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Abstract. Earliest deadline rst (edf) is a widely used algorithm for online
deadline scheduling. It has beenknown for long that edf is optimal for scheduling
an underloaded, single-processorsystem; recert results on the extra-resourceanal-
ysis of edf further revealedthat edf when using moderately faster processorscan
achieve optimal performancein the underloaded, multi-pro cessorsetting. This pa-
per initiates the extra-resourceanalysisof edf for overloadedsystems,shaving that
edf supplemened with a simple form of admission cortrol can provide a similar
performanceguarartee in both the single and multi-pro cessorsettings.

Key words: online algorithms, extra-resourceanalysis, rm deadlinesdeduling, earli-
estdeadline rst.

1 Intro duction

This paper is concernedwith online algorithms for sdeduling jobs with deadlines. A
typical exampleis the earliestdeadline rst (edf ) algorithm, which hasbeenwidely used
in real-time systems(see[15] for a surwey). It is well-known that edf is optimal for a
single processorsystemthat is underloaded,i.e., wheneer there existsan o line sdedule
meeting the deadlinesof all jobs released,edf can always do so [7]. Howewer, when
the systemis overloadedor involves more than one processor,edf has no performance
guarartee in the sensehat its performancecannot match or even be competitiv e against
the optimal o line algorithm. Indeed, in most settings, no online algorithm has this
sort of performanceguarartee [2,8]. In recen years, a plausible approad to studying
performanceguarartee for online stheduling without restricting the inputs is to allow
the online scheduler to usefaster processord1,3,5,9,10,13,14]. Intuitiv ely, we want to
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study how e ectively can faster processorcompensatethe online scheduler for the lack
of future information. Phillips et al. [14] were able to extend the optimality of edf to the
underloaded,multipro cessorsetting by allowing the online sdhedulerto usedouble-sgeed
processors.

In this paper we study deadlinesdeduling for overloadedsystems,in which even the
o line adversary may not be able to meetthe deadlinesof all jobs and job deadlinesare
rm in the sensethat it is uselessto complete a job after its deadline. Our aim is to
attain optimality with the meaning of matching the o line adversary on the total work
of jobs that are completedby their deadlines.Sdeduling under overload is more di cult
asthe online algorithm hasto be smart in selectingthe right jobs to sdhedule. Even for
the single processorsetting, no online algorithm using a normal speedor faster processor
is known to be optimal. In fact, this paper presens a lower bound result that any online
algorithm using a processowith speedfactor lessthan the goldenratio ( 1:618) cannot
be optimal. This result shouldbe cortrasted with the fact that in the underloadedsetting,
edf usinga normal speedprocessolis already optimal [7]. If we do not insist on optimal
stheduling, it is possibleto have an online algorithm that canapproximate the total work
achieved by the adversarywithin a constart ratio whenusingmoderately faster processors
[10].

In this paper, we resole in the a rmativ e that in the overloadedsetting, edf with
moderately faster processorsan achieve optimality for both single-pracessorand multi-
processomsystems. The speedrequiremern is doubleand triple, respectively. Furthermore,
we study the generalcasewhenjobs carry arbitrary values(or weights) that are indepen-
dent of their processingtimes. The aim of a sdheduleris to maximize the total value of
the jobs meetingtheir deadlines.This sheduling problemis obviously more general(it is
referredto asthe rm deadlinesdeduling problem in the literature). Our main result is
that edf when given faster processorscan still guarartee optimality in this more general
setting.

Problem and de nitions: Wearegivenapool of m 1 processorand a stream of
jobs which are releasedat arbitrary times, with varying work (processingtime) require-
merts and deadlines. Every job is sequetial in nature and can be processedoy at most
one processorat a time. Preemption is allowed. For a hard deadline (or equivalertly, an
underloaded) system, the o line adversary can schedule all jobs to meet the deadlines,
and we also aim at an online algorithm that doesso. In general, the systemmay be
overloaded,i.e., even the o line adversary may not be able to meet all the deadlines.In
this case,our aim is to maximize the total work of jobs completedbeforethe deadlines.
There is no credit awardedto completing a job after its deadline.

In this paper, we consideroverloadedsystemsand on-line algorithms equipped with
processorshat arefasterthan thoseavailableto the o line adversary For any real number
s 1, a processoris said to be speeds if it can processone unit of work in time 1=s.
Furthermore, an online algorithm is said to be speeds optimal if the algorithm when
using m speeds processorscan match the total work of jobs completedby any o line



Figure 1: An exampleof edf -ac scheduling. Note that J, and J, are not admitted for
stheduling, and J; preemptsJ; dueto its earlier deadline.

algorithm using m speed-1processors.Note that an online algorithm that is optimal for
overloadedsystemsis also optimal for underloadedsystems.

