.5 we have
y(M) = y(»(M)) and therefore/(N) = y(v(M)) = (M) = g.
Furthermore, by Lemma 4.6 we hae =qpna 7(y(N)). It
follows thatv(M) = N =gpna 7(¥(N)) =Zaipha 7(0)-

2. Lety(M;) = y(M,) = g. From the first part of this proof we
know thatv(M;) =apha 7(9) and thatv(M;) =apha 7(g). Then
clearlyv(M1) =aipha v(M).

Theorem 4.1 (Main) The sets of well-formed graphs and normal
forms are one-to-one:

1. If M € M thenv(M) =gpha T(y(M)).
2. If g e G then g= y(7(g)).

Proof We prove both claims separately.

1. LetN € Myom From Lemma 4.6 we know thal =apna
7(y(N)). If we letN = v(M), then we get(M) =aipha T(y(v(M))).
From Lemma 4.5 it follows that(M) =aipha 7(¥(M)).

2. We map the grapp to a normal formN by 7 which is then
mapped to a graph by y,.. We show that-(h) = g. To this
end, we investigate theffects ofr andype. The translation
T maps any top-level nodein g to a letrec declaration of the
form x, = term(v). The functiony. maps subterms dfl to
nodes irh. More precisely, for every declaration = term(v)
in N, ypre Creates a node that we catbdgx,). We can show
that after simplification, the graghonly contains the nodes
{nod€Xx,) | v € V} where eacimod€Xx,) corresponds to exactly
onev € V. Furthermore, these nodes are labeled, connected,
and scoped in the same way as the nodeg WWe proceed by
a case analysis on the labehof

e L(v) = e. The black holevis mapped by to the declara-
tion x, = X,, which is mapped back by to an indirec-
tion nodenoddXx,) pointing to itself. The simplification
functiono will changenod€x,) into a black hole.



e L(V) = A. The well-formedness condition ensures that
there is exactly one edge of the formg \.return) in g.

in the sets/; andU, i.e.V = V; wU. From the inductive
hypothesis we get” V; andr" V. This means that" u

The declaration iN for vis thenx, = 1y,.mkre¢declcontent$v)), namégs$pr all nodesu in topleve(V;) and intopleve{U), and

The functiony e maps this declaration to a lambda node
nodgx,) and an indirection node placed between the im-
age ofs and thereturn port of nod€x,). The function

o removes this indirection node, so that there is an edge
from the image ofto v.return. All nodes incontent$v)

are mapped by to declarations nested inside the lambda
term forx,, which are in turn mapped by to nodes in
contentgnodex,)).

e L(v) = @. The well-formedness condition ensures that
there are exactly two edges gnof the form (5, v.fun)
and (&, v.arg). The declaration irN for v is thenx, =
namgs;) namgs,). This declaration is mapped bye
to an application nodeod€x,) with an indirection node
placed between the image®fand theun port ofnod€x, ),
and with a second indirection node placed between the
image ofs, and thearg port of nod€x,). These indi-
rection nodes are removed byso that the images «f
ands, are directly connected to thien andarg ports of
nodegx,).

e L(v) = (). Similar to the case fac(v) = 1

e L(v) = ~. Similar to the case fac(v) = 4

e L(v) = . The well-formedness condition ensures that
there is exactly one edge mof the form § v.in). The
declaration irN for vis thenx, = ! namgs). This decla-
ration is mapped by to a Run nodeodgx,) with an
indirection node placed between the images@ind the
in port of nodgx,). This indirection node is removed by
o so that the image of is directly connected to thia
port of nod€Xx,).

therefore-" V.

e M" = (M;‘*l). Let V; be the set of nodes for the graph
y(M*1). From the inductive hypothesis we gét* V.
The graphg = y((M*1)) consists of a Bracket node
with the nodes iV, placed in the scope of, i.e. V =
V1 W {v} andcontent$v) = V,. By the definition of graph
validity, L(v) = () and-""! content$v) imply " V.

e M" =~ M¥wheren = k+ 1. LetV; be the set of nodes
for the graphy(Mf). From the inductive hypothesis we
getr* Vy. The graphy = y( ~ MX) consists of an Escape
nodev with the nodes iV, placed in the scope of i.e.

V =V, ¥ {v} andcontent$v) = V;. By the definition of
graph validity,L(v) = ~ and+¥ contentgv) imply F<1 v
and so-" V.

e M" =1 M]. LetV; be the set of nodes for the graph
y(M]). The graphg = y(! M) consists of a Run node
with the root ofy(M[) connected ta’s in port. From the
inductive hypothesis we gef V;. This means that" u
for all nodesu in topleve(V;). By definition of graph
validity, L(v) =! implies+" v. SinceV = V; v {v}, this
establishes that" u for all nodesu in topleve(V), and
therefore-" V.

