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Abstract. Over ten years ago, Jones identified the problem of elimi-
nating tags from the result of staged interpreters. Recently, Hughes and
Danvy each proposed a different approach to solving this problem. Both
approaches involve partial evaluation. To avoid the complexities of rea-
soning about the correctness of a transformation which involves partial
evaluation, we propose runtime tag elimination, a novel optimization sim-
ple enough to allow us to prove that we do solve the problem posed by
Jones, and that we solve the problem in a semantically well-behaved man-
ner. Our development is operational, and avoids multi-level languages.

1 Introduction

Typed programming languages provide a guarantee to the programmer: If a
program is well-typed, we know that certain kinds of run-time errors cannot
occur. Providing this guarantee requires a sacrifice in expressivity: Some useful
programs, even ones that can never lead to run-time errors, are no longer ac-
ceptable programs. Datatypes provide a way for getting around this limitation:
They allow the programmer to introduce additional run-time tags into the sys-
tem, thus, in a sense, relaxing safety. Unfortunately, the use of tags also comes
at a cost to runtime performance. In some interesting applications, the runtime
overhead of manipulating and checking these tagged values can dominate. In
this paper, we present runtime tag elimination, a simple and sound runtime
transformation aimed at removing tagging and untagging operations from the
body of well-typed programs.

The Problem in ell T e tage nter reter ones on iden-
tified an important instance of the general problem of super uous tags in the
context of o -line partial evaluation of well-typed interpreters S . During
o -line partial evaluation, the interpreter is automatically staged. The special-
i ed programs generated by such a staged or binding-time annotated inter-
preter is where super uous tags arise.  staged interpreter for a simply-type
lambda calculus S can be viewed as a total map from terms to what is
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essentially a higher-order syntax P encoding. We clarify this analogy with
a n ob ect- language having the following syntax:

assuming and is some given infinite set of ob ect-language variable
names. To define the encoding map will need to a translation environment:

assuming and is some given infinite set of meta-language variable names.
The encoding function takes a term in this language together with a translation
environment and produces a term of the datatype declared in askell notation

The encoding function : into some meta-language formally
introduced in Section is defined as:

Without the datatype the encoding cannot be expressed in a simply
typed or even a indley- ilner polymorphic meta-language . xpressing this
encoding function in a formal meta-language is necessary because partial eval-
uation computes such encodings e an a . ncoding the term

yields

The key observation to be made hereisthatn ta t etag o earng nen ng

T ue t e tage mnter reteraremee r e t e ne . orexample,if we
know that the only use of the above term is in an application to a tagged value,
and the tag is , then we would like to statically remove some of the tag-checks
before this term is actually used. ost of the tagging and untagging operations
in this term can be removed, resulting in the term:

which has two less tagging and two less untagging operations. The new tag has

been added to illustrate that t et ng t e eter an e e tun ange .
This possibility is one of two interesting and sound options for re integration
Section



T e e iali ation Partly to address the problem of tags in staged inter-
preters, ughes proposed a new paradigm calledt e e iali ation ug
The scope of ughes type speciali ation system is much wider than the problem
of eliminating tags, and combines forms of term or traditional speciali a-
tion S , closure conversion or firstification , constructor speciali ation

og , dead code elimination, and program point speciali ation. number of
technical subtleties in the definition of type speciali ation makes reasoning about
its semantics challenging ug . The results reported here are part of a study
into the semantics of ughes type speciali ation. In particular, we show that
the sub-problem of tag elimination can in fact be solved in a simple and well-
behaved manner that involves neither evaluation or partial evaluation. ather,
it is enough to use a simple and decidable analysis at runt e, in addition to
two simple type-indexed expansions which can be generated before runtime. e-
cause our development uses more standard notions than have been employed in
the past, we are able to suggest new and simple interpretations of some techni-
cal questions that arose in the context of ughes original formulation of type
speciali ation, such as the notion of a principal speciali ation .

