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Abstract. Ethernet-style broadcast is a pervasive style of computer
communication. In this style, the medium is a single nameless channel.
Previous work on modelling such systems proposed CBS. In this paper,
we propose a fundamentaly different calculus called HOBS. Compared
to CBS, HOBS 1) is higher order rather than first order, 2) supports
dynamic subsystem encapsulation rather than static, and 3) does not re-
quire an underlying language to be Turing-complete. Moving to a higher
order calculus is key to increasing the expressivity of the primitive cal-
culus and alleviating the need for an underlying language. The move,
however, raises the need for significantly more machinery to establish
the basic properties of the new calculus. The main contribution of this
paper is adapting Howe’s method to HOBS to prove that bisimulation
is a congruence. From this result, HOBS is shown to embed the lazy
A-calculus. We conclude with an outline of ongoing and future work.

1 Introduction

Ethernet-style broadcast is a pervasive style of computer communication. The
bare medium provided by the Ethernet is a single nameless channel. Typically,
more sophisticated programming idioms such as point-to-point communication
or named channels are built on top of the Ethernet. But using the Ethernet
as-is can allow the programmer to make better use of bandwidth, and exploit
broadcast (itself a powerful and natural programming primitive). In this paper,
we propose a primitive higher order calculus of broadcasting systems (HOBS)
that models many of the important features of the bare Ethernet, and develop
some of its basic operational properties.

1.1 Basic Characteristics of the Ethernet

HOBS builds on and extends the calculus of broadcasting systems (CBS) [13].
The basic abstractions of CBS are present in HOBS. These basic abstractions
are inspired by the Ethernet protocol:

— The medium is a single nameless channel.

— Any node can broadcast a message, and it is instantaneously delivered to all
the other nodes.

— Messages need not specify either transmitter or receiver.

— The transmitter of a message decides what is transmitted and when.



— The receiver has to consume whatever is on the net, at any time.

— Only one message can be transmitted at a time.

— Collision detection and resolution are provided by the protocol, so the ab-
stract view is that if two nodes are trying to transmit simultaneously, one is
chosen arbitrarily to do so.

— All nodes are treated equally; their position on the net does not matter.

But while HOBS and CBS share this common basis, the two systems take fun-
damentally different approaches to the problem of subsystem (and broadcast)
encapsulation. To illustrate these differences, we will look more closely at how
systems such as the Ethernet work.

1.2 Modelling Ethernet t le Enca s lation

Whenever the basic mode of communication is broadcast, encapsulating sub-
systems is an absolute necessity. In the Ethernet, bridges are used to regulate
communication between Ethernet subsystems. A bridge can stop or translate
messages crossing it, but local transmission on either side is unaffected by the
bridge. Either side of a bridge can be seen as a subsystem of the other.

CBS models bridges by pairs of functions that lter and translate messages
that are going in each direction across the bridge. While this is an intuitively
appealing model suitable for many applications, it has limitations:

1. An underlying language is needed. In particular, CBS is a process
calculus, that is, messages are distinct from processes. Therefore, the function
pairs must be expressed some computationally rich underlying language.

. CBS only provides a model of Ethernet architectures. or example,
real bridges can change their routing behaviour. CBS provides neither for
this nor for mobile systems that might cross bridges.

3. Any broadcast that has to cross a bridge in CBS does so instantly. This is
unrealistic; real bridges usually buffer messages.

HOBS addresses these limitations by:

— Supporting rst-class, transmittable processes, and
— Providing two novel constructs called ink and eed.

Combined, these features of HOBS yield a Turing-complete language su cient
for expressing translators (limitation 1 above), and allow us to model dynamic
architectures (limitation ). The ink and eed constructors allow us to model
the buffering of messages that cannot be consumed immediately (limitation 3).

1. ro le

Working with a higher order calculus comes at a cost to developing the theory of
HOBS. In particular, whereas the de nition of behavioural equivalence in a rst
order language can require an exact match between the transmitted messages,
this is not useful in the higher order setting. When messages involve processes
(non- rst order values), such a de nition is too discriminating. Thus, behavioural
equivalence must only require the transmission of equivalent messages.



nfortunately, this seemingly small change to the notion of equivalence in-
troduces signi cant complexity to the proofs of the basic properties themselves.
In particular, standard technique for proving that bisimulation is a congruence
does not go through. A key di culty seems to be that standard technique can-
not be used directly to show that the substitution of equivalent processes for
variables preserves equivalence (This problem detailed in Section .1.)

