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Abstract. In this work we focus on model checking of probabilistic models.
Probabilistic models are widely used to describe randomized protocols. A Markov
chain induces a probability measure on sets of computations. The notion of cor-
rectness now becomes probabilistic. We solve here the general problem of linear-
time probabilistic model checking with respect toω-regular specifications. As
specification formalism, we use alternating Büchi infinite-word automata, which
have emerged recently as a generic specification formalism for developing model
checking algorithms. Thus, the problem we solve is: given a Markov chainM
and automatonA, check whether the probability induced byM of L(A) is one
(or compute the probability precisely). We show that these problem can be solved
within the same complexity bounds as model checking of Markov chains with re-
spect to LTL formulas. Thus, the additional expressive power comes at no penalty.

1 Introduction

In model checking, we model a system as a transition systemM and a specification as a
temporal formulaψ. Then, using formal methods, we check whetherM satisfiesψ [7].
One of the most significant developments in this area is the discovery of algorithmic
methods for verifying temporal logic properties offinite-statesystems [25, 19, 6, 35].
This derives its significance both from the fact that many synchronization and commu-
nication protocols can be modelled as finite-state programs, as well as from the great
ease of use of fully algorithmic methods. Looking at model-checking algorithms more
closely, we can classify these algorithms according to two criteria. The first criterion is
the type of model that we use – nondeterministic or probabilistic. The second criterion
is the specification language.

For nondeterministic models and linear temporal logic (LTL), a close and fruitful
connection with the theory of automata over infinite words has been developed [34–36].
The basic idea is to associate with each LTL formula a nondeterministic Büchi automa-
ton over infinite words (NBW) that accepts exactly all the computations that satisfy
the formula. This enables the reduction of various decisionproblems, such as satisfia-
bility and model checking, to known automata-theoretic problems, yielding clean and
asymptotically optimal algorithms. Furthermore, these reductions are very helpful for
implementing temporal-logic based verification algorithms, cf. [14]. This connection to
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automata theory can also be extended to languages beyond LTL, such as ETL [36] and
µTL [32].

In this paper we focus on model checking of probabilistic models. Probabilistic
models are widely used to describe randomized protocols, which are often used in dis-
tributed protocols [5], communication protocols [8], robotics [29], and more. We use
Markov chains as our probabilistic model, cf. [31]. A Markovchain induces a probabil-
ity measure on sets of computations. The notion of correctness now becomes probabilis-
tic: we say here that a program is correct if the probability that a computation satisfies
the specification is one (we also discuss a quantitative notion of correctness, where we
compute the probability that a computation satisfies the specification). Early approaches
for probabilistic model checking of LTL formulas [20, 31] required determinization of
NBW, which involves an additional exponential blow-up overthe construction of au-
tomata from formulas [26], requiring exponential space complexity, unlike the polyno-
mial space complexity of standard model-checking algorithms for LTL, cf. [30].

The exponential gap for probabilistic model checking was bridged in [9, 10], who
provided a polynomial-space algorithm, matching the lowerbound of [28]. The algo-
rithm in [9, 10] is specialized to LTL (and ETL) specifications, and proceeds by induc-
tion on the structure of the formula. An automata-theoreticaccount of this algorithm
was given in [11]. It is shown there that LTL formulas can be translated to a special
type of NBW, which they callseparated automata. (An NBW is separated if every
two states that are located in the same strongly connected component have disjoint lan-
guages). As with the standard translation of LTL formulas toNBW, the translation to
separated automata is exponential. It is then shown in [11] how to model check Markov
chains, in nondeterministic logarithmic space, with respect to separated NBW as com-
plemented specification. This yields a polynomial space upper bound for probabilistic
model checking of LTL formulas.

The automata-theoretic framework in [11] is very specifically tailored to LTL. As
mentioned earlier contrast, the automata-theoretic framework for model checking non-
deterministic models is quite general and can also handle more expressive specification
languages such as ETL andµTL. This is not a mere theoretical issue. There has been a
major recent emphasis on the development of industrial specification languages. These
efforts resulted in a several languages [18, 23, 4, 2], culminating in an industrial stan-
dard, PSL 1.01 (www.accellera.com). Most of the new languages have the full
power of NBW, i.e., they can express allω-regular languages. Thus, they are strictly
more expressive than LTL [37], and, thus, not covered by the framework of [9–11].

In this paper we solve the general problem of probabilistic model checking with
respect toω-regular specifications. As specification formalism, we usealternating Büchi
infinite-word automata (ABW); see discussion below. Thus, the problem we solve is:
Given a Markov chainM and an ABWA, check whether the probability induced byM
of L(A) is one (i.e., whetherPM(L(A)) = 1). (A more refined problem is to calculate
the probability precisely, see Appendix D.)

The motivation for using ABWs as a specification formalism isderived from recent
developments in the area of linear specification languages.First, ABWs have been used
as an intermediate formalism between LTL formulas and nondeterministic Büchi word
automata (NBW). As shown in [12, 13], one can exploit the linear translation from LTL
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formulas to ABWs ([33]) for an early minimization, before the exponential translation
to NBW. Second, not only can logics such as ETL andµTL be easily translated to ABW,
but also most of the new industrial languages can be translated to ABW. Furthermore,
for some of them efficient such translations are known (cf. [1]). Thus, ABW can serve
as a generic specification formalism for developing model checking algorithms. Note
that applying the techniques of [9, 10] to ABW specificationsrequires converting them
first to NBW at an exponential cost, which we succeed here in avoiding.

We present here an algorithm for model checking of Markov chains, using ABWs
as specifications. The space complexity of the algorithm is polylogarithmic inM and
polynomial inA. The linear translation of LTL to ABW implies that this complexity
matches the lower bound for this problem.

As in [10, 11], our algorithm uses the subset construction tocapture the language
of every subset of states ofA (an infinite wordw is in the language of a setQ of
states ifw ∈ L(s) for every states ∈ Q andw 6∈ L(s) for everys 6∈ Q). While
for LTL, a straightforward subset construction suffices, this is not the case for ABW.
A key technical innovation of this paper is our use oftwo nondeterministic structures
that correspond to the alternating automatonA to capture the language of every set
of automaton states. The first nondeterministic structure is an NBWAf called thefull
automaton, and the second a “slim” version of the full automaton without accepting
conditions, which we call thelocal transition systemTA. Every stateq of Af andTA

corresponds to a setQ of states inA. While is possible, however, that a several states of
Af correspond to the same set of states ofA, every state ofTA corresponds to a unique
set of states ofA. The model-checking algorithm make use of the productsG andGf

of the Markov chainM with TA andAf , respectively.

2 Preliminaries

2.1 Automata

Definition 1. A nondeterministic Büchi word automaton(NBW) isA = 〈Σ,S, S0, δ, F 〉,
whereΣ is a finite alphabet,S is a finite set of states,δ : S ×Σ → 2S is a transition
function,S0 ⊆ S is a set of initial states, andF ⊆ S is a set of accepting states.

Let w = w0, w1, . . . be an infinite word overΣ. For i ∈ IN, let wi = wi, wi+1, . . .

denote the suffix ofw from its i’th letter. A sequenceρ = s0, s1, . . . in Sω is arun of A
over an infinite wordw ∈ Σω, if s0 ∈ S0 and for everyi > 0, we havesi+1 ∈ δ(si, wi).
We useinf(ρ) to denote the set of states that appear infinitely often inρ. A runρ of A
is acceptingif inf(ρ) ∩ F 6= ∅. An NBW A accepts a wordw if A has an accepting
run overw. We useL(A) to denote the set of words that are accepted byA. Fors ∈ S,
we denote byA(s) the automatonA with a single initial states. We writeL(s) (the
language ofs) for L(A(s)) whenA is clear from the context.

Before we define an alternating Büchi word automaton, we need the following def-
inition. For a given setX , let B+(X) be the set of positive Boolean formulas overX

(i.e., Boolean formulas built from elements inX using∧ and∨), where we also allow
the formulastrue andfalse. LetY ⊆ X . We say thatY satisfiesa formulaθ ∈ B+(X)
if the truth assignment that assignstrue to the members ofY and assignsfalseto the
members ofX \ Y satisfiesθ.
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Example 1.The sets{s1, s3} and{s1, s4} both satisfy the formula(s1∨s2)∧(s3∨s4),
while the set{s1, s2} does not satisfy this formula.

Definition 2. A tree is a setX ⊆ IN∗, such that forx ∈ IN∗ andn ∈ IN, if xn ∈ X then
x ∈ X .