EDF with admission control: The way edf sdedulesjobson m 1 processors
is asfollows: Wheneer a job is releasedor completed,edf examinesthe remainingjobs
to be completed. If there are at most m sud jobs, ead job is stheduledto run in one
processorptherwise,edf choosesm jobswith earliestdeadlinesfor execution. When the
systemis overloadededf may be too aggressie in preempting jobs; thus, edf is often
supplemered with somekind of admissioncortrol. We considerthe following simpleform
of admissioncortrol. Upon releasegewery job hasto gothrough a feasibility test in order
to get admitted for edf sdeduling. The test simply chedks whether the new job together
with the previously admitted jobs can all be completed before their deadlinesusing an
edf sdedule. SeeFigure 1 for an example. In this paper, edf when supplemered with
the above form of admissioncortrol is referredto asedf -ac.

Our rst result on sdeduling under overload is that for a single processorsystem,
edf -ac is I[§peed-20ptimal. We also shav that no algorithm can be speeds optimal if
s< (1+ 5)=2 1.618. For sdhedulingwith m 2 processorswe nd that speed-3
processorsu ce to guarartee edf -acto be optimal, no matter how big m is. This is the
rst result attaining optimality for scheduling in overloadedmultipro cessorsystems.

Scheduling jobs with values: In general,the credit awarded to completing a job
may not be related to its work. Jobsare given arbitrary valuesand the objective becomes
to maximize the total value of the jobs completedby their deadlines. De ne the value
density of a job to be the ratio of its valueto its required work. The importanceratio of
a systemrefersto the ratio of the largest possiblevalue density to the smallestpossible
one. In the special casewhenthe importanceratio is one(i.e., all jobs have uniform value
density), maximizing the total value is equivalert to maximizing the total work.



For maximizing total value, there are seeral online algorithms in the literature,
whose performancehas beenrigorously analyzed. An online algorithm A is said to be
c-competitive for somec > 0 if, for any job sequenceA can attain at least a fraction
1=c of the total value obtained by any o line algorithm [4]. Furthermore, A is said to
be speeds c-competitive if A is allowed to useprocessorss times faster than the @ line
adversary In the singleprocessorsetting, Koren and Shasha[12] have givena (1+ = k)?-
competitiv e algorithm, wherek is the importanceratio. Kalyanasundaramand Pruhs[10]
later shoved that a speedO(1) processotis su cient to improve the competitiv e ratio to
aconstart. In particular, their algorithm is speed-232-comgetitive. In the multipro cessor
setting, Koren et al. [11] have given a (1 + m(k%* 1))-competitiv e algorithm?, where

= mInk=2(Ink+ 1); no algorithm hasbeenknown to exploit faster processorgo achieve
O(1)-competitiveness.

Note that none of the above algorithms achieves optimality, i.e., matching the total
value achieved by the o line adversary In this paper, we show that the complication
due to varying value densities can again be o set by extra speed; precisely edf -ac is
speed-k + 1) optimal in the single processorsetting and speed-k + 2) optimal in the
multipro cessorsetting. When k is large, a simple adaptation of edf -ac can reducethe
speedfactor to O(logk). The idea is to divide the processorsnto dogke groups sud
that ead group handlesjobs with a smaller range of densities.

Note that the lower bound of (1 + p5)=2 on the speed requiremen for acieving
optimal scheduling on a single processoris still valid in this generalsetting. Chrobak et
al. [6] have recerly given a better lower bound for jobs with varying value densities. In
particular, they shoved that the speedrequiremett is at least2 1=k, wherek is the
importanceratio. We conjecturethat even for jobs with uniform value densities,the lower
bound should approadt 2.

Organization of the paper: The remainder of the paper is organizedas follows.
Section 2 senes as a warm-up, shawving that in the single processorsetting, edf -ac is
speed-2optimal for scheduling jobs with uniform job density. Section 3 gives a lower
bound on the speedfactor to achieve optimality in this setting. Section4 considersthe
generalcaseof scheduling jobs with non-uniform value densitieson multipro cessors.Note
that the speedfactor doesnot depend on the number of processors We show that edf -ac
is speed-k + 2) optimal, wherek is the importanceratio. In Section5, we adapt edf -ac
soasto reducethe speedfactor to O(logk).