1. Contri tions and rganisation of this a er

After presenting the syntax and semantics of HOBS (Section ), we give the
formal de nition of applicative equivalence for HOBS (Section 3).

The key technical contribution of this paper is using an adaptation of Howe s
method [ ] to establish that applicative equivalence for HOBS is a bisimulation
(Section ). Asis typical in the treatment of concurrent calculi, we also introduce
a notion of equivalence. It turns out, that essentially the same development
can be used for this notion of equivalence (Section ).

To illustrate the utility of the these results, we use them to show that HOBS
embeds the la y -calculus [1] and therefore any data type (Section ). The
existence of this encoding seems to come directly from the fact that HOBS is
higher order. Possible encodings of CBS and the -calculus [1 ] are discussed
brie y ( ull details can be found in the extended version of the paper [11]).

These results lay the groundwork for further exploration, for example to
compare the expressive power of different primitive calculi of concurrency. We
conclude the paper by discussing the related calculi and future works (Section ).

1. e ar s

o knowledge is assumed of CBS or any other process calculus; the formal de-
velopment in this paper is self-contained.
A side comment for readers familiar with CCS [ ], CHOCS [1 ] and CBS:
oughly, HOBS is to CBS what CHOCS is to CCS.
An extended version of the paper available online [11] gives details of all
de nitions, proofs and further development.

nt nd ntic

HOBS has eight process constructors, formally de ned in the next subsection.
Their informal meaning is as follows:

- is a process that says nothing and ignores everything it hears.

- is a variable name. Scoping of variables and substitution is essentially as
in the -calculus.

- receives any message and becomes [ .

- can say  and become . It ignores everything it hears.

- says  and becomes  except if it hears something, say ,
whereupon it becomes [ .



- is the parallel composition of and . They interact with each other;
with the environment, interacts as if it were one process.

- is linked to . Thislink is asymmetric; hears the environment
and  speaks to it. A nameless private channel connects  to

- consists of  being fed for later consumption as an incoming
message. It cannot speak to the environment till ~ has consumed

As is characteristic for a higher order calculus, variable names are constructs
in themselves. Apart from this and the feed and link constructs, HOBS looks
exactly like CBS in both the syntax and the operational rules.

The semantics is given by labelled transitions, the labels being of the form
or where isa process. The former are broadcast, speech, or transmission, and
the latter are hearing or reception. Transmission can consistently be interpreted
as an autonomous action, and reception as controlled by the environment. This
is because processes are always ready to hear anything, transmission absorbs
reception in parallel composition, and encapsulation can stop reception but only
hide transmission. or more discussion, see [13].

The link operator  turns out to be associative. ote that can
be seen as  encapsulated by  inwards and by = outwards. Thus the link is
half a bridge, a simplifying idea that might be useful even in CBS.

The feed operator is foreshadowed in implementations of CBS, see [13],
that achieve apparent synchrony while allowing subsystems to fall behind.

2.1 or al nta and e antics of B

The syntax of HOBS is de ned in igure 1. Terms are treated as equivalence
classes of -convertible terms. The set is a set of process terms with free
variables in the set , for example is the set of all closed terms.
igure de nes the semantics in terms of a transition relation
. , and are de ned as
usual (see [11] for details).
The rest of this section discusses some semantics issues. or further discussion
and other design issues see the extended version of the paper [11].
HOBS is a non-deterministic calculus. The transition relation
fails to be a function (in the rst two arguments) because the
composition rule allows arbitrary exchange of messages between sub-processes.
The choice constructor does not introduce non-determinism by itself, since any
broadcast collision can be resolved by allowing the left sub-process of a parallel
composition to broadcast.
However, the calculus is deterministic on input. Also, it is so-called input
enabled, which means that every process can receive any input at any point. In
mathematical terms, we can show the following property by induction on the

height of inference of reduction

(1)
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The names ranging over each syntactic category are given above. Thus process
terms are always , or . atural number subscripts indicate subterms. So s

a subterm of . Primes indicate derivatives, as in

. Syntax

ic ti ii u tion or

This section follows the standard development of simulation and bisimulation
relations for concurrent calculi [ ]. Also, standard proof techniques are used in
all the proofs in this section.

