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Abstract. The discussion in the computer-science literature of thaive mer-
its of linear- versus branching-time frameworks goes baakarly 1980s. One of
the beliefs dominating this discussion has been that tleatitime framework is
not expressive enough semantically, making linear-tingeckolacking in expres-
siveness. In this work we examine the branching-linearei$sam the perspective
of process equivalence, which is one of the most fundameot#ns in concur-
rency theory, as defining a notion of process equivalencendafly amounts to
defining semantics for processes. Over the last three dggadeerous notions
of process equivalence have been proposed. Researchbis amda do not any-
more try to identify the “right” notion of equivalence. Rathfocus has shifted
to providing taxonomic frameworks, such as “the linearrgtaing spectrum”, for
the many proposed notions and trying to determine suitglidr different appli-
cations.

We revisit this issue here from a fresh perspective. We fatgtthree principles
that we view as fundamental to any discussion of procesvagunice. First, we
borrow from research in denotational semantics and takeegtral equivalence
as the primary notion of equivalence. This eliminates masfing scenarios as
either too strong or too weak. Second, we require the degmmipf a process to
fully specify all relevant behavioral aspects of the pracé&snally, we require ob-
servable process behavior to be reflected in its input/ddtebiavior. Under these
postulates the distinctions between the linear and bragckémantics tend to
evaporate. As an example, we apply these principles to t#mdwork of trans-
ducers, a classical notion of state-based processes tteat loack to the 1950s
and is well suited to hardware modeling. We show that ouripatgs result in a
unique notion of process equivalence, which is trace baa#ter than tree based.

1 Introduction

One of the most significant recent developments in the aramil design verification
is the discovery of algorithmic methods for verifying tennalslogic properties ofinite-
statesystems [23,52, 66, 76]. In temporal-logimdel checkingwe verify the correct-
ness of a finite-state system with respect to a desired propgrchecking whether a
labeled state-transition graph that models the systersfigatia temporal logic formula
that specifies this property (see [25]). Model-checkinddd@ve enjoyed a substantial
and growing use over the last few years, showing ability scaver subtle flaws that
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result from extremely improbable events. While early orsthtools were viewed as of
academic interest only, they are now routinely used in itrthl@pplications [36].

A key issue in the design of a model-checking tool is the ahaitthe temporal
language used to specify properties, as this languagehwigaefer to as theemporal
property-specification languagis one of the primary interfaces to the tool. (The other
primary interface is the modeling language, which is ty[icthe hardware description
language used by the designers). One of the major aspectistefmgoral languages
is their underlying model of time. Two possible views regagdthe nature of time
induce two types of temporal logics [51]. linear temporal logics, time is treated as if
each moment in time has a unique possible future. Thus rlteegporal logic formulas
are interpreted over linear sequences and we regard therasasiliing the behavior
of a single computation of a program. manchingtemporal logics, each moment in
time may split into various possible futures. Accordinglye structures over which
branching temporal logic formulas are interpreted can be/ed as infinite computation
trees, each describing the behavior of the possible coripnsaof a nondeterministic
process.

In the linear temporal logic LTL, formulas are composed frime set of atomic
propositions using the usual Boolean connectives as weletemporal connectives
G (“always”), F' (“eventually”), X (“next"), andU (“until’). The branching temporal
logic CTL* augments LTL by the path quantifieks(“there exists a computation”) and
A (*for all computations”). The branching temporal logic CTd.a fragment of CTE
in which every temporal connective is preceded by a path tifiemnNote that LTL has
implicit universal path quantifiers in front of its formulabhus, LTL is essentially the
linear fragment of CTE.

The discussion of the relative merits of linear versus binémg temporal logics
in the context of system specification and verification gosskho the 1980s [51, 30,
9,65,32,31,68,22,20,73,74]. As analyzed in [65], linead Aranching time logics
correspond to two distinct views of time. It is not surprigiherefore that LTL and CTL
are expressively incomparable [22, 31, 51]. The LTL formEildp is not expressible in
CTL, while the CTL formulaAF' AGp is not expressible in LTL. On the other hand,
CTL seems to be superior to LTL when it comes to algorithmidfication, as we now
explain.

Given a transition system/ and a linear temporal logic formula, the model-
checking problem foA/ andy is to decide whethep holds in all the computations of
M. Wheng is a branching temporal logic formula, the problem is to deavhethery
holds in the computation tree @ff. The complexity of model checking for both linear
and branching temporal logics is well understood: suppasane given a transition sys-
tem of sizen and a temporal logic formula of size. For the branching temporal logic
CTL, model-checking algorithms run in tim@(nm) [23], while, for the linear tempo-
ral logic LTL, model-checking algorithms run in time2©(™) [52]. Since LTL model
checking is PSPACE-complete [67], the latter bound propelhnot be improved.

The difference in the complexity of linear and branching mlathecking has been
viewed by some as an argument in favor of the branching pgmadin particular, the
seeming computational advantage of CTL model checlkinrgr LTL model checking
made CTL a popular choice, leading to efficient model-chagkools for this logic



[24]. Through the 1990s, the dominant temporal specificalémguage in industrial
use was CTL. This dominance stemmed from the phenomenassiof SMV, the first
symbolic model checker, which was CTL-based, and its folioWlS, also originally
CTL-based, which served as the basis for many industrialehdteckers.

