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Abstract. Over ten years ago, Jones identified the problem of elimi-
nating tags from the result of staged interpreters. Recently, Hughes and
Danvy each proposed a different approach to solving this problem. Both
approaches involve partial evaluation. To avoid the complexities of rea-
soning about the correctness of a transformation which involves partial
evaluation, we propose runtime tag elimination, a novel optimization sim-
ple enough to allow us to prove that we do solve the problem posed by
Jones, and that we solve the problem in a semantically well-behaved man-
ner. Our development is operational, and avoids multi-level languages.

1 Introduction

Typed programming languages provide a guarantee to the programmer: If a
program is well-typed, we know that certain kinds of run-time errors cannot
occur. Providing this guarantee requires a sacrifice in expressivity: Some useful
programs, even ones that can never lead to run-time errors, are no longer ac-
ceptable programs. Datatypes provide a way for getting around this limitation:
They allow the programmer to introduce additional run-time tags into the sys-
tem, thus, in a sense, relaxing safety. Unfortunately, the use of tags also comes
at a cost to runtime performance. In some interesting applications, the runtime
overhead of manipulating and checking these tagged values can dominate. In
this paper, we present runtime tag elimination, a simple and sound runtime
transformation aimed at removing tagging and untagging operations from the
body of well-typed programs.

The Problem in Well-Typed, Staged Interpreters: Jones [Jon88] iden-
tified an important instance of the general problem of superfluous tags in the
context of off-line partial evaluation of well-typed interpreters [JGS93]. During
off-line partial evaluation, the interpreter is automatically staged. The special-
ized programs generated by such a staged (or “binding-time annotated”) inter-
preter is where superfluous tags arise. A staged interpreter for a simply-type
lambda calculus [JGS93] can be viewed as a total map from terms to what is
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essentially a higher-order syntax [PE88] encoding. We clarify this analogy with
a(n object-)language having the following syntax:

0€0Q:=n|+|z|AXz.0o|oo]|fixz.0

assuming z € X and X is some given infinite set of (object-language) variable
names. To define the encoding map will need to a translation environment:

peR:=[|zryp
assuming y € Y and is some given infinite set of (meta-language) variable names.
The encoding function takes a term in this language together with a translation
environment and produces a term of the datatype (declared in Haskell notation)

data Value = I Natural | F (Value -> Value)

The encoding function £: Q@ x R — E into some “meta-language” E (formally
introduced in Section 2) is defined as:

En)p=1In
E(+)p=F (AM(I a).F (A(TD).I(+ab)))
E(z)p = p(x)
EMz.0)p =F My.E(o)(z — y; p)
E(o1 02)p = (A(F f).Az.f ) (E(01)p) (E(02)p)
E(fix z.0)p = (A(F f).fix z.f z) (£(0)p)

Without the datatype Value the encoding £ cannot be expressed in a simply
typed (or even a Hindley-Milner polymorphic) meta-language E. Expressing this
encoding function in a formal meta-language is necessary because partial eval-
uation computes such encodings mechanically. Encoding the term (Xi.i +1) x
yields

ANE £) >\v > £fv) (F (N1 ->TI@E+1))) (Ix)

The key observation to be made here is that not all the tags appearing in encoding
produced by the staged interpreter are need for well-typedness. For example, if we
know that the only use of the above term is in an application to a tagged value,
and the tag is I, then we would like to statically remove some of the tag-checks
before this term is actually used. Most of the tagging and untagging operations
in this term can be removed, resulting in the term:

I ((\f ->\v->fv) (\i -> i+1) x)

which has two less tagging and two less untagging operations. The new tag has
been added to illustrate that the typing of the whole term can be kept unchanged.
This possibility is one of two interesting and sound options for re-integration
(Section 6).



