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The performance of a real-time computer system is determined by the effectiveness of
scheduling of jobs to meet their deadlines. However, many scheduling problems in the off-line
setting have been proven to be NP-complete. In other words, it is computationally infeasi-
ble to find optimal schedules for many cases. The situation is further complicated by the fact
that scheduling algorithms are on-line in nature, i.e., they do not have advance knowledge
about the jobs until they are released. As expected, many scheduling problems do not ad-
mit on-line algorithms with optimal or reasonably good performance guarantee. A natural
approach towards better performance guarantee is to allow on-line schedulers to have more
resources (such as faster processors or extra processors). Intuitively, the additional resources
compensate on-line schedulers for the lack of future information. Notice that most scheduling
problems remain non-trivial even if a large amount of additional resources are available.

In this thesis, we revisit several classical deadline scheduling problems that aim at maxi-
mizing the total work or value of jobs that can be completed by their deadlines. We consider
different settings, including uniprocessor and multiprocessor scheduling, and jobs with the
same or different relative importance. We show new upper bounds and lower bounds on the ef-
fectiveness of using additional resources to provide better performance guarantee. Our results
allow system administrators to compare and assess various scheduling algorithms and decide
the resource requirement for their systems.

Note: This is a slightly edited environmentally friendly version.
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1 INTRODUCTION

1 Introduction

Thanks to the rapid development of science and technology,
real-time computer systems now play a vital role in facilitat-
ing our daily lives. Examples include automated factories,
traffic control systems, and stock exchange market. The per-
formance of these real-time computer systems is determined
by the effectiveness of the scheduling of jobs to meet their
deadlines. However, many scheduling problems in the off-
line setting have been proven to be NP-complete. In other
words, it is computationally infeasible to find optimal sched-
ules for many cases.

In reality, the situation is further complicated by the fact
that scheduling algorithms are on-line in nature, i.e., they do
not have advance knowledge about the jobs until they are re-
leased. As expected, many scheduling problems do not ad-
mit on-line algorithms with optimal or reasonably well per-
formance guarantee. A natural approach towards better per-
formance guarantee is to allow on-line schedulers to have
more resources (such as faster processors or extra proces-
sors) [17, 23–26]. Intuitively, the additional resources com-
pensate on-line schedulers for the lack of future information.
Notice that most scheduling problems remain non-trivial even
if large amount of additional resources are available. For ex-
ample, the Earliest Deadline First algorithm (EDF) is known
to be optimal for the underloaded single-processor deadline
scheduling problem, yet for the overloaded case, neitherEDF
nor any algorithm can be optimal even arbitrary number of
processors are allowed.

In this thesis we revisit several classical deadline schedul-
ing problems, showing new upper bounds and lower bounds
on the effectiveness of using additional resources to provide
better performance guarantee. Our results allow system ad-
ministrators to compare and assess various scheduling algo-
rithms and decide the resource requirement for their systems.

1.1 On-line Firm Deadline Scheduling

The on-line firm deadline scheduling problem is defined as
follows. There is a sequence of jobs to be scheduled for pro-
cessing inm ≥ 1 processors. Jobs are released in an unpre-
dictable fashion. Every job is sequential in nature and can be
processed by at most one processor at a time. Preemption is
allowed at no cost. The processing time and deadline of a job
are known only when the job is released. Each job is asso-
ciated with avalue(also known ascredit), which reflects the
importance of the job. The deadline is firm in the sense that
the value of a job can be obtained only by completing it on
or before its deadline. No value is obtained if the deadline is
missed. A scheduling algorithm aims to maximize the total
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Figure 1: Two sample schedules. The job sequence comprises
three jobs, each represented by a rectangle. Release time is
denoted by the left edge. Required work is represented by the
length. Deadline is denoted by a cross. Each schedule shows
the time at which a job is executed. Note that Schedule 1
obtains the value of all the three jobs, while Schedule 2 only
obtains the value of job A and B.

value of jobs that can be completed by their deadlines. See
Figure 1 for an example.

A system isunderloadedif there is a schedule meeting the
deadline of every job released. In general, we do not have this
guarantee, and a system may beoverloadedand there is no
schedule meeting every deadline. This model is applicable to
systems where the required work exceeds the capacity and the
scheduling algorithm has to decide which jobs to complete. It
is motivated from embedded systems (see, e.g., [17,21,26] for
discussion).

The value densityof a job is equal to its value divided by
its processing time. Theimportance ratiok of a system is
the ratio of the largest possible value density to the smallest
possible one. Whenk = 1, the value of a job is directly pro-
portional to its processing time and the system is said to have
uniform value density. For systems where some jobs are more
important than the others, we havek > 1, and the system is
said to havegeneral value density. A scheduler in a uniform
value density system aims at maximizing the processing time
or the work of jobs that meet their deadlines.

We measure the performance of an on-line algorithm by
comparing it with anoptimal off-line algorithm, denotedOPT,
on the same set of jobs. For anyc ≥ 1, an on-line algorithm is
said to bec-competitive(or have acompetitive ratioc) if, for
any job sequence, it is guaranteed to achieve1/c of the total
value obtained byOPT. If the competitive ratio is a constant
independent of bothk andm, the on-line algorithm is said
to becompetitive. A 1-competitive algorithm is also said to
beoptimal. See [7, 27] for more background on competitive
analysis.

For convenience, we denoteUFS-1 as the on-line firm
deadline scheduling problem on a uniprocessor system with
uniform value density [3, 4, 23–26], andUFS-k as the on-

1



1 INTRODUCTION

line firm deadline scheduling problem on a uniprocessor sys-
tem with importance ratiok [3, 22, 25]. Similarly, we denote
MFS-1 andMFS-k as on-line firm deadline multi-processor
scheduling problem with importance ratio1 andk [21, 25],
respectively. In this thesis, we are going to study on-line al-
gorithms forUFS-1, UFS-k, andMFS-k.

1.2 Additional Resources

Traditionally, the performance of an on-line algorithm is mea-
sured by comparing it with the optimal off-line algorithm in
the worst case. Yet this may not be a good measurement
for many deadline scheduling problems. Indeed, some early
lower bound results [3,4] suggested that all on-line algorithms
for some deadline scheduling problems perform equally bad.
The traditional competitive analysis has failed to differentiate
good and bad algorithms.

In recent years, there is a new approach for studying better
performance guarantee without making assumptions on fu-
ture inputs; the basic idea is to allow the on-line algorithm
to have more resources than the off-line algorithm (e.g. see
[17, 23–26]). Intuitively, the additional resources are needed
to compensate the on-line algorithm for the lack of future in-
formation. The key question is whether a moderate amount of
additional resources can provide satisfactory competitiveness
or even attain optimality. This kind of analysis assesses the
amount of additional resources needed to meet the optimal or
competitive requirement of a system. This is also known as
resource augmentation analysisin the literature.

To ease our discussion of the comparison between on-line
algorithms using additional resources and the optimal offline
algorithm, denotedOPT, we use the following notations:

Definition.

• A scheduling algorithmA is said to be speed-s c-
competitive if A which uses speed-s processors can
guarantee to obtain a fraction1/c of the total value ob-
tained byOPT, which uses speed-1 processors. A pro-
cessor is said to be speed-s if it can process 1 unit of
work in 1/s time, i.e.,s times faster than a processor
used byOPT.

• A scheduling algorithmA is said to bew-processorc-
competitive ifA, whose number of processors isw times
more thanOPT, can guarantee to obtain a fraction1/c of
the total value obtained byOPT.

• A scheduling algorithmA is said to be speed-s w-
processorc-competitive ifA, whose number of proces-
sors isw times more thanOPT and all processors are
speed-s, can guarantee to obtain a fraction1/c of the to-
tal value obtained byOPT.

• A w-processor speed-s optimal algorithm refers to aw-
processor speed-s 1-competitive algorithm.

1.3 Previous Work and Our Contributions

In this thesis, we study the problemsUFS-1, UFS-k, and
MFS-k. We consider on-line algorithms with additional re-
sources, namely, faster and/or additional processors, for at-
taining a constant competitive ratio or even optimality. We
give new upper and lower bound results on the effectiveness
of additional resources.

1.3.1 UFS-1 and UFS-k

Without using additional resources, no optimal scheduling al-
gorithm can exist for eitherUFS-1 or UFS-k. Note that opti-
mality is desirable, especially for underloaded systems where
the optimal off-line algorithm can meet all deadlines. For
UFS-1, Baruah et al. [4] showed a lower bound of4 on the
competitive ratio. Baruah et al. [3] presented a4-competitive
algorithm calledTD1. In the same paper, they also showed
a lower bound of(1 +

√
k)2 on the competitive ratio for

UFS-k. Subsequently, Koren and Shasha [22] gave an algo-
rithm called Dover with a matching upper bound.

A Faster Processor. For UFS-1 and particularlyUFS-k,
when a faster processor is allowed, Kalyanasundaram and
Pruhs [17] gave an algorithm calledSLACKER that can im-
prove the competitive ratio to a constant, i.e., independent of
k. Precisely, for any realδ > 0, SLACKER is speed-(1 + 2δ)
λ-competitive, whereλ = (1+ δ−1)(1+ δ−1/2)(1+ δ−1/2 +
δ−1). For example, puttingδ = 1/2, SLACKER is speed-2
32-competitive. The only algorithm that can make use of a
faster processor to obtain optimal scheduling is by Lam and
To [24]. Precisely, they showed that an algorithm calledEDF-
AC is speed-2 optimal forUFS-1 and speed-4 dlog ke optimal
for UFS-k. No non-trivial lower bound greater than1 on the
speed requirement for attaining optimality is known for either
UFS-1 andUFS-k.

Our first contribution is two lower bound results: we show
that there is no speed-s optimal algorithm forUFS-1 when
s < φ, whereφ is the golden ratio (approximately 1.618).
ForUFS-k, the lower bound can be improved to2. Motivated
by the gap between the lower bound of2 and upper bound
of 4 dlog ke for UFS-k, we attempt to devise algorithms with
a lower speed requirement. We believe that jobs with tight
deadlines, i.e., the deadline of a job is equal to its release time
plus processing time, are the most difficult to handle. We give
a speed-O(1) optimal algorithm when all jobs are tight. Our
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1 INTRODUCTION

result serves as a first step to finding a speed-O(1) optimal
algorithm for the general case.

Additional Processors. Less result is known for using ad-
ditional processors. Indeed, using additional processors is
harder than using faster processors; for instance, a speed-
2 processor can simulate two speed-1 processors by time-
sharing, but the reverse is not true (as jobs are sequential
in nature). The only previous result that can exploit addi-
tional processors is forUFS-1, where Baruah [2] gave am-
processorm/(m − 1)-competitive algorithm. No optimal al-
gorithm based on additional processors has been known for
eitherUFS-1 or UFS-k.

We present the first result on attaining constant competi-
tive ratio and optimality using additional processors. Pre-
cisely, we give a2-processor optimal forUFS-1. Based on
this result, we show a2 dlog ke-processor2-competitive al-
gorithm for UFS-k. In addition, we present a4-processor
optimal algorithm forUFS-1, which can also be extended
to give a4 dlog ke-processor optimal algorithm forUFS-k.
More interestingly, we also show that now-processor algo-
rithm is c-competitive forUFS-k for any constantc unless
w = Ω(log k).

Based on the above results, we can compare the power of
faster processors with additional processors. ForUFS-k, we
have a speed-O(1) optimal algorithm for the difficult case
when all jobs are tight, yet we also have anΩ(log k) lower
bound on the extra processor requirement even for attaining
a competitive ratio independent ofk. Thus, in terms of addi-
tional resource requirement, using faster processors is a more
cost effective way than extra processors.

1.3.2 MFS-k

Without using additional resources, Korea and Shasha [21]
decided an algorithmMOCA with competitive ratio1 +
m(k1/ψ − 1), whereψ = m

2
log k

log k+1
1. They also gave a lower

bound of k
k−1 m(k1/m − 1) on the competitive ratio. These

bounds tend toO(log k) whenm tends to infinity.
When faster processors are allowed, Lam and To [25] ex-

tended theSLACKER algorithm forMFS-k and improved the
algorithm to speed-(1 + 2δ) (1 + 2δ−1 + 4δ−2)-competitive.
For instance, whenδ = 1/2, the competitive ratio is improved
from 32 to 21.

