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The performance of a real-time computer system is determined by the effectiveness of
scheduling of jobs to meet their deadlines. However, many scheduling problems in the off-line
setting have been proven to be NP-complete. In other words, it is computationally infeasi-
ble to find optimal schedules for many cases. The situation is further complicated by the fact
that scheduling algorithms are on-line in nature, i.e., they do not have advance knowledge
about the jobs until they are released. As expected, many scheduling problems do not ad-
mit on-line algorithms with optimal or reasonably good performance guarantee. A natural
approach towards better performance guarantee is to allow on-line schedulers to have more
resources (such as faster processors or extra processors). Intuitively, the additional resources
compensate on-line schedulers for the lack of future information. Notice that most scheduling
problems remain non-trivial even if a large amount of additional resources are available.

In this thesis, we revisit several classical deadline scheduling problems that aim at maxi-
mizing the total work or value of jobs that can be completed by their deadlines. We consider
different settings, including uniprocessor and multiprocessor scheduling, and jobs with the
same or different relative importance. We show new upper bounds and lower bounds on the ef-
fectiveness of using additional resources to provide better performance guarantee. Our results
allow system administrators to compare and assess various scheduling algorithms and decide
the resource requirement for their systems.

Note: This is a slightly edited environmentally friendly version.
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Time
. . JobSequence A [ 1 X

Thanks to the rapid development of science and technology, B e X

real-time computer systems now play a vital role in facilitat- c Poosd X

ing our daily lives. Examples include automated factories,

traffic control systems, and stock exchange market. The per- Schedule 1 \ ERe2r ]

formance of these real-time computer systems is determined Schedule 2 \ = =

by the effectiveness of the scheduling of jobs to meet their

deadlines. However, many scheduling problems in the off-

line setting have been proven to be NP-complete. In otitagure 1. Two sample schedules. The job sequence comprises

words, it is computationally infeasible to find optimal schedibree jobs, each represented by a rectangle. Release time is

ules for many cases. denoted by the left edge. Required work is represented by the
In reality, the situation is further complicated by the fadgngth. Deadline is denoted by a cross. Each schedule shows

that scheduling algorithms are on-line in nature, i.e., they i time at which a job is executed. Note that Schedule 1

not have advance knowledge about the jobs until they are @Btains the value of all the three jobs, while Schedule 2 only

leased. As expected, many scheduling problems do not @@tains the value of job A and B.

mit on-line algorithms with optimal or reasonably well per-

e . e 2 S of o hatca e ot byt eactines See

ure 1 for an example.

more resources (such as faster processors or extra procl% tem isunderloadedf there | hedul tina th
sors) [17,23-26]. Intuitively, the additional resources cora; system Isunderioade ere Is a schedule meeting the
0

pensate on-line schedulers for the lack of future informati eadline of every job released. In general, we do not have this

Notice that most scheduling problems remain non-trivial eVgHarantee, and a system may duerioadedand there is no

if large amount of additional resources are available. For _htedule T]eet'?t? every.d%adllnl:a - This dmot?]el IS applltlcablg ttr?
ample, the Earliest Deadline First algorithEB§F) is known systems where the required work exceeds the capacily and the

to be optimal for the underloaded single-processor deadlﬁ?@ed.u”ng algorithm has to decide which jobs to complete. It
scheduling problem, yet for the overloaded case, neffiF Is motivated from embedded systems (see, e.g., [17,21,26] for

X . : iscussion).
nor any algorithm can be optimal even arbitrary number g'fs . L . -
processors are allowed. . The value densityof a job is equal to its value divided by

In this thesis we revisit several classical deadline schea’t?- processing time. Thenpprtance ratiok qf a system s
tﬁg ratio of the largest possible value density to the smallest

N9 problem;, showing new upper pounds and lower bounaossible one. Wheh = 1, the value of a job is directly pro-
on the effectiveness of using additional resources to provide . . o X .
p%rtlonal to its processing time and the system is said to have
better performance guarantee. Our results allow system ‘ad- . .
i : . niform value densityFor systems where some jobs are more
ministrators to compare and assess various scheduling algo: .
. : : . | é)ortant than the others, we hake> 1, and the system is
rithms and decide the resource requirement for their systems. : . )
said to havegeneral value densityA scheduler in a uniform
value density system aims at maximizing the processing time
1.1 On-line Firm Deadline Scheduling or the work of jobs that meet their deadlines.
We measure the performance of an on-line algorithm by
The on-line firm deadline scheduling problem is defined asmparing it with aroptimal off-line algorithmdenotedOpT,
follows. There is a sequence of jobs to be scheduled for panthe same set of jobs. For any- 1, an on-line algorithm is
cessing inm > 1 processors. Jobs are released in an unpsaid to bec-competitivg(or have acompetitive ratic) if, for
dictable fashion. Every job is sequential in nature and candigy job sequence, it is guaranteed to achieueof the total
processed by at most one processor at a time. Preemptioralge obtained byDprT. If the competitive ratio is a constant
allowed at no cost. The processing time and deadline of a jodependent of bot#t andm, the on-line algorithm is said
are known only when the job is released. Each job is astm-be competitive A 1-competitive algorithm is also said to
ciated with avalue (also known agredit), which reflects the be optimal See [7,27] for more background on competitive
importance of the job. The deadline is firm in the sense tlaatalysis.
the value of a job can be obtained only by completing it on For convenience, we denotdFS-1 as the on-line firm
or before its deadline. No value is obtained if the deadlinedsadline scheduling problem on a uniprocessor system with
missed. A scheduling algorithm aims to maximize the totahiform value density [3, 4, 23-26], andFS-k as the on-
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line firm deadline scheduling problem on a uniprocessor syse A w-processor speegloptimal algorithm refers to a-
tem with importance rati& [3, 22, 25]. Similarly, we denote processor speesgld-competitive algorithm.

MFS-1 andMFS-k as on-line firm deadline multi-processor

scheduling problem with importance ratloand & [21, 25], ] o
respectively. In this thesis, we are going to study on-line &-3 Previous Work and Our Contributions

gorithms forUFS-1, UFSk, andMFS-#. In this thesis, we study the problen~S-1, UFSk, and

. MFS-k. We consider on-line algorithms with additional re-
1.2 Additional Resources sources, namely, faster and/or additional processors, for at-

Traditionally, the performance of an on-line algorithm is meRiNing @ constant competitive ratio or even optimality. \We
sured by comparing it with the optimal off-line algorithm ir8'V€ N€W Upper and lower bound results on the effectiveness

the worst case. Yet this may not be a good measuremghdditional resources.

for many deadline scheduling problems. Indeed, some early

lower bound results [3,4] suggested that all on-line algorithrrf_ss_1 UFS-1 and UFS-k

for some deadline scheduling problems perform equally bad.

The traditional competitive analysis has failed to differentiafithout using additional resources, no optimal scheduling al-
good and bad algorithms. gorithm can exist for eithdd FS-1 or UFS-k. Note that opti-

In recent years, there is a new approach for studying betigility is desirable, especially for underloaded systems where
performance guarantee without making assumptions on five optimal off-line algorithm can meet all deadlines. For
ture inputs; the basic idea is to allow the on-line algorithmFS-1, Baruah et al. [4] showed a lower bound4bn the
to have more resources than the off-line algorithm (e.g. sg#mpetitive ratio. Baruah et al. [3] presented-aompetitive
[17,23-26]). Intuitively, the additional resources are needalgjorithm calledI’'D;. In the same paper, they also showed
to compensate the on-line algorithm for the lack of future ia- lower bound of(1 + v/k)? on the competitive ratio for
formation. The key question is whether a moderate amountu¥S-%. Subsequently, Koren and Shasha [22] gave an algo-
additional resources can provide satisfactory competitiveneigism called D’*" with a matching upper bound.
or even attain optimality. This kind of analysis assesses the
amount of additional resources needed to meet the optimal or

competitive requirement of a system. This is also known AsFaster Processor. For UFS-1 and particularlyUF Sk,

resource augmentation analysisthe literature. when a faster processor is allowed, Kalyanasundaram and
To ease our discussion of the comparison between on-Iffféths [17] gave an algorithm callesi ACKER that can im-

algorithms using additional resources and the optimal offliREPVe the competitive ratio to a constant, i.e., independent of

algorithm, denote®pT, we use the following notations: ~ *- Precisely, for any real > 0, SLACKER is speedt1 + 29)

A-competitive, where\ = (1+5~1)(1+5~Y2)(1+07/2 +

5~1). For example, putting = 1/2, SLACKER is speed

e A scheduling algorithmA is said to be speed-c- 32-competitive. The only algorithm that can make use of a
competitive if A which uses spees-processors canfaster processor to obtain optimal scheduling is by Lam and
guarantee to obtain a fractidifc of the total value ob- To [24]. Precisely, they showed that an algorithm calaF-
tained byOPT, which uses speetlprocessors. A pro- AC is speed? optimal forUFS-1 and speed[log k] optimal
cessor is said to be speedt it can process 1 unit of for UFS-k. No non-trivial lower bound greater thdaron the
work in 1/s time, i.e., s times faster than a processospeed requirement for attaining optimality is known for either
used byOPT. UFS1 andUFSk.
Ouir first contribution is two lower bound results: we show

that there is no speedoptimal algorithm forUFS-1 when

s < ¢, where¢ is the golden ratio (approximately 1.618).

For UFS-k, the lower bound can be improved2oMotivated

by the gap between the lower bound 2fnd upper bound

e A scheduling algorithmA is said to be speed-w- of 4 [log k] for UFS-k, we attempt to devise algorithms with
processor-competitive if.4, whose number of proces-a lower speed requirement. We believe that jobs with tight
sors isw times more tharOPT and all processors aredeadlines, i.e., the deadline of a job is equal to its release time
speeds, can guarantee to obtain a fractibfx of the to- plus processing time, are the most difficult to handle. We give
tal value obtained bpPT. a speedd(1) optimal algorithm when all jobs are tight. Our

Definition.

e A scheduling algorithmA is said to bew-processor-
competitive if. A, whose number of processorsigimes
more tharOPT, can guarantee to obtain a fractibfr of
the total value obtained b®PT.
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result serves as a first step to finding a sp&éd) optimal Besides, we consider an extensionMELACKER. Pre-
algorithm for the general case. cisely, the competitive ratio dISLACKER can be improved
using additional faster processors instead of even faster pro-
Additional Processors. Less result is known for using ad-gezzzgsé 1i:?)rmexgzg\%e‘fosg\zzgi-i%rr]nbgtiltri?/zrgvegl rirhO:
ditional processors. Indeed, using additional processors RS P P P y

harder than using faster processors; for instance, a Spéré((:{_easmg the processor speed, or it can be improves to

2 processor can simulate two spekghrocessors by time- p(reoc;iior speelb-competitive by using extra speedaro-

sharing, but the reverse is not true (as jobs are sequencua '

in nature). The only previous result that can exploit addi- o

tional processors is fddFS-1, where Baruah [2] gavem- 1.4 Preliminaries

pro_cessom/(m — 1)—c9r_npet|t|ve algorithm. No optimal al- For any job.J, let r(J), p(.J), d(J), andv(.J) denote the re-

gorithm based on additional processors has been known for "~ : e .

eitherUES 1 or UES-k lease time, processing time, deadline, and valug, eéspec-
: tively. The value density(J) = v(J)/p(J). For conve-