2. Letg € G with +" V. We first show that for any C V, the set
of letrec declarationglec(U) contains only right-hand sides
in M". It follows thatt(g) = mkred¢dec(V),r) € M". We
proceed by strong induction on the sizelbfind assume that
dec(U) contains only right-hand sides M" for all U c V.
We also assume thaf V, i.e. +" v for all v € topleve(V).
The setdec(v) contains a declaratior, = term(v) for each
suchv. By a case analysis on the labelgfwe show that

Lemma 5.1 (Properties of graph validity)

1. Let M e M" and g= y(M"). Then-" V
2. Letge Gwith+" V. Thenr(g) € M".

term(v) € M" for each suclv.

e L(v) = o. We haveterm(v) = x, and clearlyx, € M".
e L(v) = A. The well-formedness condition ensures that
Proof We prove the two claims separately. g contains exactly one incoming edge foof the form

-return). We then havéer =
1. LetM" e M" andg = y(M"). We show that" V by structural (S v.return) véerm(v)

induction onM",

e M" = x. The graphy(x) contains no nodes, and we have
" 0.

e M" = AxM]. LetV; be the set of nodes for the graph
y(M7). From the inductive hypothesis we gétV,. The
graphg = y(1x.M]) consists of a lambda nodewith the
nodes inV; placed in the scope of i.e. V = V; W {v}
andcontentév) = V;. By the definition of graph validity,
L(v) = 2 and+" content§v) imply +" V.

e M" = MTMJ. LetV; andV, be the sets of nodes for
the graphg/(M7) andy(MJ) respectively. The grapt=
y(MIM3) consists of an application nodavith the roots
of y(M]) andy(M3) connected tas's fun andarg ports
respectively. From the inductive hypothesis we gt
V; and+" V,. This means that" u for all nodesu in
topleve(V;) and intopleve(V,). By definition of graph
validity, L(v) = @ implies+" v. SinceV = V; ¥V, W {v},
this establishes that' u for all nodesu in topleve(V),
and therefore”

o M" = letrec xj = M in M". LetV; andU be the sets of
nodes for the grapf’rﬁ(M?) andy(M") respectively. The

graphg = y(letrec x; = M{ in M") consists of all nodes

Ayy.mkreddeclcontentév)), namés)). We know thatontentgv) c
V. By the inductive hypothesis we know that all letrec
right-hand sides ilec(contentév)) are inM". Together
with the fact thatnamés) expands to a variable name,
this establishes that,.mkre¢declcontent$v)), namgs))
isinM".

e L(v) = @. The well-formedness condition ensures that
contains exactly two incoming edges forThese edges
have the form ¢, v.fun) and &, v.arg). We then have
term(v) = namés;) namé€s,). We know thanamés;)
andnamés;) expand to just variable names, and there-
fore (hamés;) namés,)) € M".

e L(v) = (). The well-formedness condition ensures that
g contains exactly one incoming edge foof the form
(s, v.return). We then havéerm(v) = (mkregdeclcontentgv)), nam
We know thatcontent$v) c V. By the inductive hypoth-
esis we know that all letrec right-hand sidesléc(contentév))
are inM". Together with the fact thatamés) expands to
avariable name, this establishes ttrakreddeclcontent$v)), name

isinM".
e L(v) = ~. Similar to the previous case.
e L(v) = I. The well-formedness condition ensures that

g contains exactly one incoming edge foof the form



(s, v.in). We then haveerm(v) = ! nam€s). We know
thatnamés) expands to just a variable name, and there-
fore (! namés)) € M".

Theorem 5.1 (Correctness of Graphical Reductions)et g€ G,
8 € {Bo,escrun}, M® e M° and g= y(M°).

1. Graph reductions preserve well-formedness:

g —s himplieshe G

2. Graph reductions are sound:

This subterm can be reduced tylift-steps to
(letrec DY, in (...(letrec DY in (Ax.M3) M))).

This subterm ofM9 now contains the exposed re-
dex @x.MJ) M2. Therefore,MJ corresponds tgy,
where the reference to the lambda node being ap-
plied is unique, and the lambda and application nodes
are in the same scope.

— The redex irg corresponds to a subterm i of the
form

(letrec D}, in (...(letrec DY in xy))) M.

g —s himpliesM? —* M3 —5 M3 for someM?, M3 € M° such thah = y(M3)

3. Graph reductions are complete:

M) —; M2 impliesg —s h for someh € G such thah = y(M9)

Proof We prove the three claims separately.

1. According to the definition of well-formedness for graphs, we
need to consider three aspects:

Connectivity: The graph reduction rules avoid dangling
edges by first changing the nodes to be removed into in-
direction nodes. In the case g4, the diference in arity
between application and indirection nodes is reflected in
the removal of the edge from the lambda node toftime
port of the application node. The graph reductiess
andrun maintain correct node arity in a similar fashion.

Scoping: The first step of all graph reductions (poten-
tially) moves an entire scope into another scope. Assum-
ing a well-formed original graph, it is clear that this op-
eration cannot create any edges leaving a scope, which is
the key requirement for correct scoping. The second step
of any graph reduction onlgemovesscopes, and the re-
wiring of edges is limited to edges that did not leave the
original scope of the respective redex. Again, it is easy
to see that these operations do not give rise to edges that
leave a scope in the graph.