In [75] we argued that the computational advantage of LTLr&/EL is rather illu-
sory. We further arguedhat in spite of the phenomenal success of CTL-based model
checking, CTL suffers from several fundamental limitasces a temporal property-
specification language, all stemming from the fact that C¥& branching-time formal-
ism: the language is counterintuitive and hard to use, isdu lend itself to composi-
tional reasoning, and it is fundamentally incompatibldwgiemi-formal verification. In
contrast, the linear-time framework is expressive anditiwg) supports compositional
reasoning and semi-formal verification, and is amenabletolsning enumerative and
symbolic search methods. Indeed, the trend in the industing this decade has been
towards linear-time languages, such as ForSpec [7], PS-§28 SVA [77].

In spite of the pragmatic arguments in favor of the linearetiapproach, one still
hears the arguments that this approach is not expressivgbnpointing out that in
semantical analyses of concurrent processes, e.g., fiElljnear-time approach is con-
sidered to be the weakest semantically, yielding the cearssion of equivalenceln
this paper we address the semantical arguments agairet time and argue that even
from a semantical perspective the linear-time approachiie @dequate for specifying
systems.

The gist of our argument is that branching-time-based netiof process equiva-
lence arenot reasonable notions of process equivalence, as they distimgpetween
processes that are not contextually distinguishable. hirast, the linear-time view
does yield an appropriate notion of contextual equivalence

2 The Basic Argument Against Linear Time

The most fundamental approach to the semantics of progracasés on the notion of
equivalence. Once we have defined a notion of equivalenesgtimantics of a programs
can be taken to be its equivalence class. In the context afurancy, we talk about
process equivalence. The study of process equivalencelesathe basic foundation for
any theory of concurrency [62], and it occupies a centrat@l@m concurrency-theory
research, cf. [71].

The linear-time approach to process equivalence focusésedmnaces of a process.
Two processes are defined to ti@ce equivalentf they have the same set of traces. It
is widely accepted in concurrency theory, however, thaigrequivalence is too weak a
notion of equivalence, as processes that are trace equivakey behave differently in
the same context [61]. An an example, using CCS notatiortwibegprocessesa.b) +
(a.c) anda.(b+ c) have the same set of traces, but only the first one may deadtoek
run in parallel with a process suchag.

In contrast, the two processes above are distinguishebisipnulation a highly
popular notion of process equivalence [62, 64, 69]. It isknohat CTL characterizes
bisimulation, in the sense that two states in a transitigstesy are bisimilar iff they
satisfy exactly the same CTL formulas [18] (see also [43})jsTs sometime mentioned
as an important feature of CTL.



This contrast, between the pragmatic arguments in favohefadequate expres-
siveness of the linear-time approach [75] and its accepieakness from a process-
equivalence perspective, calls for a re-examination of@ss-equivalence theory.

3 Process Equivalence Revisited

While the study of process equivalence occupies a centakph concurrency-theory
research, the answers yielded by that study leave one witmaasy feeling. Rather
than providing a definitive answer, this study yields a psida* of choices [4]. This
situation led to statements of the form “It is not the task fgess theory to find the
‘true’ semantics of processes, but rather to determine lwpiocess semantics is sulit-
able for which applications” [71]. This situation should dentrasted with the corre-
sponding one in the study of sequential-program equivaleés widely accepted that
two programs are equivalent if they behave the same in atbsds) this is referred to as
contextualor observationakquivalence, where behavior refers to input/output behav-
ior [78]. In principle, the same idea applies to processes:fgrocesses are equivalent
if they pass the same tests, but there is no agreement on wesit ia and on what it
means to pass a test.

We propose to adopt for process-semantics theory precibel\same principles
accepted in program-semantics theory.

Principle of Contextual Equivalence Two processes are equivalent if they behave the
same in all contexts, which are processes with “holes”.

As in program semantics, a context should be taken to meascags with a “hole”,
into which the processes under consideration can be “plliggéiis agrees with the
point of view taken inesting equivalencevhich asserts that tests applied to processes
need to themselves be defined as processes [26]. Furthemtidests defined as pro-
cesses should be considered. This excludes many of thefbptishing experiments”
of [61]. Some of these experiments are too strong—they ddyedefined as processes,
and some are too weak—they consider only a small family o {26].

In particular, the tests required to define bisimulationiegjence [3, 61] are widely
known to be too strong [12—-14,37]. In spite of its mathenatedegance [6, 69] and
ubiquity in logic [10, 5], bisimulation isota reasonable notion of process equivalence,
as it makes distinctions thaainnotbe observed. Bisimulation is essentially a structural
similarity relation, as it relates states of the processeieucomparison. Itis a tractable
relaxation ofisomorphism rather than an observational comparison relation.