. . L . . qﬂénce, we normalize the smallest value density to be 1, and
tive ratio and optimality using additional processors. Prﬁ/'e assume all jobs have value density in the raige]. The
cisely, we give &-processor optimal foJFS-1. Based on

thi it how 2 Mog & 5 i | spanof J refers to the intervalr(.J),d(J)]. Since complet-

IS_tLesuf ' vl\fl}:;lcowl [gg_t_1-processo -C(:n;pe live al- ing a job after its deadline gives no credit, whenever we say a
gorithm for L7 - n agdition, We present aprocessor ., o completed, it is meant that the job is completed by its
optimal algorithm forUFS-1, which can also be extende

. X ) eadline. A processor is said to le if it is not running a
to give ad ﬂo.g k]-processor optimal algorithm fddFS-«. job, andbusyotherwise. Similarly, a job is said to hele if it
More interestingly, we also show that neprocessor algo-

. : - is not running on a processor, abdsyotherwise.

rithm is c-competitive forUFS% for any constant unless — an o jine scheduling algorithm operates as follows. The
w = Q(logk). algorithm is invoked whenever anterrupt occurs. An inter-

Based on the above results, we can compare the powey, ot 5 either triggered by the release of a job, or preset by the

faster processors with additional processors. BBk, We  514rithm itself in some previous invocation. The output of
have a speed)(1) optimal algorithm for the difficult case e a1gorithm is a mapping from the jobs to the processors.
when all jobs are tight, yet we also have @flog k) lower

bound on the extra processor requirement even for attainin% L

a competitive ratio independent bf Thus, in terms of addi- 1.9 Organization

tional resource requirement, using faster processors is a Mg remainder of the thesis is organized as follows. Chap-
cost effective way than extra processors. ter 2 presents upper and lower bound results&S-1 and
UFS-k using a faster processor. Chapter 3 shows upper and
1.3.2 MFS-k lower bound results fodFS-1 and UFS-£ using more than
one speed-processor. In chapter 4, we give competitive al-
Without using additional resources, Korea and Shasha [gbkithms forM FS-k using additional and/or faster processors.

decided an algorithnMOCA with competitive ratiol + Finally, we summarize the results and discuss some possible

log k . . .
m(k'/" — 1), wherey = % o221 They also gave a lowerfyture directions in chapter 5.

bound of £ m(k*/™ — 1) on the competitive ratio. These
bounds tend t®(log k) whenm tends to infinity.

When faster processors are allowed, Lam and To [25] ex-
tended theSLACKER algorithm forMFS-k and improved the
algorithm to speedd + 26) (14 20~ + 46—2)-competitive.
Forinstance, whed = 1/2, the competitive ratio is improved
from 32 to 21.

To exploit additional processors foMiFS-k, we extend
MOCA to an O(logk)-processorO(1)-competitive algo-
rithm. We also show th&®(log k) times extra processors are
required to achieve a constant competitive ratio.

1Unless otherwise specified, all logarithms are basethis thesis.
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2 Scheduling with a Faster Processor  To simplify the proof, we show that it suffices to consider
on-line algorithms that areusyin the following sense.

In this chapter, we study algorithms using a faster processor

for the problemdJFS-1 andUFS-k. Precisely, we study theDefinition. At any time¢ during the span of a jod, we say

performance of on-line a|gorithms using one Spe&ﬂeces_ that .J is feasiblewith reSpeCt to a Speedprocessor it is

sor, wheres > 1, as Compared with an off-line a|gorithrrfl0t yet Completed at timeand it is still pOSSible schedulé
using one speedl-processor. to meet the deadline. l.e., the remaining workJ/af at most

s(d(J) —1).

Lower bound results. - Lam and To [25] showed th&DF-  pefinition. A scheduling algorithmd is abusyalgorithm if

AC is speed? optimal forUFS-1 and speedk[log k] optimal it sehedules a feasible job (with respect to the processors used
for UFSk. Yet no lower bound on the speed reqwremegg, A) whenever such a job is available.

for achieving optimality has been known for either problem:

In section 2.1, we give the first non-trivial lower bound fotemma 2.2. For any scheduling algorithrd, there exists a
UFS1. Specifically, we show that no algorithm is speedbusy scheduling algorithmd’ (using a processor of the same
optimal forUFS-1 unlesss > ¢, whereg is the golden ratio. speed) such thal’ can meet the deadlines of all the jobs that
In section 2.2, we show that the lower bound Sk can .4 can meet.

be improved slightly t@. ) .
Proof. Given an algorithmA4, we constructd’ as follows. At

: , ! X X .
Upper bound result. Motivated by the gap between the upf::lny timet, A’, based on a simulation of, determines which

per bound oft [log k] and the lower bound df for UFS-k job is currently scheduled hyl. DenoteF; as the set of fea-

g e . sible jobs inA’ at timet. If A is scheduling a joly in F;, A’
we turn our attention to finding an algorithm fof=S-% that also écheduleg Otherwise A’ arbitraril)?chlooses atjob in
can reduce the speed requirement for optimality. We belie)geif 0 '
that jobs with tight deadlines are the most difficult to handle'tCon;ider.any joby completed byA. Below we show that

In fact, existing lower bounds on competitive ratios when N9 2nv time. the work done ofi b A’ is always at least as
additional resource is available folFS1 andUFS-k [3, 4], muchyas th:slt ofA. which im Iies)t/hatA’ also )c/om letes
and our lower bound on speed requirementéiS-1 are all : P P '

based on the tight deadline setting. When jobs are not ti lh%-mma 2.2 thus follows. Suppose, for the sake of contradic-

only a weaker lower bound on the competitive ratiofFS. 1 %Oh, thatt is the first time instant when the work done dn
y P by A exceeds that ofd’. This means that schedules/ at

is known .[8]' I_?:ase_d on this obs_ervation, we §tudy algorithr'ﬂ%et but A’ does not. Sincée is finally completed byA
fpr ha”d'"_‘g tight jobs. In_sect|on 2.3, we give a new alg(?]- is feasible forA att. As the work done by4 and A’ aré
rithm that is speed) (1) optimal forUFS-k when all jobs are the same just before .J is also feasible ford att. By the

tight. Note that the speed factor is independent:ofWe definition of A’, A’ should scheduld at¢. This leads to a

believe that scheduling jobs with tight deadlines is no easier -
: contradiction. O
than the general problem, and our result serves as a first step 10

finding a speed?(1) optimal algorithm for the general case. e then prove the following theorem that leads to the lower
bound result.

2.1 Lower Bound for UFS-1 Theorem 2.3. There is no busy algorithm that is speedp-
Recall that EDF-AC is a speedt optimal algorithm for timal for UFS-1 unlesss > ¢.
UFS-1. This section shows that fafFS-1, the speed require-

ment for any optimal algorithm is at least the golden ratio (de- 1 N€ Proof of this main theorem is quite involved, though
notede), which is the solution of the equatiaf® — ¢ + 1. the basic idea is simple. We consider the off-line algorithm
le.,é :'(1 +/5)/2 ~ 1.618. as an adversary who generates the input job sequence while

The following lemma states a property othat our lower looking at the response from the on-line algorithm and ex-

bound argument makes use of. Basically, it implies thalh(i;its its schedule after the entire input has been generated.
speeds processor, where < ¢, cannot complete + 1 units The adversary’s goal is to maximize the total value it obtains
of work in s units of time ' while keeping it down for the on-line algorithm.

Initially, A is given two jobs such thatl cannot complete

Lemma2.l.Forl <s<¢,1+1>s. both of them. To be optimald must complete the longer
1 1 job. When the shorter job becomes not feasible, the third job,
Proof. 1+~ >1+ i ¢ >s. L Wwhich is even longer, is released. Agaii,cannot complete
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0 Time _ 0 Time
Jl m Jl m
J> RS J, Y
Jy1 (I Js|
Ju| Wz J
Offline ZZ==2 Wz Offline
Figure 2: The input job sequence and the optimal off-line Figure 3: The input job sequence to bouhd

schedule

which iss(1 + A) units of time aftert. It is simply because

both current jobs and is forced to switch to the third one witkse total work required is too much. See the following claim.
out completing the first two jobs. This process ensures that

the adversary can indeed complete more than one job. Det@ilaim 2.6. A speeds processor cannot process the remaining
are as follows. work of Jo and.J; within s(1 + \) units of time.

Let A be any busy on-line algorithm that is speedpti-
mal, wheres < ¢. To show thatA is not optimal, we con-
sider a sequence of four jobd,, Jo, Js, andJ,). All the jobs 1—sh+s(1+A)
are tight, i.e.,d(J) = r(J) + p(J) for any job.J. J; and

Proof. The speed required to complete both jobs is at least

Jo are both released at tinflewith processing time$ ands, 14 j(l +2)

respectively. The release time @f and.J, depend on how =

A schedules/; andJ,. The argument below makes use of 5+ A

two parameters depending enLeté =1 — s+ 1/s, and let _ s? + 56 (by definition off)
A = §/¢. By Lemma 2.1, as well as\, is greater than. s(1+A)

The time required for a speedprocessor to complete both 52 + spA _
Jiand Jp is #t1 > 5. Recall thatd(J;) = 1 andd(Jz) = B CES)) (by definition of\)
s. Thus, A cannot complete both jobs. To be optima, $2 1 52\
must abandow; and complete/,, as the latter has a longer > m (becausey > s)

processing time. By definition; is feasible at timé& and not
feasible at time.. Lett be the last instant such thd is still
feasible, and let be the total processing timg received up

O

= S .

Sincep(Js) > p(J2), A must abandod, and complete/s

to timet. S0 as to guarantee optimality. Liétbe the last instant thak,
Fact 2.4. s(1 — t) + s¢ = p(J;) = 1, or equivalentlyt = s still feasible. Let’ be the processing time received By
1+4—1/s. during [r(J3),']. Notice that!’ cannot be too large a, is

Intuitively, J; is released soon aftek, becomes not fea- finally abandoned. See the following claim for details.

sible. Letr(J3) = t+ X = 14+ —1/s+ A, and let Claim2.7. ¢ < 1/s2 =\
p(J3) = s(1+ N). -

] ) ] Proof. Suppose, for the sake of contradiction, tifat >
Claim 2.5. The work left forJ; attimer(J3) is1 — sA. 1/s% — \. Consider the scenario that afiéf/), a tight job
Proof. SinceA is a busy scheduling algorithm, the processingj is released at time with the same deadline a. l.e.,
time received by/, up to timer(J) is the processing time notp(J') = d(J3) —s = 1 + £+ A + sA — 1/s. The adversary
received byJ; . By the property of busy scheduling algorithmgan complete/, and.J’. Therefore,A, after abandoning’;
A does not schedulé; aftert. Thus, at time-(J;), the work and.Js, must complete bottl; and.J" in order to be optimal.
done onJ; is still s¢; and for.J,, the work done isi(r(J3) — The speed required is at least
£) = s— 1+ sAand the remaining work is— (s — 1+ s\) =

1— s\ 0 (s+sA)+sl/+(1+L+A+sA—1/s)

s+ sA
Next, we observe thatl, using a speed-processor, can- sl +1+A+sA—1/s
not complete botky; and.J; on or beforemax(d(Jz2), d(J3)), = 1+ s(1+ M)
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(1/s =sA\)+1+A+sA—1/s

1-1 1
> 14 _ 1+s( /8)0+1/s+ st

s(14+X) 1+0+(s—1)A
1+ 1 1+s2+s(s—1)0
= 1+ —— = 14+=-
s(1+X) T3 1+£44+(s—1)A
= 1+1/s > 1+1/s (becauses > 1 andd > )
> 5. (by Lemma 2.1) > 5.