To exploit additional processors forMFS-k, we extend
MOCA to an O(log k)-processorO(1)-competitive algo-
rithm. We also show thatΩ(log k) times extra processors are
required to achieve a constant competitive ratio.

1Unless otherwise specified, all logarithms are base2 in this thesis.

Besides, we consider an extension ofMSLACKER. Pre-
cisely, the competitive ratio ofMSLACKER can be improved
using additional faster processors instead of even faster pro-
cessors. For example,MSLACKER can be improved from
speed-2 21-competitive to speed-3 7-competitive by further
increasing the processor speed, or it can be improved to5-
processor speed-2 5-competitive by using extra speed-2 pro-
cessors.

1.4 Preliminaries

For any jobJ , let r(J), p(J), d(J), andv(J) denote the re-
lease time, processing time, deadline, and value ofJ , respec-
tively. The value densityρ(J) = v(J)/p(J). For conve-
nience, we normalize the smallest value density to be 1, and
we assume all jobs have value density in the range[1, k]. The
spanof J refers to the interval[r(J), d(J)]. Since complet-
ing a job after its deadline gives no credit, whenever we say a
job is completed, it is meant that the job is completed by its
deadline. A processor is said to beidle if it is not running a
job, andbusyotherwise. Similarly, a job is said to beidle if it
is not running on a processor, andbusyotherwise.

An on-line scheduling algorithm operates as follows. The
algorithm is invoked whenever aninterrupt occurs. An inter-
rupt is either triggered by the release of a job, or preset by the
algorithm itself in some previous invocation. The output of
the algorithm is a mapping from the jobs to the processors.

1.5 Organization

The remainder of the thesis is organized as follows. Chap-
ter 2 presents upper and lower bound results forUFS-1 and
UFS-k using a faster processor. Chapter 3 shows upper and
lower bound results forUFS-1 andUFS-k using more than
one speed-1 processor. In chapter 4, we give competitive al-
gorithms forMFS-k using additional and/or faster processors.
Finally, we summarize the results and discuss some possible
future directions in chapter 5.

3



2 SCHEDULING WITH A FASTER PROCESSOR

2 Scheduling with a Faster Processor

In this chapter, we study algorithms using a faster processor
for the problemsUFS-1 andUFS-k. Precisely, we study the
performance of on-line algorithms using one speed-s proces-
sor, wheres > 1, as compared with an off-line algorithm
using one speed-1 processor.

Lower bound results. Lam and To [25] showed thatEDF-
AC is speed-2 optimal forUFS-1 and speed-4 dlog ke optimal
for UFS-k. Yet no lower bound on the speed requirement
for achieving optimality has been known for either problem.
In section 2.1, we give the first non-trivial lower bound for
UFS-1. Specifically, we show that no algorithm is speed-s
optimal forUFS-1 unlesss ≥ φ, whereφ is the golden ratio.
In section 2.2, we show that the lower bound forUFS-k can
be improved slightly to2.

Upper bound result. Motivated by the gap between the up-
per bound of4 dlog ke and the lower bound of2 for UFS-k,
we turn our attention to finding an algorithm forUFS-k that
can reduce the speed requirement for optimality. We believe
that jobs with tight deadlines are the most difficult to handle.
In fact, existing lower bounds on competitive ratios when no
additional resource is available forUFS-1 andUFS-k [3, 4],
and our lower bound on speed requirement forUFS-1 are all
based on the tight deadline setting. When jobs are not tight,
only a weaker lower bound on the competitive ratio forUFS-1
is known [8]. Based on this observation, we study algorithms
for handling tight jobs. In section 2.3, we give a new algo-
rithm that is speed-O(1) optimal forUFS-k when all jobs are
tight. Note that the speed factor is independent ofk. We
believe that scheduling jobs with tight deadlines is no easier
than the general problem, and our result serves as a first step to
finding a speed-O(1) optimal algorithm for the general case.

2.1 Lower Bound for UFS-1

Recall that EDF-AC is a speed-2 optimal algorithm for
UFS-1. This section shows that forUFS-1, the speed require-
ment for any optimal algorithm is at least the golden ratio (de-
notedφ), which is the solution of the equationφ2 = φ + 1.
I.e.,φ = (1 +

√
5)/2 ≈ 1.618.

The following lemma states a property ofφ that our lower
bound argument makes use of. Basically, it implies that a
speed-s processor, wheres < φ, cannot completes + 1 units
of work in s units of time.

Lemma 2.1. For 1 ≤ s < φ, 1 + 1
s > s.

Proof. 1 +
1
s

> 1 +
1
φ

= φ > s.

To simplify the proof, we show that it suffices to consider
on-line algorithms that arebusyin the following sense.

Definition. At any timet during the span of a jobJ , we say
that J is feasiblewith respect to a speed-s processor ifJ is
not yet completed at timet and it is still possible scheduleJ
to meet the deadline. I.e., the remaining work ofJ is at most
s(d(J)− t).

Definition. A scheduling algorithmA is abusyalgorithm if
it schedules a feasible job (with respect to the processors used
byA) whenever such a job is available.

Lemma 2.2. For any scheduling algorithmA, there exists a
busy scheduling algorithmA′ (using a processor of the same
speed) such thatA′ can meet the deadlines of all the jobs that
A can meet.

Proof. Given an algorithmA, we constructA′ as follows. At
any timet,A′, based on a simulation ofA, determines which
job is currently scheduled byA. DenoteFt as the set of fea-
sible jobs inA′ at timet. If A is scheduling a jobJ in Ft,A′
also schedulesJ . Otherwise,A′ arbitrarily chooses a job in
Ft if Ft 6= ∅.

Consider any jobJ completed byA. Below we show that
at any time, the work done onJ by A′ is always at least as
much as that ofA, which implies thatA′ also completesJ .
Lemma 2.2 thus follows. Suppose, for the sake of contradic-
tion, thatt is the first time instant when the work done onJ
by A exceeds that ofA′. This means thatA schedulesJ at
time t butA′ does not. SinceJ is finally completed byA,
J is feasible forA at t. As the work done byA andA′ are
the same just beforet, J is also feasible forA′ at t. By the
definition ofA′, A′ should scheduleJ at t. This leads to a
contradiction.

We then prove the following theorem that leads to the lower
bound result.

Theorem 2.3. There is no busy algorithm that is speed-s op-
timal for UFS-1 unlesss ≥ φ.

The proof of this main theorem is quite involved, though
the basic idea is simple. We consider the off-line algorithm
as an adversary who generates the input job sequence while
looking at the response from the on-line algorithm and ex-
hibits its schedule after the entire input has been generated.
The adversary’s goal is to maximize the total value it obtains
while keeping it down for the on-line algorithm.

Initially, A is given two jobs such thatA cannot complete
both of them. To be optimal,A must complete the longer
job. When the shorter job becomes not feasible, the third job,
which is even longer, is released. Again,A cannot complete
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Figure 2: The input job sequence and the optimal off-line
schedule

both current jobs and is forced to switch to the third one with-
out completing the first two jobs. This process ensures that
the adversary can indeed complete more than one job. Details
are as follows.

Let A be any busy on-line algorithm that is speed-s opti-
mal, wheres < φ. To show thatA is not optimal, we con-
sider a sequence of four jobs(J1, J2, J3, andJ4). All the jobs
are tight, i.e.,d(J) = r(J) + p(J) for any jobJ . J1 and
J2 are both released at time0 with processing times1 ands,
respectively. The release time ofJ3 andJ4 depend on how
A schedulesJ1 andJ2. The argument below makes use of
two parameters depending ons. Let δ = 1− s + 1/s, and let
λ = δ/φ. By Lemma 2.1,δ, as well asλ, is greater than0.

The time required for a speed-s processor to complete both
J1 andJ2 is s+1

s > s. Recall thatd(J1) = 1 andd(J2) =
s. Thus,A cannot complete both jobs. To be optimal,A
must abandonJ1 and completeJ2, as the latter has a longer
processing time. By definition,J1 is feasible at time0 and not
feasible at time1. Let t be the last instant such thatJ1 is still
feasible, and let̀ be the total processing timeJ1 received up
to timet.

Fact 2.4. s(1 − t) + s` = p(J1) = 1, or equivalently,t =
1 + `− 1/s.

Intuitively, J3 is released soon afterJ1 becomes not fea-
sible. Let r(J3) = t + λ = 1 + ` − 1/s + λ, and let
p(J3) = s(1 + λ).

Claim 2.5. The work left forJ2 at timer(J3) is 1− sλ.

Proof. SinceA is a busy scheduling algorithm, the processing
time received byJ2 up to timer(J3) is the processing time not
received byJ1. By the property of busy scheduling algorithm,
A does not scheduleJ1 aftert. Thus, at timer(J3), the work
done onJ1 is still s`; and forJ2, the work done iss(r(J3)−
`) = s−1+sλ and the remaining work iss− (s−1+sλ) =
1− sλ.

Next, we observe thatA, using a speed-s processor, can-
not complete bothJ2 andJ3 on or beforemax(d(J2), d(J3)),
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Offline
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Figure 3: The input job sequence to bound`′

which is s(1 + λ) units of time aftert. It is simply because
the total work required is too much. See the following claim.

Claim 2.6. A speed-s processor cannot process the remaining
work ofJ2 andJ3 within s(1 + λ) units of time.

Proof. The speed required to complete both jobs is at least

1− sλ + s(1 + λ)
s(1 + λ)

=
1 + s

s + sλ

=
s2 + sδ

s(1 + λ)
(by definition ofδ)

=
s2 + sφλ

s(1 + λ)
(by definition ofλ)

>
s2 + s2λ

s(1 + λ)
(becauseφ > s)

= s .

Sincep(J3) > p(J2),Amust abandonJ2 and completeJ3

so as to guarantee optimality. Lett′ be the last instant thatJ2

is still feasible. Let̀ ′ be the processing time received byJ2

during [r(J3), t′]. Notice that̀ ′ cannot be too large asJ2 is
finally abandoned. See the following claim for details.

Claim 2.7. `′ ≤ 1/s2 − λ.

Proof. Suppose, for the sake of contradiction, that`′ >
1/s2 − λ. Consider the scenario that afterd(J2), a tight job
J ′ is released at times with the same deadline asJ3. I.e.,
p(J ′) = d(J3) − s = 1 + ` + λ + sλ − 1/s. The adversary
can completeJ2 andJ ′. Therefore,A, after abandoningJ1

andJ2, must complete bothJ3 andJ ′ in order to be optimal.
The speed required is at least

(s + sλ) + s`′ + (1 + ` + λ + sλ− 1/s)
s + sλ

≥ 1 +
s`′ + 1 + λ + sλ− 1/s

s(1 + λ)

5



2 SCHEDULING WITH A FASTER PROCESSOR

> 1 +
(1/s− sλ) + 1 + λ + sλ− 1/s

s(1 + λ)

= 1 +
1 + λ

s(1 + λ)
= 1 + 1/s

> s . (by Lemma 2.1)

Thus,A can only complete eitherJ3 or J ′ andA is not opti-
mal. A contradiction occurs.

For the rest of the proof, we show that by adding a final job
J4,A can only complete eitherJ3 or J4, yet the adversary can
complete bothJ1 andJ4, completing more work thanA no
matter which jobA chooses.

J4 is released afterJ2 becomes not feasible. By the def-
inition of t′, we haves(s − t′) + s`′ = 1 − sλ, or equiva-
lently, t′ = s + `′ − 1/s + λ. Let r(J4) = t′ + λ, and let
p(J4) = r(J3)− r(J4) + p(J3) = 1 + `− `′ − λ + sλ.

Claim 2.8. The work left forJ3 at timer(J4) is 2s− s2 + s`.

Proof. As r(J4) > t′, J2 is not feasible at timer(J4). Since
A is a busy scheduling algorithm, the processing time re-
ceived byJ3 during the interval[r(J3), r(J4)] is the process-
ing time not received byJ2. During [r(J3), r(J4)], the work
done onJ2 is s`′, and the work done onJ3 is s(r(J4) −
r(J3)−`′) = s2−s`−s+sλ. So the work left forJ3 at time
r(J4) is s(1 + λ)− (s2 − s`− s + sλ) = 2s− s2 + s`.