Notation: In the restof the paper, wheneer we referto a sequenc®f jobs, we assume
that the rst job is releasedat time 0. The releasetime, work requested,and deadline of
a job J are denotedby r(J), p(J), and d(J) respectively. We measurep(J) in terms of
the time required to processJ on a speed-1processor.We only considerjobs satisfying
p(J) d(J) r(J). Without lossof generality, for a systemwith an importanceratio of
k, we assumethat jobs have value densitiesin the range[1; k]. Furthermore, we assume
that jobs have distinct deadlines(ties are broken using the job IDs).

11+ m(k¥* 1) approaches2ink + 3 whenm is large.
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Suppose we sdedule a sequencel. of jobs on m 1 processorsusing edf . The
sdedule in which jobs of L are processedis referred to asthe edf sdeduleof L. In
this sdhedule, every job of L will get processedo completion, but the deadlinemay not
be met. On the other hand, in the edf -ac sdhedule of L, which is the schedule based
on edf -ac, not every job will receive processingtime, but a job, oncesteduled, will be
completedby its deadline.Let HL) L denotethe setof jobs that edf -ac can complete
by their deadlines. It is worth-mentioning that the edf -ac sthedule of L is idertical to
the edf sdeduleof HL).

2 Optimal work for uni-pro cessor scheduling

In this section we investigate online sdieduling on a single processor. We show that
increasingthe processoispeedby a factor of two su ces to guararteethat edf -ac matches
the total work adiieved by any o line algorithm (using a speed-1processor). In other
words, when all jobs have the samevalue density, edf -ac is speed-2optimal.

For any sequencd. of jobs,let HL) L bethe setof jobsthat edf -ac using a speed-
2 processorcan complete,and let O(L) L be the set of jobs that an optimal o line
algorithm using a speed-1processorcan complete. Denote by kLk the total work (i.e.
processingtime) of the jobsin L.

Theorem 1 For any sequene L of jobs, kHL)k kO(L)k.

We prove Theorem 1 by cortradiction. Supposethat there exists a job sequence.
sudh that kO(L)k > kHL)k. Let us considerL to be sud a job sequencecortaining the
fewest jobs.

If jobsin HL) are stheduledto run in two or more cortinuous periods, we can imme-
diately derive a cortradiction sinceone of sud periods cortains a smaller job sequence
violating Theorem 1. Below, we assumethat all jobsin L) are scheduledin onecortin-
uous period. Denote by * the length of this period. A job in L is saidto be a late-dead
job if its deadlineis after 2°; otherwise, it is called an early-dead job. We will shov a
cortradiction that the early-deadjobs form a proper subsetof L violating Theorem 1.
The cortradiction stemsfrom an interesting property of HL): any late-dead job (with
deadlineafter 2°), if presen in L, must be admitted into HL), and would not a ect the
admittance of any early-dead jobs (with deadlineat or before2) releasedsubsequetly.
The latter meansthat ewen if we remove all late-deadjobs from L, we cannot sdhedule
more early-deadjobs.

Lemma 2 Let L. and L, be the setsof early-dead and late-dead jobsin L, resgctively.
ThenL; HL)andHL¢) =HL) Ly.



With Lemma 2, we can prove Theorem 1 by cortradiction as follows: Recall that
jobsin HL) are scheduledin one cortinuous period of length *. SincekO(L)k > kHL)k,
any o line algorithm using a speed-1 processortakes more than 2° time to complete
O(L), and somejobs in O(L) have deadlinesafter 2. In other words, L cortains some
late-dead jobs. By Lemma 2, kHL¢)k = kHL)k kL{k < kO(L)k KL{k. Note that
kO(Le)k  kO(L) Lik  KkO(L)k KL{k. In summary kHL¢)k < kO(Le)k, yet Le
contains fewer jobs than L. This cortradicts the de nition of L and Theorem1 follows.

Proof of Lemma?2. ToseeL; HKL), it suces to obsene that it is always feasible
to shedulea late-deadjob J within the period ['; d(J)]. This is because  d(J)=2 and
the time neededto process]) on a speed-2processotis p(J)=2 d(J)=2. Thus, J always
passeghe feasibility test of edf -ac

