Random 3-SAT and BDDs:
The Plot Thickens Further
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Figure 3: Median DP calls for 50-variable Random 3-SAT as a function of the ratio of rlauses- to- variables.
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Figure 4: Probability of satisfiability of 50-variable formulas, as a function of the ratio of clauses—to- variables

easy-hard-easy pattern. The formulas in the hard area
appear to be the most challenging for the strategies we
have tested, and we ronjecture that they will be for
every (heuristic) method.

Bhe constant-probability model

We now examine formulas generated using the constant-
probability model. The model has three parameters:
the number of variables V, and number of clauses [ as
before. but instead of a fixed clause length, clauses are
generated by including a variable in a clause with some
fixed probability P, and then negating it with probabil-
ity 0.5. lLarge formulas generated this way very often
have at least ane empty clause and several unit clauses,

so that they tend to be either trivially unsatisfiable, or
easily shown satisfiable. Thus, the more interesting re-
sults are for the modified version in which empty and
unit clauses are disallowed. This distribution we call
Random P-SAT.

Analytic results by Franco and Paull (1983) sug-
gest that one probably cannot generate computation-
ally challenging instances from this mode], and our ex-
periments confirm this prediction. In Rigure 5, we com-
pare the number of recursive DP calls to solve instances
of random P-SAT with the same figures for random 3-
SAT Although we see a slight easy-hard-easy pattern
(previously noted by Hooker and Fedjki, 1989), the hard
area 1s not nearly so pronounced, and in absolute terms
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Eigure 2: Median number of recursive DP calls-for Random 3-SAT formulas, as a function of the ratio of clauses-

to—variables.
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assignment/is likely to be found early-in the search. For-
mulas with very many clauses are over-constrained {and
usually unsatisfiable), so contradictions are found'eas-
ily, and‘a full search can be completed quickly. Finally,
formulasin between are much harder because they have
relatively few (if any) satisfying assignments, but the
emptly clause will only be generated after assigning val-
ues to many variables, resulting in a deep search tree,
Similar under- and over-constrained areas have been
found for random instances of other NP-complete prob-
lems (see the diseussion of the work of Cheeseman ef af.
(1991), below).

The curves in figure 2 are for all formulas of a given
size, that is they are composites of satisfiable and un-
satisfiable subsets. In figure 3 the median number of
calls for 50-variable formulas s factored into satisfiable
and unsatisfiable cases, showing that the two sets are
quite different. The extremely rare unsatisfiable short
formulas are very hard, whereas the rare long satisfi-
able formulas remain moderately difficult. Thus, the
vasy parts of the composite distribution appear to be a
consequence of a relative abundance of short satisfiable
formulas or long unsatisfiable ones,

To understand the hard area in terms of the likeli-
hood of satisfiability, we experimentally determined the

probability that a-random 50-variable instance is:satis-
fiable (figure 4). There is a remarkable correspondence
between the peak on our recursive calls curve and’the
point where the probability that a formula is satisfiable
is- 0.5. The main empirical conclusion we draw from
this is that the hardest area for satisfiability is near the
pownt where 50% of the formulas are satisfiable.

This “50% satisfiable” point seems to occur at a fixed
ratio of the number of clauses to the number of van-
ables: when the number of clauses 1s about 4.3 times
the number of variables. There 1s a boundary effect
for small formulas: for formulas with 20 variables, the
point occurs at 4.55; for 50 variables, at 4.31, and for
140 variables, at 4.3. While we conjecture that this
ratio approaches about 4.25 for very large numbers of
variables, 1t remains a’ challenging open problem to' an-
alylically determine the “50% satisfiable” point as a
function of the number of variables:

Finally, note that we did not specify a method for
choosing which variable to guess in the “sphitting” step
of DP. In cur implementation, we simply set variables
in lexical order (except when there are unit clauses:)
DP can be made faster by using clever selection strate
gies (e.g., Zabih and McAllester 1988), but it seems
unlikely that such heuristics will qualttatively alter the
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GRASP — median nunning time for density 3.6 (left)
and density 3.8 (right) as a function of the order
Poly2Exp Phase Transition:

e Density 3.6: quadratic running time

e Density 3.8: exponential running time
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Figure 1
gure 1. BDD for (a Ab)V (¢ A d)
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Ordered Binary Decision Diagrams

OBDDs: efficient way to manipulate Boolean
functions

e directed acyclic graph ( “folded decision tree")

e internal nodes correspond to Boolean variables

e all paths lead to-one-of the two terminal vertices
labeled by the values 0 and 1

Properties:
e canonical representation for a given variable ordering
e casy equivalence check

e polynomial Boolean operations

38
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BDDs - Poly2Exp
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Poly2Exp Phase Transition:

e Density 0.1: cubic running time

e Density 0.5: exponential running time
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BDDs with Early Quantification

.
1/

BDD(Q) — median running time as a function of the
density for order 46

Flatenning: at density 4.0.



BDDs with EQ - Poly2Exp

BDD(Q) — (left) median running time for (left) density
0.5 and (right) density 1

Poly2Exp: Phase Transition:

e Density 0.5: quadratic running time

¢ Density 1.0: exponential running time
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BDDs with EQ and Reordering
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BDD(Q,R) — median running time, for order 40' (left)
and 46 (right)

Peak: at density 3.8.



BDDs with EQ and Reordering -
Poly2Exp
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BDD(Q,R) — mediam running time for (left) density 1.0
and (right) density 1.5

Poly2Exp Phase Transition:
e Density 1.0: quadratic running time

e Density 1.5: exponential running time
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BDDs with Variable Ordering
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BDD(B,Q,C) — 3-D Plot of median running time
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BDD(B,Q,C) — median running times as a function of
the density for order 60

Peak: at density 2.3.



BDDs with Vasiable Ovdeving - Poly2Exp
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BDD(B,Q,C) — median running time for (left) denmsity
0.2 and (right) density 1.0

Poly2Exp Phase Transition:

e Density 0.2: quadratic running time

e Density 1.0: exponential running time
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