The following claim shows thatA cannot complete bothJ3

andJ4 before their deadlines.

Claim 2.9. A speed-s processor cannot process the remaining
work ofJ3 andJ4 within s(1 + λ) units of time.

Proof. The speed required for completing bothJ3 andJ4 is
at least

p(J4) + (2s− s2 + s`)
p(J4)

= 1 +
2s− s2 + s`

p(J4)

= 1 +
2s− s2 + s`

1 + `− `′ + (s− 1)λ

≥ 1 +
2s− s2 + s`

1 + ` + (s− 1)λ

= 1 +
s(2− s− 1/s2) + 1/s + s`

1 + ` + (s− 1)λ

= 1 +
s(1− 1/s)(1− s + 1/s) + 1/s + s`

1 + ` + (s− 1)λ

= 1 +
s(1− 1/s)δ + 1/s + s`

1 + ` + (s− 1)λ

= 1 +
1
s
· 1 + s2` + s(s− 1)δ

1 + ` + (s− 1)λ
> 1 + 1/s (becauses ≥ 1 andδ ≥ λ)

> s .

Recall thatA does not completeJ1 and J2. Together
with the fact thatA cannot complete bothJ3 and J4, we
know that the work that can be completed byA is at most
max(p(J3), p(J4)) = p(J3).

Next, we show thatr(J4) > d(J1) = 1; thus, the adversary
(using a speed-1 processor) can complete bothJ1 andJ4.

r(J4) = s + `′ + 2λ− 1/s

≥ 2λ + s− 1/s

> (1− s + 1/s) + s− 1/s

(becauseλ = δ/φ > δ/2)

= 1

Finally, we show thatp(J1) + p(J4) > p(J3). Thus, the
adversary can obtain more work done thanA. In other words,
A is not optimal. A contradiction occurs.

p(J1) + p(J4)− p(J3)
= 1 + r(J3)− r(J4) (by definition ofp(J4))
= 1 + (1 + `− 1/s + λ)− (s + `′ − 1/s + 2λ)
= 2− s + `− `′ − λ

≥ 2− s− `′ − λ

≥ 2− s− 1/s2 (by Claim 2.7)

= (1− 1/s)(1 + 1/s− s)
> 0

We have completed the proof of Theorem 2.3. Based on
Lemma 2.2, we can extend the lower bound result to any on-
line algorithm that is not busy.

Corollary 2.10. There is no speed-s optimal algorithm for
UFS-1 unlesss ≥ φ.

2.2 Lower Bound for UFS-k

In this section we give a lower bound forUFS-k with impor-
tance ratiok > 1.

Lemma 2.11. There is no speed-s optimal algorithm for
UFS-k unlesss ≥ 2.

6



2 SCHEDULING WITH A FASTER PROCESSOR

Suppose, for the sake of contradiction, that there exists a
speed-s optimal algorithm, wheres = 2− ε. Let n = d1/εe.
Considering the input job sequence shown in Table 1. Jobs are
released in pairs (Ji, J

′
i). The input terminates either whenA

misses any deadline, or after the final jobJn+1 is released
at time n + 1. Notice that the importance ratio of the job
sequence is2n = 2blog kc ≤ k.

Before the job pair (J1, J
′
1) is released at time 1, the system

is underloaded. To be optimal,A must completeJ0 at time
1. In general,A must meet every deadline. See the following
claim for details.

Claim 2.12. A must meet the deadlines of the jobsJ ′i−1 and
Ji for 1 ≤ i ≤ n.

Proof. Notice that the two jobs have the same deadline (i+1)
and value (2i−1). Suppose, for the sake of contradiction, that
one of them missed its deadline at timei + 1. The input is
stopped immediately (i.e., the last job pair isJi andJ ′i). The
adversary completesJ ′0, J

′
1, · · · , J ′i as well asJi, obtaining a

total value of

(1 + 2 + 4 + · · ·+ 2i) + 2i−1 = 2i+1 + 2i−1 − 1 .

The bestA can do is to complete all jobs exceptJ ′i−1 or Ji,
obtaining a total value of

(1− ε) + 2× (1 + 2 + · · ·+ 2i−2) + 2i−1 + 2i

= (1− ε) + 2i − 2 + 2i−1 + 2i

= 2i+1 + 2i−1 − 1− ε ,

which is less than that of the adversary. This contradicts to
the assumption.

Similarly, A must complete the last two jobsJ ′i−1 andJi

to match the total value of the adversary. The total processing
time of all jobs is(1 − ε) + 1 + 2n + 1 = 2n + 3 − ε. A,
using a speed-(2− ε) processor, can complete all the jobs no
earlier than

2n + 3− ε

2− ε
= n +

nε + 3− ε

2− ε
≥ n +

4− ε

2− ε
> n + 2 ,

which is after the deadline ofJn+1. Thus,Amissed the dead-
line of some job. This leads to a contradiction and completes
the proof of Lemma 2.11.

2.3 General Upper Bound for Tight Jobs

The best known result forUFS-k requires a speed-4 dlog ke
processor [25]. Note that whenk is big, demanding a pro-
cessor that is4 dlog ke times faster may not be practical. A

natural question is whether the speed requirement for opti-
mality in the case of generalk can be improved too(log k) or
evenO(1).

In this section, we address this problem with a focus on
tight jobs. Recall that a tight job has its deadline equals to its
release time plus processing time. We present a two-processor
speed-s optimal algorithm forUFS-k when all jobs are tight.
Since two speed-s processors can be simulated by one speed-
2s processor, this algorithm can be considered as a speed-2s
optimal algorithm.

2.3.1 Algorithm

Definition. Let r = 1
2 + 1

2s ≤ 1. A job J , once released,
is said to befreshup to the timed(J) − r · p(J). (Roughly
speaking, a job is no longer fresh when the time is close to its
deadline.)

The following lemma states an important property of a
fresh job.

Lemma 2.13. While a jobJ is fresh, it is feasible to complete
J on or before its deadline using a speed-s processor.

Proof. Consider any timet when a jobJ is fresh. By defini-
tion,d(J)− t ≥ r ·p(J) = ( 1

2 + 1
2s )p(J). Note that a speed-s

processor needsp(J)/s time to completeJ . Sinces ≥ 1, we
have 1

2 ≥ 1
2s , or equivalently,12 + 1

2s ≥ 1
s . Thus, starting

from time t, a speed-s processor must be able to completeJ
on or before its deadline.

Algorithm 2.1 gives the details on the new on-line schedul-
ing algorithm. The algorithm maintains a poolP of jobs that
will be given priority for scheduling. Intuitively, if a job is
still fresh and has sufficiently large value density, the algo-
rithm will put it into the pool for possible scheduling. Among
the jobs in the pool, the algorithm always schedules the two
most dense jobs available. Once a job is scheduled, it can be
preempted by a newly released job with sufficiently high den-
sity. Note that there is no guarantee that a job, once scheduled,
will complete.

In the following, we will show that for scheduling jobs with
tight deadlines2, this algorithm, when given a speed-14 pro-
cessor (or two speed-7 processors), is optimal.

Consider a jobJ that the on-line algorithm fails to meet its
deadline, but an off-line algorithm can meet its deadline. Dur-
ing the span ofJ , the on-line algorithm must process other
jobs for a considerably long period. These jobs should have
reasonably high value density, yet the on-line algorithm may
not complete them at the end and generates any value. The

2Recall that a deadline is tight if it is equal to the release time plus the
processing time of the job.
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2 SCHEDULING WITH A FASTER PROCESSOR

Job Release time Processing time Value density Deadline

J0 0 1− ε 1 1
J ′0 0 1 1 2
J1 1 1 1 2
J ′1 1 1 2 3

...
Ji i 1 2i−1 i + 1
J ′i i 1 2i i + 2

...
Jn n 1 2n−1 n + 1
J ′n n 1 2n n + 2

Jn+1 n + 1 1 2n n + 2

Table 1: The input job sequence for general value density

(1) Initialization:
(2) P ← ∅
(3)
(4) When Job J is released:
(5) if |P | < 2 or ρ(J) ≥ 2maxT∈P ρ(T )
(6) P ← P ∪ {J}
(7) Schedule the two most dense jobs, if available, inP
(8)
(9) When Job J completes:
(10) P ← P − {J}
(11) if there exists a fresh job not inP
(12) DenoteJ0 as the most dense fresh job not inP
(13) if |P | < 2 or ρ(J0) ≥ 2maxT∈P ρ(T )
(14) P ← P ∪ {J0}
(15) Schedule the two most dense jobs, if available, inP
(16)
(17) When Job J ∈ P is certain to miss its deadline:
(18) P ← P − {J} // DiscardJ

Algorithm 2.1: A new algorithm for tight jobs

optimality of the algorithm is proven by a non-trivial amorti-
zation scheme, showing that the on-line algorithm will com-
plete some extra jobs (comparing with an off-line algorithm)
within or beyond the span ofJ , which can be used to pay off
the value ofJ .

2.3.2 Basic Properties

LetA andO denote the schedules produced by our algorithm
(using two speed-s processors) and an off-line algorithm (us-
ing one speed-1 processor) for any particular job set. De-
noteJ (A) as the set of jobs that has ever been scheduled

J2J1

A′

J7

J8

J3

O′

J7

J8

J1

J4

O

A J5 J2

J5

J4

J6

J3

J6

Time

Figure 4: A sample schedule forO andA and the respective
O′ andA′. Note thatJ2 andJ3 are removed in scheduleO′
andA′.

byA, and similarly forJ (O). Without loss of generality, we
assume that every job that has ever been scheduled byO can
be completed by its deadline. Note that such an assumption is
not valid forA.

We construct schedulesA′ and O′ from A and O re-
spectively by removing all jobs that are completed by both
A andO. An example is shown in Figure 4. By definition,
for every jobJ ∈ J (O′), bothO andO′ scheduleJ to com-
pletion by its deadline, but neitherA norA′ can completeJ
by its deadline.

Lemma 2.14. For any two jobs scheduled byO, their span
must be disjoint.

Proof. Recall that any job scheduled byO can be completed
by its deadlines. Since all jobs have tight deadlines,O or any
off-line algorithm can complete a job only by scheduling it
throughout its entire span. Thus, any two jobs that can be

8



2 SCHEDULING WITH A FASTER PROCESSOR

completed byO must have non-overlapping span.

Lemma 2.15. If A misses the deadline of jobJ , then at any
time whileJ is fresh,A schedules at least one job with value
density greater thanρ(J)/2.

Proof. Let J be a job for whichA misses the deadline. Con-
sider any timet whenJ is fresh. IfJ is in P , A is executing
some job(s) of value density at leastρ(J). It remains to con-
sider the case whereJ is not in P at time t. In this case,
J is not in P during the entire period[r(J), t] (otherwise,
by Lemma 2.13, even at timet, it is still feasible forA to
completeJ by its deadline andJ , once put intoP , will not
be removed up to timet). Thus,A must be executing some
job(s) of value density greater thanρ(J)/2 during the entire
period[r(J), t]. In either case,A is executing a job with value
density greater thanρ(J)/2.

Lemma 2.16. At any time, letJi and Ji+1 be thei-th and
(i + 1)-st most dense jobs inP . If Ji+1 is not the least dense
job in P , thenρ(Ji) ≥ 2ρ(Ji+1).

Proof. When a jobJ is added toP , either there was at most
one job inP , or the density ofJ is at least double of the most
dense job inP . Removing a job fromP does not invalidate
this property.

2.3.3 Optimality

Denote‖A′‖ and‖O′‖ as the total value of the jobs completed
by schedulesA′ andO′, respectively. This subsection shows
that if s ≥ 7, ‖A′‖ ≥ ‖O′‖, or equivalently,‖A‖ ≥ ‖O‖.
It follows that the algorithm shown, when given two speed-
7 processors or a speed-14 processor, can always match the
off-line algorithm on the total value obtained.