O

Thus, A can only complete eithef; or J’ and.A is not opti-
mal. A contradiction occurs. O Recall that.4 does not complete/; and J,. Together
with the fact thatA4 cannot complete botli; and J4, we
For the rest of the proof, we show that by adding a final jmow that the work that can be completed Hyis at most
Js, A can only complete eithef; or Jy, yetthe adversary canmax(p(Js), p(Js)) = p(J3).
complete both/; and.J,, completing more work thaml no Next, we show that(.J,) > d(.J;) = 1; thus, the adversary

matter which joh4 chooses. (using a speed-1 processor) can complete bptand J,.
Jy is released afted, becomes not feasible. By the def-
inition of ¢, we haves(s — t') + s¢/ = 1 — s\, or equiva- r(Js) = s+l +22-1/s
lently, ! = s+ ¢ —1/s+ A. Letr(Jy) =t/ + A, and let > 2\ +s—1/s
— — — — / — -
p(Ja) = r(Js) =r(Ja) +p(J) = 1+ L =10 = At s). > (1-s+1/s)+s—1/s
Claim 2.8. The work left forJ; at timer(Jy) is 2s — s2 + s¢. (because\ = 6/¢ > §/2)
=1

Proof. Asr(J4) > t/, J2 is not feasible at time(.J,). Since

A is a busy scheduling algorithm, the processing time re-cinall
) . ; ) y, we show thap(.J1) + p(Jy) > p(J3). Thus, the
ceived by.J; during the interva(r(Js), (/4)] is the process- adversary can obtain more work done thé&nin other words,

ing time not received by,. During [r(J3),(J4)], the work Als not optimal. A contradiction occurs.
done onJ; is s/, and the work done od; is s(r(Jy) —

r(Js) =) = 52 —36—234—3)\. So the work left f(2)rJ3 attime p(J1) + p(Ja) — p(Js)

r(Jy)iss(1+A) — (s —sl —s+s\) =2s—s*+sl. O L4 (Js) — () (by definition ofs(J,))
1+ (14+0—1/s+X) —(s+0 —1/s+2))
2—s4+L0—0 — )

2—s—0 — )

2—-s5—1/s*  (byClaim2.7)
(1-1/s)1+1/s—s)

The following claim shows thatl cannot complete botli;
andJ, before their deadlines.

Claim 2.9. A speeds processor cannot process the remaining
work of J; and J4 within s(1 4+ A) units of time.

(AVARAY

Proof. The speed required for completing bath and J; is

at least 0
p(Js) + (25 — 82 + sf) We have completed the proof of Theorem 2.3. Based on
(T2 Lemma 2.2, we can extend the lower bound result to any on-
2 line algorithm that is not busy.
. 2s — 5% + sl
p(J1) Corollary 2.10. There is no speed-optimal algorithm for

. 25 — s2 + s/ UFS1 unlesss > ¢.
N 14004 (s—1)A
_— 25 — 8% + sl 2.2 Lower Bound for UFS-£

TG

S(2—s5—1/52) +1/s+ st In this section we give a lower bound foi+=S-£ with impor-

= 14+ tance ratick > 1.

1+24+(s—1)A
s(1—=1/8)1—s+1/s)+1/s+ st Lemma 2.11. There is no speed-optimal algorithm for
= 1+ 140+ (s— 1A UFSk unlesss > 2.
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Suppose, for the sake of contradiction, that there existaatural question is whether the speed requirement for opti-
speeds optimal algorithm, where = 2 — . Letn = [1/e]. mality in the case of generalcan be improved to(log k) or
Considering the input job sequence shown in Table 1. JobserenO(1).
released in pairsik, J/). The input terminates either whet In this section, we address this problem with a focus on
misses any deadline, or after the final jdh., is released tight jobs. Recall that a tight job has its deadline equals to its
at timen + 1. Notice that the importance ratio of the jolrelease time plus processing time. We present a two-processor
sequence 8" = 2llogk] < k. speeds optimal algorithm folUFS-k when all jobs are tight.

Before the job pair.{;, J7) is released at time 1, the systenince two speed-processors can be simulated by one speed-
is underloaded. To be optimalf must complete/, at time 2s processor, this algorithm can be considered as a speed-
1. In general, A must meet every deadline. See the followingptimal algorithm.
claim for details.

Claim 2.12. A must meet the deadlines of the joljs; and 2.3.1 Algorithm

Jifor1<i<n. Definition. Letr = 1 + ;= < 1. Ajob J, once released,

_ ] . is said to bereshup to the timed(J) — r - p(J). (Roughly
Proof. Notice that the two jobs have the same deadlinel) speaking, a job is no longer fresh when the time is close to its
and value 2:-1). Suppose, for the sake of contradiction, thgj adline.)

one of them missed its deadline at time- 1. The input is
stopped immediately (i.e., the last job paitjisand.J/). The  The following lemma states an important property of a
adversary completeg), J;, - - -, J/ as well as/;, obtaining a fresh job.

total value of
Lemma 2.13. While a job.J is fresh, it is feasible to complete

(142444 +2) 4207 =it L oim1 _q J on or before its deadline using a speggrocessor.

Proof. Consider any time when a jobJ is fresh. By defini-
tion,d(J)—t > r-p(J) = (3 + 5-)p(J). Note that a spees-
processor needs.J)/s time to completeJ. Sinces > 1, we

havei > -L, or equivalently,} + .- > 1. Thus, starting
from timet, a speeds processor must be able to complete

on or before its deadline. O

The bestA can do is to complete all jobs exceft , or J;,
obtaining a total value of

(1—e)+2x (1+2+---+272) y 2071 4 o
(1—¢e)+28 —2+4271 42
= 2ttt 1 ¢,
Algorithm 2.1 gives the details on the new on-line schedul-
which is less than that of the adversary. This contradictsitg algorithm. The algorithm maintains a palof jobs that
the assumption. 0 will be given priority for scheduling. Intuitively, if a job is
still fresh and has sufficiently large value density, the algo-
Similarly, A must complete the last two job§_, and.J; rithm will put it into the pool for possible scheduling. Among
to match the total value of the adversary. The total processthg jobs in the pool, the algorithm always schedules the two
time of all jobsis(1 —¢)+1+2n+1=2n+3 —¢. A, most dense jobs available. Once a job is scheduled, it can be
using a spee@2 — ¢) processor, can complete all the jobs ngreempted by a newly released job with sufficiently high den-

earlier than sity. Note that there is no guarantee that a job, once scheduled,
will complete.
2n+3 — 3— 4-— . i o ,
% =n+ ? >n+ Q—E >n+2, In the following, we will show that for scheduling jobs with
— & — & — &

tight deadline$ this algorithm, when given a speed-14 pro-

which is after the deadline of, , ;. Thus,4 missed the dead- cessor (or two speed-7 processors), is optimal.

line of some job. This leads to a contradiction and completesConsider a job/ that the on-line algorithm fails to meet its
the proof of Lemma 2.11. deadline, but an off-line algorithm can meet its deadline. Dur-

ing the span of/, the on-line algorithm must process other

. jobs for a considerably long period. These jobs should have
2.3 General Upper Bound for Tight Jobs reasonably high value density, yet the on-line algorithm may

The best known result fdd FS-k requires a speed{log k| not complete them at the end and generates any value. The

processor [25]. Note that whenis big, demanding & pro-  zrecall that a deadiine is tight if it is equal to the release time plus the
cessor that ig [log k] times faster may not be practical. Aprocessing time of the job.
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[ Job | Release timd Processing timg Value density| Deadline]]

Jo 0 1—¢ 1 1
g 0 1 1 2
Ji 1 1 1 2
Ji 1 1 2 3
J; i 1 2i—1 i+1
J] i 1 20 142
Jn n 1 on—1 n+1
J), n 1 2n n+2
Jn+1 n+1 1 2" n+2

Table 1: The input job sequence for general value density

(1) Initialization: o o B ] J ]

) P

3) A Ju | T

(4) When Job J is released: J5 \ ’ JZ[ Je ‘ ’ Js \

(5) if |P| <2orp(J) > 2maxrep p(T

& ety v o [I ]

7 Schedule the two most dense jobs, if available?in

8) n J | [ ]

9) When Job J completes: Js ‘ ’ Js ‘ ’ I ‘ )

10) P—P—{J} Time

(11) if there exists a fresh job not iR

(12) DenoteJy as the most dense fresh job notfn Figure 4: A sample schedule féf and.4 and the respective

(13) if |[P| <2or p(Jo) > 2maxrep p(T) @’ and A’. Note thatJ, and.J; are removed in schedutg’

(14) P —PU{Jo} and.A’.

(15) Schedule the two most dense jobs, if availabld?in

(16)

(17) When Job J € P is certain to miss its deadline: by A, and similarly for7 (O). Without loss of generality, we

(18) P« P —{J} /I DiscardJ assume that every job that has ever been schedulé? ¢gn
be completed by its deadline. Note that such an assumption is

Algorithm 2.1: A new algorithm for tight jobs not valid for A.
We construct schedulegd’ and @’ from A and O re-

L . . - .spectively by removing all jobs that are completed by both
optimality of the algorithm is proven by a non-trivial amoru—A and®. An example is shown in Figure 4. By definition
zation scheme, showing that the on-line algorithm will co ) . '

~ H / / -
plete some extra jobs (comparing with an off-line algorithnF revery jobJ € J(0"), both® andO' schedule] to com

i . N : |
within or beyond the span of, which can be used to pay off e.tlon by |t_s deadline, but neithet nor A can complete/
by its deadline.
the value ofJ.
Lemma 2.14. For any two jobs scheduled k9, their span

2.3.2 Basic Properties must be disjoint.

Let.4 andO denote the schedules produced by our algorithiPmoof. Recall that any job scheduled 6y can be completed
(using two speed-processors) and an off-line algorithm (usby its deadlines. Since all jobs have tight deadlif@sr any

ing one speed- processor) for any particular job set. Deeff-line algorithm can complete a job only by scheduling it
note 7(A) as the set of jobs that has ever been schedutbdbughout its entire span. Thus, any two jobs that can be
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completed byO must have non-overlapping span. O shows that|O’|| is no more than the total amount of cred-

its discharged due to the jobs {fi(.A’), which is exactly
Lemma 2.15. If A misses the deadline of joh then atany > ;7 4, o(J)T(J). The second part shows thas'|| >
time whileJ is fresh,A schedules at least one job with valugjej(A,) o(J)T(J). Combining both parts, we can con-
density greater thap(J) /2. clude that] A’|| > ||O’]|.