We call the nodeǫ the root of the tree. A nodex is theparentof another nodet andt
is achild of x if t is of the formxn. The levelof a nodex, denoted|x|, is its distance
from the rootε; in particular,|ε| = 0. A branchβ = x0, x1, . . . of a tree is a maximal
sequence of nodes such thatx0 is the rootε andxi is the parent ofxi+1 for all 0 <

i < |β|. Note thatβ can be finite or infinite. AΣ-labelled tree, for a finite alphabetΣ,
is a pair(τ, T ), whereτ is a tree andT is a mapping from the nodes ofτ to Σ that
assigns to every node ofτ a label inΣ. We often considerT as the labelled tree. A
branchβ = x0, x1, . . . of τ defines a wordT (β) = T (x0), T (x1), . . . consisting of the
sequence of labels along the branch.

Definition 3. An alternating Büchi word automaton(ABW) isA = 〈Σ,S, s0, δ, F 〉,
whereΣ, S, andF are as in NBW,s0 ∈ S is a single initial state, andδ : S × Σ →
B+(S) is a transition function.

Because of the universal choice in alternating transitions, a run of an alternating automa-
ton is a tree rather than a sequence. A run ofA on an infinite wordw = w0, w1, . . . is a
(possibly infinite)S-labelled treeτ such thatT (ε) = s0 and the following holds:

if |x| = i, T (x) = s, andδ(s, wi) = θ, thenx hask childrenx · 1, . . . , x · k,
for somek ≤ |S|, and{T (x · 1), . . . , T (x · k)} satisfiesθ.

The runτ is acceptingif every infinite branch inT includes infinitely many labels in
F . Note that the run can also have finite branches; if|x| = i, τ(x) = s, andδ(s, wi) =
true, thenx need not have children.

We define the projected graph of ABWA = 〈Σ,S, δ, s0, F 〉 as a graph〈S,E〉
where(s1, s2) is an edge inE if s2 appears inδ(s1, σ) for someσ ∈ Σ.

Definition 4. Analternating weak word automaton(AWW) is an ABWA = 〈Σ,S, , s0δ, F 〉
such that for every strongly connected componentC of the projected graph ofA, either
C ⊆ F or C ∩ F = ∅.

Lemma 1. [17] Let A be an ABW. Then there exists an AWWAw such thatL(A) =
L(Aw) and the size ofAw is quadratic in the size ofA. Furthermore,Aw can be
constructed in time quadratic in the size ofA.

Given two AWWA1 andA2, we can construct AWW forΣω \L(A1),L(A1)∩L(A2),
andL(A1) ∪ L(A2), which are linear in their size, relative toA1 andA2 [24].

Next, we present a translation of ABWs into NBWs. Both the translation and its
correctness are derived directly from [22]. We say that a tuple (Q1, Q2) ⊆ 2S×S is
consistent with respect toA if Q2 ⊆ Q1 \ F .

Definition 5. Given an ABWA = 〈Σ,S, s0, δ, F 〉, we defineN(A) as the NBWAn =
〈Σ,Sn, ({s0}, {s0} \ F ), δn, Fn〉, such that:
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– Sn is the set of consistent tuples with respect toA.
– (Q′

1, Q
′
2) is in δn((Q1, Q2), σ) iff Q′

1 |=
∧

s∈Q1
δ(s, σ) and either:

• Q2 = ∅ andQ′
2 = Q′

1 \ F , or
• Q2 6= ∅ and there exists a setY2 ⊆ Q′

1 such thatY2 |=
∧

s∈Q2
δ(s, σ), and

Q′
2 = Y2 \ F .

– Fn = {(Q1, Q2) ∈ Sn|Q2 = ∅}.

Theorem 1. [22] Let Q1 be a subset ofS, and letQ2 be a subset ofQ1 \ F . Then

∩s∈Q1L(A(s)) = L(A
(Q1,Q2)
n ).

2.2 Markov chains

We model probabilistic systems by finiteMarkov chains. The basic intuition is that
transitions between states are governed by some probability distribution.

Definition 6. A Markov chain is a tupleM = 〈X,PT , PI〉 such thatX is a set of
states,PT : (X × X) → [0, 1] is a transition probability distribution that assigns to
every transition(x1, x2) its probability.PT satisfies that for everyx1 ∈ X we have
∑

x2∈X PT (x1, x2) = 1. PI : X → [0, 1] is an initial probability distribution that
satisfies

∑

x∈X PI(x) = 1.

We denote byM(x) the Markov chainM with PI that mapsx to 1. Sometimes we
consider a Markov chain as a graph〈X,E〉 where(x1, x2) ∈ E iff PT (x1, x2) > 0. For
an alphabetΣ = 2AP , let V : X → Σ be a labelling function, then each pathρ in X∗

or inXω in M is mapped byV to a wordw in Σ∗ or inΣω respectively. For simplicity
we assume thatΣ = X and thatV (x) = x for everyx ∈ X , this simplification does
not change the complexity of verifying the Markov chain [10]. Note, that every infinite
path ofM is a word inXω but the converse does not necessarily hold.

As in the standard theory of Markov processes (see [15, 16]),we define a probability
space called thesequence spaceΨM = (Ω,∆,PM ), whereΩ = Σω is the set of all
infinite sequences of states,∆ is theBorel fieldgenerated by thebasic cylindric sets

∆(w0, w1, . . . , wn) = {w ∈ Ω| such thatw has prefixw0, w1, . . . , wn},

andPM is a probability distribution defined by

PM (∆(w0, w1, . . . , wn)) =

PI(w0) · PT (w0, w1) · PT (w1, w2) · . . . · PT (wn−1, wn).

(∆ is the smallest set that contains the basic cylindric sets, and is closed under negation,
and countable union.) Consider a languageL ⊆ Σω, viewed as a specification, that is
measurable w.r.t. the sequence spaceΨM . We say thatM almost surely satisfiesL if
PM (L) = 1, that is, if “almost” all computations ofM are inL. In this paper we
are concerned with the language of an ABWA, thus we want to determine whether
PM (L(A)) = 1. It is shown in [31] thatω-regular languages are measurable.

The following property of Markov chains is calledergodicityand is proved in [16].
Let M be a Markov chain, then a path ofM, with probability one, enters a bottom
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strongly connected component (BSCC)K of M, and contains every finite path inK
infinitely often. In other words, letLe be the set of infinite words ofM such that every
word w in Le has a suffix that is contained in a BSCCK of M, and contains every
finite path inK infinitely often. Then,PM (Le) = 1.

3 The Full Automaton and The Local Transition System

In this section we capture the behavior of an AWWA using two nondeterminstic sys-
tems. First we define the full automaton, which captures the languages of subsets of
the states ofA. Then we define the local transition system, which captures the local
relations between subsets of states ofA.

3.1 The Full Automaton

Given a AWWA = 〈Σ,S, δ, F 〉 (we ignore its initial state), we define its dual AWW
Â = 〈Σ,S, δ̂, F̂ 〉, where the Boolean formulâδ(s, σ) is obtained fromδ(s, σ) by re-
placing everytrue with false and vice versa, and every∨ with ∧ and vice versa, in
addition we definêF = S \ F . It is easy to see that̂A is an AWW.

Lemma 2. [24] LetA be an AWW and̂A be its dual AWW. For every states we have
thatL(A(s)) = Σω \ L(Â(s)).

Given an AWWA and its dual AWWÂ we define the state space of the full automaton
as a subset of2S × 2S × 2S × 2S . We start with the following definition.

Definition 7. A tuple(Q1, Q2, Q3, Q4) is consistentif Q2 = S \ Q1, Q3 ⊆ Q1 \ F ,
andQ4 ⊆ Q2 \ F̂ .

Definition 8. Given an AWWA = 〈Σ,S, δ, F 〉we define itsfull automatonas the NBW
Af = 〈Σ,Sf , δf , Ff 〉 where

– Sf is the set of consistent tuples over2S × 2S × 2S × 2S .
– A state(Q′

1, Q
′
2, Q

′
3, Q

′
4) is in δf ((Q1, Q2, Q3, Q4), σ) if Q′

1 |= ∧s∈Q1δ(s, σ),
Q′

2 |= ∧s∈Q2 δ̂(s, σ), and either:
1. Q3 = Q4 = ∅,Q′

3 = Q′
1 \ F , andQ′

4 = Q′
2 \ F̂

2. Q3 6= ∅ or Q4 6= ∅, there existsY3 ⊆ Q′
1 such thatY3 |= ∧s∈Q3δ(s, σ) and

Q′
3 = Y3 \ F , and there existsY4 ⊆ Q′

2 such thatY4 |= ∧s∈Q4 δ̂(s, σ) and
Q′

4 = Y4 \ F̂
– Ff = {(Q1, Q2, Q3, Q4) ∈ Sf |Q3 = Q4 = ∅)}

The full automaton can be considered as an intersection of the two NBWsN(A) and
N(Â). The definition of the full automaton restricts the states ofthe intersection to
consistent tuples.