Consider the scheduleA′. For any jobJ ∈ J (A′), let
T (J) be the total timeA′ schedulesJ . At any particular time,
J is said to be the primary job scheduled byA′ if A′ sched-
ulesJ at that time and either there is no other job scheduled
at the same time, orJ has a higher job density than the other
job scheduled (we break the tie by requiringJ to be the job
with smaller job identity). For a jobJ0 scheduled byO′, let
TJ0(J) be the total timeA′ schedulesJ as the primary job
during the period of time whenJ0 is fresh.

To prove that‖A′‖ ≥ ‖O′‖, we imagine that for each jobJ
that has scheduled byA′, we can discharge some credits at a
certain rate wheneverA′ schedulesJ . Precisely, we define
the rateσ(J) to be 4s

s−1 ρ(J). I.e., we can discharge a total
of σ(J)T (J) credits due toJ .

The rest of this section is divided into two parts. The first
part, comprising Lemmas 2.17 and 2.18 and Corollary 2.19,

shows that‖O′‖ is no more than the total amount of cred-
its discharged due to the jobs inJ (A′), which is exactly∑

J∈J (A′) σ(J)T (J). The second part shows that‖A′‖ ≥∑
J∈J (A′) σ(J)T (J). Combining both parts, we can con-

clude that‖A′‖ ≥ ‖O′‖.
Lemma 2.17. Consider any jobJ0 scheduled byO′. For any
job J ∈ J (A′) such thatTJ0(J) ≥ 0, ρ(J) ≥ ρ(J0)/2.

Proof. Let J0 be any job scheduled byO′. By definition,J0

cannot be completed byA. Consider any jobJ ∈ J (A′) such
thatTJ0(J) ≥ 0. Let t be any time whenJ0 is fresh andA′
schedulesJ as the primary job. By Lemma 2.15, at timet,A
is scheduling a jobJ ′ with density at leastρ(J0)/2. Note that
J may not be equal toJ ′. Nevertheless, we can argue thatJ ′

must be scheduled byA′ at timet.

• If J ′ = J0, thenJ ′ is not completed byA. By the defi-
nition ofA′, J ′ is left inA′.

• SupposeJ ′ 6= J0. By Lemma 2.14,J ′ is also not equal
to any other job scheduled byO. Again, by the definition
of A′, J ′ is left inA′.

SinceJ is the primary job scheduled byA′ at timet, we have
ρ(J) ≥ ρ(J ′) ≥ ρ(J0)/2.

Lemma 2.18. For any jobJ0 in O′,
∑

J∈J (A′)
σ(J)TJ0(J) ≥ v(J0) .

Proof. Note thatJ0, being a job scheduled byO′, cannot
be completed byA. By Lemma 2.15,A must schedule at
least one job at any time whileJ0 is fresh. By Lemma 2.14,
every such job is not scheduled byO and must be found
in A′. Therefore,

∑
J∈J (A′) TJ0(J) is equal to the length

of the fresh period ofJ0. By definition, J0 is fresh for a
period of length(1 − r)p(J0) = 1

2 (1 − 1
s )p(J0). Thus,∑

J∈J (A′) TJ0(J) = 1
2 (1− 1

s )p(J0). Furthermore,

∑

J∈J (A′)
σ(J)TJ0(J)

=
∑

J∈J (A′)

4s

s− 1
ρ(J)TJ0(J)

≥ 4s

s− 1

∑

J∈J (A′)

ρ(J0)
2

TJ0(J) (by Lemma 2.17)

=
2s

s− 1
ρ(J0)

∑

J∈J (A′)
TJ0(J)

=
2s

s− 1
ρ(J0) · 1

2

(
1− 1

s

)
p(J0)

9



2 SCHEDULING WITH A FASTER PROCESSOR

= ρ(J0)p(J0)
= v(J0) .

Corollary 2.19.
∑

J∈J (A′)
σ(J)T (J) ≥ ‖O′‖.

Proof. At any timet, Lemma 2.14 implies that among all jobs
scheduled byO, there is at most one which is fresh att. Thus,
for each jobJ ∈ J (A′), T (J) ≥ ∑

J0∈O′ TJ0(J). We have

∑

J∈J (A′)
σ(J)T (J) ≥

∑

J∈J (A′)
σ(J)

∑

J0∈O′
TJ0(J)

≥
∑

J0∈O′

∑

J∈J (A′)
σ(J)TJ0(J) .

By Lemma 2.18, we conclude that

∑

J0∈O′

∑

J∈J (A′)
σ(J)TJ0(J) ≥

∑

J0∈O′
v(J0) = ‖O′‖ .

To prove‖A′‖ ≥ ∑
J∈J (A′) σ(J)T (J), we consider the

following amortization scheme onA′. We associate an ac-
count with each job inJ (A′), all having zero initial balance.
Credits are put into or removed from these accounts in ac-
cordance to the wayA′ schedules the jobs. See Figure 5 for
details.

• When a jobJ is completed,v(J) is deposited into the
account ofJ .

• WheneverA′ schedulesJ , we withdraw credits from the
account ofJ in two ways:

– Credits are discharged at rateσ(J).
– Credits are transferred to the account of each idling

job J ′ in the pool P at the rateI(J ′), where
I(J ′) = 2s

s−1 ρ(J ′).

Denote Ψ(J) as the final balance of the account of
each job J in J (A′). Note that the sum of all de-
posits is exactly‖A′‖, and the sum of all discharges is∑

J∈J (A′) σ(J)T (J). That is,

‖A′‖ =
∑

J∈J (A′)
Ψ(J) +

∑

J∈J (A′)
σ(J)T (J) .

Corollary 2.19 states that
∑

J∈J (A′) σ(J)T (J) ≥ ‖O′‖.
In the rest of this section, we will show that ifs ≥
7, every account has a non-negative final balance and∑

J∈J (A′) Ψ(J) ≥ 0. Then we can conclude that‖A′‖ ≥
‖O′‖ (see Theorem 2.22).

The following observation is crucial to the proof of the fact
that all accounts have non-negative balance. By definition,
each job completed byA′ will receive credits equal to the
value of the job, which are enough to pay off for all discharges
and transfers (see Lemma 2.21). The nontrivial part is con-
cerned with those jobsJ ∈ J (A′) that miss deadline. Note
thatJ must idle for a long time when it is in the poolP . Note
that wheneverJ idles after being added intoP , A schedules
two other jobs. By Lemma 2.14,O cannot schedule both of
these two jobs. In other words, at least one of these two jobs,
say,Ja, is not completed byO. By the definition ofA′, Ja

is left inA′. WhenA′ schedulesJa andJ is idle, credits are
transferred from the account ofJa to the account ofJ . J thus
receives credits transferred from other jobs that are scheduled
while J is idle in P . More precisely, the following lemma
shows thatJ receives at leastv(J) credits.

Lemma 2.20. For each jobJ that is scheduled byA′, at
leastv(J) credits have been put into the account ofJ .

Proof. If J is completed byA′, the lemma holds by the def-
inition. Now supposeJ enteredP but is eventually dis-
carded. ThenJ has been idle inP for a period of at least
1
2 (1− 1

s )p(J). At these times it receives credits from at least
one running job at the rateI(J), so it eventually receives at
least12 (1− 1

s )p(J)I(J) = v(J) credits.

We then bound the amount of credits that is removed, (i.e.
discharges or transferred) from the account of each jobJ .
When s ≥ 7, we show that the remaining balance is non-
negative.

Lemma 2.21. Assume thats ≥ 7. Then for any jobJ ,
Ψ(J) ≥ 0.

Proof. We only consider jobs that have been scheduled since
credits are only removed from the account of a job when the
job is being scheduled. We first give an upper bound to the
rate of transfer fromJ to idling jobs. The algorithm ensures
that wheneverJ is scheduled, it is denser than all idling jobs
in P . By Lemma 2.16, each job inP is at least twice as
dense as the next dense job inP , except that the second least
dense job need only be at least as dense as the least dense job.
Therefore, if there arei idling jobs, the rate of transfer is at
most

2s

s− 1
ρ(J)

2
+

2s

s− 1
ρ(J)
22

+ · · ·

+
2s

s− 1
ρ(J)
2i−1

+
2s

s− 1
ρ(J)
2i−1

≤ 2s

s− 1
ρ(J) .

10
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• Transfer credit to each job

J ′ ∈ P at rateI(J ′)

• Discharge credit at rateσ(J)

JobJ is released

J is added toP

the account ofJ

Depositv(J) into

J is completed

J is resumed

Receive credit from

a scheduling job

at rateI(J)

J becomes idle

J is discarded

J has -ve laxity

Figure 5: The transfer of credits during the life-span of a job

The total rate of transfer and discharges is thus at mostσ(J)+
2s

s−1 ρ(J). Now consider the final balanceΨ(J).

Ψ(J) ≥ v(J)− T (J)
[
σ(J) +

2s

s− 1
ρ(J)

]

≥ p(J)ρ(J)− p(J)
s

[
4s

s− 1
ρ(J) +

2s

s− 1
ρ(J)

]

= p(J)ρ(J) · s− 7
s− 1

≥ 0 (assumes ≥ 7)

We thus have the following main theorem.

Theorem 2.22.Assume that the algorithm is using two speed-
s processors, wheres ≥ 7. Then‖A′‖ ≥ ‖O′‖.

Proof. ‖A′‖ =
∑

J∈J (A′)
Ψ(J) +

∑

J∈J (A′)
σ(J)T (J) ≥

∑

J∈J (A′)
Ψ(J) + ‖O′‖ ≥ ‖O′‖.

Corollary 2.23. There exists a speed-14 optimal algorithm
for UFS-k when all jobs are tight.

2.4 Concluding Remarks

In this chapter, we have showed two lower bound results on
the speed requirement for optimality: ForUFS-1, no speed-s
optimal algorithm exist unlesss ≥ φ; for UFS-k, no speed-s
optimal algorithm exist unlesss ≥ 2. We have also presented
a speed-O(1) optimal algorithm forUFS-k when all jobs are
tight. Prior to our work, only a speed-O(log k) optimal algo-
rithm is known.

11



3 SCHEDULING WITH ADDITIONAL PROCESSORS

3 Scheduling with Additional Proces-
sors

This chapter studies on-line algorithms using additional pro-
cessors for the problemsUFS-1 andUFS-k. In other words,
we compare on-line algorithms that use multiple speed-1 pro-
cessors with an off-line algorithm using one speed-1 proces-
sor.

Without using additional resources, the best competitive ra-
tio has a matching upper and lower bound:4 for UFS-1 [3,4]
and (1 +

√
k)2 for UFS-k [3, 22]. For UFS-1, if addi-

tional processors are allowed, Baruah [2] gave am-processor
m/(m−1)-competitive algorithm. For example, ifm = 2, the
competitive ratio is improved from4 to 2. No 1-competitive
or optimal algorithm based on additional processors has been
heard, let aloneUFS-k. In this chapter, we present the first
result on attaining constant competitive ratio and optimality
using only additional processors, and we show that these re-
sults are tight up to a constant factor.

Our new algorithms are based on the Earliest Deadline First
algorithm (EDF). A scheduler usingEDFalways runs the job
with the earliest deadline. In practice,EDF is often supple-
mented with some kind of admission control to avoid exces-
sive preemption when the system is overloaded. We denote
EDF-AC asEDF with the following form of admission con-
trol: Upon release, a job is tested in order to get admitted for
EDF scheduling. The test simply checks whether the new
job together with the previously admitted jobs can all be com-
pleted by their deadlines using anEDF schedule.

The rest of this chapter is organized as follows. First, we
give a two-processor optimal algorithmEDF-Plus forUFS-1
in section 3.1. Then we show in section 3.2 a simple extension
of EDF-Plus can attain a2 dlog ke-processor2-competitive
algorithm for UFS-k. This result is asymptotically tight,
as we show that no algorithm isw-processorc-competitive
for any constantc unlessw = Ω(log k). In section 3.3,
we present a4-processor optimal algorithmEDF-MSp for
UFS-1. EDF-MSp can also be extended to give a4 dlog ke-
processor optimal algorithm forUFS-k.