The most explicit advocacy of using bisimulation-basedwejence (in factbranch-
ing bisimulatior) appears in [72], which argues in favor of using equivalecmecepts
that are based on internal structure because of their cbinigependence: “if two pro-
cesses have the same internal structure they surely haganie observable behavior.”
Itis hard to argue with the last point, but expecting an impatation to have the same
internal structure as a specification is highly unrealiatid impractical, as it requires
the implementation to be too close to the specificafidn.fact, it is clear from the

! This is referred to as the “Next ‘700 ." Syndrome.” [4]
2 Some authors require a relationgifmilarity, rather then bisimilarity between implementation
and specification [44]. The arguments against bisimilajiply, however, also to similarity.



terminology of “observational equivalence” used in [62&thhe intention there was
to formulate a concept of equivalence based on observatiehavior, rather than on
internal structure. Nevertheless, the terms “observatiequivalence” for bisimulation-
based equivalence in [62] is, perhaps, unfortunate, asWisithulation equivalence is
in essence a notion sfructuralsimilarity.

Remark 1.0ne could argue that bisimulation equivalence is not onhathematically
elegant concept; it also serves as the basis for useful smad techniques for estab-
lishing process equivalence, cf. [43]. The argument heyagver, is not against bisim-
ulation as a useful mathematical concept; such usefulnggist®o be evaluated on its
own merits, cf. [35, 79]. Rather, the argument is against viewing bisimulation-dase
notions of equivalence as reasonable notions of procesgadejce.

The Principle of Contextual Equivalence does not fully resdhe question of pro-
cess equivalence. In additional to defining the tests to vhvie subject processes, we
need to define the observed behavior of the tested procdtssesidely accepted, how-
ever, that linear-time semantics results in important bial aspects, such as dead-
locks, being non-observable [61]. It is this point that casts sharply with the experi-
ence that led to the adoption of linear time in the contextarfitware model checking
[75]; in today’s synchronous hardware all relevant behaviwcluding deadlock and
livelock is observable (observing livelock requires thasideration of infinite traces).
Compare this with our earlier example, where the pro¢eds + (a.c) may deadlock
when run in parallel with a process sucha@a The problem here is that the description
of the process does not tell us what happens when the first anohia selected in the
context of the parallel procegsc. The deadlock here is not described explicitly; rather
it is implicitly inferred from a lack of specified behaviorhig leads us to our second
principle.

Principle of Comprehensive Modeling A process description should model all rele-
vant aspects of process behavior.

The rationale for this principle is that relevant behavighere relevance depends
on the application at hand, should be captured by the deweripf the process, rather
than inferred from lack of behavior by a semantical theolypmsed by a concurrency
theorist. It is the usage of inference to attribute behatriat opens the door to numer-
ous interpretations, and, consequently, to numerousmetbprocess equivalence. As
an example, consider the notionaimpleted-trace equivalenae[71]. Implicitly, this
notion assumes that the completion of a trace is observab&Principle of Compre-
hensive Modeling requires that this observability be medeixplicitly, by the modeler,
rather than attributed implicitly by the concurrency thisbr

Remark 2.1t is useful to draw an analogy here to another theory, thaboimonotonic
logic, whose main focus is on inferences from absence of prenii$esfield started
with some highly influential papers, advocating, for exagrijplegation as failure” [21]
and "circumscription” [58]. Today, however, there is a prsibn of approaches to non-
monotonic logic, including numerous extensions to negeadis failure and to circum-
scription [57]. One is forced to conclude that there is novarsally accepted way to
draw conclusions from absence of premises. (Compare aldetdiscussion of nega-
tive premises in transition-system specifications [14.)37]



Going back to our problematic CCS procéash) + (a.c), the problem is that the
process is hateceptiveto the actiort, after it has executedon the left summand. The
position that processes need tarbeeptiveto all allowed inputs from their environment
has been argued by many authors [2,27, 54, 53]. It can be diawan instance of our
Principle of Comprehensive Modeling, which says that thieavéor that results from
an actionc by the environment after the process has executed the left summand
needs to be specified explicitly. From this point of view, gess-algebraic formalisms
such as CCS [61] anenderspecifiegsince they leave important behavioral aspects un-
specified. For example, if the distinction between normahteation and deadlocked
termination is relevant to the application, then this distion ought to be explicitly
modeled. Rather, in CCS there is no observable distinctewden normal and dead-
locked termination, as both situations are characteringglyy the absence of outgoing
transitions. Note that the approach in [61, 62] takes comoation to be the basic ob-
servable, and abstracts away the distinction between snpdibutput, which is critical
to our discussior? It is interesting to note thatansducerswhich were studied in an
earlier work of Milner [60], which led to [61], are receptiv&ransducers are widely
accepted models of hardware. We come back to transducdrs imelt section.

Remark 3.The Principle of Comprehensive Modeling is implicit in a papy Halpern
on modeling game-theoretic situations [40]. The paper shtwat a certain game-
theoretic paradox is, in fact, a consequence of deficientatmogl in which states of
agents do not capture all relevant aspects of their beha@ioce the model is appro-
priately enriched, the paradox evaporates away. For eixgediscussions on modeling
multi-agent systems, see Chapters 4 and 5 in [34] and Ch@antgB9].