Type Specialization: Partly to address the problem of tags in staged inter-
preters, Hughes proposed a new paradigm called type specialization [Hug98].
The scope of Hughes’ type specialization system is much wider than the problem
of eliminating tags, and combines forms of term (or “traditional”) specializa-
tion [JGS93], closure conversion (or “firstification”), constructor specialization
[Mog93], dead code elimination, and program point specialization. A number of
technical subtleties in the definition of type specialization makes reasoning about
its semantics challenging [Hug00]. The results reported here are part of a study
into the semantics of Hughes’ type specialization. In particular, we show that
the sub-problem of tag elimination can in fact be solved in a simple and well-
behaved manner that involves neither evaluation or partial evaluation. Rather,
it is enough to use a simple and decidable analysis at runtime, in addition to
two simple type-indexed expansions which can be generated before runtime. Be-
cause our development uses more standard notions than have been employed in
the past, we are able to suggest new and simple interpretations of some techni-
cal questions that arose in the context of Hughes’ original formulation of type
specialization, such as the notion of a “principal specialization”.

Danvy [Dan98] proposed a simple solution to type specialization based on the
use of type-directed partial evaluation [Dan96] and the encoding of projec-
tion/embedding pairs in SML [Yan99]. However, the formal characterization of
the correctness of this approach, especially in terms ensuring that tags are in-
deed eliminated, was not addressed. For a language with recursion, such a proof
is not obvious, as the semantic foundation of a type-directed partial evaluation
relies the existence of Sn-normal forms, which is generally not the case in pro-
gramming languages that allow non-termination and other effects. This paper
proposes an elementary approach that does not involve partial evaluation (or the
need for a “gensym” renaming operator), and has allowed us to formally estab-
lish strong correctness properties in the minimal setting of a simply-typed CBV
language with recursion. Our development also explicates the importance of the
notion annotated types that appears in Hughes’ work, and that does not appear
in Danvy’s work. In particular, using these annotated type in our development
helped us

1. explicate basic subtleties in tag elimination. For example, type specializa-
tions have a different meanings on the co- and contra-variant positions in
types, and

2. avoid the need to “do induction over recursive types”, and instead, we use
them to prove correctness by induction over the structure of all possible
unfoldings of the recursive type, each of which is capture precisely by an
annotated type.

Simplifying Assumption We make two non-trivial assumptions in this study.
First, we assume that the source code is available at run-time. This assumption
is made by the other studies either by mixing type inference and evaluation (as in
type specialization) or by requiring the program to execute with a slightly non-
standard semantics (as in the need to annotate the source program in TDPE).



Second, we assume that the staged interpreter can be treated as a meta-level
operation. This assumption follows from correctness of the staged interpreter. It
is by explicating and exploiting these assumptions we are able to avoid the need
for two-level languages, and are able to focus on the essence of the problem of
tag-elimination. We also expect two-level or multi-level languages to provide a
good setting for implementing this transformation, because multi-level languages
typically! maintain the source code for “higher-level” terms.

Organization of this Paper: After introducing a small language for purpose
of this study (Section 2), we present a simple formal specification of the erasure
of tags, and point its interesting features (Section 3). It is surprising that such
a specification is not already in the literature, especially that it almost dictates
the solution we propose. We present an analysis (Section 4) that ensures that
erasure “doesn’t go wrong”. Having established this kind of safety property, we
demonstrate that the analysis is non-trivial by showing that it solves the problem
posed by Jones (Section 5). Next, we point out a potential danger with the use of
such a run-time analysis (“intensionality”), suggest a simple and natural recipe
for avoiding this problem in general (“extensionality”), and demonstrate it in our
setting (Section 6). Finally, we point out some related works and future works
(Sections 7 and 8).

Selected proofs are presented in detail in the Appendix, including the main
results. Intermediate lemmas are summarized.