Proof. Let J be a job for which4 misses the deadline. Coniemma 2.17. Consider any jolb/, scheduled by’. For any
sider any timef when J is fresh. If J isin P, A is executing job.J € J(A’) suchthatl’;,(J) > 0, p(J) > p(Jo)/2.
some job(s) of value density at leagdt/). It remains to con-
sider the case wheré is not in P at timet¢. In this case,
J is not in P during the entire periodr(.J),¢t] (otherwise, ! )
by Lemma 2.13, even at time it is still feasible forA to thatTs(J) > 0. Lett be any time when), is fresh andA’
completeJ by its deadline and/, once put intoP, will not Schedules’ as the primary job. By Lemma 2.15, at tieA
be removed up to timé). Thus, A must be executing some'S scheduling a joly’” with density at leasp(.Jy)/2. Note that
job(s) of value density greater tha.)/2 during the entire < May not be equal td/’. Nevertheless, we can argue thiat
period[r(.J), ¢]. In either cased is executing a job with value MuSt be scheduled by at timet.

density greater thap(.J) /2. D e If J/ = Jy, thenJ' is not completed byd. By the defi-
nition of A’, J' is leftin A’.

e Suppose/’ # Jy. By Lemma 2.14,J' is also not equal
to any other job scheduled I6y. Again, by the definition
of A/, J'is leftin A’.

Proqf. When ajobJ is a_dded t.OP’ either there was at MOSlg;ince 7 is the primary job scheduled by’ at timet, we have

one job inP, or the density of/ is at least double of the most (1) > p(J)) > p(Jo)/2 0

dense job inP. Removing a job fromP does not invalidate - - 07

this property. O Lemma 2.18. For any job.J; in O,

2.3.3  Optimality ; ;A)U(J)TJD(J) > v(Jo) -
E ’

Proof. Let J, be any job scheduled b§’. By definition, .J,
cannot be completed 4. Consider any joldy € J(A’) such

Lemma 2.16. At any time, letJ; and J;,, be thei-th and
(i + 1)-st most dense jobs iR. If J;, is not the least dense
jOb in P, thenp(JZ) > QP(JH-I)

Denotel|.A’|| and||O’|| as the total value of the jobs completed ) ) ,
by schedulesd’ and®’, respectively. This subsection showk00f- Note thatJo, being a job scheduled b§’, cannot
thatif s > 7, [|4']| > |||, or equivalently,|.A| > ||O]. be complgted byA. By Lem.ma_2.15,A must schedule at
It follows that the algorithm shown, when given two speedfaSt One job at any time whilg, is fresh. By Lemma 2.14,
7 processors or a spedd-processor, can always match thg'€"Y such job is not scheduled &y and must be found
off-line algorithm on the total value obtained. in A. Therefore,> ¢ 74, T1,(J) is equal to the length
Consider the schedulg’. For any jobJ ¢ J(A'), let of t_he fresh period of/,. By deﬂrlmon, Jlo is fresh for a
T(J) be the total timed’ schedules/. At any particular time, P€"10d of length(l B T)p({o) = 3 = §)p(o). Thus,
J is said to be the primary job scheduled 4y if A’ sched- 2 segan Tr(J) = 3(1 = 5)p(Jo). Furthermore,
ulesJ at that time and either there is no other job scheduled

at the same time, of has a higher job density than the other > o(NTs(J)

job scheduled (we break the tie by requiridigo be the job JeT(A)

with smaller job identity). For a joby scheduled by)’, let _ 4s T
T;,(J) be the total timed’ schedules] as the primary job Z s — lp(J) 5 ()

during the period of time whet, is fresh. JeTA)

To prove that|.A’|| > ||©’||, we imagine that for each job > il 3 p(JO)TJD(J) (by Lemma 2.17)
5

that has scheduled by, we can discharge some credits ata JET(A) 2
certain rate wheneved’ schedules/. Precisely, we define 2
the rates(J) to be 2% p(J). l.e., we can discharge atotal = —— »(Jo) > Ty()
of o(J)T'(J) credits due toJ. JeJ(A)
The rest of this section is divided into two parts. The first 2s 1 1
part, comprising Lemmas 2.17 and 2.18 and Corollary 2.19, = 5 _ | p(Jo) - 9 (1 - S) p(Jo)
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p(Jo)p(Jo) The following observation is crucial to the proof of the fact
= v(Jo) . [ that all accounts have non-negative balance. By definition,
each job completed byl’ will receive credits equal to the
value of the job, which are enough to pay off for all discharges
Corollary 2.19. Z o(N)T(J) = [|O']. and transfers (see Lemma 2.21). The nontrivial part is con-
JET(A) cerned with those jobg € J(A’) that miss deadline. Note

Proof. At any timet, Lemma 2.14 implies that among all jobdhat/ must idie for a long time when itis in the po&l. Note
scheduled by, there is at most one which is freshrafrhus, that whenever idles after being added intB, A schedules
for each jobJ € J(A'), T(J) > 3 , Ty, (.J). We have two other jobs. By Lemma 2.147 cannot schedule both of

' = 2iJpe0r +Jo these two jobs. In other words, at least one of these two jobs,

say, J,, is not completed by). By the definition ofA’, J,
Z o()T(J) > Z a(J) Z Ty, (J) is leftin .A’. When A’ schedules/, and.J is idle, credits are
JeTA) TEI (A Joc0 transferred from the account df to the account of . .J thus
> Z Z NTy,(J) . receives credits transferred from other jobs that are scheduled
Jo€O! JeT(A) while J is idle in P. More precisely, the following lemma

shows that/ receives at least(.J) credits.
By Lemma 2.18, we conclude that

Lemma 2.20. For each job.J that is scheduled by’, at
Yo Y o(NTy ()= D> w(d) =[O . O leastu(J) credits have been put into the accountiof
Jo€O! JET (A" Joeo’
Proof. If J is completed by4’, the lemma holds by the def-
To prove || A'[| > > ;¢ 7(a) o(J)T'(J), we consider the inition. Now suppose/ enteredP but is eventually dis-
following amortization scheme od’. We associate an ac—Cafded Then/ has been idle in” for a period of at least
count with each job in7(A’), all having zero initial balance. 5 (1 — ;)p(J). At these times it receives credits from at least
Credits are put into or removed from these accounts in &€ runnlng job at the rat&(J), so it eventually receives at
cordance to the wayl’ schedules the jobs. See Figure 5 fdeasts (1 — 1)p(J)I(J) = v(J) credits. O
details.
We then bound the amount of credits that is removed, (i.e.
e When a jobJ is completedy(J) is deposited into the discharges or transferred) from the account of each.job
account ofJ. Whens > 7, we show that the remaining balance is non-

e Wheneverd’ schedules/, we withdraw credits from the Negative.

account ot/ in two ways: Lemma 2.21. Assume that > 7. Then for any jobJ,

— Credits are discharged at raté&J). v(J) = 0.
— Credits are transferred to the account of each idli

. ;. , Moof. We only consider jobs that have been scheduled since
job J’' in the pool P at the ratel(J’), where

TN = 25 o credits are only removed from the account of a job when the
(J") = =1 o). job is being scheduled. We first give an upper bound to the

Dencte (/) as the final balance of the account dft L RS 2 LORR S e  ing jobe
each jobJ in J(A4’). Note that the sum of all de— gl

posits is exactly|.A’||, and the sum of all discharges is ia n P. By Lemma 2.16, each job iP is at least twice as
> (J)T(.J). That is, dense as the next dense jobitnexcept that the second least
JeT(A") : dense job need only be at least as dense as the least dense job.
Therefore, if there areidling jobs, the rate of transfer is at

A=Y )+ > o(HTW) . most
JeJ(A") JeT(A)
25 p(J) | 2s p(J)
Corollary 2.19 states tha}_ ;. ;4 o())T(J) > [O']. -1 2 T5-1 2
In the rest of this section, we will show that & > 25 p(J) 25 p(J)
7, every account has a non-negative final balance and +

s—12—-1 " g_129i-1
> sesan ¥(J) > 0. Then we can conclude thatd'|| >

|O’|| (see Theorem 2.22).

IN

10
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JobJ is released
J is added taP

J becomes idle

e Discharge credit at rate(.J) Receive credit from

o Transfer credit to each job a scheduling job
J' € P atratel(J') J is resumed atratel(J)
J is completed J has -ve laxity

Depositv(.J) into

J is discarded
the account of/

Figure 5: The transfer of credits during the life-span of a job

The total rate of transfer and discharges is thus at m@s)+
25 p(J). Now consider the final balanck(./).

) 2 o) =T o)+ 21 p00)
> et - B2+ 20
= Pl S
> 0 (assumes > 7) -

We thus have the following main theorem.

Theorem 2.22. Assume that the algorithm is using two speed-
s processors, where > 7. Then||A’|| > || O]

Proof. [A'| = Y W)+ Y o()T() =
JeJ(A") JeJ(A")

Yo w(WD)+ 0 =[O O

JeJ(A")

Corollary 2.23. There exists a speedt optimal algorithm
for UFS-k when all jobs are tight.

2.4 Concluding Remarks

In this chapter, we have showed two lower bound results on
the speed requirement for optimality: FOFS-1, no speeds
optimal algorithm exist unless > ¢; for UFS-k, no speeds
optimal algorithm exist unless> 2. We have also presented

a speed>(1) optimal algorithm fotUFS-k£ when all jobs are
tight. Prior to our work, only a spee@{log k) optimal algo-
rithm is known.

11
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3 Scheduling with Additional Proces-

(1)  Initialization: AC_Q « 0

SOrs )
. . ) ) . . ?3) When job J is released:
This chapter studies on-line algorithms using additional rogg) let Jp;, denote the job running i/,
cessors for the problems$FS-1 andUFS-.. In other words,| (5) if M. can complete all jobs inc_QU{.J} usingEDF
we compare on-line algorithms that use multiple spegde-
cessors with an off-line algorithm using one spéegroces-| (6) ACQ— ACQU{J};
sor. ©) M. runs the job with the earliest deadline job in
Without using additional resources, the best competitive ra- ACQ
tio has a matching upper and lower bourddor UFS-1[3,4] | (8) else if M, isidleor p(J) > p(Ju,)
and (1 + v&)? for UFSk [3,22]. For UFS, if addi- | (9 Ju, is discarded andf, runs.J
tional processors are allowed, Baruah [2] gave-grocessor 82; els:]eis discarded
m/(m—1)-competitive algorithm. For exampleif = 2, the (12)

competitive ratio is improved fron to 2. No 1-competitive | (13) \when 1, completes job J:
or optimal algorithm based on additional processors has I eqila) AC.Q — AC.Q — {J}

heard, let alone&JFSk. In this chapter, we present the first (15) letJys, denote the job running inf,;

result on attaining constant competitive ratio and optimality(16) if M. can complete all jobs inC_Q U {Jas, } using
using only additional processors, and we show that these re- EDF

sults are tight up to a constant factor. 7) ACQ «— AC QU {J,} /I M, becomesidle

Our new algorithms are based on the Earliest Deadline Firdl8) M. runs the job with the earliest deadlineAn_Q
algorithm EDF). A scheduler usingDF always runs the jo i i
with the earliest deadline. In practicEDF is often supple- Algorithm 3.1: The EDF-Plus algorithm
mented with some kind of admission control to avoid exces-

sive preemption when the system is overloaded. We dengigse deadline. We improeDF-Ac based on a simple idea.
EDF-Ac asEDF with the following form of admission con-\whenEDFE-Ac mistakenly rejects a job, we give the job a sec-
trol: Upon release, a job is tested in order to get admitted {g4g chance by scheduling it in another processor temporarily;
EDF scheduling. The test simply checks whether the neyter a while, the remaining processing time will get smaller
job together with the previously admitted jobs can all be corgng hopefully, the job can get admitted BDF-AC again.
pleted by their deadlines using &DF schedule. Thus, the enhanceBIDF-Ac will be more productive.