Danvy Dan  proposed a e wuwt nt t e e a at n based on the
useof t e ire te artial e aluation Dan  and the encoding of pro ec-
tion embedding pairs in S an . owever, the formal characteri ation of

the correctness of this approach, especially in terms ensuring that tags are in-
deed eliminated, was not addressed. or a language with recursion, such a proof
is not obvious, as the semantic foundation of a type-directed partial evaluation
relies the existence of -normal forms, which is generally not the case in pro-
gramming languages that allow non-termination and other e ects. This paper
proposes an elementary approach that e n tinvolve partial evaluation or the
need for a gensym renaming operator , and has allowed us to formally estab-
lish strong correctness properties in the minimal setting of a simply-typed
language with recursion. ur development also explicates the importance of the
notion ann tate t e that appearsin ughes work, and that does not appear
in Danvy s work. In particular, using these annotated type in our development
helped us

. explicate basic subtleties in tag elimination. or example, type speciali a-
tions have a erent ean mg on the co- and contra-variant positions in

types, and
. avoid the need to do induction over recursive types , and instead, we use
them to prove correctness by induction over the structure of a e

un ng of the recursive type, each of which is capture precisely by an
annotated type.

im li ing um tion We make two non-trivial assumptions in this study.

irst, we assume that the source code is available at run-time. This assumption
is made by the other studies either by mixing type inference and evaluation asin
type speciali ation or by requiring the program to execute with a slightly non-
standard semantics as in the need to annotate the source program in TDP



Second, we assume that the staged interpreter can be treated as a meta-level
operation. This assumption follows from correctness of the staged interpreter. ¢
e at ng an e tngteea v t n earea et a t e nee
Tt e e anguage an area et u ntee ene te r e
tag e nat n We also expect two-level or multi-level languages to provide a
good setting for e ent ng this transformation, because multi-level languages
typically maintain the source code for higher-level terms.

rgani ation o thi Pa er fter introducing a small language for purpose
of this study Section , we present a simple formal specification of the erasure
of tags, and point its interesting features Section . It is surprising that such
a specification is not already in the literature, especially that it almost  tate
the solution we propose. We present an analysis Section  that ensures that
erasure doesn t go wrong . aving established this kind of safety property, we
demonstrate that the analysis is non-trivial by showing that it solves the problem
posed by ones Section . ext, we point out a potential danger with the use of
such a run-time analysis intensionality , suggest a simple and natural recipe
for avoiding this problem in general extensionality ,and demonstrate it in our
setting Section . inally, we point out some related works and future works
Sections and

Selected proofs are presented in detail in the ppendix, including the main
results. Intermediate lemmas are summari ed.

d nu it cur ion

o

The ore our et e for the meta- language we use through this paper are

where is the type for natural numbers, is a function type, and
is a name for a particular recursive datatype. The reader can interpret  as
the datatype we want to eliminate . Without any loss of generality, we assume
the datatype  has exactly  unique tag or auwe ntrutr

. While these types are enough for explaining the analysis, it
is not clear how a proof of correctness can be constructed without additional
technical machinary. or this reason which we expand upon in Section , we
introduce the ha o atat e and take our et e to be

The datatype  also has di erent tags . urther, we require
that the types for the tags  be the same as for , but with  replaced by

Two- and multi-level languages do not need to maintain a high-level representation
at run-time, as this is not dictate by their high-level semantics. eeping the source
code, however, is generally viewed as the simplest way of implementing them Tah



. Type ystem.

and we will write these types as : . Type environments
have the syntax : : where is the empty environment, and

is an environment containing the binding of a variable name to a type
term . We write when : is a sub-term of

ecause our goal is eliminating the tags of type , it will be useful to distin-
guish the notion of a target t e

ote that . xpression terms of our language are
where
where ranges over natural numbers, is a variable, is a lambda abstrac-
tion, is an application of a term  to a term is a fixed-point
construction, is a formation of an element of the datatype with tag  drawn
from the set of names of constructors, and is a data de-constructor
term with pattern matching carrying up to di erent cases , and is anal-
ogous to the askell notation . The type system is presented

in igure . The first five rules are standard. aturals are associated with nat-
urals. ariables are associated with the type term they are associated with in
the environment. pplications are associated with a type term  as long as the
argument can be associated to a type term  and the operand to a type term

ixed point constructions are associated with a type as long as their
argument is associated with a type term