2 A Simply-Typed Language with Recursion

The core source types for the (meta-)language we use through this paper are
2€8%:=nat|s®—s" | D

where nat is the type for natural numbers, s — s® is a function type, and D
is a name for a particular recursive datatype. The reader can interpret D as
the datatype we want to “eliminate”. Without any loss of generality, we assume
the datatype D has exactly N unique tags (or value constructors) {C;:s) —
D |1 < i £ N}. While these types are enough for explaining the analysis, it
is not clear how a proof of correctness can be constructed without additional
technical machinary. For this reason (which we expand upon in Section 6), we
introduce the shadow datatype D' and take source types to be

s€S:=nat|s—s|D|D"

The datatype D’ also has N different tags {C} |1 <i < N}. Further, we require
that the types for the tags C] be the same as for C;, but with D replaced by D',

! Two- and multi-level languages do not “need” to maintain a high-level representation
at run-time, as this is not dictate by their high-level semantics. Keeping the source
code, however, is generally viewed as the simplest way of implementing them [Tah99].
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Fig. 1. Type System.

and we will write these types as {C}:s; - D |1 < i < N}. Type environments
have the syntax I" € G : =[] | z:s;I" where [] is the empty environment, and
x:s; I is an environment containing the binding of a variable name z to a type
term s. We write I'(z) = s when z: s; I is a sub-term of I".

Because our goal is eliminating the tags of type D, it will be useful to distin-
guish the notion of a target type

teT:=nat|t—t|D.
Note that s} € T. Expression terms of our language are

ecE:=n|z|Xze|ee|fixze|Ce|XNE(Ci xi).e; | C' € | X€L(C! x;).e;
where L C {1...N},

where n ranges over natural numbers, z is a variable, Az.e is a lambda abstrac-
tion, e; ey is an application of a term e; to a term e, fix x.e is a fixed-point
construction, C' e is a formation of an element of the datatype with tag C' drawn
from the set of names of constructors, and A\*€F(C; x;).e; is a data de-constructor
term with pattern matching (carrying up to size(L) different cases), and is anal-
ogous to the Haskell notation \(Succ x) -> x. The type system is presented
in Figure 1. The first five rules are standard. Naturals are associated with nat-
urals. Variables are associated with the type term they are associated with in
the environment. Applications are associated with a type term s, as long as the
argument can be associated to a type term s; and the operand to a type term
s1 — so. Fixed point constructions are associated with a type s as long as their
argument is associated with a type term s — s.

The last two rules associate constructions of data with a constructor Cy a
type term D as long as the argument is associated with the type term si. A
de-construction is associated with type D — s when every “branch” of the de-
construction is associated with the type term ¢ when the appropriate assumption
about the local variable z; is made. The rules for shadows are similar.

Lemma 1 (Weakening and Substitution) The type system is sensible in that



I.TktesiNz g FV(e)Udom(I') = z:s9; e sy
2. 'kepisiANz:sy; ' exiso = I'F exfz: = e1]: sa.

3 A Tag Erasure Function

Given that we view the tags used in the staged interpreter as being used only to
allow static typing, the natural question to ask is “can’t we just throw them all
away?”. Writing the tag erasure ||_||: E — E function down immediately shows
that it is a partial operation?:

Inll =n, |l =z, [[Az.el| = Az.[le]|, |lex ea]| = [lex]] [le2l;
|Ifix .|| = fix z[lel|, [|Ckell = lell, [INPHC; zi)-eill = Awg-|leil,
Ik ell = Cy llell,  [IN€E(CF @i)-eil| = N€E(CF ). [[el .

Erasure does nothing interesting except on the constructs for D, and simply
eliminates data construction and pattern matching. Note that this function is
not defined on terms where there is more than one case in the pattern being
matched. If such a term occurs in the source program, tag erasure simply fails.
By simply writing down the definition of erasure (which we don’t see anywhere
else in the literature) we explicate some of the intrinsic partiality in the operation
we which to perform. A basic contribution of this paper is showing that there
is a simple, decidable, and useful analysis that tells us when “erasure can’t go

wrong” 3.

4 A Basic Tag Elimination Analysis

We will characterize analyzable terms by an analysis judgment defined by
induction over the structure of the term. Annotated types are defined as

a€A:=nat|a—a|Cra|D'.

The third production should not be confused with the traditional notation of ap-
plying a type constructor to a type, rather, C}, is a name for the value constructor
and is simply annotating the (annotated) type a.