The rest of this Chapter is Organized as follows. First, WEeThe above observation leads us to use two processors, de-
give a two-processor optimal algorithEDF-Plus forUFS-1  noted), andM,,, in the algorithmE DF-Plus. M, schedules
in section 3.1. Then we show in section 3.2 a simple extensj@BS usingEDF-ac. Once)M., admits a job, the job is guar-
of EDF-Plus can attain & [log k]-processor-competitive anteed to be completed. A rejected job is considered/y
algorithm for UFS-k.  This result is asymptotically tight,immediately.), aims at scheduling a rejected job temporar-
as we show that no algorithm is-processoic-competitive jly. The job in M,, will repeatedly attempt to migrate /.,
for any constant unlessw = Q(logk). In section 3.3, py going through the admission control df, wheneverM/,
we present al-processor optimal algorithEDF-MSp for completes a job. Note that at any time, there may be more
UFS1. EDF-MSp can also be extended to givel dlog k|- than one job rejected by/.; yet M,, only works on the job

processor optimal algorithm fayFS-«. with the longest processing time as soon as it is rejected by
M.. All other rejected jobs from\/, are given up immedi-
3.1 TheEDF-Plus algorithm ately. Algorithm 3.1 gives the details &DF-Plus.
Theorem 3.1. EDF-Plus is two-processor optimal for

In this section we discuss a new algorithm calleB~Plus
which is two-processor optimal fadFS-1. It is known that
EDF (andEDF-AC) is one-processor optimal for underloaded In the remainder of this section, we prove Theorem 3.1 by
systems [9]. Yet this is not true for overloaded systems. leentradiction. Assume th&DF-Plus is not optimal for some
tuitively, it is too difficult for an on-line algorithm to selectjob sequence. Lef be the one containing the fewest jobs.
the right jobs so as to maximize the overall processing tinwithout loss of generality, suppose the first job is released at
For example EDF-Ac would make a mistake in rejecting &ime 0. We first establish that for suéh EDF-Plus keeps\//,

long job due to the earlier admission of a shorter job withusy over one continuous period (see Lemma 3.3). Then we

UFS1.

12
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show in Lemma 3.4 an interesting property of the jgbin  Proof. By Lemma 3.4,.J, repudiates some jold at some
7 that has the latest deadline. Using these lemmas, we shiowe ¢. Note that-(J,) < t < d(J;) and M, must be busy at
that the total processing time of jobs completedillyis more time¢. Furthermore, by Lemma 3.3/, is busy throughout
thand(J,) (see Lemma 3.5). Note that jobsBfcan only be the period0, ¢]. By definition, at timet, usingEDF to sched-
scheduled within the perid@, d(J;)]. Thus, an off-line algo- ule the jobs currently found inc_Q and.J will cause.J, to
rithm, using one processor, obtains a total value (processinigs its deadline. In other wordd/, is committed to process
time) of at mosti(J,). This contradicts thaE DF-Plus is not admitted jobs up to a time later thd(J,) — p(J), attaining a
optimal forZ and we complete the proof of Theorem 3.1. total value of more thar(J;) — p(J).

Next, we show that/ or another even longer rejected job
Fact 3.2. At any time, if M, is idle, thenAC_Q (the queue il he completed byE DF-Plus. After]M, rejectsJ at timet,
storing all admitted jobs to be completed BY.) is empty there are three possible scenarios:.[(13 scheduled to com-
andM, is idle. pletion onM,; (2) J is scheduled o/, and later migrates
to M,; or (3) J is discarded before its deadline By, due
to the presence of another rejected job with longer processing
time. In the last cas& DF-Plus guarantees that a rejected job
Proof. Assume thafl/. is busy over two or more disjoint pe-With longer processor time will eventually be completed. The
riods. Lett; be the start time of the last busy period. Partitiofflue obtained in scheduling rejected jobs is at Ipasy.
7 into two parts, one for jobs with release time beforand ~ Therefore, the total value obtained HyDF-Plus for
one for the rest. SincEDF-Plus is not optimal for inpuz, SchedulingZ is more thani(Jy) — p(J) +p(J) = d(Je). U
at least one of the two parts gives a job sequenceBR:-
Plus is not optimal. This contradicts tatontains the fewest3 2 Constant Competitiveness
jobs.

Lemma 3.3. In the course of scheduling, M, is busy over
exactly one continuous period.

In this section we show the additional processor requirement
We need the following notion to analyzk, the job with for achieving constant competitivenessAslog k). In fact,
the latest deadline. EDF-Plus is readily to give a performance guarantee for gen-
eral value density as follows.
Definition. Consider any time whenM, rejects a job/ (see ) N
line 5 and 16 in Alg. 3.1). That is, i/, usesEDF to sched- Leémma 3.6. EDF-Plus is two-processok-competitive for
ule J together with the jobs admitted beforesome jobs7, UFS*k.
miss their deadlines. Any such jobis is said torepudiates/
att. Note that a job can only repudiate itself or jobs wit
earlier deadlines.

roof. EDF-Plus ignores the value density of the jobs, yet
heorem 3.1 guarantees that its total processing time on com-
pleted jobs matches that of any off-line algorithm. The best

Lemma 3.4. In the course of scheduling, there is at least 2" off-line algorithm can do is to schedule jobs all with value
one time when, repudiates a job. densityk. Result follows. N

Proof. Suppose on the contrary thét never repudiates any1heorem 3.7. There exists & [log k|-processor2-comp-
job. J, and all other jobs do not repudiate when it is re- €litive algorithm forUFS-k.

leased; thus,_fg must be admitted foi/.. Consi_der any mo- proof Consider the following [
ment after.J, is admitted. Any newly released job, if rejecte

bﬁ' M., must be repudiated zy athb r?thler thag %‘ica" fcontains all the jobs with value densizy—* < p(J) < 2°,
thatM. is runningEDF-AC and.J; has the latest deadline. | Each group is given two processors execufitigFPlus in-

we remove/, fromZ, M. will not admit more jobs an&DF- dependently. Within each group, the value densities differ by

Plus loses the processing time.giwithout gaining anything. at most a factor of 2, so the two processors match the value ob-

On the other hand, the optimal off-line algorithm loses at mqgf, o q by any off-line algorithm for jobs of this group. There-

the processing time of,. Thus,Z —{J} is a job SEQUENCE(h e the2 [log k] processors together can match the value ob-

for WhiCh EDFPIUS_iS not optimal. This contradicts thit tained by any off-line algorithm for jobs with value densities
contains the fewest jobs. O in 1, k). 0

log k1-processor algorithm.
Bartition the jobs intdlog k| groups, where theé-th group

Lemma 3.5. The value obtained blg DF-Plus in scheduling Theorem 3.8. For UFS-k, anyw-processor-competitive al-
7 is more thar(J). gorithm satisfies the relation that> 1 V/%.
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3 SCHEDULING WITH ADDITIONAL PROCESSORS

Before we prove this theorem, let us consider its condeemma 3.10. In the-th stage (except the last one), the value
guence. Suppose there isuaprocessorc-competitive al- obtained byA is at most5(2ds)"‘i, i.e.,v(J;)/d.
gorithm for some constant. By Theorem 3.8, we have
c > %%/E or equivalently,w > log,. k. Thereforeqw = Proof. By the definition of«;, throughout the-th stageA
Q(log k), and we obtain the asymptotically tight lower boundunsc; jobs in Category O tay; — 1 and at mostv — «; jobs
The rest of this section is devoted to proving Theorem 3iB.Categorya; + 1 to w.
Let A be aw-processor algorithm where < log k. Without Let us first consider jobs in Category;, + 1 to w. We
loss of generality, we assume thiat> 2 andw > 1. Below show that the total value due to such jobs is at mpst:.
we construct a job sequence to makeperform poorly. Let The duration of the-th stage is=®, which is long enough
d = 1 Vkande = L. DefineJ to be a set ofw + 1 to complete any job in Category; + 1 to w. Each processor
tight jobs, each belonging to a distinct category defined belgwhning a job in Categor§ > «;+1 gives a value of2de )¢ <
Notice that2ds = -2; < 1, and the job value is decreasing2dz)~+1. Thus, the total value obtained by such processors

from Category 0 to Categony. is bounded by

| category| value density] processing timg value || w(2de) < w(2d)rerit!
0 1 1 1 ww 1 o
1 2d € 2de = w(Vk) wdk &
2 (2d)* g? (2de)? 1,

= — et
: d
| w | @y | e | (2de)” |

Next, we consider the jobs in Category 0d9p — 1. Re-
call that thesey; jobs may not have distinct value densities.
Table 2: The input job sef for uniprocessor scheduling Nevertheless, by the definition of;, the sum of their value

densities is at most+ 2d + (2d)? + - - - + (2d)*~1. Assum-
We consider an adversary which releases the job sequengedll these jobs are running throughout thth stage, the
in stages and schedules the jobs with one processor. The Yia4ge obtained is at most
stage begins at time 0 whef is released. Since there are

w + 1 jobs andA uses onlyw processors, there is a job not [1+2d+ (2d)* + -+ + (2d)* ] e
running by.A at time 0. Denote this job a%. The adversary 2d) —1
scheduleJy using its only processor and release anotiier = Tog_-1 ¢ '
when it completeg,. (2d)* — 1
In general, at the beginning of thi¢h stage, the adversary < — g

releases anothey and chooses a jol; to run as follows.

Note that at that time, the jobs chosen Jymay not have g, ;\ming the above two parts together, we conclude that

distinct value densities a4 may continue running some jObﬁhe value obtained byl during thei-th stage is at mosg e
released in previous stages. Llebe the smallest categoryog~i ;1 . 9421 which letes th fo0
such thatA runs only? jobs in Category O td. That is, A 7 €™ = 3 (2de)*, which completes the proof.

runs/ jobs in Category 0 td — 1, but not any in Category.

Let J; be the job in Category just released. Denot®; = £ |n the last stage, the best can do is to complete the first
as the category of;. The last stage lasts for a time period of, jobs just released, obtaining a total value of at masThe

1; this ensures that the deadline of every job released so fydgersary on the other hand completes the job with value 1.

no later than the end of the last stage. Consider an instance of the above job sequence that con-
Fact 3.9. In the i-th stage, the adversary completes job sists of h 4+ 1 stages. LelD be the value obtained by the
obtaining a value of(.J;) = (2de):. adversary during the firét stages. By Lemma 3.10, the com-

petitive ratio of A is at least(O + 1)/(O/d + w). Notice
Since all jobs are tight, if a job is not scheduled to run onthat w is a constant, and we can choose a sufficiently large
processor upon release, it will definitely miss its deadline. into make© arbitrarily large and the ratio arbitrarily close
other words, in the middle of a stage, it makes no sense fdoal. Therefore, the competitive ratio of has a lower bound
processor to switch to another job. Thus, we can assume tifaf, which is defined as {/k. This completes the proof of
within a stage, a processor runs at most one job. Theorem 3.8.