Theorem 2. LetA be an AWW and letAf be its full automaton, letQ ⊆ S be a set of
states, then for every state(Q1, Q2, Q3, Q4) such thatQ1 = Q we have that

⋂

s∈Q

L(A(s))
⋂

s6∈Q

L(A(s)) = L(A
(Q1,Q2,Q3,Q4)
f )
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Theorem 2 is proved in Appendix A.1. We now present more properties of the full
automaton. We use these properties later.

Definition 9. LetA be an ABW and letw be an infinite word. We define thetypeofw
w.r.t.A as the settypeA(w) = {s|A(s) acceptsw}.

The following lemma is a direct consequence of Theorem 2.

Lemma 3. LetAf be full automaton, and let(Q1, Q2, Q3, Q4) and(Q′
1, Q

′
2, Q

′
3, Q

′
4)

be states ofAf . Then,

– If Q1 = Q′
1 thenL(A

(Q1,Q2,Q3,Q4)
f ) = L(A

(Q′

1,Q′

2,Q′

3,Q′

4)
f ).

– If Q1 6= Q′
1 thenL(A

(Q1,Q2,Q3,Q4)
f ) ∩ L(A

(Q′

1,Q′

2,Q′

3,Q′

4)
f ) = ∅.

Lemma 3 and Theorem 2 imply that the first elementQ1 of the states ofAf character-
izes a distinct language.

Definition 10. The language ofQ1 is defined asL(Q1) = L(A
(Q1,S\Q1,∅,∅)
f ).

3.2 The local transition system

As observed above, it is sufficient to look atQ1 in order to determine the language
of a state ofAf . Recall thatL(Q1) = L(A(Q1,S\Q1,∅,∅)). We observe that if there
exists a transition((Q1, Q2, Q3, Q4), σ, (Q

′
1, Q

′
2, Q

′
3, Q

′
4)) in δf , then for every state of

the form(Q1, Q2, Y3, Y4) there exists a state(Q′
1, Q

′
2, Y

′
3 , Y

′
4) such that the transition

((Q1, Q2, Y3, Y4), σ, (Q
′
1, Q

′
2, Y

′
3 , Y

′
4)) is in δf .

These observations imply that there are some local relationships between the lan-
guages of the states ofAf . Indeed, if a wordw is in L((Q′

1, Q
′
2, Q

′
3, Q

′
4)) then for the

wordσ·w that is inL((Q1, Q2, Q3, Q4)), there exists a state of the form(Q′
1, Q

′
2, Y

′
3 , Y

′
4)

that is inδf ((Q1, Q2, Q3, Q4), σ). Thus, we can say that there exists a transition onσ

fromL(Q1) toL(Q′
1). The local transition system captures these relationships.

Definition 11. Given an AWWA = 〈Σ,S, δ, F 〉 we define itslocal transition system
asTA = 〈Σ,ST , δT 〉 where

– ST is the set of subsets ofS andδT is a function fromST to 2ST .
– A stateQ′ is in δT (Q, σ) if Q′ |= ∧s∈Qδ(s, σ) and(S \Q′) |= ∧s6∈Qδ̂(s, σ).

Example 2.We now present an example of a full automaton and a local transition sys-
tem. The example is presented at Figure 1. For simplicity we use a deterministic au-
tomatonA. The figure showsA’s dual automaton̂A, the full automatonAf , and the lo-
cal transition systemTA. Note thatÂ hasF̂ = S, thus for every state(Q1, Q2, Q3, Q4)
of Af , we haveQ4 = ∅. For this reason, and sinceQ2 is always equal toS \ Q1, we
only write the setsQ1 andQ3 inside the states.

The definitions of the full automaton and the local transition system implies the follow-
ing lemma:
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true false
ba

b

a a

b

a b
truefalse

1 2 1 2

A
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a

a

b
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b

TA

{1}

∅

{1, 2}
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{1, 2}, {2}

∅, ∅

{1, 2}, ∅

{1}, ∅{1}, {1}

a

b
a

aa

b

a
a

a
a

b

Fig. 1. An example of a full automatonAf and a local transition systemTA.

Lemma 4. LetA be an AWW and letAf andTA be its full automaton and local tran-
sition system respectively. Let(Q1, Q2, Q3, Q4) be a state ofAf , and letσ be a letter
in Σ. Then, for every stateQ′

1 we have thatQ′
1 is in δT (Q1, σ) iff there exists a state of

the form(Q′
1, Q

′
2, Q

′
3, Q

′
4) in δf ((Q1, Q2, Q3, Q4), σ).

The proof of Lemma 4 is straightforward from the definitions of Af andTA. In partic-
ular for every state(Q1, Q2, Q3, Q4) and infinite wordw we have thatA(Q1,Q2,Q3,Q4)

has a run onw iff T (Q1)
A has a run onw. However, we do not define accepting condi-

tions for the local transition system. Thus, it is possible thatT (Q1)
A has a run onw, but

A
(Q1,Q2,Q3,Q4)
f does not have an accepting run onw.

Lemma 5. LetTA be a local transition system, and letQ,Q′ andQ′′ be states ofTA.
Letσ be a letter inΣ. If Q′′ ∈ δT (Q′, σ) andQ′′ ∈ δT (Q, σ), thenQ = Q′.

Lemma 5 is proved in Appendix A.2. When a transition system satisfies the property
shown in Lemma 5, we say that the transition system isreverse deterministic.

4 Verifying Markov Chains

In this section we construct a productGM,A of the Markov chainM and the local
transition systemTA. We show that the problem of checking whetherPM (L(A)) = 1,
can be reduced to checking for a state(x,Q) of G whether the probability ofL(Q) ∩
x ·Σω is positive. Then, we show how to use the full automaton to solve this problem.
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Definition 12. Let A be an AWW,TA be A’s local transition system, andM be a
Markov chain. We define the graphGM,A as having vertex set(x,Q) such thatx is a
state ofM andQ is a state ofTA. An edge(x,Q) → (x′, Q′) is included inGM,A if
M has a transitionx→ x′ and(Q, x,Q′) is a transition inTA.

WhenA andM are clear from the context, we writeG instead ofGM,A. Lemma 5
implies that for every three states(x,Q), (x′, Q′), and(x′′, Q′′), if there is a transition
from (x,Q) to (x′′, Q′′) and there is a transition from(x′, Q′) to (x′′, Q′′), thenx 6= x′.
We say thatG is reverse deterministic.

Example 3.We present in Figure 2 two Markov chainsM1 andM2. We assume that
the initial probability for each state in the Markov chains is 1

2 . The figure also presents
the productsG1 andG2 of M1 andM2 respectively, with the local transition system
TA from Example 2.

a b

1

M2

a, {1}

b, ∅

a, {1, 2}

b, {1}

G2

a b

1

1
2

M1

a, {1}

b, ∅

a, {1, 2}

G1

1
2

1

b, {1}

a

a

a

b

b

b

TA

{1}

∅

{1, 2}

Fig. 2.Two Markov chainsM1 andM2, and the graphs they imposeG1 andG2.

Every infinite path inG projected on the first component gives a path inM. Conversely,
every path ofM is the projection of at least one path inG. In fact, letw = x0 ·x1 ·. . . be
a path ofM. For eachj, letQj be the type of the suffixxj ·xj+1xj+2 · · ·. Then for each
j there is a transition(Qj , xj , Qj+1) in δT and thus an edge(xj , Qj) → (xj+1, Qj+1)
in G. We call this path theaugmented pathcorresponding tow.

Definition 13. For a state(x,Q) ofG we denote byP (x,Q) the probability that a path
that starts in statex has typeQ, namelyP (x,Q) = PM (M(x) has typeQ). We call
(x,Q) probableif P (x,Q) > 0.

The importance of the probable states is demonstrated in thefollowing two lemmas,
which are proved in Appendix B.

Lemma 6. PM (L(Q)) =
∑

x∈X PI(x) · P (x,Q).
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Letx be a state of a Markov chain withPI(x) > 0. Then for every state(x,Q) we have
that if (x,Q) is probable, thenPM (L(Q)) > 0. Thus we conclude Lemma 7.

Lemma 7. Lets be a state of an AWWA and letM be a Markov chain. Then,PM (L(s)) <
1 iff there exists a statex of M and a setQ ⊆ S such thatPI(x) > 0, s 6∈ Q and the
state(x,Q) is probable.

Thus, in order to determine whetherPM (L(s0)) = 1, it is enough to determine the
probable states ofG. In the rest of this section we show how to identify the probable
states. We defineH as the restriction ofG to the probable states.