The source |_|: A — S and target ||_||: A — T interpretations capture the
type of the source terms and the type of the erased terms that are the input and

2 We would have prefered to define erasure explicitly on well-typed terms. That defi-
nition, however, is too verbose.

3 We identify going wrong with partiality, because the analysis will ensure that an
analyzable term has an erasure, and that the erasure is well-typed. Thus, there is
no need to introduce a syntactic term wrong and manipulate it formally. But our
treatment of erasure is essentially the same as ensuring type safety for an operational
semantics.



output to tag elimination:

[nat| = nat, lar = az| = |a1| = |az], |Ck, a| = D, |D'| = D'
[[nat|| = nat, |[la1 = az|| = |la1|| = [|a2|, ||Ck all =|la]l, [|D'|| = D"

The source function suggests that both the tag C' and the annotated type term
a in the case C a are simply additional information that the analysis “should”
compute about a term of type D. Note, however, that a specification of this form
can, in general, admit more than one possible D.

Given these interpretations, it immediately becomes clear that not all anno-
tated types are meaningful. This observation was not made in previous work
by Hughes, and results in some superfluous anomalies in the behavior of the
type specialization system. For example, if the datatype D has exactly one con-
structor Cy = I, and t;, = Natural, then the annotated type a = I String

is meaningless because it has a source interpretation |a| = D and a target
interpretation ||a|| = String, and it is not clear how we can convert an ex-
pression e = I 5:D to an expression of type ||e||:String in a uniform (or

“sensible”) way. Thus we define well-formed annotated types - _ C A as
Fai tFax Fa |a=sg

Fnat Fa; — as FCra kD!

tated type to be well-formed is that the source of an annotated type annotated

with C must have exactly the same type t as that of the argument for the the

value constructor C.

. That is, all we require for an anno-

Fa Jaj=s A€l
el rs>a;Ael
Thus, the empty environment is allowed, but non-empty environments are re-
quired to satisfy two conditions: First, the annotated terms must be well-formed
according to the rules presented above. Second, it must always be the case that
the source interpretation of the annotated term must match the type exactly.
We write A(z) = (t:> a) when z:t:> a; A’ is a sub-term of A. Both source and
target functions extend naturally to annotated type environments. We overload
our notation and write |_|:LL = G and [|-||: L — G for the extensions of the two
functions on types to type environments. From now on, we will omit writing
the condition I a as we will only be concerned with well-formed as.

Annotated type environments are defined as:

Figure 2 defines the tag elimination analysis. The first five constructs erase to
constructs of the same “shape”, thus, the resulting terms should also be type-
checked in the exactly the same way as before erasure. The rule for tagging
requires that the name of the tag be “registered” in the annotated type. This
allows us to both the recover the original type, and to produce an appropriate
wrapper in the final result of runtime tag elimination. It should also be noted
that the annotated type can carry more information in the a part, depending
on what is discovered by the rest of the analysis. In the rules for the shadow
datatype, we make use of the fact that if |a| = ¢ then a = t to avoid introducing
a seemingly “unused” variable a in the antecedents.
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Fig. 2. Tag Elimination Analysis.

The rule for de-constructors considers only the case that which handles exactly
one tag. While this is may seem a non-trivial restriction on the analysis, we will
see in the next section that, as is, the analysis still has useful applications.

Lemma 2 (Weakening and Substitution) The analysis is sensible in that

1. Abersy:>a1 ANx & FV(e) Udom(A) = x:82:> as; A ersy:>aq
2. Abejisyi>ar Axisy:>a1; Al exise > ay = Al egzi= e1]: 52> ay.

Furthermore, passing the analysis means that erasing D tags is sensible:

Lemma 3 (Well-Typed Erasure) Al e:t:>a = ||A|| | ||e]|: ]|al|

5 Application to Optimal Specialization

All encodings produced by the encoding function presented in the Introduction
are well-typed, even for untyped object terms:

Theorem 4 (Encodings of (Untyped) Terms are Well-Typed)
{z;} = FV(0) = +:1 — i — i;y;: Value F £(0)(z;: y;): Value

Tag elimination is not possible for the encoding of untyped terms (consider the
untyped object term A\z.z ), but it is possible for all well-typed object terms.
To demonstrate this, we introduce a type system for the object language. The
types and type environments are

velU:=i|lu—uand PeW:=[|z:u; 2.