Since the transition system carries processes in labels and higher order simu-
lation bisimulation has to account for the structure of these processes, message
extension de ned below extends process relations to message relations.

e nition 1 Message E tension .
message extension
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Adaptation of Thomsen s de nition of applicative higher order simulation [1 ]
seems as a most suitable notion of strong simulation for HOBS. There are two
reasons for this: rst, simulation in a higher order calculus has to account for
structure of messages; second, HOBS can be viewed as an extension of the la y

-calculus [1] in which applicative bisimulation is widely used.

e nition 2 licati e i lation .
(strong, higher order) applicative simulation ()

()
1 ( )
( )

In a standard way, a relation is applicative bisimulation if both it and its
converse are applicative simulations

e nition licati e Bisi lation .
applicative bisimulation () ()

sing standard techniques, we can show that the identity relation on closed
processes is a simulation and a bisimulation. The property of being a simulation,
a bisimulation respectively is preserved by relational composition and union.
Also, the bisimulation property is preserved by converse.
Two closed processes and are equivalent, written , if there ex-
ist a bisimulation relation  such that () . In other words, applicative
equivalence is a union of all bisimulation relations:

e nition licati e E i alence . applicative equivalence

()

ro osition

()

The calculus has been shown to en oy the following elementary properties:

ro osition



ui nc on ru nc

In this section we use Howe s method [ ] to show that the applicative equivalence
relation  is a congruence. To motivate the need for Howe s proof method, we
start by showing the di culties with the standard proof technique. Then, we
present an adaptation of Howe s basic development for HOBS. And, we conclude
by applying this adaptation to applicative equivalence.

An equivalence is a congruence when two equivalent terms are not distin-
guishable in any context:

e nition Congr ence .
congruence

[ 1]

d i c lties ith the tandard roof ethod

The standard congruence proof method is to show, by induction on syntax, that
equivalence  contains its compatible re nement , where compatible re ne-
ment is de ned as:
e nition Co atile e ne ent.
compatible re nement




The advantage of using the notion of compatible re nement is that it
allows to concisely express case analysis on the outermost constructor. And, the
following lemma usti es the standard proof method:

e a
The standard proof (to show ) still proceeds by case analysis. Several
cases are simple (nil | variable and output ). The case of feed is slightly

more complicated. All the other cases are problematic (especially composition
), since they require substitutivity of equivalence  where substitutivity is
de ned (in a usual way) as:

e nition 1 stit ti it
substitutive

[T [ ]

In HOBS, the standard inductive proof of substitutivity of equivalence
would require equivalence to be a congruence. And, we are stuck. Attempt to
prove substitutivity and simultaneously does not work either, since term s
si e can increase and this makes use of induction on syntax impossible. Similar
problems seem to be common for higher order calculi (see for example [1 , ,1]).

.2 0o es Basic e elo ent

Howe [ ] proposed a general method for proving that some bisimulation-based
equivalences are congruences. ollowing similar adaptations of Howe s method
[ , ] we present the adaptation to HOBS together with few technical lemmas.
We use the standard de nition of the restriction of a relation  to closed
processes (cf. [11]). Extension of a relation to open terms is also the standard
one:

e nition 11 en E tension .
open extension

O O O O

The key part of Howe s method is the de nition of the candidate relation

e nition 12 Candidate elation .
candidate relation



The de nition of the candidate relation is designed to facilitate simul-
taneous inductive proof on syntax and on reductions. ote that the de nition
of the compatible re nement involves only case analysis over syntax. And,
inlining the compatible re nement in the de nition of the candidate relation
would reveal inductive use of the candidate relation

The relevant properties of a candidate relation are summed up below:

e al.
[ ] [ ]
Corollar 1 .
e al.

The last lemma, of this subsection says that if two candidate related processes,
, are closed then there always exists a proof tree for this derivation which
involves only closed process terms in the last derivation step.

e al Closed Middle .

Congr ence of the E i alence elation

In this subsection, we x the underlying relation  to be . The goal of this
subsection is twofold: rst, to show that the candidate relation coincides with

the open extension , that is ; and second, to use this fact to complete
the congruence proof.
We already have that from emma 13 . To show the

converse we begin be proving that the closed restriction of the candidate relation
is a simulation. This requires showing that the two simulation conditions
of e nition hold.

We split the proof into two lemmas: emma 1 ( eceive) and emma 1
(Transmit), which prove the respective conditions. Similarly to the standard
proof, the parallel composition case is the most di cult and actually requires
stronger receive condition to hold. Therefore, the rst lemma ( eceive) below
proves a restriction of the rst condition. Then the second lemma (Transmit)
below proves the second condition and makes use of the eceive emma.

e al ecei e .



11

elatively straightforward proof by induction on the height of inference of

transition . The only interesting case is the case of rule [ ]
which makes use of the substitutivity of the candidate relation

e al rans it .