Example 4.Look again at Figure 2. It is easy to see that given that a path of M1 starts at
statea, the path is of the forma((ba)+a)ω with probability1. a((ba)+a)ω is contained
in L({1, 2})∪{(ab)ω}, sincePM1((ab)

ω) = 0, we haveP (a, {1, 2}) = 1. Similarly, a
path ofM1 that starts atb is with probability one inL({1}), thus,P (b, {1}) = 1. This
implies that inG1,H is the subgraph induced by the states(a, {1, 2}) and(b, {1}). On
the other hand, looking atM2, we see that a path that starts ata is of the form(ab)ω

and a path that starts atb is of the form(ba)ω. Thus, inG2,H is the subgraph induced
by the states(a, {1}) and(b, ∅).

We start with the following observation. Partition the languageL(Q) according to the
first letter of a word and the type of the suffix that starts fromthe second letter. Then,
for every state(x,Q) of G we haveP (x,Q) =

∑

(x,Q)→(x′,Q′) PT (x, x′) · P (x′, Q′).
Note that if(x,Q) → (x′, Q′) is an edge ofG, thenPT (x, x′) > 0 and thusP (x,Q) ≥
PT (x, x′) · P (x′, Q′). Hence, if(x′, Q′) is probable then all its ancestors are probable.
This implies that it is sufficient to identify the BSCCs ofH and then to construct the
set of probable states using backward reachability.

LetC be an SCC ofG. If it contains some probable state(x,Q), then since all the
states inC are ancestors of(x,Q), all states inC are probable. That is, eitherC is an
SCC ofH orC ∩H = ∅. Recall that every path inC projects to a path inM. So the set
of first components of all members ofC are in the same SCC, sayK, of M, which is
the SCC ofM containingx. We say thatC correspondstoK. Note that distinct SCC’s
of G may correspond to the sameK.

Theorem 3 characterizes the SCCs ofG which are the BSCCs ofH . Before we
present the theorem we need the following notation. For a tupleE = 〈E1, E2, . . . En〉,
we defineπi(E) = Ei to be thei’th element inE. This notation is extended naturally
to sequences of tuples.

Definition 14. A finite pathρG in G is fulfilling if there exists a pathρf in Af such
thatπ2(ρG) = π1(ρf ), the first state ofρf is of the form(Q1, Q2, (Q1 \F ), (Q2 \ F̂ )),
and the last state ofρf is of the form(Q′

1, Q
′
2, ∅, ∅).

Theorem 3. LetC be an SCC ofG. ThenC is a BSCC ofH iff it satisfies the following
conditions:

1. C corresponds to a BSCCK ofM.
2. Every finite path ofK is a projection of a path inC.
3. C contains a fulfilling path.

The proof of Theorem 3 is highly nontrivial and is presented at Appendix B.1.
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5 Algorithms

In Figure 3 we present the algorithm that determines for an AWW A and a Markov
chainM whetherPM (L(A)) = 1. An extension for exact probability is presented
in Appendix D. Theorem 3 implies that the algorithm mark the BSCCs ofH . Thus,
B is the set of probable states. Lemma 7 implies that the algorithm returnstrue iff
PM (L(A)) = 1. Finding SCCs inG that correspond to BSCCs inM, and doing

Inputs: Markov chain M = 〈X, PI , PT 〉, AWW A = 〈Σ, S, s0, δ, F 〉.
Construct the full automaton Af of A.
Construct the local transition system TA and the graph G.
Mark all SCCs C of G that satisfy:

1. C corresponds to a BSCC K of M.
2. Every finite path of K is a projection of a path in C.
3. C contains a fulfilling path.

Construct the set B of all states of G from which the marked
SCCs are reachable.
return true iff for every state (x, Q) ∈ B, if PI(x) > 0, then s0 ∈ Q.

Fig. 3.The model-checking algorithm

backward reachability can be done in time linear in the size of G. The most complex
part of the algorithm is to identify, SCCsC of G that satisfy:

1. C corresponds to a BSCCK of M.
2. Every finite path ofK is a projection of a path inC.
3. C contains a fulfilling path.

The following lemma is proved in [10]. The only property ofG that they use is thatG
is reverse deterministic.

Lemma 8. Let C be an SCC ofG that corresponds to an SCCK of M. Then the
following are equivalent:

1. Every finite path inK is a projection of a path inC.
2. No other SCC ofG corresponding toK is an ancestor ofC.

Lemma 8 implies that the second task is equivalent to checking whether there is no
ancestor SCC ofC that corresponds toK. This check can be easily done while scanning
the SCCs ofG.

Example 5.In G1 at Figure 2 there are two SCC’s that correspond to the single BSCC
of M1. The SCC of(a, {1, 2}) and(b, {1}) does not have ancestors and contains the
fulfilling path (a, {1, 2}), (a, {1, 2}), (a, {1, 2}) that corresponds to the path
({1, 2}, {1, 2}), ({1, 2}, {1}), ({1, 2}, ∅) in Af , thus, this SCC is the BSCC ofH . In
G2 there are two SCCs that correspond to the single BSCC ofM2 and neither of them
have an ancestor. However, only the SCC of(a, {1}) and (b, ∅) has a fulfilling path,
thus it is the BSCC ofH .
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We now explain how to check whether an SCCC of G contains a fulfilling path. We
construct the productGf = M×Af , similarly to the construction ofG.

Definition 15. Let A be an AWW,Af be A’s full automaton, andM be a Markov
chain. We define thefull graphGf as having vertex set(x, (Q1, Q2, Q3, Q4)) such that
x is a state ofM and(Q1, Q2, Q3, Q4) is a state ofAf . An edge(x, (Q1, Q2, Q3, Q4)) →
(x′, (Q′

1, Q
′
2, Q

′
3, Q

′
4)) is included inGf if M has a transitionx→ x′ and(Q′

1, Q
′
2, Q

′
3, Q

′
4)

is in δf((Q1, Q2, Q3, Q4), x).

Lemma 9. An SCCC ofG contains a fulfilling path iff there exists a path
(x0, (Q

0
1, Q

0
2, Q

0
3, Q

0
4)), (x1, (Q

1
1, Q

1
2, Q

1
3, Q

1
4)), . . . , (xn, (Q

n
1 , Q

n
2 , ∅, ∅)) inGf such that

the path(x0, Q
0
1), (x1, Q

1
1), . . . (xn, Q

n
1 ) is contained inC, Q0

3 = Q0
1 \ F , andQ0

4 =
Q0

2 \ F̂ .

Lemma 9 is proved in Appendix C.

Complexity Finding SCCs inG that correspond to BSCCs inM, and doing backward
reachability can be done in linear time and polylogarithmicspace in|G|. Constructing
BSCCs ofM can be done in time linear in|M|, identifying SCCs ofG that corre-
spond to these BSCC can be done in time linear in|G|. Marking SCCs that do not have
ancestors that correspond to the same BSCC inM can also be done in time linear in
|G|. Checking that an SCC ofG contains a fulfilling path can be done in time linear in
|Gf |, simply by scanningGf andG in parallel, thus, the algorithm can be implemented
in time linear in |M × Af |. Since the size ofAf is 2O(|A|), we have that the time
complexity of the algorithm is|M| · 2O(|A|).

As for space complexity we show that algorithm works in spacepolynomial in|A|
and polylogarithmic in|M|. We rewrite the conditions of Theorem 3, Lemma 7, and
Lemma 8 as follows:PM (L(A)) < 1 iff there exists a probable state(x0, Q0) such
thats0 6∈ Q andPI(x0) > 0. This is true iff(x0, Q0) reaches a state(x,Q) that is in a
BSCC ofH , s0 6∈ Q0, andPI(x0) > 0. That is

1. (x,Q) is reachable from a state(x0, Q0) such thatPI(x0) > 0 ands0 6∈ Q0.
2. x is in a BSCC ofM (Theorem 3,(1)). This condition is equivalent to the follow-

ing: for every statex′ of M we have that if there exists a path inM from x to x′

then there exists a path fromx′ to x.
3. No other SCC ofG that corresponds to the SCC ofx in M is the ancestor of the

SCC of(x,Q) (Lemma 8). This condition is equivalent to the following: for every
state(x′, Q′), if there exists a path from(x′, Q′) to (x,Q), then either there exists
a path from(x,Q) to (x′, Q′), or there is no path fromx to x′.

4. The SCC of(x,Q) contains a fulfilling path (Theorem 3,(3)). By Lemma 9 this
condition is equivalent to the following: there exists a path in Gf from a state
(x′, (Q′

1, Q
′
2, Q

′
1 \ F,Q′

2 \ F̂ )) to a state(x′′, (Q′′
1 , Q

′′
2 , ∅, ∅)) such that the pro-

jection of the path onG is contained in the SCC of(x,Q). This condition is
equivalent to: there is a path from a state(x′, (Q′

1, Q
′
2, Q

′
1 \ F,Q′

2 \ F̂ )) to a
state(x′′, (Q′′

1 , Q
′′
2 , ∅, ∅)) in Gf and there are paths from(x,Q) to (x′′, Q′′

1), from
(x′′, Q′′

1) to (x′, Q′), and from((x′, Q′) to (x,Q) in G.
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In [27] it is shown that checking whether there is a path from one state to another in a
graph withn states requireslog2(n) space. This implies that the conditions above can
be checked in spaceO(log2(|Gf |)) = log2(|M|·2O(|A|)) = O(log2(|M|)+log(|M|)·
|A| + |A|2) = O(log2(|M|) + |A|2).