Figure 3 presents the type system for the object language.
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€1 — ez
Az.e > Ar.e  ANE€L(C xi).e; = N€L(C; x5).ei Crer — Ck e
e1 <> \z.es e1 <> )\iELU{k}(Ci T;)-€;
€2 — €4 ez = Cy e
eslr:=es] > es ex[ri=es] —es eifz: = fix z.e1] = ez
el e2 —>es e1 ex —>es fix z.e1 — e

Fig. 4. Untyped Operational Semantics (C' rules are the same as C rules).

Theorem 5 (Encodings of Well-Typed Terms are Analyzable)

o A=+:1i—i—i>i—i—ijy;:Value:> Au;)
Titi E 0= A e 0) (it ys): Value:> Au)

where A(1) =11 and A(s1 = s2) =F A(s1) = A(s2)

6 Runtime Tag Elimination is an Extensional Analysis

We will say that a runtime operation suffers intensionality if adding it into
the language allows us to distinguish any (otherwise) observationally equivalent
terms. This is highly undesirable, because it can invalidate some previously valid
optimizations (that may also be in use after the new construct is introduce).
Inspecting representations of programs at runtime is known in many cases to
trivialize observational equivalence to syntactic identity [Mit91,Wan98,Tah00].
Dynamic type systems (see for example [SSP98]) can easily introduce this prob-
lem. The approach we proposed here to addressing this subtle problem, that is,
establishing the extensionality of a runtime operation, is simple: Show trans-
formation is already “extensionally expressible” in the language. In this section,
we will apply this principle to runtime tag elimination.

Figure 4 presents the definition of the operational semantics for the language
with the syntax E presented earlier on. The set of values is defined as

vEV:=Are|Cuv|NE(C; ;)5 | C' v | X€L(C! x;).e; where L C {1...n}.



Lemma 6 (Values) e 5 e’ = €' €V

Theorem 7 FEuvaluation preserves typability and analysability:

1. TFethNe—=sv=—=TFuvt
2. AFet:>aNe—v— Ak v:t:>a

Note that Type Preservation does not follow from Analysis Preservation.
Lemma 8 (Simulating Erasure) If Al e:t:> a then

1. e = v=>|le|]| = |||
2. |le]] = v = e—= v AV =|v||

We are now ready to explain how the shadow datatype will be used to establish
the correctness of tag elimination. In particular, it allows us to provide a trivial
way of mapping types (and then terms) that use D into terms that don’t use D.
The presence of the shadow datatype allows us to achieve this in a rather trivial
way, which we will write as [-]:S — T and define as

[nat] =nat, [s; = s3] =[s1] = [s2], [D]=D', [D'1=D"

We also extend this to type environments as before. Now, we can define the
corresponding operation [_]:E — E as
n]l=mn, [z]l==, [Ire]=2Az[e], [enez]=Te1] [ez],
[fix z.e] =fixz.[e], [Cre]l=C} [e], [XNEL(Ci z;).e;] = NEL(C! ;). [es],
[Cr el =Cy Tel, [XEL(Clz;).ei] = X€E(CL 2).[ei]

Lemma 9 (Well-Typed Shadows) I'+e:s = [I'] F [e]: [s]

Lemma 10 (Simulating Shadows) If [| | e:s then

1. e v=[e] = [v]
2. [e] = v =e—=vAV = [v]

To begin describing the semantic properties of tag elimination, we need a no-
tion of contextual equivalence where termination of the big-step semantics and
agreement on based values (naturals in our case) are the only observable, and
where context are defined as:

ceC:=[ | xc|celec|fixz.c|Cc|XNE(C; z;).d;i | C' | X€E(C! x;).d;
where L C {1...N}, and d}, € C for exactly one k € L.