The Principle of Comprehensive Modeling can be thought ahas'Principle of
Appropriate Abstraction”. Every model is an abstractionttud situation being mod-
eled. A good model necessarily abstracts away irrelevargas, but models explicitly
relevant aspects. The distinction between relevant agbirant aspects is one that can
be made only by the model builder and users. For example,i@ldircuit is a model
of an analog circuit in which only the digital aspects of tireuit behavior are captured
[38]. Such a model should not be used to analyze non-digifsets of circuit behavior,
such as timing issues or issues of metastable states. Swdsiszquire richer models.
The Principle of Comprehensive Modeling does not call féinitely detailed models;
such models are useless as they offer no abstraction. Reétérinciple calls for mod-
els that are rich enough, but not too rich, depending on theentilevel of abstraction.
Whether or not deadlocked termination should be considéistthct from normal ter-
mination depends on the the current level of abstractioonatlevel of abstraction this
distinction is erased, but at a finer level of abstractios thistinction is material. For
further discussion of abstraction see [49].

The Principle of Comprehensive Modeling requires a prodessription to model
all relevant aspects of process behavior. It does not spielhow such aspects are to

3 The situation in CSP is a bit murkier. In CSP theory, a deddlscexpressed as lack of
progress, but, operationally, a refused input is expressedutputting the special symbol
“BLEEP” [45]. (The formalism of Kripke structures, oftenedin the model-checking litera-
ture [25] and in model-checking tools [59], also sufferafrtack of receptiveness, as it also
does not distinguish between inputs and outputs.)



be modeled. In particular, it does not address the quesfiovhat is observed when
a process is being tested. Here again we propose to followappeoach of program
semantics theory and argue that only the input/output hieha¥ processes is observ-
able. Thus, observable relevant aspects of process belmagbt to be reflected in its
input/output behavior.

Principle of Observable I/O: The observable behavior of a tested process is precisely
its input/output behavior.

Of course, in the case of concurrent processes, the ingptiblbehavior has a tem-
poral dimension. Thatis, the input/output behavior of ecess is a trace of input/output
actions. The precise “shape” of this trace depends of caagbe underlying seman-
tics, which would determine, for example, whether we coasfohite or infinite traces,
the temporal granularity of traces, and the like. It remdmslecide how nondeter-
minism is observed, as, after all, a nondeterministic pgeaoes not have a unique
behavior. This leads to notions suchraay testingandmust testing26]. We propose
here to finesse this issue by imagining that a test is beingeuaral times, eventually
exhibitingall possible behaviors. Thus, the input/output behavior ofradeterministic
test is its full set of input/output traces.

One could also argue that by allowing a test to obsetvéput/output traces and
by allowing infinite traces, our notion of test is too stromgsulting in an overly fine
notion of process equivalence. Similarly, in modeling sggprotocols, cf. [28], we
may want to require a weaker notion of observability of owspiVe recognize that in
some applications one may choose to use a coarser notiomuvbénce than the one
we use here. Since our focus in this paper is on showing the¢ tequivalence is not
too coarse, we do not pursue these points further here.

It should be noted that the approach advocated here is diaaigt opposed to
that of [72], who arguesgainstcontextual equivalence: “In practice, however, there
appears to be doubt and difference of opinion concerningbservable behavior of
systems. Moreover, what is observable may depend on theenatuhe systems on
which the concept will be applied and the context in whiclythél be operating.” In
contrast, our guiding principles say that (1) by considgaf possible contexts, one
need not worry about identifying specific contexts or tagtnenarios, and (2) process
description ought to describe the observable behavioropthcess precisely to remove
doubts about that behavior. In our opinion, the “doubt arfigcince of opinion” about
process behavior stem from the underspecificity for forama such as CCS and CSP.

Remark 4.In the same way that bisimulation is not a contextual eqaived relation,
branching-time properties are not necessarily conteltudiservable. Adapting our
principles to property observability we should expect hadwi@l properties to be ob-
servable in the following sense. If two processes are djsished by a property, that

is, P, satisfiesp, but P, does not satisfyp, there has to be a conte«t such that the
set of input-output traces @[P;] is different than that oC[P]. Consider, however,
the CTL propertyAG E F'p, which says that from all given states of the process it is
possible to reach a state wherbolds. It is easy to construct procesggsand P, one
satisfyingAG E Fp and one falsifying it, such that[P;] andC[P.] have the same set



of input-output traces for all contex&. Thus,AGE F'p is a structural property rather
than an observable property.

In the next section we apply our approach to transducers;hoe shat once our
three principles are applied we obtain that trace-basevalgnce is adequate and fully
abstract; that is, it is precisely the unique observati@uplivalence for transducers.
We believe that this holds in general; that is, under ouretpenciples, trace-based
equivalence provides the “right” notion of process equevake.

4 Case Study: Transducers

In this section, we apply the approach discussed above toyssiraple notion of pro-
cess:transducerg60]. We choose this notion of process, as it trivially d&is the
Principle of Comprehensive Modeling and the Principle os@table 1/O, since the
behavior of a transducer is fully described by its stategition and output functions.
Transducers constitute a fundamental model of discrette-shachines with input
and output channels [41]. They are still used as a basic nfodedlequential com-
puter circuits [38]. We use nondeterministic transducer®ar model for processes.
We define a synchronous composition operator for such traresd, which provides us
a notion of context. We then define linear observation seit&and prove adequacy
and full-abstraction results for trace equivalence in ®whit. Thus, this case study
provides a concrete example in which our philosophical agpin can be tested.

4.1 Nondeterministic Transducers

A nondeterministic transducer is a state machine with irgmat output channels. The
state-transition function depends on the current statetlamdnput, while the output
depends solely on the current state (thus, our machines aoeedMnachines [41]).