The last two rules associate constructions of data with a constructor a
type term  as long as the argument is associated with the type term
de-construction is associated with type when every branch of the de-

construction is associated with the type term when the appropriate assumption
about the local variable  is made. The rules for shadows are similar.

emma ea ening an  ub titution et e te en e nt at



r ur unction

iven that we view the tags used in the staged interpreter as being used only to
allow static typing, the natural question to ask is can t we ust throw them all
away . Writing the tag erasure _ : function down immediately shows
that it is a partial operation :

rasure does nothing interesting except on the constructs for , and simply
eliminates data construction and pattern matching. ote that this function is
not defined on terms where there is more than one case in the pattern being
matched. If such a term occurs in the source program, tag erasure simply fails.

y simply writing down the definition of erasure which we don t see anywhere
else in the literature we explicate some of the intrinsic partiality in the operation
we which to perform.  basic contribution of this paper is showing that there
is a simple, decidable, and useful analysis that tells us when erasure cant go
wrong

ic i1 in tion n 1

We will characteri e anal able term by an analysis udgment defined by
induction over the structure of the term. nnotate t e are defined as

The third production should n tbe confused with the traditional notation of ap-
plying a type constructor to a type, rather,  is a name for the value constructor
and is simply annotating the annotated type

The our e _: and target _ : inter retation capture the
type of the source terms and the type of the erased terms that are the input and

e would have prefered to define erasure explicitly on well-typed terms. That defi-
nition, however, is too verbose.

e identify going wrong with partiality, because the analysis will ensure that an
analyzable term has an erasure, and that the erasure is well-typed. Thus, there is
no need to introduce a syntactic term and manipulate it formally. But our
treatment of erasure is essentially the same as ensuring type safety for an operational
semantics.



output to tag elimination:

The source function suggests that both the tag and the annotated type term
in the case are simply additional information that the analysis should
compute about a term of type . ote, however, that a specification of this form

can, in general, admit more than one possible

iven these interpretations, it immediately becomes clear that not all anno-
tated types are meaningful. This observation was not made in previous work
by wughes, and results in some super uous anomalies in the behavior of the
type speciali ation system. or example, if the datatype has exactly one con-

structor , and , then the annotated type

is meaningless because it has a source interpretation and a target
interpretation , and it is not clear how we can convert an ex-
pression :  to an expression of type : in a uniform or
sensible way. Thus we define ell orme annotate t e - as

. That is, all we require for an anno-

tated type to be well-formed is that the source of an annotated type annotated
with must have exactly the same type as that of the argument for the the
value constructor

nnotated type environments are defined as:

Thus, the empty environment is allowed, but non-empty environments are re-
quired to satisfy two conditions: irst, the annotated terms must be well-formed
according to the rules presented above. Second, it must always be the case that
the wur e interpretation of the annotated term must match the type exactly.
We write : when : : is a sub-term of . oth source and
target functions extend naturally to annotated type environments. We overload
our notation and write _: and _ : for the extensions of the two
functions on types to type environments. rom now on, e ill omit riting
the on ition as we will only be concerned with well-formed s.

igure defines the tag elimination analysis. The first five constructs erase to
constructs of the same shape , thus, the resulting terms should also be type-
checked in the exactly the same way as before erasure. The rule for tagging
requires that the name of the tag be registered in the annotated type. This
allows us to both the recover the original type, and to produce an appropriate
wrapper in the final result of runtime tag elimination. It should also be noted
that the annotated type can carry more information in the part, depending
on what is discovered by the rest of the analysis. In the rules for the shadow
datatype, we make use of the fact that if then to avoid introducing
a seemingly unused variable in the antecedents.



. Tag limination nalysis.

The rule for de-constructors considers only the case that which handles exactly
one tag. While this is may seem a non-trivial restriction on the analysis, we will
see in the next section that, as is, the analysis still has useful applications.

emma ea ening an  ub titution e ana en e ntat

urthermore, passing the analysis means that erasing  tags is sensible:

emma el T e ra ure

ic tion to ti ci i tion
1l encodings produced by the encoding function presented in the Introduction

are well-typed, even for untyped ob ect terms:

Theorem n o ing o nt e Term are ell T e

Tag elimination is n ¢ possible for the encoding of untyped terms consider the
untyped ob ect term , but it is possible for all e t e ob ect terms.
To demonstrate this, we introduce a type system for the ob ect language. The
types and type environments are

and

igure presents the type system for the ob ect language.