6 Concluding remarks

We presented here an optimal solution to the general problemof linear-time probabilis-
tic model checking with respect toω-regular specifications, expressed by alternating
automata. Beyond the interest in the problem itself, our solution is interesting from a
theoretical perspective, since the concept of full automaton may have other applications.
More work is needed in reducing our result to practice. One direction is to extend the
ProbaTafsystem, which currently handles LTL specifications of Markov chain [11], to
alternating automata specifications. Another, is to combine the symbolic approach to
alternating automata [21] with the symbolic approach to probabilistic model checking
[3].
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A Proofs for Section 3

A.1 Proof of Theorem 2

Lemma 10. LetA be an AWW, lets be a state inS, and letσ be a letter inΣ. Then,
for everyQ ⊆ S, we have thatQ |= δ(s, σ) iff S \Q 6|= δ̂(s, σ).

Lemma 10 can be proved by induction on the structure of the formulaδ(s, σ).

Lemma 11. LetA be an AWW, letw be an infinite word, and letQ be a subset ofS s.t
w is in

⋂

s∈Q L(A(s))
⋂

s6∈Q L(A(s)). Then,Q = typeA(w).

Proof. Sincew ∈
⋂

s∈Q L(A(s)), we haveQ ⊆ typeA(w). Sincew ∈
⋂

s6∈Q L(A(s)),
we havetypeA(w) ⊆ Q, thus,Q = typeA(w).

Lemma 12. LetA be an AWW, letÂ be its dual, and letw be an infinite word. Then
S \ typeA(w) = typeÂ(w).

Proof. Let s be a state, thens ∈ S \ typeA(w) iff w 6∈ L(A(s)). By Lemma 2,w 6∈
L(A(s)) iff w ∈ L(Â(s)) iff s ∈ typeÂ(w).

Lemma 13. LetA be an AWW and letw be an infinite word. Then for everyi and every
s ∈ typeA(wi), we havetypeA(wi+1) |= δ(s, wi)

Proof. Let s be a state intypeA(wi), thenA(s) acceptswi. LetQ′ be the set of succes-
sors ofs in an accepting run tree ofA(s) on wi. Then, for everyt ∈ Q′ we have
that A(t) acceptswi+1, thusQ′ ⊆ typeA(wi+1). Since,Q′ |= δ(s, wi), we have
typeA(wi+1) |= δ(s, wi).

Definition 16. Let A be an AWW andAf be the full automaton ofA. Let w be an
infinite word. We defineMaxA(w) to be the state(typeA(w), typeÂ(w), typeA(w) \

F, typeÂ(w) \ F̂ ) ofAf .

Lemma 12 implies thatMaxA(w) is a consistent tuple.

Lemma 14. Letw be an infinite word and letA be an AWW. Then there exists a run of
Af on a prefix ofw that starts atMaxA(w) and that reaches a state inFf .

Proof. Let (Q0
1, Q

0
2, Q

0
3, Q

0
4) = MaxA(w). We define two sets of trees.Φ3 is a set

of |Q0
1| many run trees s.t. for everys ∈ Q0

1 there exists a unique tree inΦ3 that is
an accepting run tree ofA(s) onw. Similarly, we defineΦ4 as a set of|Q0

2| many run
trees s.t. for everyt 6∈ Q0

1 there exists a unique tree inΦ4 that is an accepting run tree
of Â(t) onw. We defineΦ = Φ3 ∪ Φ4. Note that every path of a tree inΦ3 contains
infinitely many accepting states inF , and every path of a tree inΦ4 contains infinitely
many accepting states in̂F . Furthermore, the branching degree of every node in these
tree is bounded by|S|. By Königs lemma, there exists an indexi s.t. for every tree inΦ
and every pathξ in the tree there existsk ≤ i s.t.ξk is an accepting state.

We construct a run ofA(Q0
1,Q0

2,Q0
3,Q0

4)
f onw inductively, until it reaches a state in

Ff . The run satisfies the following properties:
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1. For everyk ≤ i we have that if a states is inQk
3 , then there exists a pathξ in a tree

in Φ3 s.t.ξ0, ξ1, . . . , ξk does not contain states inF andξk = s.
2. For everyk ≤ i we have that if a statet is inQk

4 , then there exists a pathξ in a tree
in Φ4 s.t.ξ0, ξ1, . . . , ξk does not contain states in̂F andξk = t.

The first state of the run is(Q0
1, Q

0
2, Q

0
3, Q

0
4). It easy to see that the properties above

hold for k = 0. Suppose that for somek < i, we have a prefix of a run ofAf that
satisfies the properties above. We defineQk+1

1 = typeA(wk+1), Qk+1
2 = S \ Qk+1

1 .
As for Qk+1

3 andQk+1
4 , the induction hypothesis implies that for every states in Qk

3

there exists a pathξs in a tree inΦ3 s.t.ξs
0, ξ

s
1 , . . . , ξ

s
k does not contain states inF and

ξs
k = s. LetY s

3 be the set of successors ofξs
k in the tree. We defineY3 = ∪s∈Qk

3
Y s

3 , and

Qk+1
3 = Y3 \F . Since for everys inQk

3 we have that the successors ofξs
k in the run tree

acceptswk+1, we have thatY3 ⊆ typeA(wk+1), thus,Y3 ⊆ Qk+1
1 . In a similar way we

defineY4 ⊆ Qk+1
2 using trees ofΦ4, and defineQk+1

4 = Y4 \ F̂ . SinceY3 ⊆ Qk+1
1 and

Y4 ⊆ Qk+1
2 , the state(Qk+1

1 , Qk+1
2 , Qk+1

3 , Qk+1
4 ) is consistent.

Obviously, the properties above holds fork+1. We prove that(Qk+1
1 , Qk+1

2 , Qk+1
3 , Qk+1

4 )
is in δf((Qk

1 , Q
k
2 , Q

k
3 , Q

k
4), wk). Lemma 13 implies that for every states ∈ Qk

1 we have
Qk+1

1 |= δ(s, wk). Lemma 12 implies thatQk+1
2 = typeÂ(wk+1), Lemma 13 im-

plies that for everyt ∈ Qk
2 , we haveQk+1

2 |= δ̂(t, wk). The definition ofY3 implies
that for every states in Qk

3 we haveY3 |= δ(s, wk). Similarly, for everyt ∈ Qk
4 we

haveY4 |= δ̂(s, wk). This completes the proof that(Qk+1
1 , Qk+1

2 , Qk+1
3 , Qk+1

4 ) is in
δf ((Qk

1 , Q
k
2 , Q

k
3 , Q

k
4), wk).

Since every path in a tree inΦ contains an accepting state before thei’th state, the
properties above imply that the run reaches an accepting state before thei’th state.

Lemma 15. LetA be a AWW and letAf be its full automaton, letQ ⊆ S be a set of
states, then for every state(Q1, Q2, Q3, Q4) s.t.Q1 = Q we have that

⋂

s∈Q

L(A(s))
⋂

s6∈Q

L(A(s)) ⊆ L(A
(Q1,Q2,Q3,Q4)
f )

Proof. We prove that everyw in
⋂

s∈Q L(A(s))
⋂

s6∈Q L(A(s)) is also inL(A
(Q1,Q2,Q3,Q4)
f ).

We construct the run ofAf inductively in finite sequences, s.t. for every sequence, the
last state(Qi

1, Q
i
2, Q

i
3, Q

i
4) in the sequence isMaxA(wi). Moreover, every sequence

except for the first, contains an accepting state. Since, therun contains infinitely many
sequences, the run is accepting.

– Base: Lemma 11 implies thatQ1 = typeA(w). Lemma 19 implies that there exists
a transition from(Q1, Q2, Q3, Q4) toMaxA(w1) onw0. This is the first sequence.

– Induction step: Suppose that thei’th sequence ends at state(Qk
1 , Q

k
2 , Q

k
3 , Q

k
4) s.t.