14



3 SCHEDULING WITH ADDITIONAL PROCESSORS

3.3 Optimality
. . . . (2) Initialization: sSLACK_Q « 0
In this section we first present an algorithm callBF-MSp | (5) /7 Ajob in sLACK_Q waits until its slack time is zero

which is 4-processor optimal foJFS-2. Then we show| (3)
that for UFS-k, a simple extension dEDF-MSp can give| (4)  When job J is passed to band 2:

a4 [log k1-processor optimal algorithrEDF-MSp uses four| (5) let J.. is the job running inM/,.;
processors, divided into twimands each containing two pro: (6) if M, isidleor r(J) < r(Jr)
cessors. When a job is released, it is first considered b{f) SLACK.Q « SLACK.QU {J;}
Band 1, which is runningeDF-Plus. If Band 1 discards the (8) M, runs.J

job (at line 9 or line 11 in Alg. 3.1), the job is passed fto () else

Band 2. (10) SLACK_Q «+ SLACK QU {J}

. e (11
For any job sequencg, let 4; and O be the sets of jobs (12) When M, completes job J:

completed byEDFPlus and an optimal off-line algorithm (13) if SLACK_Q # 0
OPT. For any job setS, denote||S|| as the sum of the value (14) SLACK_Q « SLACK_Q — {.J'} whereJ’ is chosen

D

of all jobs inS. We overload the symba)(S) to denote arbitrarily from SLACK_Q

the sum of the processing time of all jobs$h Recall that| (15) M, runs.J’

EDF-Plus guarantees that.A,) > p(O). Though jobs in® | (16) else if M, is working on a jolJ,
may have higher value, the importance ratio is at most twdg17) M, runsJy Il My becomes idle

and||O|, the total value of0, is at most2p(©). Optimal- | (18)

ity can be achieved if the Band 2 processors can complete(@9) When job J € sLACK.Q has zero slack time:
subsetd, of jobs discarded b DF-Plus with sufficient pro-| (20)  letJa is the job running in\;

cessing time, say(A2) > p(O). Then we can conclude (g) ?L&CK*QdT SLQCK*Q; 1}

that || A || + || Az|| > ||O]|. Yet providing such a guarantee §23; ! Mi I:JIns?I(-)f]d (ié]zjizca(rjde)d

on p(A2) seems to be very difficult. In fact, our algorithm 24) else '

takes advantage of a less demanding requirement, name ¥5) Jis discarded

p(A2) > p(O — A; — Az).

Lemma 3.11. Let 0’ = O — A; — As. Suppose(Az) >
p(O"). Then|| A + [[Az[| = [|O].

Proof. DenoteS; = A; N O andS; = A, N O. Note that
O =0-8 -8 and|0] =[S + ISz + O]l
Furthermore, letd] = A; — S;, and letAd, = A; — Ss.
Sincep(A;1) > p(O), we havep(A;) = p(A1) — p(S1) >
p(O) = p(S1) = p(O') + p(Sz2). Moreover,p(Az) > p(O’)
and thugp(A3) = p(Az) — p(S2) = p(O') — p(Sz). In sum-

Algorithm 3.2: MSp — the algorithm for Band 2.

Band 1. However, to guarantee productivity as early as possi-
ble, a discarded job from Band 1 with an earlier release time
can preempt the current job ivf,.. On the other hand, for any
job J that is not scheduled by/,., we giveJ a second chance
by scheduling it inM/; temporarily and/ may migrate ta\/,.
wheneverM,. becomes idle. The ensurd$, to be busy as

! | y , long as possible M, uses the zero slack time strategy, i.e.,
mary, we have( A} ) +p(Az) > 2p(/(9 )2 ”(/9 |- Therefore, M, runs a jobJ only whenJ's slack time is zero; if there
M+ 1Azl = 1S3l + 182l +p(A) +p(A2) 2 IO1. T 518 more than one such jobf, runs the one with the latest

Below we derive an algorithm called MSp for Band 2 s@eadline. Similar to the two processorsiidF-Plus, M, and
thatp(Az) > p(©'), where®’ = O — A; — A,. Firstof all, Ma have the following relationship.
we note that job/ passed to MSp is discarded BDF-PIus  pact 3.13. At any time, if M, is idle, thensLACK_Q is empty
either atr(J) or strictly afterr(.J). For the latter case, Weand M, is idle.

observe the following property. _ _
The crux of the analysis of Band 2 is captured by the fol-

Fact 3.12. If a job J is discarded byeDF-Plus at timet > |owing theorem. Recall that with respect to a given job se-
r(J), it has been running oi,, during[r(J), t]. quenceZ, A; and A, denote the set of jobs completed by
Band 1 and Band 2, respectively, afid denotes the set

of jobs passed to but not completed by Band 2 (i8.,=
yI — A; — As). Furthermore, we need the following defini-
tion.

We denote the two processors of MSplds and M. De-
tails of MSp are shown in Algorithm 3.2. Intuitively, for ever
job J discarded by Band 1, we hope that eittiés completed
in Band 2, orM,. is busy during the entire peridd(.J), d(J)].
M, attempts to schedule and complete any job discardedsfinition. The span of a setS of jobs is the union of the
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3 SCHEDULING WITH ADDITIONAL PROCESSORS

spans of all the jobs i5. (E.g., the union of the spaff$,6] Proof. By Lemma 3.17, it suffices to show thaf,. is busy
and[5,8] is [3,8].) Furthermore, lesp(S) be the total time during the span off. We divide the span into three periods
included in the span a§. (which may not all exist) and argud.. is busy in each period.

Theorem 3.14.p(A3) > sp(Z'). e Consider the period from(J) to the timet, whenJ is

) passed to Band 2. Suppose> r(J). Assume, for the
Before proving Theorem 3.14, we note that Theorem 3.14 ggke of contradiction, that/,. is idle at a certain time

guarantees thaEDF-MSp is a four-processor optimal algo-  ; ¢ [r(J),t,]. Then all jobs passed to Band 2 befére
rithm for SChedUling jObS with value densities in the range  should have been Comp|eted ordiscarded; mherwise
[1,2]. M, should schedule one #tln other words, any job”

. - found in Band 2 after timeé must be passed to Band 2
5. > ); > . .
‘(li(gﬁfllary 3.15. () p(A2) > sp(O"); (i) Al + [l Az2] > at time aftert > r(J). By Lemma 3.16, ifJ # .J',

thenr(J’) > r(J). WhenJ is passed to Band 2 &,
Proof. As @’ C 7’ andOPT schedules at most one job ata it can preempt the job currently i/, (if exist) and will

time, we havep(0’) < sp(Z’). By Theorem 3.14p(A3) > not be preempted afterward. Therefoyegan run up to
sp(Z’) > p(©’). Then, by Lemma 3.11, we conclude that ~completion on}M,., contradicting that/ is discarded by
[AL] + [ A2] > |O]. O EDFMSp.

e As J is discarded eventually, it must have put into
SLACK_Q at least once. Consider the period frogto

Lemma 3.16. Let .J be a job passed to Band 2 at time> the last timef, when J is removed fromsLACK_Q for

r(J). Then any job/” with ~(.J) < (.J), if passed to Band 2, consideration of\/;. At any time within this period,/
must be passed on or before])._ is in SLACK_Q or is processed b¥/; or M,.. In the first
two casesM,. cannot be idle because of Fact 3.13 (i.e.,

Proof. Assume on the contrary that there is a jBlpassed to J is eligible for scheduling od/,.).

Band 2 at time’ such thatr(J') < r(J) < t'. Consider the ¢ At time ¢,, M, attempts to scheduld. Recall that/ is
nonempty intervalr(.J), min(t,¢')]. By applying Fact 3.12 discarded byEDF-MSp. .J must be preempted before its
to J and J’, we obtain the contradiction that/, has been deadline. By definition of\Z,, this must be due to a job
running.J and.J" during this interval. O J’ with a later deadline. Note that’ may possibly be
further preempted or migrated id... In all cases, at any
time within the periodt,, d(J)], there is at least one job
with deadline on or afted(J) scheduled by eithel?, or

We prove Theorem 3.14 via the following three lemmas.

Definition. At any timet, EDF-MSp is to said beroductive
on A, ifajob J € A, is running on one the four processors

of EDF-MSp. M. In the latter case, by Fact 3.18{,, must be buEs],y
Lemma 3.17. At any time, ifM,. is busy, therEDF-MSp is with some other job.
productive onAs. We are now ready to prove Theorem 3.14, i€.4;) >

!
Proof. Consider any time; when M, runs a jobJ. The SHTY).
lemma holds if.J is completed onl/,.. It remains to con- Proof of Theorem 3.14First of all, p(A) is at least the
sider the case thaf is preempted by another jolf passed total time during whichEDF-MSp is productive onAs.
to Band 2 at timet; > t;. By definition of EDF-MSp, Lemma 3.18 ensures that for any job € Z’, EDF-MSp
r(J') < r(J). We want to show that’ is in A;. Note is productive onA, during the span of/. In other words,
thatr(J') < r(J) < t1 < t. By Fact 3.12,J" is running EDF-MSp is productive ond, during the span of’. There-
on M, during the periodr(.J’), t]. By Lemma 3.16, all jobs fore,p(A;) > sp(Z). O
passed to Band 2 aftes > r(J’) are released later thaH. o o
Therefore,J’ cannot be preempted by these jobs and can rufEPF-MSp can serve as a building block for handling jobs
up to completion or/,.. Thus,J" is in A, andEDF-MSp is  With general importance ratio.

productive onA, during [r(J'), ?,] and in particular at time rheqorem 3.19. There exists & [log k-processor optimal al-
t. H gorithm forUFS-k.

Lemma 3.18. Let.J be any job discarded ByDF-MSp. Then proof. Consider the followingt [log k]-processor algorithm.
EDF-MSpis productive ond, throughout the span of, i.e., partition the jobs intdlog k] groups, where thé-th group
[r(J),d(J)]. contains all the jobs with value density in the rargfe!, 27].
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3 SCHEDULING WITH ADDITIONAL PROCESSORS

Each group is given 4 processors executiigF-MSp inde-
pendently. Within each group, the value densities differ by at
most a factor of 2, so the four processors match the value ob-
tained by any off-line algorithm for jobs of this group. There-
fore, thed [log k] processors together can match the value ob-
tained by any off-line algorithm for jobs with value densities
in [1, k]. O

3.4 Concluding Remarks

In this chapter, we have presentegtprocessor optimal algo-
rithm for UFS-1. Extending this algorithm gave&[log k-
processoR-competitive algorithm and 4 [log k|-processor
optimal algorithm forUFS-k. These results are asymp-
totically tight as we have showed ne-processorO(1)-
competitive or optimal algorithm exist unlegs= Q(log k).
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4 MULTIPROCESSOR SCHEDULING

4 Multiprocessor Scheduling The analysis is very similar to the proof of Theorem 3.8.
Given anyw-processor algorithrd, we consider job sef/

In this chapter, we consider the competitiveness of on-line @bnsisting ofn(mw + 1) tight jobs. Denote\ = kl/mw The

gorithms using additional resources MiFS-k. l.e., for any jobs are divided intenw+ 1 categories, each with jobs and

integerm > 2, we are interested in comparing the perfoalue densitieg, A\, A2, ---, A™*~1 and\™*. Note that the

mance of on-line algorithms using or more possibly fasterimportance ratio of the jobs i5™* = k. We call these jobs

processors against an off-line algorithm usingrocessors. Category), 1,2, - - -, mw — 1, andmw, respectively. Let be
Without additional resources, Koren and Shasha [21] gay@mall constant such thah < 1/k, i.e.,e < k~(+1/mw),

an algorithm calledMOCA that has a competitive ratio ofThe job set7 is shown in Table 3.

