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SUBSTITUTION

Reproduced by Dan Smith
(dlsmith@rice.edu)

1 Substitution Defined

Given:
eeE = z|lzelee

where z € X, a countably infinite set.

We define substitution as a 3-ary function E x X x E — IE; syntactically,
it takes the form ej[z := e3] = e3. The valid values for e3 are described by
induction on e; as follows:

womel = {23 »
(Ay.eq)[z:=e3] = Az.(ealy := z][z := e2]) where z is “fresh” (2)
eg es[r i =e3] = eyqfr:=e2] e5[x := e2) (3)

Question: does “fresh,” as used above, mean “witty?” Answer: no. “Fresh”
means that z € FV(es) U FV(ea) U{y}. (FV (e) is the set of all free variables

in e.)

2 Properties of Substition

Notation: Jle.P(e) means that exactly one e satisfies P(e); more formally, it is
equivalent to Je.(P(e) A (Fe'.P(e') = e =¢')).

Similarly, if we define an equivalence =,, we can say 3!,e.P(e) meaning that
exactly one equivalence class satisfies P(e); more formally, it is equivalent to
Je.(P(e) A (Fe'.P(e') = e =, €')).

First we consider whether substitution is really a total function—that is,

Vey, ez, z, e’ .’ = e[z := €3]

Since our notion of “fresh” is nondeterministic, it appears that substitution must
be nondeterministic as well. (We could define “fresh” in a functional manner,
but we choose not to.) For example, Aa.b a[b := newb] = Ac.newb c¢; but also
Aa.b alb := newb] = Aj.newb j. So the truth of this property rests on the
meaning of =. In general, does Az.z = Ay.y? While the semantic interpretation
of the two is equivalent, mathematical equality is defined in terms of syntax,
and there are obviously values for # and y such that the above statements are
syntactically different.



Since the previous property did not hold, we accept a weaker assertion:
Ver, e, x,de' e’ = e[z = e

But since (informally) substitution really does give the “same” result for
some specific input, even if the variable names used are different, we will define
a new notion of equivalence: =,C E x E. We define e; =, e inductively on es:

e3 =q €5 N ey =4 €4

T =aZ €3 €4 =qa €5 €6

2 & FV(es) UFV(eq) Aeg[xy := 2] =4 eq|z1 := 2]
/\Q71.63 =a /\272.64

Having defined =,,, we can restate our initial assertion as follows:

! !
Ve, eo,x, e’ e’ =, e1[r := €3]

3 Homework
Due with next problem set: Prove
Vey, e, m,de' e’ = e[z := e

and
1o ._
Ye1,es,x, € €' =4 e1]r := 2]