3.1 TheEDF-Plus algorithm

In this section we discuss a new algorithm calledEDF-Plus
which is two-processor optimal forUFS-1. It is known that
EDF(andEDF-AC) is one-processor optimal for underloaded
systems [9]. Yet this is not true for overloaded systems. In-
tuitively, it is too difficult for an on-line algorithm to select
the right jobs so as to maximize the overall processing time.
For example,EDF-AC would make a mistake in rejecting a
long job due to the earlier admission of a shorter job with

(1) Initialization: AC Q← ∅
(2)
(3) When job J is released:
(4) letJMp denote the job running inMp;
(5) if Me can complete all jobs inAC Q∪{J} usingEDF

(6) AC Q← AC Q∪ {J};
(7) Me runs the job with the earliest deadline job in

AC Q
(8) else ifMp is idle or p(J) > p(JMp)
(9) JMp is discarded andMp runsJ
(10) else
(11) J is discarded
(12)
(13) When Me completes job J :
(14) AC Q← AC Q− {J}
(15) letJMp denote the job running inMp;
(16) if Me can complete all jobs inAC Q ∪ {JMp} using

EDF
(17) AC Q← AC Q∪ {Jp} // Mp becomes idle
(18) Me runs the job with the earliest deadline inAC Q

Algorithm 3.1: TheEDF-Plus algorithm

close deadline. We improveEDF-AC based on a simple idea.
WhenEDF-AC mistakenly rejects a job, we give the job a sec-
ond chance by scheduling it in another processor temporarily;
after a while, the remaining processing time will get smaller
and hopefully, the job can get admitted byEDF-AC again.
Thus, the enhancedEDF-AC will be more productive.

The above observation leads us to use two processors, de-
notedMe andMp, in the algorithmEDF-Plus.Me schedules
jobs usingEDF-AC. OnceMe admits a job, the job is guar-
anteed to be completed. A rejected job is considered byMp

immediately.Mp aims at scheduling a rejected job temporar-
ily. The job inMp will repeatedly attempt to migrate toMe,
by going through the admission control ofMe wheneverMe

completes a job. Note that at any time, there may be more
than one job rejected byMe; yet Mp only works on the job
with the longest processing time as soon as it is rejected by
Me. All other rejected jobs fromMe are given up immedi-
ately. Algorithm 3.1 gives the details ofEDF-Plus.

Theorem 3.1. EDF-Plus is two-processor optimal for
UFS-1.

In the remainder of this section, we prove Theorem 3.1 by
contradiction. Assume thatEDF-Plus is not optimal for some
job sequence. LetI be the one containing the fewest jobs.
Without loss of generality, suppose the first job is released at
time 0. We first establish that for suchI, EDF-Plus keepsMe

busy over one continuous period (see Lemma 3.3). Then we

12



3 SCHEDULING WITH ADDITIONAL PROCESSORS

show in Lemma 3.4 an interesting property of the jobJ` in
I that has the latest deadline. Using these lemmas, we show
that the total processing time of jobs completed byMe is more
thand(J`) (see Lemma 3.5). Note that jobs ofI can only be
scheduled within the period[0, d(J`)]. Thus, an off-line algo-
rithm, using one processor, obtains a total value (processing
time) of at mostd(J`). This contradicts thatEDF-Plus is not
optimal forI and we complete the proof of Theorem 3.1.

Fact 3.2. At any time, if Me is idle, thenAC Q (the queue
storing all admitted jobs to be completed byMe) is empty
andMp is idle.

Lemma 3.3. In the course of schedulingI, Me is busy over
exactly one continuous period.

Proof. Assume thatMe is busy over two or more disjoint pe-
riods. Lettl be the start time of the last busy period. Partition
I into two parts, one for jobs with release time beforetl and
one for the rest. SinceEDF-Plus is not optimal for inputI,
at least one of the two parts gives a job sequence thatEDF-
Plus is not optimal. This contradicts thatI contains the fewest
jobs.

We need the following notion to analyzeJ`, the job with
the latest deadline.

Definition. Consider any timet whenMe rejects a jobJ (see
line 5 and 16 in Alg. 3.1). That is, ifMe usesEDF to sched-
ule J together with the jobs admitted beforet, some jobsJo

miss their deadlines. Any such jobsJo is said torepudiatesJ
at t. Note that a job can only repudiate itself or jobs with
earlier deadlines.

Lemma 3.4. In the course of schedulingI, there is at least
one time whenJ` repudiates a job.

Proof. Suppose on the contrary thatJ` never repudiates any
job. J` and all other jobs do not repudiateJ` when it is re-
leased; thus,J` must be admitted forMe. Consider any mo-
ment afterJ` is admitted. Any newly released job, if rejected
by Me, must be repudiated by a job other thanJ`. Recall
thatMe is runningEDF-AC andJ` has the latest deadline. If
we removeJ` fromI, Me will not admit more jobs andEDF-
Plus loses the processing time ofJ` without gaining anything.
On the other hand, the optimal off-line algorithm loses at most
the processing time ofJ`. Thus,I − {J`} is a job sequence
for which EDF-Plus is not optimal. This contradicts thatI
contains the fewest jobs.

Lemma 3.5. The value obtained byEDF-Plus in scheduling
I is more thand(J`).

Proof. By Lemma 3.4,J` repudiates some jobJ at some
time t. Note thatr(J`) ≤ t ≤ d(J`) andMe must be busy at
time t. Furthermore, by Lemma 3.3,Me is busy throughout
the period[0, t]. By definition, at timet, usingEDF to sched-
ule the jobs currently found inAC Q andJ will causeJ` to
miss its deadline. In other words,Me is committed to process
admitted jobs up to a time later thand(J`)− p(J), attaining a
total value of more thand(J`)− p(J).

Next, we show thatJ or another even longer rejected job
will be completed byEDF-Plus. AfterMe rejectsJ at timet,
there are three possible scenarios: (1)J is scheduled to com-
pletion onMp; (2) J is scheduled onMp and later migrates
to Me; or (3) J is discarded before its deadline byMp due
to the presence of another rejected job with longer processing
time. In the last case,EDF-Plus guarantees that a rejected job
with longer processor time will eventually be completed. The
value obtained in scheduling rejected jobs is at leastp(J).

Therefore, the total value obtained byEDF-Plus for
schedulingI is more thand(J`)− p(J) + p(J) = d(J`).

3.2 Constant Competitiveness

In this section we show the additional processor requirement
for achieving constant competitiveness isΘ(log k). In fact,
EDF-Plus is readily to give a performance guarantee for gen-
eral value density as follows.

Lemma 3.6. EDF-Plus is two-processork-competitive for
UFS-k.

Proof. EDF-Plus ignores the value density of the jobs, yet
Theorem 3.1 guarantees that its total processing time on com-
pleted jobs matches that of any off-line algorithm. The best
an off-line algorithm can do is to schedule jobs all with value
densityk. Result follows.

Theorem 3.7. There exists a2 dlog ke-processor2-comp-
etitive algorithm forUFS-k.

Proof. Consider the following2 dlog ke-processor algorithm.
Partition the jobs intodlog ke groups, where thei-th group
contains all the jobs with value density2i−1 ≤ ρ(J) ≤ 2i.
Each group is given two processors executingEDF-Plus in-
dependently. Within each group, the value densities differ by
at most a factor of 2, so the two processors match the value ob-
tained by any off-line algorithm for jobs of this group. There-
fore, the2 dlog ke processors together can match the value ob-
tained by any off-line algorithm for jobs with value densities
in [1, k].

Theorem 3.8. For UFS-k, anyw-processorc-competitive al-
gorithm satisfies the relation thatc ≥ 1

2
w
√

k.
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3 SCHEDULING WITH ADDITIONAL PROCESSORS

Before we prove this theorem, let us consider its conse-
quence. Suppose there is aw-processorc-competitive al-
gorithm for some constantc. By Theorem 3.8, we have
c ≥ 1

2
w
√

k, or equivalently,w ≥ log2c k. Therefore,w =
Ω(log k), and we obtain the asymptotically tight lower bound.

The rest of this section is devoted to proving Theorem 3.8.
LetA be aw-processor algorithm wherew < log k. Without
loss of generality, we assume thatk > 2 andw ≥ 1. Below
we construct a job sequence to makeA perform poorly. Let
d = 1

2
w
√

k and ε = 1
wdk . DefineJ to be a set ofw + 1

tight jobs, each belonging to a distinct category defined below.
Notice that2dε = 2

wk < 1, and the job value is decreasing
from Category 0 to Categoryw.

category value density processing time value

0 1 1 1
1 2d ε 2dε
2 (2d)2 ε2 (2dε)2

...
w (2d)w εw (2dε)w

Table 2: The input job setJ for uniprocessor scheduling

We consider an adversary which releases the job sequence
in stages and schedules the jobs with one processor. The first
stage begins at time 0 whenJ is released. Since there are
w + 1 jobs andA uses onlyw processors, there is a job not
running byA at time 0. Denote this job asJ0. The adversary
scheduleJ0 using its only processor and release anotherJ
when it completesJ0.

In general, at the beginning of thei-th stage, the adversary
releases anotherJ and chooses a jobJi to run as follows.
Note that at that time, the jobs chosen byA may not have
distinct value densities asA may continue running some jobs
released in previous stages. Let` be the smallest category
such thatA runs only` jobs in Category 0 tò. That is,A
runs` jobs in Category 0 tò − 1, but not any in Categorỳ.
Let Ji be the job in Categorỳ just released. Denoteαi = `
as the category ofJi. The last stage lasts for a time period of
1; this ensures that the deadline of every job released so far is
no later than the end of the last stage.

Fact 3.9. In the i-th stage, the adversary completes jobJi,
obtaining a value ofv(Ji) = (2dε)αi .

Since all jobs are tight, if a job is not scheduled to run on a
processor upon release, it will definitely miss its deadline. In
other words, in the middle of a stage, it makes no sense for a
processor to switch to another job. Thus, we can assume that
within a stage, a processor runs at most one job.

Lemma 3.10. In thei-th stage (except the last one), the value
obtained byA is at most1d (2dε)αi , i.e.,v(Ji)/d.

Proof. By the definition ofαi, throughout thei-th stageA
runsαi jobs in Category 0 toαi − 1 and at mostw − αi jobs
in Categoryαi + 1 to w.

Let us first consider jobs in Categoryαi + 1 to w. We
show that the total value due to such jobs is at most1

d εαi .
The duration of thei-th stage isεαi , which is long enough
to complete any job in Categoryαi + 1 to w. Each processor
running a job in Categorỳ≥ αi+1 gives a value of(2dε)` ≤
(2dε)αi+1. Thus, the total value obtained by such processors
is bounded by

w(2dε)αi+1 ≤ w(2d)wεαi+1

= w(w
√

k)w 1
wdk

εαi

=
1
d

εαi .

Next, we consider the jobs in Category 0 toαi − 1. Re-
call that theseαi jobs may not have distinct value densities.
Nevertheless, by the definition ofαi, the sum of their value
densities is at most1+2d+(2d)2 + · · ·+(2d)αi−1. Assum-
ing all these jobs are running throughout thei-th stage, the
value obtained is at most

[
1 + 2d + (2d)2 + · · ·+ (2d)αi−1

]
εαi

=
(2d)αi − 1

2d− 1
εαi

≤ (2d)αi − 1
d

εαi .

Summing the above two parts together, we conclude that
the value obtained byA during thei-th stage is at most1d εαi+
(2d)αi−1

d εαi = 1
d (2dε)αi , which completes the proof.

In the last stage, the bestA can do is to complete the first
w jobs just released, obtaining a total value of at mostw. The
adversary on the other hand completes the job with value 1.

Consider an instance of the above job sequence that con-
sists ofh + 1 stages. LetO be the value obtained by the
adversary during the firsth stages. By Lemma 3.10, the com-
petitive ratio ofA is at least(O + 1)/(O/d + w). Notice
that w is a constant, and we can choose a sufficiently large
h to makeO arbitrarily large and the ratio arbitrarily close
to d. Therefore, the competitive ratio ofA has a lower bound
of d, which is defined as12

w
√

k. This completes the proof of
Theorem 3.8.
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3 SCHEDULING WITH ADDITIONAL PROCESSORS

3.3 Optimality

In this section we first present an algorithm calledEDF-MSp
which is 4-processor optimal forUFS-2. Then we show
that for UFS-k, a simple extension ofEDF-MSp can give
a4 dlog ke-processor optimal algorithm.EDF-MSp uses four
processors, divided into twobands, each containing two pro-
cessors. When a job is released, it is first considered by
Band 1, which is runningEDF-Plus. If Band 1 discards the
job (at line 9 or line 11 in Alg. 3.1), the job is passed to
Band 2.