1+ m(k'/% — 1), wherey = 2 -2%2-. They also showed a

lower bound of £ m(k'/™ — 1). Whenm tends to infinity, | category| value density| processing timg value ||
both bounds tend t0(log k). When slightly faster processors 0 1 1 1

are used, Kalyanasundaram and Pruhs [17] demonstratedjla 1 A € e
speedO(1) O(1)-competitive algorithm calle@LACKER for 2 A2 2 (eN)?

UFSk, and Lam and To [25] extended the algorithm to give
aspeedd(1) O(1)-competitive algorithm calleMSLACKER
for MFS-k. For example, the algorithm is spe2d21- H
competitive. However, no result using additional processors
is known. Table 3: The input job sef for multiprocessor scheduling

In section 4.1, we extendOCA to using additional
processors and prove that it @(logk)-processorO(1)-  The input is divided into stages. At the beginning of the
competitive. We also show th@f(log k) times additional pro- j-th stage, the adversary releaséand chooses a category as
cessors (i.e.2(mlogk) processors) are required to achievllows. Let/ be the smallest category such tb&tuns only
constant competitiveness. ¢ jobs in Category) to ¢. That is,.A runs/ jobs in Category)

The algorithmsSLACKER [17] and MSLACKER [25] al- to ¢ — 1, but not any in Category. Denotea; = ¢. The
low a trade-off between the speed and the competitive rati@lversary schedules Categoryo; jobs and at the time of
For example, using a spegdnstead of a speelprocessor, completion it starts the next stage. The last stage lasts for a
the competitive ratio can be improved from 21 to 7. In sefime period of 1; this ensures that the deadline of every job
tion 4.2, we consider an extension MfSLACKER. We show released is no later than the end of the last stage.
that to reduce the competitive ratio MfSLACKER, we can _
use additional speed-processors instead of increasing th'éaCt 42 In thez-t_h_stage, the ad"ersi‘fy completesCate-
speed requirement For instance, whes = 2, MSLACKER gory a; jobs, obtaining a value ofi(A)®".
can be improved from21-competitive to5-processor spee?l-  Since all jobs are tight, if a job is not scheduled to run on a
5-competitive. processor upon release, it will definitely miss its deadline. In

other words, in the middle of a stage, it makes no sense for a

4.1 Competitiveness with Additional Proces- processor to switch to another job. Thus, we can assume that
SOrS within a stage, a processor runs at most one job.

muw ‘ k ‘ gmw ‘ ke™v H

Lemma 4.3. In thei-th stage (except the last one), the ratio

In this section we prove tha(log k) additional ProCesSOrs ;¢ w o value obtained by the adversary to thathbis at least

are required to achieve constant competitiveness. m("Vk — 1)
41.1 Lower bound Proof. By the definition ofa;, throughout the-th stageA

runsa; jobs in Category to «; — 1 and at mostnw — «; jobs
Theorem 4.1. For MFS-k, anyw-processoe-competitive al- in Categoryo; + 1 to maw.
gorithm satisfies the relation that> m(™Vk — 1). Let us first consider the jobs in Categaty + 1 to mw.

L look at th £ the ab h SThe duration of the-th stage is®+, which is long enough to
etus 00 atthe consequence (.).t €a oyet eorem. y&hplete any job in Category; + 1 to mw. Each processor
pose there is a-processor-competitive algorithm for some

o running a job in Categor§ > a; + 1 gives a value ofs\)* <
constantc. By Theorem 4.1, we hf}’e = m("Vk — 1), (eX)@i*1. Thus, the total value obtained is bounded by
or equivalentlyw > log k/(mlog(<:=)). Therefore,w =

Q(log k), and we obtain the lower bound. (mw — ag)(eN) >t .
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4 MULTIPROCESSOR SCHEDULING

Next, we consider the jobs in Categaiyto a; — 1. Re-
call that thesey; jobs may not have distinct value densitig
Nevertheless, by the definition of;, the sum of their value
densities is at most + A\ + A2 + --- + A\*~L1 Assuming
all these jobs are running throughout theh stage, the value
obtained byA is at most

A1
o1

[1+)\+)\2+...+/\a¢—1]€ai

Therefore, the ratio of the value obtained by the advers
andA is at least
. m(e\)*
min =
1<a;<mw (mw — a;)(eN)i 1 + A= gas
= m(A-1)-
. (eX)
min
1<a; <mw ()\ — 1)(mw — Oéi)(€>\)ai+1 + (6)\)0” — g%
= mA-1)-
. 1
min

1<a; <mw (/\ — 1)(mw — ai)g)\ 1 =\ .

The denominator is increasing with for o;; < mw since

s.(1) Initialization:
2 Q <0 I AjobJin Q waits for timed(J) — p(J)
3)
4 When job J is released:
5) if J can be admitted by &fe; for somei
(6) Me; admitsJ and reschedule accordingEDF
@ else
©) Q—QuU{J}
)
ar%,10) When a Me,; completes all jobs it admitted:
11) if Md; is running a jobJ
(12) Switch the roles oMe; and Md;
(13) /l'l.e. Me; becomes\Vid; and vice versa
(14)
(15) Whenajob J € Q arrives time d(J) — p(J):
(16) Q—Q-{J}
an if there exists an idlind/d;
(18) Md; runsJ
(29) else
(20) DenoteMd; as theMd running a jobJ; with the
earliest deadline
(21) if d(J) > d(J;)
(22) Md; runsJ /I J; is discarded
(23) /I OtherwiseJ is discarded

A\~ (et

= A@tD 1)
ATT(N=1)
A=1)/k
(A—=1eX .

VoIV IV

Thus, the minimum occurs at; = mw. The competitive
ratio is at least

1
m(>\ - 1) 1 _ /\—m,w
> m(A—1)
= m("Wk-1) .

In the last stage, the besgt can do is to complete the first

maw jobs just released, obtaining a total value of at most.
The adversary on the other hand completesrthpbs with
valuel.

Algorithm 4.1: Multiprocessor scheduling algorithriviGA)

4.1.2 Upper bound

We now show tha® (log k) additional processors is sufficient

to achieve constant competitiveness. Consider a multiproces-
sor scheduling algorithmMSA) with 2wm processor (i.e.,
MSA is a2w-processor algorithm). The processors are di-
vided intowm bands, each consisting of 2 processors denoted
as Me and Md. Me schedules jobs usingDF-Ac 2. A re-
jected job is considered by/d at timed(J) — p(.J), where

a later deadline job can preempt an earlier deadline job. The
details of MSA is shown in Algorithm 4.1. We prove the
competitiveness df1SA in Theorem 4.4, with which we can
conclude the upper bound in Corollary 4.5.

Theorem 4.4. MSA is 2w-processor( 1 + £ )-competitive for
MFS-k.

Consider an instance of the above job sequence that con-

sists ofh + 1 stages. LeO be the value obtained by in the
first h stages. By Lemma 4.3, the competitive ratio4fs at
least(m(™Vk — 1)O +m) /(O + mw). Notice thatmw is a
constant, and we can choose a sufficiently ldrge makeO
arbitrarily large and the ratio arbitrarily closesne"V/k —1).

Therefore, the competitive ratio o has a lower bound of

m("Yk — 1). This completes the proof of Theorem 4.1.

Corollary 4.5. There exists &w [log k]-processor(1 + 2 )-
competitive algorithm foMFS-£.

Proof. Consider the following2w [log k]-processor algo-
rithm. Partition the jobs into/log k] groups, where the

SRecall thaEDF-Ac is the earliest deadline first algorithm with a simple
form of admission control. See page 12 for definition.
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4 MULTIPROCESSOR SCHEDULING

i-th group contains all the jobs with value density in thee can findw distinct jobs running inVle’s. The best the off-
range[2'~1,2¢]. Each group is giveRw processor execut-line algorithm can do is to schedute jobs in A7 each with
ing MSA independently. Within each group, the value densialue density:. Thus,

ties differ by at most a factor af + 5 so the2w processors

match the value obtained by any off-line algorithm for jobs of 1O _ [[Azll O

this group. Therefore, thw [log k| processors together can Emw

match the value obtained by any off-line algorithm for jobs N _ )

with value densities ifil, &].  Proof of Theorem 4.4The competitive ratio oMSA is
Notice thatw is a constant, and thus the algorithm is con- Az > (1+)l0x] =1+ k ) O

stant competitive when give®(log k) additional processors. 10zl = [|Oz]] w

For instance, when we takeas2, the algorithm ist [log k]-

processoR-competitive. 4.2 Additional Processors and Competitive

The rest of this section is devoted in proving Theorem 4.4. Ratios

For any input job sequencé denoted; andO; as the set . . . )
of jobs completed byMSA and an off-line algorithm, re- For uniprocessor scheduling, the algoritlBBmACKER given

spectively. Consider any input job sequerite Partition bl_/lKalya”iS/UQ”dafa”lﬁgd Pilfhs [17] is spékd-20) (1 +
7 into two subsets: those jobs that are completediga 0 )(1+6—/%)(1+671/%445"")-competitive for any > 0.
(denoteds), and those that are not completed MBA (de- Lam and To [25] gave an extension 8£ACKER, denoted

noted). Recall that|S|| = 3~ s v(.J) for any job sets. ~ MSLACKER, which is speedd + 29) (1 + 2671 +4677)-
competitive for multiprocessor scheduling.

Lemma 4.6 (The Lost Value Lemma [21]). For some con-  In this section we show thal SLACKER has a natural ex-
stante, if |Ox|| < c¢|| Az, then||Oz|| < (e + 1)||Az]|. tension for additional processors. SpecificailRSLACKER is
a w-processor speedt + 26) (1 + -3 + —%)-competitive
Proof. ||Oz|| < |O#[+Osll = [|0#|+ | As|| = O+ algorithm, wherel < w < 1 + 25~!, for MFS-k. The
[Az|| < (c+1)[|Az]]- O improvement is more significant when the speedup is low.
) ) Figure 6 shows the competitivenessMELACKER with and
Lemma 4.7. During the span of any joi € 7, all Me's are \yithout using additional processors. For example, with speed-
busy. 2 processors, the origindll SLACKER is 1-processor speed-

Proof. Recall that a job ir is not completed b SA. Let 2 21-competitive. With this extension, the competitive ra-

¢(J) = d(J)—p(.J). Firstwe consider the peride(J), £(.7)]. tio can be improved td—proces§9r speel-11-competitive,

At (), no Me can admit/ (otherwiseJ should be scheduled®’ b-processor speedl5-competitive. The trade-off for the

to completion on aVie). Therefore, allMe’s have already case of speed-processors is illustrated in Figure 7. This re-

admitted enough jobs to keep them busy until afteh). sult should be contrasted Wlth thElog k) _speed} processor
For the period/(.J), d(J)], consider the instance wheh lower bound we have shown in the previous section.

is discarded. This happens when either it cannot findiao >MISLQCS}T_EAE:(SEF;ai;a;nf?”Zezdvaﬁxv ° rse?algiuficgsasr:)?s
run at¢(J), or it has been preempted by another job with ) quipp w SP P

. . : . V\allheres = 1+ 24, and keeps an initially empty set of privi-
later deadline (at line 22 in Algorithm 4.1). In both case ; . : . .
all jobs in Md's are with deadlines at leasi(.J). During FégedjobsM. At any time,MSLACKER runs all jobs inM if

. ! : . M hasmw or fewer jobs; otherwise, it runs thew highest-
£(J),d(J)], when aMe completes all jobs it admitted, it o . . . .
[svslitc):he(s ?ls role with theMld gf the sar#e band. The newvalue-densnyjobs InL. When ajob/ is released/ is added

. to M if M contains less thamw jobs, orp(J) > ¢ - p(Jo)
Me would be busy until at least( /). where J, is themw-th highest-value-density job ifv. If J

Lemma 4.8. [|O]| < £||Az]. cannot be added td/ immediately, the same checking will
- be done taJ again whenever a job is completed, up to time
Proof. Recall thatD £ is the set of jobs completed by the offd(J) — 5%’7) — p(J). Notice that when a job completion oc-
line algorithm with input7. By Lemma 4.7, whenever a jobcurs, if there are jobs other thanwaiting to be added intd/,
in F can be scheduled, all thew Me’s in MSA are busy. By we perform the checking for them in an arbitrary order. A job
the definition ofEDF-AC, all jobs scheduled id/e’s are ex- is removed from\/ if either it is completed, or it is certain to
ecuted to completion. Therefore, all these jobs ardjn At miss its deadline. Figure 8 shows hdSLACKER considers
any instance, for each job running by the off-line algorithna,job for execution.
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Definition. Consider any input job sequence. l®@tbe the
set of jobs completed by an off-line algorithm, and$eand for MSLACKER. Intuitively, MSLACKER is very conservative
‘R denote the sets of jobs completedMBLACKER and ever and can complete most of the jobs added ihfo We make
added intalM respectively. By definition||S|| < ||R]|.