Developing the theory of this notion from scratch is a non-trivial matter and is
beyond the scope of this paper (see for example [Pit95]). Instead, we simply use
the following characterization:



Definition 11 Let ~ CE x E be any equivalence relation such that

(Az.€) v = e[z: = v]

()\iELU{k}(Ci .73,)6,) (Ck U) X € [.CL’: = U]

e1 R ex = cle1] = clea],

e R ey Nep = v Nex = vy = V) R Vs,

v R Uz Aep U Aes vy =—> €1 X ea, and
FV(el,eg) = {}/\61 ‘7L) _Nes ‘7L> _— €1 X eq.

S s oo~

Now we can present the key property of the shadowing function, which, in
essence, is that it ensures that for every value at a particular (target*) type we
have:

Lemma 12 (Target Shadows) If [| - e:t then [| F [e]:t:> ¢, [|[e]]] = [e]
and [e] re.

The wrap function W_: A — E takes an annotated type and produces a term
that allows us to “package” the target term of tag elimination as a term that has
the same type as the source term. The wrap function is defined simultaneously
with the unwrap function U_: A — E. These two functions, together with the
identify generator I_: A — E are defined as

What = )\.’L‘..’L‘, Wa1—>a2 = /\f-(Waz o f © Ua1)7 Weao= )\-Z'C(Wa 'Z')a Wpr = /\'77-'777
Unat = )\.’L‘..’L‘, Ua1—>a2 = /\f-(Uaz o f o Wa1)7 Uca=2Mz.U, (Cil$)7 Up = /\'77-'777
Inat = Az, Ial—mz = )‘f-(Iaz o f o Ial)a Ic,=Xz.d, z, Ipr = z.z.

where C~! = A\(C z).z. These operators have a number of useful properties:
Lemma 13 (Wrappers) 1. Fa=[|F Wy:|la|| = |a|A[] F Ua:|a| = ||a||

2. Fa=[FWallal]| = [a] > |lal| = a A [ F Uatla] = [|al| > a = [|al|
3. Fa=|[Wall = ||Ual| = [[all = I

There are two ways of achieving extensionality for runtime tag elimination:
Theorem 14 (Main) If[| F e:|a|:> a then

1. Uge = |le]|
2. Wo(Uge) = W,le||

The first equivalence has the advantage of introducing less wrapper/unwrapper
tags than the other, but the second leaves the type of the term e the same, and
may therefore be considered to introduce less complexity to the type system. To
further clarify, using either one of these two equalities, we can now internalize
tag elimination into a runtime construct !, as either

I'+te:D e—e (if [|Fe':]al:> a then ||¢'|| else Uze') — €”
.————— and , Or
I't1, e:lall loe— e
I'te:D 4 — e’ (if [[Fe':]al:> a then W,||e'|| else Wo(Uye')) — €”
T'fleD ™ I e e ’

4 Our lemmas state this property for only target types, and we have only proved it
for target types, because that’s all we need. We expect it to generalize.



respectively. In either case, we provide a sound runtime mechanism for solving
the problem posed by Jones, without injuring the operational theory of the
(meta-)language.

7 Related Works

Runtime tag elimination is related to many other analysis and optimizations:

— Dynamic typing (in a statically typed language [SSP98,ACPP91] or a dy-
namically typed language [Hen92a]): Runtime tag elimination is intended to
be semantically transparent in that

1. Tt is developed on top of a language with a standard types system and
semantics,

2. If the analysis fails or succeeds, this cannot be observed by the program-
mer within the language, and only affects the behavior of the program.
This means that performing this runtime transformation does not injure
the notion of equivalence for our programming language, thereby pro-
viding semantics justification for internalizing this meta-level operation
into the language.

— “Tagging optimization”: Our notion of a tag is different, in particular, we are
concerned with tags introduced by user-defined datatypes, not the “tag per
type (or type constructor)” tags treated for example by Henglein [Hen92b],
or the machine level problem addressed by Peterson [Pet89].