Definition 1. A transducer is a tuplel = (Q, qo, 1,0, X, 0, )\, d), where

— (Q is a countable set of states.

— qo is the start state.

— I is afinite set of input channels.

— O is afinite set of output channels.

— XY is afinite alphabet of actions (or values).

- 0:1UO — 2*¥ — {0} is a function that allocates an alphabet to each channel.

— A : Q x O — XYisthe output function of the transducg(g, o) € o (o) is the value
that is output on channelwhen the transducer is in stage

-6 :Qxo(iy) X ... x o(in) — 29, wherel = {iy,...,i,}, is the transition
function, mapping the current state and input to the set sbjlide next states.

Both I and O can be empty. In this caskis a function of state alone. This is
important because the composition operation that we definally leads to a reduction
in the number of channels. Occasionally, we refer to the gallowed values for a
channel as the channel alphabet. This is distinct from ttaé atphabet of the transducer
(denoted byy).



We represent a particular input to a transducer as an assiginthat maps each
input channel to a particular value. Formally, aput assignmenfor a transducer
(Q,q0,1,0,%,0,X,0)Iisafunctionf : I — X, such thatforalt € I, f(i) € o(i).
The entire input can then, by a slight abuse of notation, loeisatly represented as
FD).

We point to three important features of our definition. Firsite that transducers
are receptive. That is, the transition functié(a, f) is defined for all stateg € @ and
input assignmentg. There is no implicit notion of deadlock here. Deadlockschie
be modeled explicitly, e.g., by a special sink stét@hose output is, say, “deadlock”.
Second, note that inputs at tinketake effect at timé: + 1. This enables us to define
composition without worrying about causality loops, uelikor example, in Esterel
[11]. Thirdly, note that the internal state of a transdusenliservable only through its
output function. How much of the state is observable dependke output function.

4.2 Synchronous Parallel Composition

In general there is no canonical way to compose machinesmiiitiple channels. In
concrete devices, connecting components requires asditknowing which wires to
join. Taking inspiration from this, we say that a compositie defined by a particular
set of desired connections between the machines to be cechpdhis leads to an
intuitive and flexible definition of composition.

A connection is a pair consisting of an input channel of oaesducer along with
an output channel of another transducer. We require, haws®ts of connections to be
well formed. This requires two things:

— no two output channels are connected to the same input chamae

— an output channel is connected to an input channel only ibtitput channel al-
phabet is a subset of the input channel alphabet. Thesetmaguarantee that
connected input channels only receive well defined valuasttiey can read. We
now formally define this notion.

Definition 2 (Connections).Let M be a set of transducers. Then
Conn(M) = {X CC(M)|(a,d) € X, (a,c) € X=b=c}

WhereC(M) = {(iA,OB) |{A, B} - M,iA S IA,OB c OB,O'B(OB) - UA(iA)}
is the set of all possible input/output connections.fdr. Elements o€onn(M) are
valid connection sets.

Definition 3 (Composition).

Let M = {My,..., M}, whereMy, = (Qx, ¢k, I, O, Xk, ok, i, 0x), be a set of
transducers, and’ € Conn(M). Then thecompositionof M with respect toC, de-
noted by||c(M), is a transducefQ, qo, I, O, X, o, A, §) defined as follows:

_Q:Q1X~~~XQn
—qozqéx...xq{)l
—I=Up In —{i| (i,0) € C}
= 0=U;1 0 —{o]| (i,0) € C}



- Y= UZ:1 P
— o(u) = ok (u), whereu € I, U Oy
— X1, qn,0) = X (i, 0) Whereo € O,

- 5(q17 <oy Qn, f(I)) = H]?Zl((sk(qlﬁg(-[k)))
whereg(i) = Aj(g;,0) if (i,0) € C, o € O;, andg(i) = f(i) otherwise.

Definition 4 (Binary Composition). LetM; and M- be transducers, an@ € Conn({ My, Ma}).
Thebinary compositiorof M, and M, with respecttd is M || Ms = ||c({ M7, Ma}).

The following theorem shows that a general composition @built up by a se-
guence of binary compositions. Thus binary compositiosig@verful as general com-
position and henceforth we switch to binary composition asdefault composition
operation.

Theorem 1 (Composition Theorem).

Let M = {]\417 R Mn}, WhGYEMk = (Qk, qlg,Ik, Ok, Ek, Ok, /\k, (5k), be a set of
transducers, and’ € Conn(M). Let M’ = M — {M,}, C' = {(i,0) € C|i €
Ij,0€ Ok, j <n,k<n}andC” =C —C'.Then

le(M) = llen({ller (M), My }).

The upshot of Theorem 1 is that in the framework of transdsiaggeneral context,
which is a network of transducers with a hole, is equivalera single transducer. Thus,
for the purpose of contextual equivalence it is sufficiertdasider testing transducers.

4.3 Executions and Traces

Definition 5 (Execution). An executionfor transducerM = (Q, qo,I,0, X, 0, )\, 9)
is a countable sequence of pairs, f;)!_, such thatsy = ¢o, and for alli > 0,

- SiGQ.
— fi: I — Y suchthatforalk € I, f(u) € o(u).

— 8 €0(si—1, fim1 (D).