For any job sequenceI, let A1 andO be the sets of jobs
completed byEDF-Plus and an optimal off-line algorithm
OPT. For any job setS, denote‖S‖ as the sum of the value
of all jobs in S. We overload the symbolp(S) to denote
the sum of the processing time of all jobs inS. Recall that
EDF-Plus guarantees thatp(A1) ≥ p(O). Though jobs inO
may have higher value, the importance ratio is at most two
and‖O‖, the total value ofO, is at most2p(O). Optimal-
ity can be achieved if the Band 2 processors can complete a
subsetA2 of jobs discarded byEDF-Plus with sufficient pro-
cessing time, say,p(A2) ≥ p(O). Then we can conclude
that ‖A1‖ + ‖A2‖ ≥ ‖O‖. Yet providing such a guarantee
on p(A2) seems to be very difficult. In fact, our algorithm
takes advantage of a less demanding requirement, namely,
p(A2) ≥ p(O −A1 −A2).

Lemma 3.11. LetO′ = O − A1 − A2. Supposep(A2) ≥
p(O′). Then‖A1‖+ ‖A2‖ ≥ ‖O‖.
Proof. DenoteS1 = A1 ∩ O andS2 = A2 ∩ O. Note that
O′ = O − S1 − S2 and ‖O‖ = ‖S1‖ + ‖S2‖ + ‖O′‖.
Furthermore, letA′1 = A1 − S1, and letA′2 = A2 − S2.
Sincep(A1) ≥ p(O), we havep(A′1) = p(A1) − p(S1) ≥
p(O) − p(S1) = p(O′) + p(S2). Moreover,p(A2) ≥ p(O′)
and thusp(A′2) = p(A2)− p(S2) ≥ p(O′)− p(S2). In sum-
mary, we havep(A′1)+ p(A′2) ≥ 2p(O′) ≥ ‖O′‖. Therefore,
‖A1‖+ ‖A2‖ ≥ ‖S1‖+ ‖S2‖+ p(A′1)+ p(A′2) ≥ ‖O‖.

Below we derive an algorithm called MSp for Band 2 so
thatp(A2) ≥ p(O′), whereO′ = O −A1 −A2. First of all,
we note that jobJ passed to MSp is discarded byEDF-Plus
either atr(J) or strictly afterr(J). For the latter case, we
observe the following property.

Fact 3.12. If a job J is discarded byEDF-Plus at timet >
r(J), it has been running onMp during[r(J), t].

We denote the two processors of MSp asMr andMd. De-
tails of MSp are shown in Algorithm 3.2. Intuitively, for every
job J discarded by Band 1, we hope that eitherJ is completed
in Band 2, orMr is busy during the entire period[r(J), d(J)].
Mr attempts to schedule and complete any job discarded by

(1) Initialization: SLACK Q← ∅
(2) // A job in SLACK Q waits until its slack time is zero
(3)
(4) When job J is passed to band 2:
(5) letJr is the job running inMr;
(6) if Mr is idle or r(J) < r(Jr)
(7) SLACK Q← SLACK Q∪ {Jr}
(8) Mr runsJ
(9) else
(10) SLACK Q← SLACK Q∪ {J}
(11)
(12) When Mr completes job J :
(13) if SLACK Q 6= ∅
(14) SLACK Q← SLACK Q− {J ′} whereJ ′ is chosen

arbitrarily fromSLACK Q
(15) Mr runsJ ′

(16) else ifMd is working on a jobJd

(17) Mr runsJd // Md becomes idle
(18)
(19) When job J ∈ SLACK Q has zero slack time:
(20) letJd is the job running inMd;
(21) SLACK Q← SLACK Q− {J}
(22) if Md is idle or d(J) > d(Jd)
(23) Md runsJ ; Jd is discarded
(24) else
(25) J is discarded

Algorithm 3.2: MSp – the algorithm for Band 2.

Band 1. However, to guarantee productivity as early as possi-
ble, a discarded job from Band 1 with an earlier release time
can preempt the current job inMr. On the other hand, for any
job J that is not scheduled byMr, we giveJ a second chance
by scheduling it inMd temporarily andJ may migrate toMr

wheneverMr becomes idle. The ensuresMr to be busy as
long as possible.Md uses the zero slack time strategy, i.e.,
Md runs a jobJ only whenJ ’s slack time is zero; if there
are more than one such job,Md runs the one with the latest
deadline. Similar to the two processors ofEDF-Plus,Mr and
Md have the following relationship.

Fact 3.13. At any time, ifMr is idle, thenSLACK Q is empty
andMd is idle.

The crux of the analysis of Band 2 is captured by the fol-
lowing theorem. Recall that with respect to a given job se-
quenceI, A1 andA2 denote the set of jobs completed by
Band 1 and Band 2, respectively, andI ′ denotes the set
of jobs passed to but not completed by Band 2 (i.e.,I ′ =
I − A1 − A2). Furthermore, we need the following defini-
tion.

Definition. The span of a setS of jobs is the union of the
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3 SCHEDULING WITH ADDITIONAL PROCESSORS

spans of all the jobs inS. (E.g., the union of the spans[3, 6]
and [5, 8] is [3, 8].) Furthermore, letsp(S) be the total time
included in the span ofS.

Theorem 3.14. p(A2) ≥ sp(I ′).
Before proving Theorem 3.14, we note that Theorem 3.14

guarantees thatEDF-MSp is a four-processor optimal algo-
rithm for scheduling jobs with value densities in the range
[1, 2].

Corollary 3.15. (i) p(A2) ≥ sp(O′); (ii) ‖A1‖ + ‖A2‖ ≥
‖O‖.
Proof. As O′ ⊆ I ′ andOPT schedules at most one job at a
time, we havep(O′) ≤ sp(I ′). By Theorem 3.14,p(A2) ≥
sp(I ′) ≥ p(O′). Then, by Lemma 3.11, we conclude that
‖A1‖+ ‖A2‖ ≥ ‖O‖.

We prove Theorem 3.14 via the following three lemmas.

Lemma 3.16. Let J be a job passed to Band 2 at timet >
r(J). Then any jobJ ′ with r(J ′) ≤ r(J), if passed to Band 2,
must be passed on or beforer(J).

Proof. Assume on the contrary that there is a jobJ ′ passed to
Band 2 at timet′ such thatr(J ′) ≤ r(J) < t′. Consider the
nonempty interval[r(J), min(t, t′)]. By applying Fact 3.12
to J andJ ′, we obtain the contradiction thatMp has been
runningJ andJ ′ during this interval.

Definition. At any timet, EDF-MSp is to said beproductive
onA2 if a job J ∈ A2 is running on one the four processors
of EDF-MSp.

Lemma 3.17. At any time, ifMr is busy, thenEDF-MSp is
productive onA2.

Proof. Consider any timet1 when Mr runs a jobJ . The
lemma holds ifJ is completed onMr. It remains to con-
sider the case thatJ is preempted by another jobJ ′ passed
to Band 2 at timet2 ≥ t1. By definition of EDF-MSp,
r(J ′) < r(J). We want to show thatJ ′ is in A2. Note
that r(J ′) < r(J) ≤ t1 ≤ t2. By Fact 3.12,J ′ is running
onMp during the period[r(J ′), t2]. By Lemma 3.16, all jobs
passed to Band 2 aftert2 ≥ r(J ′) are released later thanJ ′.
Therefore,J ′ cannot be preempted by these jobs and can run
up to completion onMr. Thus,J ′ is inA2 andEDF-MSp is
productive onA2 during [r(J ′), t2] and in particular at time
t1.

Lemma 3.18.LetJ be any job discarded byEDF-MSp. Then
EDF-MSp is productive onA2 throughout the span ofJ , i.e.,
[r(J), d(J)].

Proof. By Lemma 3.17, it suffices to show thatMr is busy
during the span ofJ . We divide the span into three periods
(which may not all exist) and argueMr is busy in each period.

• Consider the period fromr(J) to the timeto whenJ is
passed to Band 2. Supposeto > r(J). Assume, for the
sake of contradiction, thatMr is idle at a certain time
t ∈ [r(J), to]. Then all jobs passed to Band 2 beforet
should have been completed or discarded byt; otherwise
Mr should schedule one att. In other words, any jobJ ′

found in Band 2 after timet must be passed to Band 2
at time aftert > r(J). By Lemma 3.16, ifJ 6= J ′,
thenr(J ′) > r(J). WhenJ is passed to Band 2 atto,
it can preempt the job currently inMr (if exist) and will
not be preempted afterward. Therefore,J can run up to
completion onMr, contradicting thatJ is discarded by
EDF-MSp.

• As J is discarded eventually, it must have put into
SLACK Q at least once. Consider the period fromto to
the last timet` whenJ is removed fromSLACK Q for
consideration ofMd. At any time within this period,J
is in SLACK Q or is processed byMd or Mr. In the first
two cases,Mr cannot be idle because of Fact 3.13 (i.e.,
J is eligible for scheduling onMr).

• At time t`, Md attempts to scheduleJ . Recall thatJ is
discarded byEDF-MSp. J must be preempted before its
deadline. By definition ofMd, this must be due to a job
J ′ with a later deadline. Note thatJ ′ may possibly be
further preempted or migrated toMr. In all cases, at any
time within the period[t`, d(J)], there is at least one job
with deadline on or afterd(J) scheduled by eitherMr or
Md. In the latter case, by Fact 3.13,Mr must be busy
with some other job.

We are now ready to prove Theorem 3.14, i.e.,p(A2) ≥
sp(I ′).
Proof of Theorem 3.14.First of all, p(A2) is at least the
total time during whichEDF-MSp is productive onA2.
Lemma 3.18 ensures that for any jobJ ∈ I ′, EDF-MSp
is productive onA2 during the span ofJ . In other words,
EDF-MSp is productive onA2 during the span ofI ′. There-
fore,p(A2) ≥ sp(I ′).

EDF-MSp can serve as a building block for handling jobs
with general importance ratio.

Theorem 3.19.There exists a4 dlog ke-processor optimal al-
gorithm forUFS-k.

Proof. Consider the following4 dlog ke-processor algorithm.
Partition the jobs intodlog ke groups, where thei-th group
contains all the jobs with value density in the range[2i−1, 2i].
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3 SCHEDULING WITH ADDITIONAL PROCESSORS

Each group is given 4 processors executingEDF-MSp inde-
pendently. Within each group, the value densities differ by at
most a factor of 2, so the four processors match the value ob-
tained by any off-line algorithm for jobs of this group. There-
fore, the4 dlog ke processors together can match the value ob-
tained by any off-line algorithm for jobs with value densities
in [1, k].

3.4 Concluding Remarks

In this chapter, we have presented a2-processor optimal algo-
rithm for UFS-1. Extending this algorithm gave a2 dlog ke-
processor2-competitive algorithm and a4 dlog ke-processor
optimal algorithm for UFS-k. These results are asymp-
totically tight as we have showed nop-processorO(1)-
competitive or optimal algorithm exist unlessp = Ω(log k).
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4 Multiprocessor Scheduling

In this chapter, we consider the competitiveness of on-line al-
gorithms using additional resources forMFS-k. I.e., for any
integerm ≥ 2, we are interested in comparing the perfor-
mance of on-line algorithms usingm or more possibly faster
processors against an off-line algorithm usingm processors.

Without additional resources, Koren and Shasha [21] gave
an algorithm calledMOCA that has a competitive ratio of
1 + m(k1/ψ − 1), whereψ = m

2
log k

log k+1 . They also showed a

lower bound of k
k−1 m(k1/m − 1). Whenm tends to infinity,

both bounds tend toO(log k). When slightly faster processors
are used, Kalyanasundaram and Pruhs [17] demonstrated a
speed-O(1) O(1)-competitive algorithm calledSLACKER for
UFS-k, and Lam and To [25] extended the algorithm to give
a speed-O(1) O(1)-competitive algorithm calledMSLACKER

for MFS-k. For example, the algorithm is speed-2 21-
competitive. However, no result using additional processors
is known.