Definition. A job .J, once released, is said to fresH up to

the timed(.J) — (1 + §) 22,

processors for speetiprocessors.

The analysis is essentially the same as the original proof

use of the following fact that is proved in [25], which states

that||S|| is at least a significant fraction ¢fR||.

Fact 4.9. (see Lemma 5.1 in [25])S|| > %HRH.

4Notice that the definition of fresh here is different from the one in page 7. We also show that the waWSLACKER selects the
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4 MULTIPROCESSOR SCHEDULING

jobs guarantees thg{O| cannot exceed|R| too much MSLACKER at timet. Note that each joly € R can con-
(Lemma 4.11) by observing the following property. tribute a quantity of at most(.J )M to the latter sum. Thus,

the latter sum can be expressed3ds_ p(J) ”(S']) which is
equal tol |R||. In summaryy" ;. a1(J)p(J) < -<[R].

Therefore,d|0"|| < £[R], and[[0] < ||S] + O] <
IS1I+ 25 IRl- s

Lemma 4.10. At any timet when a jobJ has not yet
completed byMSLACKER and J is still fresh, then either
MSLACKER is executingJ, or MSLACKER is executing
muw other jobs each with value density at least/) /c.
Theorem 4, 12 MSLACKER is w-processor speedt + 20)

Proof. At time ¢, J may or may not be inV/. If J is in M + -4 )-competitive, where < w < 1+ 26", when
and not being executed, then the value density of any Jﬁ)g cﬁgseﬁfas 4251 for MES-k. - '

MSLACKER is executing is at leasgt(.J). Next, we consider

J notin M. Throughout the perio@-(.J),t], J is not qual- Proof. It follows from Fact 4.9 and Lemma 4.11. O
ified to get intoM, i.e., M contains at leasthw jobs, and
p(J) < c-p(Jo) whereJy is themw-th highest-value-density =,
job in M. Attimet, MSLACKER is executingm other jobs s—1
each with value density at legst/)/c. O

Corollary 4.13. For any reals > 1, MSLACKER is (1 +
4_)-processor speed<{1 + -2 )-competitive foMFS-k.

4.3 Concluding Remarks

We have showed that falFS-k, ©(log k) additional pro-
Lemma4.11. For1 < w < ¢, |O| < ||S]| + 5[ R].- cessors are required to attain a constant competitive ratio. We
v have also showed how to use additional processors to improve
Proof. Partition © into O¢° = O NS andO* = O — S. the competitive ratio OMSLACKER.
SinceO¢ C S, ||O|| < ||S]| + ||O*]]. Intuitively, each job
in O* must be fresh for a large proportion of the time when
off-line chooses the job for execution. On the other hand,
Lemma 4.10 guarantee that at such tiM&LACKER must
have chosen jobs with large value density for execution. De-
tails are as follows.
For any jobJ in O%, definea,(J) (respectivelyus(J)) to
be the total amount of time when the adversary execites
while J is fresh (respectively is no longer fresh). By def-
inition, a1(J) + a2(J) = p(J). For any jobJ € O,
as(J) < (1+0)22 anday (J) = p(J) — ag(J) > § 2L,

We are now ready to show the upper bound| &f.

Thus, £o(J) = £p(D)p(J) < a1(J)p(J), and2[|Ov|| <
5 jeon ar(J)p(J).

To derive an upper bound ¢f0||, we considel, (.J) for
each jobJ € O“. By definition, every jobJ € O is not
completed byMSLACKER. At any time when the adversary
executes a joly € O" while J is fresh, Lemma 4.10 tells us
thatMSLACKER either executed, or executesnw jobs each
of value density at leasi(J)/c. In general, at any time,
let X; be the set of fresh jobs i®" currently executed by
the adversary; then for each jobe X, either it is running
by MSLACKER, or we can identifyw distinct jobs currently
executed byMSLACKER with job density at least(.J)/c. In
other words, the total value density of jobs.f is at most
¢/w times the total value density of jobs currently executed
by MSLACKER. To bound}_; ». a1(J)p(J), it suffices
to consider the sum over all timeof the total value den-
sity of jobs in X, which is at mostc/w times of the sum
over all timet of the total value density of jobs executed by
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5 CONCLUSION

5 Conclusion 5.2.2 Optimality with a faster processor

51 S For UFS-1, the speed requirement for achieving optimality
) ummary in the uniform-value-density setting is in the rarjge2]. We

In this thesis, we have discussed the use of additional ?g_njecture that the lower bound & 1.618) is the real bound,

sources, namely, faster and additional processors, for the 'or: thlere_e;(ists a f‘ dpf)@dommé"_"flf algorifthm. However, the
line firm deadline scheduling problem. We considered ¢Hi§W algorithm would be very different froliDF-AC as we

problem under different settings: uniprocessor or multiprggnjecture that the new algorithm must be able to discard jobs

cessor scheduling, uniform or general value density, and obtthas previously scheduled. , .

mal or constant competitive algorithms. Table 4 and 5 below™0r UFS, the speed requirement for optimality is in the
summarize the up-to-date results. Results marked with thg?39€(2, 4 [log k]]. The upper bound is very different from
cross () are shown in this thesis. that for constant competitiveness, where spé¢tl} is suf-

Notice that for competitive results (Table 5), only the ordé'f 'ené]f?.rot:e;i[t(zéﬁoln tget'(;::\?;|h?3?$ﬁr\rl1\/¢2 ]Egent(;ghtv{/c;bs
of magnitude is given. This is because the absolute valueﬁgfu ption, peadl) opti gor! I found.

resource requirement can be tuned according to the des g¢ve that tight jobs are the most difficult cases, as most
nown lower bound results are all based on tight jobs only.

mpetitive ratio. ; : :
compe . _e atio . This suggests that there is room for improvement for the up-
In addition, we have also shown the following two results|Oer bound. Indeed, we conjecture that the upper bound can

also be improved t®(1).
e A speedO(1) optimal algorithm forUFS-k when all improv (1)

jobs are tight.
5.2.3 Optimality in multiprocessor scheduling

e The trade-off between additional processors and compgl

" X . ) algorithm is known to be optimal using additional speed-
itive ratio for multiprocessor scheduling.

1 processors for multiprocessor scheduling. The major dif-
ficulty in providing such guarantee is on bounding the total
value obtained by an off-line algorithm. The optimal schedule

5.2 Discussion changes dramatically upon the introduction of an additional
job, which makes comparisons between on-line and off-line
5.2.1 Speed versus processors schedules intractable. By making rough approximations, it is

possible to come up with competitive algorithms. Yet a more
Intuitiv_ely, one speed: processor and: speedt processors precise analysis is required for any optimality result.
offer similar power — to allows units of work to be done  \oreqver, little is known about the co-operations between
in one unit of time. Yet the results show that speed is Mugl,cessors. In fact, most of the algorithms simply partition
more powerful; indeed, to achieve constant competitivenggs jobs according to their value density and assign them to
for general value density)(1) times faster processors arjitterent sets of processors, instead of using the processors as
sufficient, but not for anys-processor algorithm unless = complement of each other. A better understanding of multi-

Q(log k). processor scheduling is the key to solve this problem.
In fact, the major difference between speed and processors

lies on their power to “correct mistakes”, i.e., what the on-

line algorithm can do once it realizes that it has not schedudB Open Problems

obs that will be completed by the optimal off_-llne algquthml_his work leads to a few possible research directions:
When faster processors are used, the on-line algorithm can
catch up the optimal off-line algorithm by scheduling those
jobs with its extra speed. However, this is not feasible when®
using additional processors. Algorithms with additional pro-
cessors can only schedule more jobs, hoping that the value it
obtains from those jobs is enough to compensate for any mis-
takes in choosing the jobs. Whén= 1, jobs are equally e We have assumed that migration is allowed with no cost.
important and the difference is not that significant. Thisisnot Recent works (e.qg. [16, 20]), however, considered sched-
true for general value density, where quality outbids quantity. ules that do not use migration. Can similar performance
This explains th&(log k) requirement for general. guarantees be made without migration?

No result is known for achieving optimality using
only additional processors for multiprocessor schedul-
ing. What guarantees can be given when only additional
processors are available?
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5 CONCLUSION

[ | Resource Typg k=1 k>2 |
m 1 |_Processors 21 O(logk) T
Speed 1618T[23] <s<2[25] | 2T < s < 4 [logk] [25]
m> 9 Processors ? ?
- Speed s < 3[25] s < 4[logk| [25]

Table 4: Additional resource requirement for achieving optimality

[ | Resource Typg k=1 | k>2 |
me 1 Processors 1" O(logk) |
Speed 1* O(1) [17]
— Processors | O(1) [21] | ©(logk) T
= Speed o(1)" | o) [25]

Table 5: Additional resource requirement for achieving constant competitiveness

Can matching bounds for achieving optimality with a
faster processor for uniprocessor systems be found? In
particular, is it possible to find speedand speed>(1)
optimal algorithms for uniform and general value den-
sity, respectively?

The speed requirement, even with a constant speed fac-
tor, may not always be feasible. Given tk¥log k)
lower bounds for additional processors in many settings,
a more realistic approach is to use more slightly faster
processors instead. Precisely, given a speed factor
slightly larger thanl, how many speed-processors are
sufficient to guarantee optimality? The trade-off in Sec-
tion 4.2 answers part of this question.

Can the upper bounds be improved by making use of ran-
domization?

What guarantees can be given for other objectives, for
example maximizing job completions or minimizing re-
sponse time?

Most lower bound results make use of tight jobs. If there
is guarantee on the “tightness” of the jobs (e.qg., the ratio
of the span to the processing time), can we find algo-
rithms using less additional resources?

*No additional resources is needed to achieve constant competitiveness;

indeed, D'V¢" is 4-competitive without using any additional resource [22].
YEDF-Ac, using a spee@- processor, is alreadyt-competitive for
MFS-1 [25].
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