If | € N, the execution is finite and its lengthlislf [ = oo, the execution is infinite
and its length is defined to he. The set of all executions of transduddris denoted
exec(M).

Definition 6 (Trace). Leta = (s;, fi)l_, € exec(M). Thetraceof a, denoted bya],
is the sequence of pai(s;, fi>§;:0, where forall: > 0,w; : O — Y andforallo € O,
w;(0) = A(s;,0). The set of all traces of a transduckf, denoted byi'r (M), is the set
{[a]|e € exec(M)}. An element of (M) is called a trace of\/.

Thus a trace is a sequence of pairs of output and input actidhfle an execution
captures the real underlying behavior of the system, a tiatlee observable part of
that behavior. The length of a traceis defined to be the length of the underlying
execution and is denoted Hy|.



Definition 7 (Trace Equivalence).Two transducerd/; and M- are trace equivalent,
denoted byM, ~p Moy, if Tr(M;) = Tr(Ms). Note that this requires that they have
the same set of input and output channels.

We now study the properties of trace equivalence. We firshddfie composition
of executions and traces.

Definition 8. Givena = (s;, fi)i-y € exec(My) andf = (r;, gi)1, € exec(Ms),
we define the composition efand g w.r.t C' € Conn({M, M, }) as follows

04||Cﬂ = <(S77 7”7;), hi>?:0
whereh; (u) = f;(u) ifu € I —{i|(i,0) € C}andh;(u) = g;(u) if u € I—{i|(i,0) €
C}.
Definition 9. Givent = (w;, fi)i-y € Tr(My) andu = (v;,g:)1—y € Tr(Ms), we
define the composition ¢fandu w.rt C' € Conn({M;, M>}) as follows
tlouw = (pi hi)izo

wherep;(0) = w;(o) if 0 € O1 — {o|(i,0) € C} andp;(0) = vi(o) if 0 € Oz —
{0|(i,0) € C}, andh; is as defined in Definition 8 above.

Note that the composition operation defined on traces islpsymtactic. There
is no guarantee that the composition of two traces is a trhtteeoccomposition of the
transducers generating the individual traces. The folhgwgimple property is necessary
and sufficient to achieve this.

Definition 10 (Compatible Traces)GivenC € Conn({My, Ma}),t; = (w}, fH%, €
Tr(My) andty = (w2, f2)", € Tr(Ms), we say that; andt, are compatiblewith
respect taC if for all (u,0) € C and for alli > 0, we have

— If u e I; ando € Oy thenf? (u) = wk (o), forall i > 0 and forj, k € {1,2}.

Lemmal. LetC € Conn({My, Ms3}),t € Tr(My) andu € Tr(Ms). Thent||cu €
Tr(M;||c M) if and only ift andu are compatible with respect 0.

We now extend the notion of trace composition to sets of gace

Definition 11. LetTy C Tr(M;), To C Tr(Mz) andC € Conn({M;, Ma}). We
define
T1||cT2 = {t1||ct2 |t1 S T’I“(Ml),tg S T’I“(Mg), |t1| = |t2|}

Theorem 2 (Syntactic theorem of traces)Let Ty C Tr(M;) N Tr(Ms) andTy C
Tr(Mz)NTr(My), andC € Conn({My, Mz2}) N Conn({Ms, M4}). Then

(T1||cT2) N Tr(Mi||cMa) = (T1||cT2) N Tr(Ms||cMy)

Using Theorem 2, we show now that any equivalence definedrinstef sets of
traces is automatically a congruence with respect to coitiposif it satisfies a certain
natural property.



Definition 12 (Trace-based equivalence)l.et M be the set of all transducers. L&t:
M — {ACTr(M)|M € M} such that for allM € M, R(M) C Tr(M). ThenR
defines an equivalence relation @el, denoted by~ z, such that for allAMy, M € M,
M, ~g M, if and only if R(M;) = R(Ms). Such a relation is called &race-based
equivalence

Trace-based equivalences enable us to relativize tradeadgpice to “interesting”
traces. For example, one may want to consider finite tracss iofinite traces only,
fair traces only, and the like. Of course, not all such relastions are appropriate.
We require traces to beompositionglin the sense described below. This covers finite,
infinite, and fair traces.

Definition 13 (Compositionality). Let ~ be a trace-based equivalence. We say that
~p is compositional if given transduceid;, M, andC € Conn({M1, M2}), the
following hold:

1. R(Ml|lcM2) C R(M)||c R(Ma).
2. Ift; € R(My), t2 € R(M,), andty, to are compatible w.r.tC, thent;||cts €
R(Mi||cM>).

The two conditions in Definition 13 are, in a sense, soundaedscompleteness con-
ditions, as the first ensures that no inappropriate tracegprasent, while the second
ensures that all appropriate traces are present. Thatedirth condition ensures that
the trace set captured by is not too large, while the second ensures that it is not too
small.

Note, in particular, that trace equivalence itself is a cosifional trace-based equiv-
alence. The next theorem asserts thatis acongruencavith respect to composition.

Theorem 3 (Congruence Theorem)Let ~ be a compositional trace-based equiva-
lence. LetMy ~p Ms, My ~g My, andC € Conn({My, Ma}) = Conn({Ms, M4}).
ThenM1||cM2 ~R M3||cM4.