— Boxing/unboxing [HJ94,PL91]: Our concern is with datatypes that have an
arbitrary number of constructors, whereas the boxing/unboxing problem can
be viewed (loosely) as an instance of a datatype with one variant. Further,
the type of a boxed value is parameterized by the type of the value it carries.
This is not the case in our setting (and we conjecture cannot be made the
case without moving to type systems richer than Hindley-Milner).

8 Conclusions Future Work

Capitalizing on Hughes’ notion of annotated types, we have exhibited a simple,
novel, and semantically well-behaved runtime transformation that solves the
problem of eliminating tags from the result of a staged interpreter.

We have made some strong simplifying assumptions in this study (such as the
presence of source code at runtime) explicitly to keep the formal treatment simple
(such as avoiding the need to deal with the details of multi-level languages). It
is still too early, in our view, to consider lifting these assumptions. In particular,
assessing the pragmatic merits of a new analysis can be prohibitively difficult.
And even though runtime elimination is less aggressive than type specialization,
it is still a radical technique. Thus, we would like to first ensure that there is a
reasonable and promising theory underlying tag elimination before starting to
address implementation issues. To this end, we wish to consider



1. Extending the object-language with various features, such as datatypes and
effects.

2. Extending of meta-language to polymorphism and investigating the opera-
tional details of type inference. Note, however, that we have established that
the operational behavior of the analysis does not depend on the details of
the what types are chosen for the sub-terms. There is, therefore, no concern
about the coherence of the transformation, and establishing the existence
of a notion of principal type will simply mean that there is a notion “best
search” that is sound and complete with respect to deciding the typability
of a given term.

3. Relating our treatment to the denotational and categorical treatments of
datatypes. For example, we did try to use logical relations for the main
theorem, but we ended up with a construction that only seems marginally
related to logical relations (Theorem 14).
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A Notes and Details on Selected Proofs

Proof (Lemma 1). By induction on e and ez, respectively. O
Proof (Lemma 2). Same as for type system (Lemma 1). O
Proof (Lemma 3). By a induction over the height of the first derivation. O

Proof (Lemma /). By a simple induction over the structure of the term o.

— o=mn. Then I' - I n:Value.

— o = +. Then the term F (A(I a).F (A\(I b).I (+ a b))) has type Value under
the given environment.

— o0 =x € ;. Then (+:i — i — 1i;y;:Value)(yr) = Value and we have
(+:1 = i — i;y;: Value)(yg) b yi: Value.



— 0= Az.0'. We have z;,z I o', and so by induction we also have
+:i = i — i;y;:Value;y: Value - E(0)(w;: ys; z:y): Value
then by the type rule for lambda
+:1i =i — i;y;:Value F A\y.£(0')(z: yi; 21 y): Value — Value
then finally by the type rule for constructors we have
+:1 = i— ijy;: Value F F A\y.£(0')(z;: ys; 22 9): Value.

— 0= 01 02. By induction we have it that both £(o1)(x;:y:4) and &(02)(z;: y;)
have type Value under the given environment. The term A(F f).Az.f x has
type Value — Value — Value under any environment. Thus, the application
of the latter term to the former two terms has type Value under the given
environment.

— o = fix z.0'. By induction we have it that £(o')(z;: y;) has type Value under
the given environment. The term A(F f).fix z.f x has type Value — Value
under any environment. Thus, the application of the latter term to the former
has type Value under the given environment.

O

Proof (Lemma 5). By a simple induction over the structure of the term o.

—o0o=1i.

e x;:8; Fi:iimplies (trivially)

e Al 4:i:> iimplies (by the analysis judgment)

o AFTIiq:Value:>TIi= A(i)

— 0= +.
e x;:8; - +:1 — i — i. We ignore the environment part, and note that
A(s) =F (Ii - F (Ii— Ii)). By a lengthy but direct analysis
judgment derivation we show
¢ AFF(A(Ta)F (MIb).I(+ab))):Value:>F(Ii—F(Ii—>1I1i))
— 0= I € T;.

e x;:8; F xy: sy implies

o y;:Value:> A(s;) F yp: Value:> A(sy).
— 0= Az.0.