We prove HL) = HL) L by cortradiction. Supposethe equality does not hold.
Then HL,) and HL) do not cortain the sameset of early-deadjobs. Lett  be the
releasetime of the rst early-deadjob J on which HL.) and EL) disagree. Denote by
X the set of jobs in HL,) releasedbeforet, and similarly for Y and EL). Note that
Y comprisesall the jobs in X plus possibly somelate-dead jobs. At time t, the only
possiblescenariofor HL,) and EL) to disagreeon J is that J is admitted into HL)
but not admitted into HL). That means,X [ fJg can be completedby their deadlines
using an edf sdedule,but Y [ fJg cannot be. This can only happen when admitting
J into Y causessomelate-deadjob J°2 Y to missits deadline. By de nition of *, all
jobsin L) and thus all jobsin Y canbe completedbeforetime *. To causeJ®to miss
the deadline which is after 2°, J must requestmore than ~ units of time on a speed-2
processor,or equivalertly, p(J) > 2°. This is impossiblebecausel is an early-deadjob
andp(J) d(J) 2. Thus,J cannotexistand HL¢) = HL) L;. O

3 Lower bound for optimal work scheduling

El)'h_is section shows that no online algorithm using a speeds processor,wheres < (1 +
5)=2, canmatch the total work achieved by the optimal o line algorithm usinga speed-1
processor.

Let denote(1+ p§)=2. Notethat 1+ £ = and1+ 1> sforanys< (because

1+ é > 1+ 1= > s). The latter impliesthat a speeds processorwheres< , cannot
completes + 1 units of work in s units of time.

Theorem 3 For deadline scheluling on a single processor,no online algorithm is speed-s
optimal if s <

To shav that an online algorithm A is not speeds optimal, wherel s< , we
considera sequencef four jobs. Initially , A is giventwo jobssud that A cannotcomplete
both by their deadlines.To be optimal, A must attempt to completethe job with bigger
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Optimal Ji || Js |

Figure 2: The four jobs.

work. When the job with smallerwork becomesnfeasibleto complete,the third job with
an even biggerwork is released.Again, A cannot completeboth currert jobs and is forced
to switch to the third onewithout completing the rst two jobs. Finally, the fourth job
is releasedate enoughsothat the optimal o line algorithm can completeboth the rst

and the fourth job, yet A canonly nish either the third or the fourth job, failing to be
optimal. Figure 2 depictsthe relationship of thesejobs. Details are asfollows.

De nition. A job J is said to be feasible with respect to a speeds processorat time
t if the remaining work of J at time t is at most s(d(J) t); otherwise,J is said to be
infeasible

Denote (J1;J2; J3; J4) asa sequenceof four jobs. All thesejobs have a tight deadline
(i.e., d(J;) = r(J;j) + p(Ji)). For J; and J,, they are both releasedat time 0, and their
work requiremerts are 1 and s respectively. The releasetimes of J; and J4 depend on
how A sdedulesJ; and J,.

The time required by a speeds processorto complete both J; and J, is % > s,
Sinced(J;) = 1 and d(J;) = s, A cannot meet the deadlinesof both J; and J,. J3
will be releasedafter J; becomesinfeasible. If J; is feasibleduring the entire period
[0;d(J1)] = [O; 1], A must have met the deadlineof J; by d(J;) and cannot completeJ,
on time. In this case,we do not releaseany more jobs and A is already not optimal. It
remainsto considerthe casewhere J; becomesnfeasiblebefored(J;). Let t be the last
instant sudh that J, is still feasible,and let = be the total processingtime J; received up
to time t. By the de nition oft, s(1 t)+s = p(J;) = 1, 0or equivalertly, t = 1+ 1=s

Weletr(J3) = 1+ 1= > t. That is, J;3 is releasedafter J; becomesinfeasible.
Furthermore, J; has a higher work requiremen than J,; we let p(J3) = and d(J3) =

r(Js) + p(Js).

Claim 4 At time r(J3), the remaining work of J, is at least s= .



Proof. At time r(Js), the work doneon J, isat mosts(r(J;) ) =s(1+ 1= )=
s s= . Theremainingwork is at leastp(J,) (s s=)=s (s s=)=s=. 0

Next, we shov that A cannot meet the deadlinesof both J, and J;. At time r(Js),
the total remaining work of J, and J; is at leasts= + . The time required by a
speeds processorto complete both jobsis at least(s= + )=s> 1= + 1= . Note
that max(d(J,);d(J3)) = r(J3) + . Thus, A cannot completeboth J, and J; by their
deadlines.

Note that p(J3) > p(J2). Using the sameargumert for J;, we only needto consider
the casewhereJ, is abandonedby A and becomesdnfeasiblebefored(J,). J, is released
after J, becomesinfeasible. We require that J; and J4 can both be completed by an
o line algorithm, yet A will complete only one of J; and J4. Furthermore, we make
p(Jd1) + p(J4) > p(Js3). Then it follows that A is not optimal.