An immediate corollary of Theorem 3 is the fact that no cohtean distinguish
between two trace-based equivalent transducers.

Corollary 1. Let M; and M- be transducersRk be a compositional trace-based equiv-
alence and\f; ~r M,. Then for all transducerd/ and allC € Conn({M, M;}) =
Conn({M, Ms}), we have thal ||c M1 ~r M||cMo.

Finally, it is also the case that some context can alwaysndigish between two
inequivalent transducers. If we choose a composition withrapty set of connections,
all original traces of the composed transducers are préséme traces of the composi-
tion. If My £ Ms, thenM;||gM #r Ms||pM. We claim the stronger result that given
two inequivalent transducers, we can always find a thirdslacer that distinguishes
between the first twdrrespectiveof how it is composed with them.

Theorem 4. Let M; and M- be transducersRk be a compositional trace-based equiv-
alence andM; i M,. Then there exists a transducéf such that for allC' €
Conn({M, M1}) N Conn({M, M2}), we haveM || c My #r M||cMo.



5 Digression: What Is Linear Time Logic?

The discussion so far has focused on the branching- or liear view of process
equivalence, where we argued strongly in favor of lineartifhis should be distin-
guished from the argument in, say, [75] in favor of lineanp®ral logics (such as LTL,
ForSpec, and the like). In the standard approach to lirmaporal logics, one inter-
prets formulas in such logics over traces. Thus, given atitemporal formulap, its
semantics is the seétaces(¢) of traces satisfying it. A systerfi then satisfies) if
traces(S) C traces().

It has recently been shown that this view of linear time isradt enough [50]. The
context for this realization is an analysislsenesgroperties, which assert that some-
thing good will happen eventually. In satisfying livenessperties, there is no bound
on the “wait time”, namely the time that may elapse until aarguality is fulfilled. For
example, the LTL formuld’é is satisfied at timeé if 6 holds at some timg > 4, but
j —iis nota priori bounded.

In many applications, such as real-time systems, it is itgmbrto bound the wait
time. This has given rise to formalisms in which the everyuaperatorF’ is replaced
by a bounded-eventually operatBF*. The operator is parameterized by soing 0,
and it bounds the wait time tb [8, 33]. In the context of discrete-time systems, the
operatorF'<* is simply syntactic sugar for an expression in which the o@eratorX
is nested. Indeed; <0 is justd v X (0 v X(0V k-4 vXH)).

A drawback of the above formalism is that the boundeeds to be known in ad-
vance, which is not the case in many applications. For exanifpinay depend on the
system, which may not yet be known, or it may change, if théesyshanges. In addi-
tion, the bound may be very large, causing the state-basatigéon of the specifica-
tion (e.g., an automaton for it) to be very large too. Thus,dbmmon practice is to use
liveness properties as an abstraction of such safety piepeone writeg'¢ instead of
F=kg for an unknown or a too large.

This abstraction of safety properties by liveness propsiig not sound for a logic
such as LTL. Consider the systeshdescribed in Figure 1 below. While S satisfies the
LTL formula FGg, there is nd: > 0 such thatS satisfiesF<*Gq. To see this, note that
for eachk > 0, the computation that first loops in the first state fgimes and only
then continues to the second state, satisfies the evegtGalivith wait timek + 1.

> M (o)
Fig. 1. S satisfiesF'Gq but does not satisf§"<*Gy, for all & > 0.

In [50], there is a study of an extension of LTL that addreskesabove problem.
In addition to the usual temporal operators of LTL, the logRoMPFLTL has a new
temporal operator that is used for specifying eventualitith a bounded wait time.
The new operator is callggtompt eventuallyand is denoted b¥',. It has the following
formal semantics: For aROMPFLTL formula< and a bound > 0, let+)* be the LTL



formula obtained from) by replacing all occurrences &f, by F'<F. Then, a systens
satisfies) iff there isk > 0 such thatS satisfies)".

Note that while the syntax fROMPFLTL is very similar to that of LTL, its seman-
tics is defined with respect to an entire system, and not weifipect to computations.
For example, while each computatianin the systemS from Figure 1 has a bound
k. > 0 such thaiGq is satisfied inr with wait time k., there is nak > 0 that bounds
the wait time of all computations. It follows that, unlike LTwe cannot characterize a
PROMPTFLTL formula« by a set of trace& () such that a systerfi satisfies) iff the
set of traces of is contained in.(¢). Rather, one needs to associate with a formula
of PROMPELTL an infinite family L(¢)) of sets of traces, so that a systéhsatisfies)
if traces(S) = L for someL € L(%). This suggests a richer view of linear-time logic
than the standard one, which associates a single set oftwétteeach formula in the
logic. Even in this richer setting, we have the desired fesathat two trace-equivalent
processes satisfy the same linear-time formulas.

6 Discussion

It could be fairly argued that the arguments raised in thjsegpdave been raised before.

— We are clearly not the first to advocate trace-based notibpsoess equivalence.
Itis, for example, the standard approach in the framewotk®futomata [54, 70]
(though without much of a discussion). See also [1].

— Testing equivalence, introduced in [26], is clearly a notaf contextual equiva-
lence. Their answer to the question, “What is a test?”, is dh@st is any process
that can be expressed in the formalism. So a test is reallyatheterpart of a context
in program equivalence. (Though our notion of context int®ac4, as a network
of transducers, is, a priori, richer.) At the same time, higiation equivalence has
been recognized as being too fine a relation to be consideredraextual equiva-
lence [12-14, 37].