(Qk
1 , Q

k
2 , Q

k
3 , Q

k
4) = MaxA(wk). Then, Lemma 14 implies that there exists a run

ofAf that starts from(Qk
1 , Q

k
2 , Q

k
3 , Q

k
4) and reaches an accepting state(Qj

1, Q
j
2, ∅, ∅)

for somej > k. The definition ofAf implies that there exists a transition from
(Qj

1, Q
j
2, ∅, ∅) toMaxA(wj+1) onwj . We take

(Qk+1
1 , Qk+1

2 , Qk+1
3 , Qk+1

4 ), . . . (Qj
1, Q

j
2, ∅, ∅),MaxA(wj+1) to be thei+1’th se-

quence.
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Lemma 16. LetA be a AWW and letAf be its full automaton, letQ ⊆ S be a set of

states, then for every state(Q1, Q2, Q3, Q4) s.t.Q1 = Qwe have that
⋂

s∈Q L(A(s))
⋂

s6∈Q L(A(s)) ⊇

L(A
(Q1,Q2,Q3,Q4)
f )

Proof. We prove that everyw inL(A
(Q1,Q2,Q3,Q4)
f ) is also in

⋂

s∈Q L(A(s))
⋂

s6∈Q L(A(s)).

Letρf = (Q0
1, Q

0
2, Q

0
3, Q

0
4), (Q

1
1, Q

1
2, Q

1
3, Q

1
4), . . . be an accepting run ofA(Q1,Q2,Q3,Q4)

f

onw and lets be a state inQ0
1. We need to show thatw is in A(s). Let An = N(A)

as defined in Definition 5. We prove thatA
(Q1,Q3)
n has an accepting run onw, by The-

orem 1 this implies thatw is in L(A(s)). Similarly, we can prove thatw is in L(Â(t))
for every statet in Q0

2.
Let i0 = −1 and leti1, i2, . . . be an infinite sequence of indices s.t. for everyj ≥ 1,

the ij ’th state ofρ is in Ff . We construct a runρn = (Y 0
1 , Y

0
2 ), (Y 1

1 , Y
1
2 ), . . . s.t. For

everyj andij < k ≤ ij+1 we defineY k
1 = Qk

1 , and

Y k
2 =

{

Y k
1 \ F if Y l

2 = ∅ for someij < l < k

Qk
3 otherwise

We prove thatρn is an accepting run ofAn onw. We prove by induction onj that for
everyj ≥ 0 we have that

1. Y ij+1
1 = Q

ij+1
1 andY ij+1

2 = Q
ij+1
3 .

2. For everyij < k ≤ ij+1, there exists a transition from(Y k
1 , Y

k
2 ) to (Y k+1

1 , Y k+1
2 )

onwk.
3. There existsij < k ≤ ij+1 s.t.Y k

2 = ∅

Since for everyj ≥ 0 there existsk > ij s.t.Y k
2 = ∅, the run is accepting.

We start with two observations. The definitions ofAf andAn imply the following
observation.

Observation 17 For a state(Q1, Q2, Q3, Q4) of Af s.t.Q3 6= ∅, a transition from
(Q1, Q2, Q3, Q4) to (Q′

1, Q
′
2, Q

′
3, Q

′
4) onσ in Af implies a transition from(Q1, Q3)

to (Q′
1, Q

′
3) in An.

Recall that if there exists a transition inAf from (Q1, Q2, Q3, Q4) to (Q′
1, Q

′
2, Q

′
3, Q

′
4)

onσ, then there exists a transition inAf from (Q1, Q2, Q3, Q4) to (Q′
1, Q

′
2, Q

′
1\F,Q

′
2\

F̂ ) onσ. This implies that:

Observation 18 If there exists a transition inAf from(Q1, Q2, Q3, Q4) to (Q′
1, Q

′
2, Q

′
3, Q

′
4)

onσ, then there exist a transition inAn from (Q1, Q3) to (Q′
1, Q

′
1 \ F ) onσ.

Next, we prove the induction claim.

– Base casej = 0: The definition ofρn implies property1. Let l be the smallest
index s.t.ij < l ≤ ij+1 andQl

3 = ∅. Then Observation 17 implies that for every
ij < k < l property2 holds. By the definition ofAn, property3 holds in index
k = l. Observation 18 implies that property2 holds forl ≤ k ≤ ij+1.
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– Induction step: Assume that the three properties hold forj, we prove that they hold
for j + 1. Since(Q

ij

1 , Q
ij

2 , Q
ij

3 , Q
ij

4 ) is in Ff , we haveQij+1
3 = Q

ij+1
1 \ F . The

induction hypothesis implies that for someij−1 < k ≤ ij, we haveY k
2 = ∅ thus

Y
ij+1
2 = Y

ij+1
1 \ F , thus property1 holds. Properties2 and3 can be proved as in

the base case.

Lemma 16 completes the proof of Theorem 2.

A.2 Proofs for the rest of Section 3

Lemma 19. Let A be an AWW, letAf be its full automaton, and letw be an infinite
word. Then, there exist a transition inAf from every state of the form(typeA(w), S \
typeA(w), Q3, Q4) toMaxA(w1) onw0.

Proof. By Lemma 12, we haveS \ typeA(w) = typeÂ(w). Lemma 13 implies that for
every states in typeA(w), we havetypeA(w1) |= δ(s, w0), and that for every statet
in typeÂ(w), we havetypeÂ(w1) |= δ̂(t, w0). If Q3 = Q4 = ∅, then the definition
of δf implies the lemma directly. Otherwise, since(typeA(w), S \ typeA(w), Q3, Q4)

is consistent, we have thatQ3 ⊆ typeA(w) \ F , andQ4 ⊆ typeÂ(w) \ F̂ . We take
Y3 = typeA(w1) andY4 = typeÂ(w1). These sets satisfy the conditions ofδf .

Theorem 2 implies the following lemma.

Lemma 20. For an AWWA and set of stateQ, we haveL(Q) = {w|typeA(w) = Q}.

Lemma 5 Let TA be a local transition system, and letQ, Q′ andQ′′ be states ofTA.
Let σ be a letter inΣ. If Q′′ ∈ δT (Q′, σ) andQ′′ ∈ δT (Q, σ), thenQ = Q′.

Proof. Assume to the contrary that the lemma does not hold, meaning,Q′′ ∈ δT (Q′, σ)
andQ′′ ∈ δT (Q, σ), but Q 6= Q′. Then, w.l.o.g. there exists a states in Q that is
not in Q′. The definition ofTA implies thatQ′′ |= δ(s, σ). Lemma 10 implies that
S \Q′′ 6|= δ̂(s, σ). Thus,Q′′ 6∈ δT (Q′, σ), contradiction.

B Proofs for Section 4

Lemma 6 PM (L(Q)) =
∑

x∈X PI(x) · P (x,Q).

Proof. We partition the languageL(Q) according to the first letter of the word. Then,
we have thatPM (L(Q)∩{w|w starts withx}) = PI(x) ·P (x,Q). Thus,PM (L(Q)) =
∑

x∈X PI(x) · P (x,Q).

Let x be a state of a Markov chain withPI(x) > 0. Then for every state(x,Q) we
have that if(x,Q) is probable, thenPM (L(Q)) > 0. Thus we conclude the following
lemma.
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Lemma 7 Let s be a state of an AWWA and letM be a Markov chain. Then,
PM (L(s)) < 1 iff there exists a statex of M and a setQ ⊆ S s.t. PI(x) > 0,
s 6∈ Q and the state(x,Q) is probable.

Proof. Let w be a word inL(s), thens 6∈ typeA(w). By Lemma 20,w ∈ L(Q) for
someQ s.t.s 6∈ Q. This implies thatL(s) ⊆ ∪s6∈QL(Q). By Theorem 2, for everyQ
s.t.s 6∈ Q we haveL(Q) ⊆ L(s), thus,L(s) = ∪s6∈QL(Q). Then,PM (L(s)) < 1 iff
PM (L(s)) > 0 iff there exists a setQ s.t.s 6∈ Q andPM (L(Q)) > 0 iff there existsQ
s.t.s 6∈ Q, a statex such thatPI(x) > 0, andP (x,Q) > 0.

B.1 Proof of Theorem 3

Theorem 3 LetC be an SCC ofG. ThenC is a BSCC ofH iff it satisfies the following
conditions:

1. C corresponds to a BSCCK of M.
2. Every finite path ofK is a projection of a path inC.
3. C contains a fulfilling path.

In the rest of the section we prove theorem 3. We start by showing that everyBSCC of
H satisfies the conditions of the theorem. Lemma 21 makes a connection between the
paths ofM and the pathes ofH .

Lemma 21. LetC be a BSCC ofH . Let (x,Q) be a state inC, and letw be a path of
M that starts atx and has typeQ. Then, with probability one, the augmented path of
w is contained inC.