Let t9be the last instant that J, is still feasible.Let “°be the processingime receiwed
by J, during [r(J3);t9. By the de nition of t° we have s(d(J,) t9 + s'°equalto the
remaining work of J, at r(Js), which is at leasts= . In other words, t® s+ % 1= .7,
is releasedafter J, becomesdnfeasible.Let r(J4) = + ° 1=, which is strictly beyond
t% Note that r(J,) 1= = 1. Thus,r(J4) d(J;) = 1,andit is possibleto complete
both J; and J4 using a speed-1processor.

Claim 5 At time r(J4), the remaining work of Js is at least + s(1+ ° ).

Proof. Recall that r(J4) > t% During [r(J3);r(J4)], the work done on J, is at least
s'% and the work done on Js is at most s(r(J,) r(Js)) s°= s[( + 9 1=)

(1+° 1=)] s%= g 1 7). The remaining work of J; at time r(J,) is at least
p(Jz) S( 1 )= +s(1+° ). 0

To completethe proof of Theorem 3, it remainsto shav that we can choosethe value
of p(J4) sud that an o line algorithm can completemore work than A.

Wesetp(Js) = 1+ . Thend(Js) = r(Jo) + p(Jds) = ( +°° 1= )+ (1+ ). Note that
d(J3) = r(J3) + p(ds) = 1+ 1=)+ . Thus,d(Js) = d(J3) + *° Starting from r(J,),

the total remaining work of J; and J4 is at least + s(1+ ° )+ (1+ °) and the time
neededby a speeds processorto completethem is at least[ +s(1+° )+ (1+ )]=s
1+° +( +1)=s=1+" + 2=s> 1+ = p(J4). That is, A cannot completeboth

Js and J, at the time r(J4) + p(J4), which is equalto max(d(Jz); d(Js)). The maximum
possiblework achieved by A is max(p(Js); p(J4)) = max(; 1+ ).

On the other hand, an o line algorithm using a speed-1processorcan meetthe dead-
lines of J; and J4, attaining a total work of 1+ 1+ ~ > max(; 1+ °). Therefore,A is not
optimal. Theorem 3 follows.
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Figure 3: An exampleof edf -acsdedulewith m = 4 processors Assumethat O cortains
J4 but not J, and Js. The shadedregionscourt toward (L; O).

4 Optimalit y of edf-ac for multipro cessor scheduling

We extend the result of Section 2 to the setting with multipro cessorsand non-uniform
value densities. Speci cally, we show that for sdhedulingon m 1 processorsedf -acis
speed-(2+ k) optimal, wherek is the importance ratio.

Considerany sequence. of jobs with value densitiesin the range[1;k]. Denote by
KLk the total value of jobsin L, and by HL) the subsetof jobsin L that edf -acusingm
speed-(2+ k) processorscan completeby their deadlines.Note that jobsin L HL) are
newer scheduledby edf -ac. With respect to the edf -ac scheduleof L, a period is said to
be busyif all the m processorsare working throughout this period.

Unlike the uni-processorsetting, the casewhen edf -ac sdhedulesL over two or more
busy periodsis no longer straightforward. The problemis that edf -ac may causea job to
spanmore than onebusy period, making it di cult to derive a cortradiction by splitting
L. To dealwith multiple busy periods, we strengthenTheorem1 and prove that the value
attained by edf -ac not only matchesthat of any o line algorithm but is in excessby a
signi cant amourt. Considerany subsetO of L that canbe completedby the deadlinesby
someo line algorithm using m speed-1processors.For any job J in L, let (L;J) bethe
amourt of work of J stheduledby edf -ac after the last busy period in the edf -acsdedule
of L. Dene (L; O) to bethesumof (L;J) overall jobsJ in HL) O (seeFigure 3 for
an example). We show that kHL)k is in excessof kOk by at least (L; O). Then, when
there is more than one busy period, we can split L into two parts both containing those
jobs spanningtwo busy periods, and the overlap is compensatedby the excesf (L; O)
after the split. Details are asfollows.

Theorem 6 LetL beanyjobsequene. ThenkHL)k (L; O) kOkforanyO L that
can be completeal by the deadlines by someo line algorithm using m speed-1 processors.

We prove Theorem 6 by cortradiction. Supposethere exists a job sequencd. sud
that, forsomeO L, kEL)k (L;O) < kOk. Without lossof generality, we considerL
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to be the job sequencecortaining the fewest jobs. The rest of this sectionis divided into
parts, consideringthe caseswhen the edf -ac schedule of L admits more than one busy
period and exactly onebusy period, respectively. In ead case,we derive a cortradiction.