Root condition: This condition requires that the root of
the graph not be nested in any scope in the graph. While
nodes may be moved intoftirent scopes in all three
graph reduction rules, it is not possible for the root of the
graph to be moved in this way: if the lambda node of a
Bo-redex is also the root of the graph, then the edge from
the lambda node to the application node is not unique.
Therefore, the lambda node will be copied, amdy the
copywill be moved in the scope of the application node,
thereby leaving the root of the graph unchanged. Similar
reasoning applies to the graph reductiessandrun.

consider each cased$eparately.

6§ = Bo. Letg be the result of the first step of tife-
reduction ong. We can show tham? can be reduced
to a termMJ with (M) = g’ such that thgo-redex in

M2 is of the form @x.M2) M2. From the third part of this
theorem it follows that reducing the subterax(M2) M2

to (letrec x = M2 in MY) yields a termMJ with h =
¥(M3). To this end, we need to consider two cases for
the termM?.

— The redex irg corresponds to a subterm ®i? of the
form

(letrec DY, in (...(letrec DY in Ax.M3))) M2.

FurthermoreM? contains the declarations
xi = letrec Eg, in (...(letrec E7 in x;))
through
Xm = letrec FJ)_in (...(letrec FY in Ax.M3)).

These declarations are placedVi§ so that the vari-
ablesxy, ..., Xy are visible to the redex. By ap-
plications of thelift reduction rules, we can reduce
the redex tolgtrec Dj, in (...(letrec D in x; MD))).
Furthermore, the declarations fo; ..., X, can be re-
duced bymergeto

X1 = X, Ef, ..., E}

— 0 gn n
mys e Xm = AXMg, FLL L B

By definition of theBo-redex in the grapl, the level
of the lambda node is no greater than the level of the
application node. This means that M?, the oc-
currence ofx; in the redex is at a level no less than
the level of the definition of the variables, ..., Xn.
Therefore, we can substitute variables usogun-
til we have the subterm, Mg. The term obtained in
this way still representg. We can then perform one
more substitution usinguh yielding a term with the
subterm {x.M92) M2. This reduction corresponds
to moving the lambda node in the same scope as
the application node. If going frorg to g’ did re-
quire copying the lambda node, then the term with
the subterm{x.M3) MY precisely representg, and
we are done. If the lambda node did not need to be
copied, then the nodes corresponding to the declara-
tion X, = Ax.MJ are now garbage in the correspond-
ing graph. We therefore need to ugeto garbage
collect all unreferenced declarations in the set

X1 = X2, B, oo BN o X = AX MY, FLL L P

my >

The resulting term id/9 representingy .

e § = esc We proceed similarly to the case f86. The

main diference is the use of tHit rule for Brackets in-
stead of thdift rule for application to expose the Escape
redex in the ternM?.

e 5 = run. We proceed similarly to the case f8s. The

main diference is the use of tHit rule for Brackets in-
stead of thdift rule for application to expose the Run
redex in the ternM?.

3. We consider each cased$eparately.
e § = po. If MY -5 MY, then we know that? con-

tains a subterm of the formix.M3) M2. In the graph
g = y(M9), this corresponds to a lambda node and an
application node that are in the same scope, and with



the lambda node’sut port connected to the application
node’sfun port. From Lemma 5.1 we know that the con-
tents of the lambda node and the set of nodeg ihat
reach the application node and are in the same scope
are valid at level 0. This establishes the fact thabn-
tains gBo-redex. Since the lambda and application nodes
are already in the same scope, reducing this redex in
only involves the second step of the beta-reduction for
graphs: we remove the lambda and application nodes,
and replace edges from the lambdailsd port by edges
originating from the application’s argument. This cor-
responds directly to the subteretrec x = M in M?,
which is the result of reducingig M?) M3.

6 = esc We proceed similarly to the case 8. The
term reduction involves a redex of the form (M9,
which corresponds at the graph level to a Bracket node
nested inside an Escape node. From Lemma 5.1 we know
that the contents of the Bracket node are valid at level 0,
and therefore that the graph containsemeredex. The
reduction of the redex in the graph simply removes the
Bracket and Escape nodes, only keeping the contents of
the Bracket node. This corresponds to the subtisttn
which is the result of the term reduction.

6 = run. We proceed similarly to the case f8s. The
term reduction involves a redex of the forgM®), which
corresponds at the graph level to a Bracket node con-
nected to then port of a Run node. Furthermore, the
Bracket and Run nodes are in the same scope. From
Lemma 5.1 we know that the contents of the Bracket
node are valid at level 0, and therefore that the graph
contains aun-redex. The reduction of the redex in the
graph simply removes the Bracket and Run nodes, only
keeping the contents of the Bracket node. This corre-
sponds to the subteri®, which is the result of the term
reduction.