Proof. LetΘ = {w|w starts atx, has typeQ, and its augmented path is not contained inC}.
We prove thatPM(x)(Θ) = 0. First, note that all the augmented pathes of the paths in
Θ start at(x,Q). Since non-probable states do not have probable successors, for every
wordw in Θ there exists a uniquei such that thei’th state in the augmented path ofw
is inH and thei+ 1’th state of the augmented path ofw is not. We define

Θi = {w|w starts atx, has typeQ, and its augmented path exitsC in its i’th state},

then we haveΘ = ∪∞
i=1Θi. Thus, it is sufficient to prove that for everyi we have

PM(x)(Θi) = 0. We further partitionΘi according to the typeQ′ of the suffix ofw
that starts atwi+1 and the prefixρ = w0, w1, . . . , wi+1. Note that(wi+1, Q

′) is not
probable. For a setQ′ of states and a finite pathρ of lengthi+ 1, we define

Θ
Q′,ρ
i = {w|Q′ is the type ofwi+1, ρ = w0, w1, . . . , wi+1, andP (wi+1, Q

′) = 0}

ThenΘi ⊆ ∪ρ∈Xi+1,Q′⊆SΘ
Q′,ρ
i . For the setΘQ′,ρ

i we havePM(x)(Θ
Q′,ρ
i ) ≤ PM(x)(ρ)·

P (wi+1, Q
′). SinceP (wi+1, Q

′) = 0, we have thatPM(x)(Θ
Q′,ρ
i ) = 0. This implies

thatPM(x)(Θi) = 0, soPM(x)(Θ) = 0.

Lemma 22. LetC be a BSCC ofH that corresponds to an SCCK ofM. ThenK is a
BSCC ofM.
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Proof. Let (x,Q) be a state in a BSCCC of H . SupposeK is not a BSSC ofM. Then
a pathρ starting fromx ∈ K almost surely leavesK, meaning it has a suffix with no
letters inK. Since(x,Q) is inH , with positive probabilityρ has typeQ. This implies
that with positive probability the augmented path ofρ starts at(x,Q) and its projection
has a suffix with no letters inK. This implies with positive probability the augmented
path ofρ starts at(x,Q) and exitsC, meaning exitsH . This contradicts Lemma 21.

Lemma 23. LetC be a BSCC ofH that corresponds to a BSCCK of M. Then every
finite path inK is the projection of some path inC.

Proof. Suppose thatα is a finite path inK that is not the projection of a path inC. Let
x be a state inK, and let(x,Q) be a state inC. Since(x,Q) is in C, with positive
probability a pathw of M that starts atx has typeQ. By ergodicity, a path that starts at
x almost surely eventually takesα. Thus, with positive probability, a pathw that starts
at x has typeQ and containsα. Let ρ be the augmented path of a pathw that starts
atx and has typeQ. By the definition of augmented path,ρ starts at(x,Q), and since
the projection ofρ containsα, ρ exitsC. This implies that with positive probability the
augmented path of a path ofM that starts atx exitsC, which contradicts Lemma 21.

We now prove that every BSCC ofH contains a fulfilling path. We start by showing
that every augmented path inG contains a fulfilling path.

Lemma 24. Let w be a path inM. Then the augmented pathρG of w contains a
fulfilling path.

Proof. Let Q1 be the type ofw. By Lemma 20, there exists an accepting runρf of
A(Q1,Q2,∅,∅) on w. For everyi, sinceρi

f is a run ofA(Qi
1,Qi

2,Qi
3,Qi

4) on wi, the first
elementQi

1 of the ith state ofρf is typeA(wi). Together with the definition of aug-
mented path this implies thatπ1(ρf ) = π2(ρG). Sinceρf is an accepting run, it con-
tains infinitely many accepting states of the form(Y1, Y2, ∅, ∅). Recall that from a state
of the form (Y1, Y2, ∅, ∅) all the outgoing transitions inAf enter states of the form
(Y ′

1 , Y
′
2 , (Y

′
1 \ F ), (Y ′

2 \ F̂ )). This implies thatρG contains a fulfilling path.

Lemma 25. LetC be a BSCC ofH , thenC contains a fulfilling path.

Proof. Let (x,Q) be a state inC. SinceC is in H , (x,Q) is probable. Thus, with
positive probability, a path that starts withx is of typeQ. Lemma 21 implies that with
probability one an augmented path of a path that starts inx and has a typeQ is contained
in C. Thus, with positive probability, the augmented path of a path that starts atx is
contained inC. Since there is at least one outgoing path out ofx, this implies that there
exists a path that starts atx such that its augmented path is contained inC. Together
with Lemma 24, this implies thatC contains a fulfilling path.

This completes the proof that of the first direction of Theorem 3. In the rest of this
section we prove the other direction of Theorem 3. LetC be an SCC ofG, we prove
that if C satisfies the conditions of the theorem, thenC is a BSCC ofH . LetC be an
SCC ofG that corresponds to a BSCCK of M such that every finite path inK is a
projection of a path inC. The next four lemmas prove that ifC contains a fulfilling
path, thenC is a BSCC ofH .
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Lemma 26. Let C be an SCC ofG that corresponds to a BSCCK of M such that
every finite path ofK is a projection of a path inC. Let ρC be an infinite path inC
and letρK be the projection ofρC . If ρK contains every finite path inK infinitely many
times, thenρC contains every finite path inC infinitely many times.

Proof. Every suffix ofρK contains every finite path inK infinitely many times. Assume
that ρC contains some finite pathα of C only finitely many times, then there exists
a suffix ρ′C of ρC such that its projectionρ′K on M contains every finite path inK
infinitely often andρ′c does not containα at all. Thus, it is enough to prove thatρC

contains every finite path ofC. Assume now to the contrary that there is a finite pathα

in C that is not contained inρC . For every finite pathρ in C we defineΞ(ρ) to be the
set of finite pathsρ′ in C that have the same projection onK asρ and do not containα.
Let ξ(ρ) be the set of states inC that are the last states of the paths inΞ(ρ).

We define a sequenceα0, α1, . . . of paths inC such that for everyi such that
|ξ(αi))| ≥ 1, we have that|ξ(αi)| > |ξ(αi+1)|, andαi containsα. Sinceξ(α0) is
a finite set, there existsn such that|ξ(αn)| = 0. Let βi be the projection ofαi, for
i ≥ 0. Then all paths inC with projectionβn containα. SinceρK containsβn, we have
thatρC containsα, contradiction.

We defineα0 = α. Letαi be thei’th path in the sequence. Let(x,Q) be a state in
ξ(αi), and letρ be the path inΞ(αi) (so it has projectionβi) that ends in(x,Q). We
defineαi+1 to beαγρ whereγ is some path that connectα to ρ. SinceC is an SCC,
there exists such a path. Note thatαi+1 has a suffix with projectionβi thusξ(αi+1) ⊆
ξ(αi), furthermore, the path with projectionβi+1 that ends in(x,Q) containsα, thus
(x,Q) 6∈ ξ(αi+1).

Lemma 19, Lemma 4, and the definition ofG imply the following lemma.

Lemma 27. LetρG = (x0, Q0), (x1, Q1), . . . be a finite or infinite path inG, then:

1. Let ρf be a run ofAf such thatπ1(ρf ) = π2(ρg). Thenρf is a run ofAf on
π1(ρG).

2. The sequence(Q0, S \Q0, Q0 \F, (S \Q0) \ F̂ ), (Q1, S \Q1, Q1 \F, (S \Q1) \
F̂ ), (Q2, S \Q2, Q2 \ F, (S \Q2) \ F̂ ), . . . is a run ofAf onx0, x1, . . ..

Lemma 28. Let α be a fulfilling path inG. Let ρG be a path inG that starts at a

state(x,Q1) and containsα infinitely often. ThenA(Q1,Q2,(Q1\F ),(Q2\F̂ ))
f accepts the

projectionπ1(ρG) of ρG onM.

Proof. We show an accepting run ofA(Q1,Q2,(Q1\F ),(Q2\F̂ ))
f onπ1(ρG). Let i1 = 0 and

i2, i3, . . . be an infinite sequence of indices such that for everyj ≥ 1, we have that the
subpathρi2j

G , ρ
i2j+1
G , . . . , ρ

i2j+1

G of ρG is α. Letαf be the path ofAf that corresponds
toα as defined in Definition 14.

We define a run ofAf as follows, for everyj ≥ 1, the part of the run that starts at
i2j and ends ati2j+1 is αf . For everyj ≥ 0 andi2j+1 < k < i2j+2, thek’th state of
the run isQk

1 = ρk
G,Qk

2 = S \Qk
1 ,Qk

3 = Qk
1 \ F , andQk

4 = Qk
2 \ F̂ .

Lemma 27 implies that the path that we describe is a run ofA
(Q1,Q2,(Q1\F ),(Q2\F̂ ))
f

on the projection ofρG. SinceρG contains infinitely many fulfilling paths, the run
contains infinitely many accepting states.
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Lemma 29. LetC be an SCC ofG that corresponds to a BSCCK of M and satisfies
the conditions below.