In section 4.1, we extendMOCA to using additional
processors and prove that it isO(log k)-processorO(1)-
competitive. We also show thatΩ(log k) times additional pro-
cessors (i.e.,Ω(m log k) processors) are required to achieve
constant competitiveness.

The algorithmsSLACKER [17] and MSLACKER [25] al-
low a trade-off between the speed and the competitive ratio.
For example, using a speed-3 instead of a speed-2 processor,
the competitive ratio can be improved from 21 to 7. In sec-
tion 4.2, we consider an extension ofMSLACKER. We show
that to reduce the competitive ratio ofMSLACKER, we can
use additional speed-s processors instead of increasing the
speed requirements. For instance, whens = 2, MSLACKER

can be improved from21-competitive to5-processor speed-2
5-competitive.

4.1 Competitiveness with Additional Proces-
sors

In this section we prove thatΘ(log k) additional processors
are required to achieve constant competitiveness.

4.1.1 Lower bound

Theorem 4.1.For MFS-k, anyw-processorc-competitive al-
gorithm satisfies the relation thatc ≥ m(mw

√
k − 1).

Let us look at the consequence of the above theorem. Sup-
pose there is aw-processorc-competitive algorithm for some
constantc. By Theorem 4.1, we havec ≥ m(mw

√
k − 1),

or equivalently,w ≥ log k/(m log( c+1
m )). Therefore,w =

Ω(log k), and we obtain the lower bound.

The analysis is very similar to the proof of Theorem 3.8.
Given anyw-processor algorithmA, we consider job setJ
consisting ofm(mw+1) tight jobs. Denoteλ = k1/mw. The
jobs are divided intomw+1 categories, each withm jobs and
value densities1, λ, λ2, · · · , λmw−1, andλmw. Note that the
importance ratio of the jobs isλmw = k. We call these jobs
Category0, 1, 2, · · · ,mw− 1, andmw, respectively. Letε be
a small constant such thatελ < 1/k, i.e., ε < k−(1+1/mw).
The job setJ is shown in Table 3.

category value density processing time value

0 1 1 1
1 λ ε ελ
2 λ2 ε2 (ελ)2

...
mw k εmw kεmw

Table 3: The input job setJ for multiprocessor scheduling

The input is divided into stages. At the beginning of the
i-th stage, the adversary releasesJ and chooses a category as
follows. Let ` be the smallest category such thatA runs only
` jobs in Category0 to `. That is,A runs` jobs in Category0
to ` − 1, but not any in Categorỳ. Denoteαi = `. The
adversary schedulesm Categoryαi jobs and at the time of
completion it starts the next stage. The last stage lasts for a
time period of 1; this ensures that the deadline of every job
released is no later than the end of the last stage.

Fact 4.2. In the i-th stage, the adversary completesm Cate-
goryαi jobs, obtaining a value ofm(ελ)αi .

Since all jobs are tight, if a job is not scheduled to run on a
processor upon release, it will definitely miss its deadline. In
other words, in the middle of a stage, it makes no sense for a
processor to switch to another job. Thus, we can assume that
within a stage, a processor runs at most one job.

Lemma 4.3. In the i-th stage (except the last one), the ratio
of the value obtained by the adversary to that byA is at least
m(mw

√
k − 1).

Proof. By the definition ofαi, throughout thei-th stageA
runsαi jobs in Category0 to αi−1 and at mostmw−αi jobs
in Categoryαi + 1 to mw.

Let us first consider the jobs in Categoryαi + 1 to mw.
The duration of thei-th stage isεαi , which is long enough to
complete any job in Categoryαi + 1 to mw. Each processor
running a job in Categorỳ≥ αi +1 gives a value of(ελ)` ≤
(ελ)αi+1. Thus, the total value obtained is bounded by

(mw − αi)(ελ)αi+1 .
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4 MULTIPROCESSOR SCHEDULING

Next, we consider the jobs in Category0 to αi − 1. Re-
call that theseαi jobs may not have distinct value densities.
Nevertheless, by the definition ofαi, the sum of their value
densities is at most1 + λ + λ2 + · · · + λαi−1. Assuming
all these jobs are running throughout thei-th stage, the value
obtained byA is at most

[
1 + λ + λ2 + · · ·+ λαi−1

]
εαi =

λαi − 1
λ− 1

εαi .

Therefore, the ratio of the value obtained by the adversary
andA is at least

min
1≤αi≤mw

m(ελ)αi

(mw − αi)(ελ)αi+1 + λαi−1
λ−1 εαi

= m(λ− 1) ·
min

1≤αi≤mw

(ελ)αi

(λ− 1)(mw − αi)(ελ)αi+1 + (ελ)αi − εαi

= m(λ− 1) ·
min

1≤αi≤mw

1
(λ− 1)(mw − αi)ελ + 1− λ−αi

.

The denominator is increasing withαi for αi < mw since

λ−αi − λ−(αi+1)

= λ−(αi+1)(λ− 1)
≥ λ−mw(λ− 1)
≥ (λ− 1)/k

> (λ− 1)ελ .

Thus, the minimum occurs atαi = mw. The competitive
ratio is at least

m(λ− 1)
1

1− λ−mw

> m(λ− 1)

= m(mw
√

k − 1) .

In the last stage, the bestA can do is to complete the first
mw jobs just released, obtaining a total value of at mostmw.
The adversary on the other hand completes them jobs with
value1.

Consider an instance of the above job sequence that con-
sists ofh + 1 stages. LetO be the value obtained byA in the
first h stages. By Lemma 4.3, the competitive ratio ofA is at
least(m(mw

√
k − 1)O + m)/(O + mw). Notice thatmw is a

constant, and we can choose a sufficiently largeh to makeO
arbitrarily large and the ratio arbitrarily close tom(mw

√
k−1).

Therefore, the competitive ratio ofA has a lower bound of
m(mw

√
k − 1). This completes the proof of Theorem 4.1.

(1) Initialization:
(2) Q ← ∅ // A jobJ in Q waits for timed(J)− p(J)
(3)
(4) When job J is released:
(5) if J can be admitted by aMei for somei
(6) Mei admitsJ and reschedule according toEDF
(7) else
(8) Q ← Q ∪ {J}
(9)
(10) When a Mei completes all jobs it admitted:
(11) if Mdi is running a jobJ
(12) Switch the roles ofMei andMdi

(13) // I.e.Mei becomesMdi and vice versa
(14)
(15) When a job J ∈ Q arrives time d(J)− p(J):
(16) Q ← Q− {J}
(17) if there exists an idlingMdi

(18) Mdi runsJ
(19) else
(20) DenoteMdi as theMd running a jobJi with the

earliest deadline
(21) if d(J) > d(Ji)
(22) Mdi runsJ // Ji is discarded
(23) // OtherwiseJ is discarded

Algorithm 4.1: Multiprocessor scheduling algorithm (MSA)

4.1.2 Upper bound

We now show thatO(log k) additional processors is sufficient
to achieve constant competitiveness. Consider a multiproces-
sor scheduling algorithm (MSA) with 2wm processor (i.e.,
MSA is a 2w-processor algorithm). The processors are di-
vided intowm bands, each consisting of 2 processors denoted
asMe andMd. Me schedules jobs usingEDF-AC 3. A re-
jected job is considered byMd at timed(J) − p(J), where
a later deadline job can preempt an earlier deadline job. The
details ofMSA is shown in Algorithm 4.1. We prove the
competitiveness ofMSA in Theorem 4.4, with which we can
conclude the upper bound in Corollary 4.5.

Theorem 4.4. MSA is 2w-processor(1+ k
w )-competitive for

MFS-k.

Corollary 4.5. There exists a2w dlog ke-processor(1 + 2
w )-

competitive algorithm forMFS-k.

Proof. Consider the following2w dlog ke-processor algo-
rithm. Partition the jobs intodlog ke groups, where the

3Recall thatEDF-AC is the earliest deadline first algorithm with a simple
form of admission control. See page 12 for definition.

19



4 MULTIPROCESSOR SCHEDULING

i-th group contains all the jobs with value density in the
range[2i−1, 2i]. Each group is given2w processor execut-
ing MSA independently. Within each group, the value densi-
ties differ by at most a factor of1 + k

w , so the2w processors
match the value obtained by any off-line algorithm for jobs of
this group. Therefore, the2w dlog ke processors together can
match the value obtained by any off-line algorithm for jobs
with value densities in[1, k].

Notice thatw is a constant, and thus the algorithm is con-
stant competitive when givenO(log k) additional processors.
For instance, when we takew as2, the algorithm is4 dlog ke-
processor2-competitive.

The rest of this section is devoted in proving Theorem 4.4.
For any input job sequenceJ , denoteAJ andOJ as the set
of jobs completed byMSA and an off-line algorithm, re-
spectively. Consider any input job sequenceI. Partition
I into two subsets: those jobs that are completed byMSA
(denotedS), and those that are not completed byMSA (de-
notedF). Recall that‖S‖ =

∑
J∈S v(J) for any job setS.

Lemma 4.6 (The Lost Value Lemma [21]).For some con-
stantc, if ‖OF‖ ≤ c ‖AI‖, then‖OI‖ ≤ (c + 1)‖AI‖.
Proof. ‖OI‖ ≤ ‖OF‖+‖OS‖ = ‖OF‖+‖AS‖ = ‖OF‖+
‖AI‖ ≤ (c + 1)‖AI‖.

Lemma 4.7. During the span of any jobJ ∈ F , all Me’s are
busy.

Proof. Recall that a job inF is not completed byMSA. Let
`(J) = d(J)−p(J). First we consider the period[r(J), `(J)].
At r(J), noMe can admitJ (otherwiseJ should be scheduled
to completion on aMe). Therefore, allMe’s have already
admitted enough jobs to keep them busy until after`(J).

For the period[`(J), d(J)], consider the instance whenJ
is discarded. This happens when either it cannot find aMd to
run at`(J), or it has been preempted by another job with a
later deadline (at line 22 in Algorithm 4.1). In both cases,
all jobs in Md’s are with deadlines at leastd(J). During
[`(J), d(J)], when aMe completes all jobs it admitted, it
switches its role with theMd of the same band. The new
Me would be busy until at leastd(J).

Lemma 4.8. ‖OF‖ ≤ k
w‖AI‖.

Proof. Recall thatOF is the set of jobs completed by the off-
line algorithm with inputF . By Lemma 4.7, whenever a job
in F can be scheduled, all themw Me’s in MSA are busy. By
the definition ofEDF-AC, all jobs scheduled inMe’s are ex-
ecuted to completion. Therefore, all these jobs are inAI . At
any instance, for each job running by the off-line algorithm,

we can findw distinct jobs running inMe’s. The best the off-
line algorithm can do is to schedulem jobs inAI each with
value densityk. Thus,

‖OF‖
k

≤ ‖AI‖
w

.

Proof of Theorem 4.4.The competitive ratio ofMSA is

‖AI‖
‖OI‖ ≥

(1 + k
w )‖OI‖
‖OI‖ = 1 +

k

w
.

4.2 Additional Processors and Competitive
Ratios

For uniprocessor scheduling, the algorithmSLACKER given
by Kalyanasundaram and Pruhs [17] is speed-(1 + 2δ) (1 +
δ−1)(1+δ−1/2)(1+δ−1/2+δ−1)-competitive for anyδ > 0.
Lam and To [25] gave an extension ofSLACKER, denoted
MSLACKER, which is speed-(1 + 2δ) (1 + 2δ−1 + 4δ−2)-
competitive for multiprocessor scheduling.

In this section we show thatMSLACKER has a natural ex-
tension for additional processors. Specifically,MSLACKER is
a w-processor speed-(1 + 2δ) (1 + 2

wδ + 4
wδ2 )-competitive

algorithm, where1 ≤ w ≤ 1 + 2δ−1, for MFS-k. The
improvement is more significant when the speedup is low.
Figure 6 shows the competitiveness ofMSLACKER with and
without using additional processors. For example, with speed-
2 processors, the originalMSLACKER is 1-processor speed-
2 21-competitive. With this extension, the competitive ra-
tio can be improved to2-processor speed-2 11-competitive,
or 5-processor speed-2 5-competitive. The trade-off for the
case of speed-2 processors is illustrated in Figure 7. This re-
sult should be contrasted with theΩ(log k) speed-1 processor
lower bound we have shown in the previous section.