( ) ()

irst note that from emma 1 (Closed Middle) we have that

Also, from the de nition of equivalence and the fact that and are closed
processes we know that

( ) 3)
Is remains to prove the following statement:
( ) ()
oining statements ( ) and (3), and and using emma 13 to in-
fer and gives us the result. Pictorially (normal lines, respectively
dotted lines are universally, respectively existentially quanti ed):
(eq. ) (eq. 3) (eq. )
where
where where

To prove the statement (eq. ) we proceed by induction on the structure of
We only describe the most di cult case parallel composition.

we have four related sub-processes: and . OwW Sup-
pose that  is a process, and that made the following transition:

Since the candidate relation contains its compatible re nement, it is
enough to show that each sub-process of can mimic the corresponding sub-

process of . or , using the induction hypothesis we get that
and , . or ,if we would use only the simulationcondition,
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we would get , and this would not allow us to show that has
a corresponding transition, since the inference of a transition requires both
labels to be the same. At this point, we can use the stronger receive condition

of emma 1 and we get precisely what we need, that is: and
. The symmetric case and the case when is are similar.

Having the two above lemmas we have proved that the restriction of the
candidate relation is a simulation. Also, using emma 1 we get that
is symmetric, which means that it is a bisimulation. To conclude this section,
we are now ready to state and prove the main proposition.

ro osition 1 .

irst we show that  coincides with the candidate relation . ote that

from emma 13 we know that . To prove the converse,

from the two above lemmas and emma 1 we know that is a bisimulation.

This gives us the following inclusions . Since open extension
is monotone we have . inally, from Corollary 1 we have that

, which yields
To conclude the proof, the relation is an equivalence, and since it is equal
to the candidate relation it contains its compatible re nement ( , rule
). By emma this implies that is a congruence.

ii u tion
or many purposes, strong applicative equivalence is too ne as it is sensitive to
the number of silent transitions performed by process terms. or example, this

means that strong applicative equivalence distinguishes terms that would be
equivalent in the -calculus:
) )

Equipped with the weak transition relation ( e nition ) we de ne
the and in the standard way. Weak equiva-
lence 1is also de ned in the standard way as a union of all weak bisimulation
relations. In the same way as for the strong equivalence we prove that is a
weak bisimulation and that it is an equivalence (Proposition 1). Moreover, the
technique used in proving that strong equivalence is a congruence works also for
the weak equivalence (Proposition ).

e nition 2 ea ransition .

ro osition 21.
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ro osition 22.

The proof follows that of Proposition 1 . The only signi cant difference
is when induction hypothesis is used (for example in the case of parallel composi-
tion). When using the induction hypothesis we get that the appropriate subterms
can perform weak transition . Then we have to interleave the transitions
before possibly performing the action . This interleaving is possible since every
process can receive without any change to the process itself (see rule Silence
in igure ).

ow we can prove that equivalence holds in HOBS when using weak equiv-
alence . A simple proof of this proposition using weak bisimulation up to
technique, and can be found in the extended version of the paper [11].

ro osition 2 . ( ) [ ]

ddin nd ncodin

While a driving criterion in the design of HOBS is simplicity and resemblance
to the Ethernet, one long term technical goal is to use this simple and uniform
calculus to interpret other (more sophisticated) proposals for broadcasting cal-
culi, such as  -calculus [ ] and CBS. In addition, interpretations in HOBS of
hand-shake calculi, such as -calculus, -calculus with groups [ |, and CCS, can
bring insights to the expressive power of these different calculi.

While, in this section, we mainly concentrate on the la y -calculus embed-
ding and its consequences we also brie y cover possible encodings of CBS and
the -calculus.

1 calc 1 se edding

The syntax and semantics of the la y -calculus is presented in igure 3. The
function is the one-step reduction semantics. The translation of
-expressions, which is basically a change of syntax, is also given in igure 3.

What makes la y -calculus an embedded calculus is: rst, the restriction of
HOBS syntax to variables, input and feed buffers is basically the -expressions
syntax; second, four transition rules ( igure ) for these three constructs can
be compressed to exactly match the two rules of the la y -calculus. Also, both
notions of substitution directly correspond. Therefore, we can easily prove oper-
ational correspondence and adequacy, from which we can derive soundness, by
using the fact that weak equivalence is a congruence and that the translation is
compositional.

ro osition 2 .