— Furthermore, it has also been shown that many notions oggsequivalence stud-
ied in the literature, for exampleefusal semanticfl7], can be obtained as con-
textual equivalence with respect to appropriately defirabns of directly observ-
able behavior [15, 47,55, 63]. These notions fall under ittee@f decorated-trace
equivalenceas they all start with trace semantics and then endow itadttitional
observables. These notions have the advantage that, §kewation equivalence,
they are not blind to issues such as deadlock behavior.

With respect to the first point, this paper is clearly not added to those who be-
lieve that the trace-based approach to process equivaleribe correct one. As we
pointed out earlier, this is not the prevailing view in corremcy theory.

With respect to the second point, it should be noted thatitee8pe criticisms lev-
eled at it, bisimulation equivalence still enjoys a speplate of respect in concurrency
theory as a reasonable notion of process equivalence [4i7 fjct, the close corre-
spondence between bisimulation equivalence and the hregitime logic CTL has
been mentioned as an advantage of CTL. Thus, it is not rechinidiaour opinion, to
reiterate the point that bisimulation and its variantsrasecontextual equivalences.



With respect to the third point we note that our approach lstee, but quite dif-
ferent, than that taken in decorated-trace equivalencéhdtatter approach, the “dec-
oration” of traces is attributed by concurrency theorigts.there is no unique way to
decorate traces, one is left with numerous notions of edgrea and with the attitude
quoted above that “It is not the task of process theory to fired‘true’ semantics of
processes, but rather to determine which process semastststable for which ap-
plications” [71]. In our approach, only the modelers knowawthe relevant aspects of
behavior are in their applications and only they can deedrates appropriately, which
led to our Principles of Comprehensive Modeling and Obdde/HO. In our approach,
there is only one “right” contextual equivalence, whichrace-based equivalence.

Admittedly, the comprehensive-modeling approach is nadlytoriginal, and has
been foretold by Brookes [16], who said: “We do not augmeatds with extraneous
book-keeping information, or impose complex closure ctads. Instead we incorpo-
rate the crucial information about blocking directly in tinéernal structure of traces. ”
Still, we believe that it is valuable to carry Brookes'’s apgeh further, substantiate it
with our three guiding principles, and demonstrate it infilaenework of transducers.

An argument that may be leveled at our comprehensive-muaglafpproach is that
it requires a low-level view of systems, one that requireslelimg all relevant behav-
ioral aspects. This issue was raised by Vaandrager in thiexoof /0 Automata [70].
Our response to this criticism is twofold. First, if thesevievel details (e.g., deadlock
behavior) are relevant to the application, then they bét&espelled out by the mod-
eler rather than by the concurrency theorist. As discusseiiee whether deadlocked
termination should be distinguished from normal termimtilepends on the level of
abstraction at which the modeler operates. It is a pragndatcsion rather than a theo-
retical decision. Similar, one could imagine two ways foragess to decline an input;
it can block when that input is offered, or it can ignore itislthe modeler who should
chose which approach is taken, rather than the theoBstond, if the distinction be-
tween normal termination and deadlocked termination isortgnt to some users but
not others, one could imagine language features that wadtble explicit modeling
of deadlocks when such modeling is desired, but would natgfarsers to apply such
explicit modeling. The underlying semantics of the langyjagy, in terms of structured
operational semantics [42], can expose deadlocked batfav&ome language features
and not for others. In other words, Vaandrager’s concerasiabsers being forced to
adopt a low-level view should be addressed by designing fitexible languages, and
not by introducing new notions of process equivalence. Kudéthe alternative to our
approach is to accept formalisms for concurrency that atéully specified and admit
a profusion of different notions of process equivalence.

We want to emphasize that it is not our position that brangtime has no value. To
the contrary, branching-time analysis can be highly us&il example, it is known that
test trace containment between finite-state processe$8EEScomplete. In contrast,
testing similarity between finite-state process is in PTIME]. This led to a proposal
of using simulation as a tractable underapproximation face-containment [48]. In
fact, for certain models of processes, for example, det@sti¢ transducers, simulation
and trace containment coincide.



Furthermore, sometime the implementation is obtained ftoenspecification via
structural refinement, for example, deriving pipelinedhtectures from non-pipelined
architectures. In such cases, establishing a structuadiaeship between implementa-
tion and specification is appropriate [19, 46, 56]. This doatsmean that in these cases
branching-time semantics is appropriate; rather, it meéhasbranching time can be
useful in the “service” of linear time. (In fact, it was aldgashown in [1] that structural
relations can be used to establish trace containment.)

In conclusion, this paper puts forward an, admittedly paatve, thesis, which is
that process-equivalence theory allowed itself to wandehé “wilderness” for lack
of accepted guiding principles. The obvious definition ofitextual equivalence was
not scrupulously adhered to, and the underspecificity ofdhmalisms proposed led
to too many interpretations of equivalence. While one malyraalistically expect a
single paper to overwrite about 30 years of research, a modest hope would be for
this paper to stimulate a lively discussion on the basicqipiles of process-equivalence
theory.
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