MSLACKER is parameterized by two real valuesδ > 0 and
c > 1. MSLACKER is equipped withmw speed-s processors
wheres = 1 + 2δ, and keeps an initially empty set of privi-
leged jobsM . At any time,MSLACKER runs all jobs inM if
M hasmw or fewer jobs; otherwise, it runs themw highest-
value-density jobs inM . When a jobJ is released,J is added
to M if M contains less thanmw jobs, orρ(J) ≥ c · ρ(J0)
whereJ0 is themw-th highest-value-density job inM . If J
cannot be added toM immediately, the same checking will
be done toJ again whenever a job is completed, up to time
d(J)− δ p(J)

s − p(J). Notice that when a job completion oc-
curs, if there are jobs other thanJ waiting to be added intoM ,
we perform the checking for them in an arbitrary order. A job
is removed fromM if either it is completed, or it is certain to
miss its deadline. Figure 8 shows howMSLACKER considers
a job for execution.
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Figure 8: The life-cycle of a jobJ as scheduled byMSLACKER
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Figure 6: Competitiveness ofMSLACKER with additional
processors

Definition. Consider any input job sequence. LetO be the
set of jobs completed by an off-line algorithm, and letS and
R denote the sets of jobs completed byMSLACKER and ever
added intoM respectively. By definition,‖S‖ ≤ ‖R‖.
Definition. A job J , once released, is said to befresh4 up to
the timed(J)− (1 + δ)p(J)

s .

4Notice that the definition of fresh here is different from the one in page 7.
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Figure 7: Trade-off between competitive ratio and times of
processors for speed-2 processors.

The analysis is essentially the same as the original proof
for MSLACKER. Intuitively, MSLACKER is very conservative
and can complete most of the jobs added intoM . We make
use of the following fact that is proved in [25], which states
that‖S‖ is at least a significant fraction of‖R‖.
Fact 4.9. (see Lemma 5.1 in [25])‖S‖ ≥ δ(c−1)−1

δ(c−1) ‖R‖.
We also show that the wayMSLACKER selects the
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4 MULTIPROCESSOR SCHEDULING

jobs guarantees that‖O‖ cannot exceed‖R‖ too much
(Lemma 4.11) by observing the following property.

Lemma 4.10. At any time t when a jobJ has not yet
completed byMSLACKER and J is still fresh, then either
MSLACKER is executingJ , or MSLACKER is executing
mw other jobs each with value density at leastρ(J)/c.

Proof. At time t, J may or may not be inM . If J is in M
and not being executed, then the value density of any job
MSLACKER is executing is at leastρ(J). Next, we consider
J not in M . Throughout the period[r(J), t], J is not qual-
ified to get intoM , i.e., M contains at leastmw jobs, and
ρ(J) < c ·ρ(J0) whereJ0 is themw-th highest-value-density
job in M . At time t, MSLACKER is executingm other jobs
each with value density at leastρ(J)/c.

We are now ready to show the upper bound of‖O‖.

Lemma 4.11. For 1 ≤ w ≤ c, ‖O‖ ≤ ‖S‖+ c
wδ‖R‖.

Proof. PartitionO into Oc = O ∩ S andOu = O − S.
SinceOc ⊆ S, ‖O‖ ≤ ‖S‖ + ‖Ou‖. Intuitively, each job
in Ou must be fresh for a large proportion of the time when
off-line chooses the job for execution. On the other hand,
Lemma 4.10 guarantee that at such timeMSLACKER must
have chosen jobs with large value density for execution. De-
tails are as follows.

For any jobJ in Ou, definea1(J) (respectivelya2(J)) to
be the total amount of time when the adversary executesJ
while J is fresh (respectivelyJ is no longer fresh). By def-
inition, a1(J) + a2(J) = p(J). For any jobJ ∈ Ou,
a2(J) ≤ (1 + δ)p(J)

s , anda1(J) = p(J) − a2(J) ≥ δ p(J)
s .

Thus, δ
s v(J) = δ

s p(J)ρ(J) ≤ a1(J)ρ(J), and δ
s‖Ou‖ ≤∑

J∈Ou a1(J)ρ(J).
To derive an upper bound of‖O‖, we considera1(J) for

each jobJ ∈ Ou. By definition, every jobJ ∈ Ou is not
completed byMSLACKER. At any time when the adversary
executes a jobJ ∈ Ou while J is fresh, Lemma 4.10 tells us
thatMSLACKER either executesJ , or executesmw jobs each
of value density at leastρ(J)/c. In general, at any timet,
let Xt be the set of fresh jobs inOu currently executed by
the adversary; then for each jobJ ∈ Xt, either it is running
by MSLACKER, or we can identifyw distinct jobs currently
executed byMSLACKER with job density at leastρ(J)/c. In
other words, the total value density of jobs inXt is at most
c/w times the total value density of jobs currently executed
by MSLACKER. To bound

∑
J∈Ou a1(J)ρ(J), it suffices

to consider the sum over all timet of the total value den-
sity of jobs in Xt, which is at mostc/w times of the sum
over all timet of the total value density of jobs executed by

MSLACKER at time t. Note that each jobJ ∈ R can con-
tribute a quantity of at mostρ(J)p(J)

s to the latter sum. Thus,

the latter sum can be expressed as
∑

J∈R ρ(J)p(J)
s , which is

equal to1
s‖R‖. In summary,

∑
J∈Ou a1(J)ρ(J) ≤ c

ws‖R‖.
Therefore,δ‖Ou‖ ≤ c

w‖R‖, and‖O‖ ≤ ‖S‖ + ‖Ou‖ ≤
‖S‖+ c

wδ‖R‖.
Theorem 4.12. MSLACKER is w-processor speed-(1 + 2δ)
(1+ 2

wδ + 4
wδ2 )-competitive, where1 ≤ w ≤ 1+2δ−1, when

c is chosen as1 + 2δ−1, for MFS-k.

Proof. It follows from Fact 4.9 and Lemma 4.11.

Corollary 4.13. For any real s > 1, MSLACKER is (1 +
4

s−1 )-processor speed-s (1 + 4
s−1 )-competitive forMFS-k.

4.3 Concluding Remarks

We have showed that forMFS-k, Θ(log k) additional pro-
cessors are required to attain a constant competitive ratio. We
have also showed how to use additional processors to improve
the competitive ratio ofMSLACKER.
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5 CONCLUSION

5 Conclusion

5.1 Summary

In this thesis, we have discussed the use of additional re-
sources, namely, faster and additional processors, for the on-
line firm deadline scheduling problem. We considered this
problem under different settings: uniprocessor or multipro-
cessor scheduling, uniform or general value density, and opti-
mal or constant competitive algorithms. Table 4 and 5 below
summarize the up-to-date results. Results marked with the a
cross (†) are shown in this thesis.

Notice that for competitive results (Table 5), only the order
of magnitude is given. This is because the absolute value of
resource requirement can be tuned according to the desired
competitive ratio.

In addition, we have also shown the following two results:

• A speed-O(1) optimal algorithm forUFS-k when all
jobs are tight.

• The trade-off between additional processors and compet-
itive ratio for multiprocessor scheduling.

5.2 Discussion

5.2.1 Speed versus processors

Intuitively, one speed-x processor andx speed-1 processors
offer similar power — to allowx units of work to be done
in one unit of time. Yet the results show that speed is much
more powerful; indeed, to achieve constant competitiveness
for general value density,O(1) times faster processors are
sufficient, but not for anyw-processor algorithm unlessw =
Ω(log k).

In fact, the major difference between speed and processors
lies on their power to “correct mistakes”, i.e., what the on-
line algorithm can do once it realizes that it has not scheduled
jobs that will be completed by the optimal off-line algorithm.
When faster processors are used, the on-line algorithm can
catch up the optimal off-line algorithm by scheduling those
jobs with its extra speed. However, this is not feasible when
using additional processors. Algorithms with additional pro-
cessors can only schedule more jobs, hoping that the value it
obtains from those jobs is enough to compensate for any mis-
takes in choosing the jobs. Whenk = 1, jobs are equally
important and the difference is not that significant. This is not
true for general value density, where quality outbids quantity.
This explains theO(log k) requirement for generalk.

5.2.2 Optimality with a faster processor

For UFS-1, the speed requirement for achieving optimality
in the uniform-value-density setting is in the range[φ, 2]. We
conjecture that the lower bound (φ ≈ 1.618) is the real bound,
i.e., there exists a speed-φ optimal algorithm. However, the
new algorithm would be very different fromEDF-AC as we
conjecture that the new algorithm must be able to discard jobs
it has previously scheduled.

For UFS-k, the speed requirement for optimality is in the
range[2, 4 dlog ke]. The upper bound is very different from
that for constant competitiveness, where speed-O(1) is suf-
ficient for the latter. On the other hand, with the tight jobs
assumption, a speed-O(1) optimal algorithm is found. We
believe that tight jobs are the most difficult cases, as most
known lower bound results are all based on tight jobs only.
This suggests that there is room for improvement for the up-
per bound. Indeed, we conjecture that the upper bound can
also be improved toO(1).

5.2.3 Optimality in multiprocessor scheduling

No algorithm is known to be optimal using additional speed-
1 processors for multiprocessor scheduling. The major dif-
ficulty in providing such guarantee is on bounding the total
value obtained by an off-line algorithm. The optimal schedule
changes dramatically upon the introduction of an additional
job, which makes comparisons between on-line and off-line
schedules intractable. By making rough approximations, it is
possible to come up with competitive algorithms. Yet a more
precise analysis is required for any optimality result.

Moreover, little is known about the co-operations between
processors. In fact, most of the algorithms simply partition
the jobs according to their value density and assign them to
different sets of processors, instead of using the processors as
complement of each other. A better understanding of multi-
processor scheduling is the key to solve this problem.

5.3 Open Problems

This work leads to a few possible research directions:

• No result is known for achieving optimality using
only additional processors for multiprocessor schedul-
ing. What guarantees can be given when only additional
processors are available?

• We have assumed that migration is allowed with no cost.
Recent works (e.g. [16,20]), however, considered sched-
ules that do not use migration. Can similar performance
guarantees be made without migration?
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Resource Type k = 1 k ≥ 2
Processors 2 † Θ(log k) †

m = 1
Speed 1.618 † [23] ≤ s ≤ 2 [25] 2 † ≤ s ≤ 4 dlog ke [25]

Processors ? ?
m ≥ 2

Speed s ≤ 3 [25] s ≤ 4 dlog ke [25]

Table 4: Additional resource requirement for achieving optimality

Resource Type k = 1 k ≥ 2

Processors 1
¶

Θ(log k) †
m = 1

Speed 1∗ O(1) [17]
Processors O(1) [21] Θ(log k) †

m ≥ 2
Speed O(1)

∗∗
O(1) [25]

Table 5: Additional resource requirement for achieving constant competitiveness

• Can matching bounds for achieving optimality with a
faster processor for uniprocessor systems be found? In
particular, is it possible to find speed-φ and speed-O(1)
optimal algorithms for uniform and general value den-
sity, respectively?

• The speed requirement, even with a constant speed fac-
tor, may not always be feasible. Given theΩ(log k)
lower bounds for additional processors in many settings,
a more realistic approach is to use more slightly faster
processors instead. Precisely, given a speed factors
slightly larger than1, how many speed-s processors are
sufficient to guarantee optimality? The trade-off in Sec-
tion 4.2 answers part of this question.

• Can the upper bounds be improved by making use of ran-
domization?

• What guarantees can be given for other objectives, for
example maximizing job completions or minimizing re-
sponse time?

• Most lower bound results make use of tight jobs. If there
is guarantee on the “tightness” of the jobs (e.g., the ratio
of the span to the processing time), can we find algo-
rithms using less additional resources?

∗No additional resources is needed to achieve constant competitiveness;
indeed, Dover is 4-competitive without using any additional resource [22].
‡EDF-AC, using a speed-3 processor, is already1-competitive for

MFS-1 [25].
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