[ 1 1

As is common for higher order calculi, syntax of HOBS does not include con-
structor for recursion. And, presented -calculus embedding usti es this. ust as
in the -calculus there is a recursive  combinator, HOBS can expressrecursion
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a tecs
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A
. Syntax, semantics and embedding of lazy A-calculus.
by derived constructor de ned on the left below. This recursive constructor

has the expected behaviour as stated on the right below.

S )
O O [ ]

.2 Conc rrent Calc li

Having CBS as a precursor in the development of HOBS, it is natural to ask
whether HOBS can interpret CBS. irst, CBS assumed an underlying language
with data types, which HOBS provides in form of embedded la y -calculus,
using standard Church data encodings. Second, all the process constructors in
HOBS, apart from link and feed, have the same syntax and semantics as in CBS.
It remains to show the encoding of the CBS translator constructor. or this we
use a special parametrised queue construct. The queue construct together with
the parameter (the translating function) is used as a one-way translator. inking
two of these to a process gives a CBS-style translator with decoupled translation.
sing Church numerals to encode channel names we can easily interpret
-calculus without the new operator. evising a sound encoding of the full -
calculus is more challenging, since there are several technical di culties, for
example explicit -conversion, that have to be solved.
or further discussion and proposed solutions see the extended version of the
paper [11]. The soundness proof for these encodings is ongoing work.

td or

In this section we review works related to our basic design choices and the central
proof technique used in the paper.

a lternati es roaches to Modelling na ic Connecti it

One way to achieve dynamic broadcast architectures is to include messages that
can change bridge behaviour;this would correspond to the transmission of chan-



nel names in the -calculus [1 ]. Another is to let processes be transmitted, so
that copies can be run elsewhere in the system. This makes the calculus

, like CHOCS [1 ]. This is the approach taken in this paper. A preliminary
variant of HOBS sketched in [1 ] retains the underlying language of messages
and functions. The resulting calculus seems to be unnecessarily complex, and
having the underlying language seems redundant.

Processes are the only entities in HOBS, and are used to characterise bridges.
(Since these can be broadcast, HOBS may also turn out to be able to mimic some
features of the -calculus). Arrival at a bridge and delivery across it happen in
sequence. HOBS is thus free of the CBS insistence that these actions be simul-
taneous, but at the cost of less powerful synchronisation between subsystems.

To underline the independence in these choices, note that a quite conceivable
design for ( rst order non-primitive) CBS is to characterise bridges by processes.

.2 elated Calc 1i

The -calculus [ | can be seen as a version of the -calculus with broadcast
communication instead of handshake. In particular, the -calculus borrows the
whole channel name machinery of the -calculus, including the operator for cre-
ation of new names. Thus the -calculus does not model the Ethernet directly,
and is not obviously a mobile version of CBS. eusing ideas from the sketched -
calculus encoding can yield a simple -calculus encoding. sing links to model
scopes of new names seems promising. Moreover, such an encoding might be
compositional. Even though there are no published studies of equivalences in
the -calculus, we expect that with appropriate type system we can achieve a
fully abstract encoding of -calculus. The type system would be a mixture of
Hindley Milner and polymorphic -calculus [1 ] type systems.

The Ambient calculus [3] is a calculus of mobile processes with computation
based on a notion of movement. It is equipped with intra-ambient asynchronous
communication similar to the asynchronous -calculus. Since the choice of com-
munication mechanism is independent from the mobility primitives, it might be
interesting to study a broadcasting version of Ambient calculus. Also, broad-
casting Ambient calculus might have simpler encoding in HOBS.

Both HOBS and the oin calculus [ ] can be viewed as extensions of the -
calculus. HOBS adds parallel composition and broadcast communication on top
of bare -calculus. oin calculus adds parallel composition and a parallel pattern
on top of -calculus with explicit let. The relationship between these two calculi
remains to be studied in future.

ther Congr ence roofs

erreira et al [ ] use Howe s proof to show that weak bisimulation is a congruence
for CM . They use late bisimulation. They ask whether the method can be
applied to early bisimulation; this paper does not really answer their question
since late and early semantics and bisimulations coincide for HOBS. A proof for
late semantics for HOBS is more elegant than the one here, and can be found in
the extended version of the paper [11].



Thomsen proves congruence for CHOCS [1 ] by adapting the standard proof,
but with non-well founded induction. That proof is in effect a similar proof to
Howe s technique, but tailored speci cally to CHOCS.

Sangiorgi [1 ] abandons higher order bisimulation for reasons speci ¢ to
point-to-point communication with private channels, and uses context bisim-
ulation where he adapts the standard proof. His proof is of similar di culty,
especially, the case of process application, involving substitution, is di cult.
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