Beforeshowing the details of the cortradiction, we rst obsenethat L canbeassumed
to satisfy an additional assumption: With respect to the edf -ac sdhedule of L, no job
is releasedoutside a busy period. This assumption helps us simplify the cortradiction
argumert.

Lemma 7 Supmse that there is a job sejuene violating Theorem 6. Then among all
suchjob sequenes, there existsone, denotel L, suchthat L contains the smallest number
of jobs and no job is releasal outside a busyperiod in the edf -ac schelule of L.

Proof. Let L, be any job sequencewith the fewest jobs that violates Theorem6. Let
O bethe subsetof Ly sud that KHLo)k  (Lo; Op) < kOgk, With respectto the edf -ac
stheduleof Lo, it is possiblethat somejob J is releasedoutside a busy period. Yet it is
impossiblethat J's deadlineis beforethe next busy period starts. Otherwise, edf -ac can
meetthe deadlineof J and deletingJ from L, would give a smallerjob sequenceviolating
Theorem6.

Below we showv how to construct another sequence. from L to satisfy the assumption
on releasetime. For ewvery job J releasedoutside a busy period, J must be admitted by
edf -ac. Let w denotethe time whenthe next busy period starts in the edf -ac schedule
of Lo. We delay the releasetime of J to w and reducethe required work by the amourt
of work J hasbeenprocessedeforetime w in the edf -ac stheduleof L,. The newvalue
of J is in proportion to the remaining work. This results in another sequenceof jobs
L, which, when stheduled by edf -ac, have exactly the samebusy periods and the same
jobs completed. Note that kEL )k is lessthan KHL o)k by exactly the total value reduced
in modifying Lo to L. With respect to the subsetOq of Ly, we denote the collection
of the correspnding jobs in L asO. Then kOk kOk  kL.k kLk. On the other
hand, (L; O) is the sameas (L,;O,). Recallthat kHL,)k (Lo Op) < kOk. Thus,
KHL)k  (L; O) < kOk, and L alsoviolates Theorem6. 0

4.1 More than one busy period

We are now ready to shaw that if the edf -ac sthedule of L cortains two or more busy

periods, we can obtain a cortradiction that there is a job sequencewith fewer jobs than
L, which violates Theorem 6. Recall that O denotesa subsetof L sud that kEL)k
(L; O) < kOk.

We construct two smaller job setsL, and L, from L asfollows. Let t be the time
when the secondbusy period starts. L, cortains all jobsin L releasedearlierthan t. Ly
contains all other jobs plus somenew jobs derived from L, as follows. With respect to
the edf -ac schedule of L, we denoteby N the set of jobsin HL)\ L, which have not
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yet completedat time t, and let > 0 be a small enoughconstart sud that during the
interval [t ; t], every job in N is being processed.For ead job J in N, we add a new
job to Ly with releasetime t , deadlined(J), required work x, and value x, where x
denotesthe amourt of remainingwork of J at timet . Denoteby N °the setof newjobs
addedto L. All jobsin L, exceptthosein N°are releasedat or after t, and N © cortains
lessthan m jobs. When sdeduling L, using edf -ac, all the jobsin N°will get admitted
rst. It is easyto seethat HL,) = HL)\ L,. HLy) cortains all jobsin N°aswell asall
jobsin HL) L,. Thus,kHLa)k + kHLpk = KEL)k+ kN% < kOk+ (L; O) + kN %.

It remainsto shaw that L, or Ly, violates Theorem6. Considerthe following two sets:
O, = L,\ O, and Oy, contains all jobsin L that areeither found in O or derived from jobs
in O\ N. Note that kOak + kOpk = kOk + kN° Ouk. Furthermore, (L; O) is exactly

(Lp; Op), and (La; O,) is at least the total work in N° (N°\ Oy), which also equals
KN® (N° Op)k. Considerthe valueof KL )k + KELpk (La;0a)  (Lp, Oyp). It is
smallerthan kOk+ kN%  (La; O,), which is at most kOk+ kN°\ Ok, or equivalertly,
kOak+ kOpk. We concludethat KHL ))k+ KELp)k  (La;Oa)  (Lp; Op) < kOgk+ kOpk.
Thus, either O, caused., to violate Theorem 6, or O, causes.,, to violate Theorem 6.
Both L, and L, cortain lessjobsthan L. This cortradicts the de nition of L.