e x;:5; F Ax.0: s — s’ implies by object typing rules

e z;:5;,7:5 F o:s' implies by TH

o A y:Value:> A(s) F £(0)(z;: yi; x:y): Value:> A(s') implies by analy-
sis rules

o AF My.£(o)(z;:yi;x:y): Value — Value:> A(s) — A(s') implies by
analysis rules

o AFF (Ay.L(0)(xs:yi;2:y)): Value:> A(s — s)

— 0= 01 03.
e x;:8; F 01 02: s implies by object typing rules



e x r;:8;Fo01:8 — sand
x 1;:8; F 0918
implies by IH
o x AF A:Value:> A(s' — s) where A = E(o1)(zi:y;)
*x AF B:Value:> A(s') where B = £(02)(zi: ;)
Independently, it is verbose but simple to show
e Al C:Value — Value — Value:> F (A(s') = A(s)) — A(s") = A(s)
where C'= A(F f).\x.f z. It is then direct to show that
e AL C A B:Value:> A(s).
—o=fixz.0.
e x;:s; F fix x.0: s implies by object type rules
e 1;:5; F 0:s — s implies by TH
o AF A: A(s — s) where A = E(o0)(z;: ;).
Independently, we show by the analysis rules that
e Al B:Value — Value:> F(A(s) = A(s)) = A(s)
where B = A(F f).fix z.f z. It is then immediate by analysis rules that
AF B A:Value:> A(s).

O
Proof (Lemma 6). By induction on the height of the derivation e < ¢'. O

Proof (Theorem 7). Both parts are by a simple induction on the height of the
derivation of e < v. O

Proof (Lemma 8). First we establish that for analyzable terms e;,e2 we have
[lei]l[z:= |lez|]] = |lei[z:= e2]||- Then, the first part is proved by induction
over the height of the evaluation derivation, and the second part is by induction
over the lexicographic order made from the height of the evaluation derivation,
and then the size of the term. A lexicographic ordering is needed in the second
case because two terms of different size can have the same size after tagging
operations have been eliminated by erasure. O

Proof (Lemma 9). By a simple induction over the heigher of the first derivation.
0O

Proof (Lemma 10). First we establish that [e1[z: = e3]] = [e1][z: = [e2]]. Then
the proofs for each of the two parts proceed as follows:

1. By induction over the derivation of e — v, and a case analysis on e.
2. By induction over the derivation of [e] — v’, and a cases analysis over e.

O

Proof (Lemma 12). We prove each part separately. The first part is proved by
induction over the structure of terms that do not contain D’ operations (As is
the case for the co-domain of shadows). The second part is trivial (shadows have
no D tags). The third part comes from the compatibility of the equivalence, and
the shadow simulation lemma. O



Proof (Lemma 13). The first part is by a simple structural induction over the
height of the derivation F a. The interesting case is when a = C}, a’. The second
is similar. The third part is by a simple induction on the derivation of - a. 0O

Proof (Theorem 14). We only need to prove the first part, and the second part
follows directly. By induction over the structure of the annotated type a.

— a = nat. Wrappers and unwrappers are identity, and we get e = ||e|| from
Lemma 8

— a = a; — ag. This is the most interesting case, and is in fact the main reason
why it is useful to have the shadow datatype D' in the language. Using the
extensionality principle, we will only prove that both sides are equal when
applied to every possible value they can be applied to.

(Ual —>a2€) v

U, (e(Wy,v)) by definition of U, and simplification

Ua, (e(Wy, [v])) by Lemma 12

|le(Wa, [v])]| by TH

lel|([|Wa, || |[v]]]) by definition of ||[|

lel|(||Wa, || [v]) by Lemma 12

le]|(Zq, [v]) by Lemma 13 (part 3)

lel[[v]

le||v by Lemma 12
and we are done.

—a=Ca. Ugqen~U(Cte) by IH & [|Cte|| = |le|

—a=D.Upe=Iperex[e] =||[e]ll = |lell

ariimimne e