– Every finite path ofK is a projection of a path inC.
– C contains a fulfilling path.

Then,C is a BSCC ofH .

Proof. First we pove thatC is contained inH . Since for every SCCC ofG eitherC ⊆
H orC ∩H = ∅, it is enough to prove thatC contains at least one probable state. We
prove that with probability one a pathρK that starts from a statex in K is a projection

of a pathρC that starts at a state(x,Q1) in C, such thatA(Q1,S\Q1,(Q1\F ),(S\Q1\F̂ ))
f

acceptsρK , that is,typeA(ρK) = Q1. This implies that with probability one, a path
that starts from a statex in K has typeQ1 such that(x,Q1) is in C. This implies that
at least one state inC is probable.

Let ρK be a path ofK that starts atx. Let ρC be a path inC with projection
ρK on K. Then, by ergodicity (see Section 2.2)ρK contains every finite path inK
infinitely often. Lemma 26 implies thatρC contains every finite path inC infinitely
often, and in particular it contains the fulfilling path infinitely often. Lemma 28 implies

thatA(Q1,Q2,(Q1\F ),(Q2\F̂ ))
f acceptsρK .

Finally, we prove thatC is a BSCC ofH . SinceC corresponds to a BSCCK of M,
every successor SCCC′ of C in G corresponds toK too. Lemma 8 implies that there
exists a finite path inK that is not the projection of a path inC′. By Lemma 23C′ is
not a BSCC ofH . SinceC is a SCC ofH and no successor SCC ofC is a BSCC ofH ,
we conclude thatC is a BSCC ofH

C Proofs for Section 5

Lemma 30. Letρ be a path inGf , then the projection of the states ofρ onG is a path
in G.

Proof. Let ((x, (Q1, Q2, Q3, Q4)), (x
′, (Q′

1, Q
′
2, Q

′
3, Q

′
4))) be a transition inGf , we

prove that((x,Q1), (x
′, Q′

1)) is a transition ofG. The definition ofGf implies that
PT (x, x′) > 0 and that(Q′

1, Q
′
2, Q

′
3, Q

′
4) ∈ δf ((Q1, Q2, Q3, Q4), x). Lemma 4 implies

that(Q1, x,Q
′
1) is a transition inTA. By the definition ofG, we have that((x,Q1), (x

′, Q′
1))

is a transition ofG.

Lemma 9 An SCCC of G contains a fulfilling path iff there exists a path
(x0, (Q

0
1, Q

0
2, Q

0
3, Q

0
4)), (x1, (Q

1
1, Q

1
2, Q

1
3, Q

1
4)), . . . , (xn, (Q

n
1 , Q

n
2 , ∅, ∅)) inGf such that

the path(x0, Q
0
1), (x1, Q

1
1), . . . (xn, Q

n
1 ) is contained inC, Q0

3 = Q0
1 \ F , andQ0

4 =
Q0

2 \ F̂ .
Lemma 9 is followed directly from Lemma 30.

Example 6.We present in Figure 4 the productG2f of Af andM2 which are presented
in Figures 1 and 2. It easy to see that the only SCC inG2 that contains a fulfilling path
is the SCC of(a, {1}) and(b, ∅) that contains the path(a, {1}), (b, ∅) that correspond
to the path(a, {1}, {1}), (b, ∅, ∅) of G2f .
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a
b

a

a, {1, 2}, {1, 2}

a, {1, 2}, {2}

a, {1, 2}, ∅

b

a

b

a

G2f

b, {1}, {1} b, {1}, ∅

a, {1, 2}, {1}

a, {1}, {1}

a

b

b, ∅, ∅ a, {1}, ∅
a

Fig. 4. The graphG2f .

D Exact Probability of L(A)

In order to compute the exact probabilityPM (L(A)), we prove that the graphH can
be defined as a Markov chain that refinesM. First we define a Markov chain overH .
Define the initial probabilityPH

I (x,Q) asPI(x) · P (x,Q). Define the probability of a
transition(x,Q) → (x′, Q′) to be

PH
T ((x,Q), (x′, Q′)) =

PT (x, x′)P (x′, Q′)

P (x,Q)
.

Lemma 31. H is a Markov Chain.

Proof. The sum of the initial probabilities inH is equal to
∑

(x,Q)∈G

PI(x)P (x,Q) =
∑

x

PI(x)
∑

Q

P (x,Q)

Since every path that starts atx has a unique type, we haveΣQP (x,Q) = 1. Thus,

∑

x

PI(x)
∑

Q

P (x,Q) =
∑

x

PI(x) = 1.

Next, we show that for every state inH , the probabilities of its outgoing transitions are
sum to one. Consider(x,Q) ∈ H . Then, the sum of the probabilities of the outgoing
transitions from(x,Q) is:

∑

(x,Q)→(x′,Q′)

PT (x, x′)P (x′, Q′)

P (x,Q)
=

1

P (x,Q)
·

∑

x→x′

PT (x, x′) ·
∑

Q
x
→Q′

P (x′, Q′)
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Thus, it is enough to prove that

∑

x→x′

PT (x, x′) ·
∑

Q
x
→Q′

P (x′, Q′) = P (x,Q).

We can partition the probability that a path that starts atx is accepted byQ according
to the second letter of the path. For everyx′ the probability that a path starts atx its
second letter isx′ and it is accepted byQ is PT (x, x′) ·

∑

Q
x′

→Q′

P (x′, Q′).

Next, we prove thatH refinesM. We start by proving that for every regular lan-
guageL we havePM (L) = PH(L). We define a labelling functionV for H such that
V (x,Q) = x thus both Markov chains are defined over the same alphabet.

Lemma 32. For everyω-regular languageL we havePM (L) = PH(L).

Proof. It is sufficient to show thatM andH agree on the basic cylindrical sets. That is,
for every finite wordw = xx, x1, . . . , xk, we havePM (∆(w)) = PH(∆(w)). Recall
thatTA is reverse deterministic. So for a fixedw = x0, · · · , xk andQk, there exists a
unique pathρ = (x0, Q0), · · · , (xk, Qk) such thatV (ρ) = w andρ ends in(xk, Qk).
We defineρw,Q to be the unique path inH such thatV (ρw,Q) = w andρw,Q

k = Q. So,

PH(∆(w))

=
∑

V (ρ)=w

PH(ρ), we partition according to thek’th state ofρ

=
∑

Q

PH(ρw,Q)})

=
∑

Q

[PH
I (ρw,Q

0 )
∏

0≤i<k

PH
T (ρw,Q

i , ρ
w,Q
i+1 )]

=
∑

Q

[PI(x0)P (ρw,Q
0 )

∏

0≤i<q

PT (xi, xi+1)
P (ρw,Q

i+1 )

P (ρw,Q
i )

] , definition ofPH
T

=
∑

Q

[PI(x0)[
∏

0≤i<k

PT (xi, xi+1)]P (ρw,Q
k )]

=
∑

Q

[PM (w) · P (ρw,Q
k )] sinceρw,Q

k = (xk, Q),

= PM (w).

In order to complete the proof thatH refinesM we need to prove that
PM (L(Q1, Q2, Q3, Q4)) =

∑

x∈X PH
I (x,Q1). This is proved in Lemma 33.

Lemma 33. PM (L((Q1, Q2, Q3, Q4))) =
∑

x∈X PH
I (x,Q1).

Proof. Lemma 32 implies thatPM ({w|w0 = x andw has typeQ1}) = PH({w|w0 =
x andw has typeQ1}). We need to prove thatPH({w|w0 = x andw has typeQ1}) =
PH

I (x,Q1). It is enough to prove that a projection of a path that starts in (x,Q1) is with
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probability one of typeQ1 meaning is accepted with probability one by

A
(Q1,Q2,(Q1\F ),(Q2\F̂ ))
f . Let ρ be a path that starts at(x,Q1). By argodicity,ρ reaches

a BSCC ofH and then pass through every finite path of the BSCC infinitely often.
In particulary,ρ pass infinitely often through a fulfilling path. Lemma 28 implies that

A
(Q1,Q2,(Q1\F ),(Q2\F̂ ))
f accepts the projection ofρ onM.

Given a states of A, we haveL(s) = ∪s∈QL(Q), which implies thatPM (L(s)) =
∑

s∈Q

∑

x∈X PH
I (x,Q). Thus, it left to calculate the exact probabilities ofH . We need

to compute for every state(x,Q) ofH , the probabilityP (x,Q). In [10] it is shown that
these probabilities form a unique solution to the followinglinear system:

1. for every state(x,Q) ofH we haveP (x,Q) =
∑

((x,Q),(x′,Q′))∈G PT (x, x′)P (x′, Q′).
2. For every statex of M we have

∑

Q∈2S P (x,Q) = 1.