4.2 One busy period

To completethe proof of Theorem®, it remainsto derive a cortradiction whenthe edf -ac
stheduleof L cortains only onebusy period, say, [0; ']. Again, we assumethat all jobs in
L arereleasedwithin this busy period. We say that ajob in L is early-dead if its deadline
is at or before % and late-dead otherwise. For example,whenk = 1, a late deadjob
hasdeadlinebeyond 3°. We will show that the early-deadand late-deadjobs in L satisfy
the sameproperties asin the single-pracessorsetting (seeLemma 9 below); the proof is
more complicateddue to the multipro cessorsetting.

Lemma 8 L contains at least one late-dead job.

Proof. By the de nition ofL, thereexistsO L sud that kOk > kHL)k (L; O)andO
canbe completedby the deadlinesusingm speed-1processorsNote that KHL)k (L; O)
is bounded belov by the total work sdieduled during the busy period of the edf -ac
stheduleof L, which is at leastm(k + 2)". In other words, kOk > m(k + 2)". To achieve
a total value of kOk, any o line algorithm usingm speed-1processorsequirestime more
than [m(k + 2) ]=mk = "%2 units. Thus, O cortains a job whosedeadlineis beyond

£2° i.e., alate-deadjob. O

Lemma 9 Let L, and L, be the setsof the early-dead jobs and late-dead jobsin L, re-
spectively. ThenL; HL) andEHLe) = HL) Lq.
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By Lemma 8, L; is nonempty and L, cortains fewer jobs than L. Before we prove
Lemma 9, we shav how this lemma can lead to the cortradiction that L. violates The-
orem 6. Partition O into two subsets: O, cortains all early-deadjobs and O, corntains
all late-deadjobs. By de nition, O, L, and Oy L. As O, O, O, canalsobe
completedby the deadlinesusing m speed-1processors.The following lemma shaws the
key property that kOek > KHLo)k  (Le; Og). That is, Le violates Theorem6.

Lemma 10 kO¢k > KHLg)k  (Le; Og).

Proof. Recall that kOk > KHL)k (L;O). By Lemma9, HL) = HL¢) [ L¢ and
KHL)k = KHL¢)k + KL{k. Thus, kOk > kHL¢)k + kLik  (L; O). Furthermore, kOck =
kOk kOik> kHLgk  (L; O) + kLi{k  kOyk.

Next, we derive an upper bound of (L; O). Recallthat (L; O) denotesthe amourt
of work that the edf -ac sthedule of L has performedon jobsin HL) O after the last
busy period. We considerhow ead job in HL) O cortributes to (L; O). The late-
deadjobs in HL) O are captured by the setL; Oy, which cortributes an amourt
of at most kL k kO.k to (L; O). The set of early-deadjobs in HL) O is exactly
(HL) L¢{) O¢ = HLe) O, Sincethe edf sdedulesof HL,) and HL) give an
idertical sdhedulewith respect to the early-deadjobs, the last busy period of the former
cannotexceedhat of the latter, i.e., it must endno later than *. The amourt cortributed
by the early jobsin HL) O to (L; O) isat most (Le; Og).

In conclusion, (L; O) (kL{k kOik)+ (Le;Oe). And kOck > kHLg)k  (L; O) +
(KLik kO{k) KHLek  (Le;Oeg). [

To completethe cortradiction argumen, it remainsto prove Lemma?9.

Proof of Ly HL). Let J beany late-deadjob in L. lLe., d(J) > ZX". Let X be
the set of jobs admitted by edf -ac just beforeJ is released. Note that X  HL) and
the edf steduleof X corntains only one busy period up to time h, whereh °. To see
why J must be admitted, we show that the edf sdeduleof X [ fJg always meetsthe

deadlineof all jobsin X [ fJg.

A basic property of edf is that at any time, the edf steduleof X [ fJg usesat
least as many processorsasthe edf sdeduleof X. Thus, the edf sdeduleof X [ fJg
contains a busy period ending at i hand outperforms the edf sdeduleof X by at
least (k + 2)(h  h) units of work. Note that thesetwo schedulesdi er by exactly p(J)
with regard to the total amourt of work. Thus, (k+ 2)(h h) p(J), or equivalertly,
A h+pQ)=k+2) h+dJ)=k+ 2).