. Ob ect anguage Type ystem.

ntyped Operational emantics rules are the same as  rules .
Theorem n o ing o el T e Term are mnal able
ere an
unti i in tioni n t n ion n i

We will say that a runtime operation su ers inten ionalit if adding it into
the language allows us to distinguish any otherwise observationally equivalent
terms. This is highly undesirable, because it can invalidate some previously valid
optimi ations that may also be in use after the new construct is introduce .
Inspecting representations of programs at runtime is known in many cases to
triviali e observational equivalence to syntactic identity it ,Wan ,Tah
Dynamic type systems see for example SSP can easily introduce this prob-
lem. The approach we proposed here to addressing this subtle problem, that is,
establishing the e ten ionalit of a runtime operation, is simple: tran

r at n area eten mna e re e mnt e anguage. In this section,
we will apply this principle to runtime tag elimination.

igure presents the definition of the operational semantics for the language

with the syntax presented earlier on. The set of values is defined as

where



emma alue

Theorem auat n reere t a t an ana a t

ote that Type Preservation e n t follow from nalysis Preservation.

emma imulating ra ure - t en

We are now ready to explain how the shadow datatype will be used to establish
the rre tne of tag elimination. In particular, it allows us to provide a trivial
way of mapping types and then terms that use into terms that don t use
The presence of the shadow datatype allows us to achieve this in a rather trivial
way, which we will write as _ : and define as

We also extend this to type environments as before. ow, we can define the
corresponding operation _ : as

emma ellT e ha o

emma imulating ha o : ten

To begin describing the semantic properties of tag elimination, we need a no-
tion of contextual equivalence where termination of the big-step semantics and
agreement on based values naturals in our case are the only observable, and
where context are defined as:

where and for exactly one

Developing the theory of this notion from scratch is a non-trivial matter and is
beyond the scope of this paper see for example Pit . Instead, we simply use
the following characteri ation:



e nition et ean eu aenereat n u t at

an

ow we can present the key property of the shadowing function, which, in
essence, is that it ensures that for every value at a particular target type we
have:

emma Target ha o : ten
an
The ra function _: takes an annotated type and produces a term

that allows us to package the target term of tag elimination as a term that has
the same type as the source term. The wrap function is defined simultaneously

with the un ra function _: . These two functions, together with the

identify generator _: are defined as

where . These operators have a number of useful properties:
emma ra er

There are two ways of achieving extensionality for runtime tag elimination:

Theorem ain Do t en

The first equivalence has the advantage of introducing less wrapper unwrapper
tags than the other, but the second leaves the type of the term the same, and
may therefore be considered to introduce less complexity to the type system. To
further clarify, using either one of these two equalities, we can now internali e
tag elimination into a runtime construct as either

if S then else
and or

if S then else

and

Our lemmas state this property for only target types, and we have only proved it
for target types, because that s all we need. e expect it to generalize.



respectively. In either case, we provide a sound runtime mechanism for solving
the problem posed by ones, without in uring the operational theory of the
meta- language.

td or

untime tag elimination is related to many other analysis and optimi ations:

Dynamic typing in a statically typed language SSP , PP  or a dy-
namically typed language en a : untime tag elimination is intended to
be e ant a tran arentin that

. It is developed on top of a language with a standard types system and
semantics,

. If the analysis fails or succeeds, this cannot be observed by the program-
mer within the language, and only a ects the e a 7 of the program.
This means that performing this runtime transformation does not in ure
the notion of equivalence for our programming language, thereby pro-
viding semantics ustification for internali ing this meta-level operation
into the language.