By the de nition of edf, adding J into X does not causeany jobs with deadline
earlier than d(J) to missthe deadline. It remainsto considerthosejobs J%in X [ fJg
with d(J9 d(J) > ¥2°. In the edf scheduleof X [ fJg, the time J°is completedis

boundedabove by fi+ E2) which is at mosth+ 90) + 903~y dO) 4 dO) 39 |n

other words, the deadlineof J°is met. In summary the edf sdeduleof X [ fJg meets
the deadlineof ewvery job. Thus, J should beincluded in HL).
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Pro of of HLe) = HL) L. Toshow this equality, it su ces to considerall early-dead
jobs J in the order of their releasetimes and prove inductively that J 2 HL,) if and only
if J 2 HL). Let J bean early-deadjob in L. Assumethat beforeJ is releasedthe edf -ac
sthedulesof L and L, have admitted the sameset of early-deadjobs, which is denoted
X below. With respect to the edf -ac scheduleof L, we further de ne Y to be the set of
late-deadjobsin HL) beforeJ isreleased.As X [ Y is asubsetof HL), the edf stedule
of X [ Y cortains only one single busy period, the length, denotedby h, is at most .

If J 2 HL), then the edf sdeduleof X [ Y [ fJg can meetthe deadlineof all jobs.
Removing all late-dead jobs does not changethe stedule of the early-deadjobs. The
edf steduleof X [ fJg canmeetthe deadlineof all jobs. Thus,J 2 HL).

If J 2 HL.), then the edf scheduleof X [ fJg canmeetthe deadlineof all jobs. Below
we investigatethe edf sdeduleof X [ Y [ fJgand arguethat the deadlineof every job is
met. Sincethe presenceof late-deadjobs doesnot a ect the sdedule of early-deadjobs,
all early-deadjobsin X [ Y[ fJg (i.e.,, X [ fJg) can be completedby their deadlines.

For any late-deadjob J°in Y, the time J°is completedis boundedby fi + 220 wheref

is the length of the new busy period of the edf sdeduleof X [ Y [ fJgand fi is at most
V4 B o k0D 4 9D n other words, J°is completedbefore d(J9. In summary the

k+2 k+2

edf scheduleofx [ Y[ fJg meetsthe deadlineof every job, and J should be included
in §L).

Remarks: To analyzethe performanceof edf -acfor scheduling jobs with varying value
densitieson m = 1 processorwe can also generalizethe proof in Section2, shawving that
edf -acis indeedspeed-(1+ k) optimal. The details are omitted asthe only thing we need
to changeis the de nition of a late-deadjob (which becomesa job with a deadline after
1|’;—k‘) and the argumen remainsthe same.

5 Impro ving edf-ac with value density groups

As shown in the previous section, edf -ac is speed-(2+ k) optimal, where k is the im-
portance ratio. When k is large, edf -ac demandsvery fast processorsin order to be
optimal. In this section, we use edf -ac as a black box to derive a more speed-e cient
algorithm. To easeour discussion,we rst de ne an algorithm called -edf -ac, where

is any integer greater than 1. -edf -ac uses m speed-(2+ k¥ ) processorsand it
can match the total value obtained by any o line algorithm using m speed-1processors
(see Theorem 11). In particular, we are interested in dog, ke-edf -ac, i.e., when the
algorithm is using dog, kem speed-4processors. Using time sharing, we can simulate
dog, ke-edf -ac using m speed-(4log, ke) processorsand thus obtain an algorithm that
is speed-(4log, ke) optimal.

The algorithm is de ned asfollows:

-edf -ac: Divide m processorsnto clusters,ead with m processorgun-
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ning edf -acindependenly. Foreah 1 i , the i-th cluster is responsible
for jobs with value density betweenk( Y= and k= .

Theorem 11 -edf -ac, using m speed-(2 + k= ) processors,can match the value at-
tained by any o line algorithm using m speed-1 processors.

Proof. Consideran input job sequencel. Let L; be the set of jobs that are allowed to

usethe i-th cluster. For a setof jobs X L, let O(X) be the set of jobs that meet their

deadlineswhen the optimal o -line algorithm sdedulesX using m speed-1processors.
Note that kO(L 1)k + + kO(L )k kO(L)k, sincethe optimal o -line algorithm can

always chooseto run jobsin O(L)\ L4, ..., O(L)\ L whensdedulingL,, ..., L,

respectively.

The value obtained by -edf -ac is the sum of values obtained by ead cluster, i.e.
KHL,)k + + kHL )k. Jobsin the samecluster have value densitieswhich dier by
at most a factor of k¥ . For scheduling L;, edf -ac usesm speed-(2+ k¥* ) processors.
Applying Theorem®6, we have kELi)k  kO(L;)k. This resultsin that the value obtained
by -edf-acis at leastkO(L;)k+  + kO(L )k kO(L)k. O
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