Tagging optimi ation : wur notion of a tagis di erent, in particular, we are
concerned with tags introduced by user-defined datatypes, not the tag per
type or type constructor tags treated for example by englein en b,
or the machine level problem addressed by Peterson Pet

oxing unboxing ,P : ur concern is with datatypes that have an
arbitrary number of constructors, whereas the boxing unboxing problem can
be viewed loosely as an instance of a datatype with one variant. urther,
the type of a boxed value is parameteri ed by the type of the value it carries.
This is not the case in our setting and we con ecture cannot be made the
case without moving to type systems richer than indley- ilner .

onc u ion utur or

apitali ing on ughes notion of annotated types, we have exhibited a simple,
novel, and semantically well-behaved runtime transformation that solves the
problem of eliminating tags from the result of a staged interpreter.
We have made some strong simplifying assumptions in this study such as the
presence of source code at runtime explicitly to keep the formal treatment simple
such as avoiding the need to deal with the details of multi-level languages . It
is still too early, in our view, to consider lifting these assumptions. In particular,
assessing the pragmatic merits of a new analysis can be prohibitively di cult.
nd even though runtime elimination is less aggressive than type speciali ation,
it is still a radical technique. Thus, we would like to first ensure that there is a
reasonable and promising theory underlying tag elimination before starting to
address implementation issues. To this end, we wish to consider



xtending the ob ect-language with various features, such as datatypes and
e ects.

xtending of meta-language to polymorphism and investigating the opera-
tional details of type inference. ote, however, that we have established that
the operational behavior of the analysis does not depend on the details of
the what types are chosen for the sub-terms. There is, therefore, no concern
about the coherence of the transformation, and establishing the existence
of a notion of principal type will simply mean that there is a notion best
search that is sound and complete with respect to deciding the typability
of a given term.

elating our treatment to the denotational and categorical treatments of
datatypes. or example, we did try to use logical relations for the main
theorem, but we ended up with a construction that only seems marginally
related to logical relations Theorem
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e a Same as for type system emma

e a y a induction over the height of the first derivation.

e a y a simple induction over the structure of the term

. Then : .

. Then the term has type under

the given environment.

. Then : : and we have



. We have , and so by induction we also have

then by the type rule for lambda

then finally by the type rule for constructors we have

y induction we have it that both :: and :
have type under the given environment. The term has
type under any environment. Thus, the application
of the latter term to the former two terms has type under the given
environment.

y induction we have it that :  has type under
the given environment. The term has type
under any environment. Thus, the application of the latter term to the former
has type under the given environment.
e a y a simple induction over the structure of the term

implies trivially
implies by the analysis udgment

. We ignore the environment part, and note that
y a lengthy but direct analysis
udgment derivation we show

implies

implies by ob ect typing rules
implies by I
: : implies by analy-
sis rules
implies by
analysis rules

implies by ob ect typing rules



and

implies by I
: where

: where

Independently, it is verbose but 51mple to show

where It is then direct to show that

implies by ob ect type rules
implies by I
where

Independently, we show by the analy51s rules that

where . It is then immediate by analysis rules that
r e a y induction on the height of the derivation
r e re oth parts are by a simple induction on the height of the

derivation of

r e a irst we establish that for analy able terms we have

. Then, the first part is proved by induction

over the height of the evaluation der1vat1on and the second part is by induction

over the lexicographic order made from the height of the evaluation derivation,

and then the si e of the term. lexicographic ordering is needed in the second

case because two terms of di erent si e can have the same si e after tagging
operations have been eliminated by erasure.

r e a y a simple induction over the heigher of the first derivation.

r e a irst we establish that : : . Then
the proofs for each of the two parts proceed as follows:

y induction over the derivation of , and a case analysis on
y induction over the derivation of , and a cases analysis over
r e a We prove each part separately. The first part is proved by

induction over the structure of terms that do not contain operations s is
the case for the co-domain of shadows . The second part is trivial shadows have
no tags . The third part comes from the compatibility of the equivalence, and
the shadow simulation lemma.



r e a The first part is by a simple structural induction over the
height of the derivation . The interesting case is when . The second
is similar. The third part is by a simple induction on the derivation of

r e re We only need to prove the first part, and the second part
follows directly. y induction over the structure of the annotated type

. Wrappers and unwrappers are identity, and we get from
emma
. This is the most interesting case, and is in fact the main reason
why it is useful to have the shadow datatype  in the language. Using the
extensionality principle, we will only prove that both sides are equal when
applied to every possible value they can be applied to.

by definition of , and simplification
by emma
by I
by definition of
by emma
by emma part

by emma
and we are done.



