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Constraint Satisfa
tion Problem (CSP)
Input: (V;D;C):� A �nite set V of variables� A �nite set D of values� A �nite set C of 
onstraints restri
ting the valuesthat tuples of variables 
an take.Constraint: (t; R)� t: a tuple of variables over V� R: a relation of arity jtjSolution: h : V ! D� h(t) 2 R: for all (t; R) 2 CQuestion: Does (V;D;C) have a solution? I.e., isthere an assignment of values to the variables su
hthat all 
onstraints are satis�ed? 1



3-Colorability
3-COLOR: Given an undire
ted graph A = (V;E), isit 3-
olorable?� The variables are the nodes in V .� The values are the elements in fR;G;Bg.� The 
onstraints are f(hu; vi; �) : (u; v) 2 Eg,where � = f(R;G); (R;B); (G;R); (G;B); (B;R); (B;G)g.
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Introdu
tion to Database Theory
Basi
 Con
epts:� Relation S
heme: a set of attributes� Tuple: mapping from relation s
heme to data values� Tuple Proje
tion: if t is a tuple on P , and Q � P ,then t[Q℄ is the restri
tion of t to Q.� Relation: a set of tuples over a relation s
heme� Relational Proje
tion: if R is a relation on P , andQ � P , then R[Q℄ is the relation ft[Q℄ : t 2 Rg.� Join: Let Ri be a relation over relation s
heme Si.Then 1i Ri is a relation over the relation s
heme[iSi de�ned by 1i Ri = ft : t[Si℄ 2 Rig.
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Database Perspe
tive of CSP
Given: (V;D; fC1; : : : ; Cmg), where Ci = (ti; Ri).Assume (wlog): Ea
h ti 
onsists of distin
t elements.Database Perspe
tive:� V : attributes� D: values� (ti; Ri): relation Ri over relation s
heme ti
Fa
t: (Bibel, Gyssens, Jeavons, Cohen)(V;D; fC1; : : : ; Cmg) has a solution i� 1m1 Ri isnonempty.
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Homomorphisms
Homomorphism: LetA = (A;RA1 ; : : : ; RAm) and B =(B;RB1 ; : : : ; RBm) be two relational stru
tures.h : A ! B is a homomorphism from A to B if forevery i � m and every tuple (a1; : : : ; an) 2 An,RAi (a1; : : : ; an) =) RBi (h(a1); : : : ; h(an)):
The Homomorphism Problem: Given relationalstru
tures A and B, is there a homomorphismh : A! B?Example: An undire
ted graph A = (V;E) is 3-
olorable ()there is a homomorphism h : A ! K3, where K3 isthe 3-
lique.
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Homomorphism Problems
Examples:� k-Clique: Kk h! (V;E)?
� Hamiltonian Cy
le: (V;CjV j; 6=) h! (V;E; 6=)?
� Subgraph Isomorphism: (V;E;E) h! (V 0; E0; E0)?
� s-t Conne
tivity: (V;E; fhs; tig) h6! (f0; 1g;=; 6=)?
Fa
t: (Levin, 1973)The homomorphism problem is NP-
omplete.
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CSP vs. Homomorphisms
From CSP to Homomorphism:Given: (V;D; fC1; : : : ; Cmg), where Ci = (ti; Ri).De�ne A;B:� A = (V; ft1g; : : : ; ftmg)� B = (D;R1; : : : ; Rm)
Fa
t: (V;D;C) has a solution i� there ishomomorphism from A to B.
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CSP vs. Homomorphisms
From Homomorphism to CSP:Given: A = (A;RA1 ; : : : ; RAm), B = (B;RB1 ; : : : ; RBm).De�ne (V;D;C):� V = A: elements of A are variables.� D = B: elements of B are values.� C = f(t; RBi ) : t 2 RAi g: 
onstraints derived fromA;B.Fa
t: There is homomorphism from A to B i�(V;D;C) has a solution.Con
lusion: CSP=Homomorphism Problem� Feder&V., 1993� Garey&Johnson, 1979: Homomorphism in, CSPnot.
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Conjun
tive Queries
Conjun
tive Query: First-order logi
 without 8;_;:;written as a ruleQ(X1; : : : ; Xn) : � R(X3; Y2; X4); : : : ; S(X2; Y3)
Signi�
an
e: most 
ommon SQL queries (Sele
t-Proje
t-Join)Example:GrandParent(X;Y ) : � Parent(X;Z); Parent(Z;Y )
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Conjun
tive Query Containment (CQC)
De�nition: Q1 v Q2 i� Q1(B) � Q2(B) for everydatabase B.
Fundamental problem in database theory:� Optimization of SPJ Queries� Information Integration� Data Warehousing� : : :

10



CQC vs. Homomorphism Problem
Canoni
al Database BQ:� Ea
h variable in Q is a distin
t element� Ea
h subgoal R(X3; Y2;X4) of Q gives rise to atuple R(X3; Y2; X4) in BQ
� Ea
h distinguished variable Xi gives rise to a tuplePi(Xi) in BQFa
t: (Chandra&Merlin, 1977)For 
onjun
tive queries Q1 and Q2, TFAE:� Q1 v Q2� There is a homomorphism h : BQ2 ! BQ1.� Q2(BQ1) is nonempty
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Homomorphism Problem vs. CQC
Given: A = (A;RA1 ; : : : ; RAm), B = (B;RB1 ; : : : ; RBm).De�ne 
onjun
tive query QA over variables in A:

QA : � m̂1 ^t2RAi Ri(t)
De�ne 
onjun
tive query QB over variables in B:

QB : � m̂1 ^t2RBi Ri(t)
Fa
t: For relational stru
tures A and B, TFAE:� There is a homomorphism h : A! B.� QB v QA� QA(B) is nonempty
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\Same Di�eren
e"

Con
lusion: (Kolaitis&V., 1998)CSP, CQ 
ontainment, and CQ evaluation amount tothe same problem!
Potential Promise: Synergy between AI and DB.
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Uniform CSP vs. Non-Uniform CSP
Uniform CSP:f(A;B) : 9 homomorphism h : A! Bg
Complexity of Uniform CSP: NP-
ompleteNon-uniform CSP: Fix a stru
ture BCSP(B) = fA : 9 homomorphism h : A! Bg
Complexity of Non-Uniform CSP: Depends on B� CSP(K2) is in PTIME (2-Colorability)� CSP(K3) is NP-
omplete (3-Colorability)
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Complexity of Query Evaluation
Measuring Complexity:� Combined Complexity:hfQ;Bi : Q(B) is nonemptyg
� Expression Complexity: Fix BfQ : Q(B) is nonemptyg
� Data Complexity: Fix QfB : Q(B) is nonemptyg
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Database Perspe
tive
Uniform CSP:f(A;B) : QA(B) is nonemptyg
Complexity of Uniform CSP: 
ombined 
omplexity
Non-uniform CSP: Fix a stru
ture BCSP(B) = fA : QA(B) is nonemptyg
Complexity of Non-Uniform CSP: expression
omplexity
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Complexity of CQC
In Conjun
tive Query Containment (Q1 v Q2?),we are typi
ally interested in uniform results.Resear
h Program:Identity the tra
table 
ases of uniform CQC.Results: Tra
table 
ases of Q1 v Q2� Saraiya, 1991:Every predi
ate o

urs at most twi
e in Q1� Chekuri{Rajaraman, 1997:Q2 has querywidth at most k, where k is a �xedpositive integer.� Gottlob{Leone{S
ar
ello, 1999:Q2 has hypertreewidth at most k, where k is a �xedpositive integer.
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Complexity of Non-Uniform CSP
Resear
h Program:Identity the tra
table 
ases of non-uniform CSP(S
haefer, 1978, : : :,Jeavons et al)Di
hotomy Conje
ture: (Feder{V., 1993)For every stru
ture B,� either CSP(B) is in PTIME� or CSP(B) is NP-
omplete.Re
all: P 6= NP ) NP � NPC � P 6= ; (Ladner,1975)\Eviden
e": (Hell{Ne�setril, 1990)Let B be an undire
ted graph.� B bipartite =) CSP(B) is in PTIME� B non-bipartite =) CSP(B) is NP-
omplete
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Complexity of Non-Uniform CSP
More \Eviden
e": (S
haefer, 1978)Let B have a Boolean domain, then� either CSP(B) is in PTIME� or CSP(B) is NP-
omplete.Classi�
ation Question:For a given stru
ture B,� when is CSP(B) in PTIME?� when is CSP(B) NP-
omplete?
Classi�
ation Conje
ture: (Feder{V., 1993)Two explanations for tra
tability of CSP(B)� 
ombinatorial (Datalog)� algebrai
 (group-theoreti
)
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Datalog and Non-Uniform CSP
Example: Non 2-ColorabilityO(X;Y ) : � E(X;Y )O(X;Y ) : � O(X;Z); E(Z;W ); E(W;Y )Q : � O(X;X)
Re
all: Datalog � PTIMEDe�ne: CSP(B) = fA : A 62 CSP(B)g:Datalog vs. Non-Uniform CSP: Explanation formany tra
tability results� CSP(B) is expressible in Datalog
Note: CSP(B) is positively monotone.
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k-Datalog
De�nition:� k-Datalog: Datalog with at most k variables perrule (Non 2-Colorability is in 4-Datalog)� 9ILk: k-variable existential positive in�nitary logi
{ variables: x1; : : : ; xk{ no universal quanti�ers{ no negations{ in�nitary 
onjun
tions and disjun
tionsFa
ts: Fix k � 1� k-Datalog � 9ILk� 9ILk 
an be 
hara
terized in terms ofexistential k-pebble games between the Spoiler andthe Dupli
ator.� There is a PTIME algorithm to de
ide whetherthe Spoiler or the Dupli
ator wins the existentialk-pebble game. 21



Existential k-Pebble Games
A;B: stru
tures� Spoiler: pla
es on or removes a pebble from anelement of A.� Dupli
ator: tries to dupli
ate move on B.A: a1, a2, . . . , al l � kB: b1, b2, . . . , bl� Spoiler wins: h(ai) = bi, 1 � i � l is not ahomomorphism.� Dupli
ator wins: otherwise.Fa
t: (Kolaitis&V., 1995)B satis�es the same 9ILk senten
es as A i� theDupli
ator wins the existential k-pebble game onA;B.
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k-Datalog and CSP
Theorem: (Kolaitis&V., 1998): TFAE for k � 1 anda stru
ture B:� CSP(B) is expressible in k-Datalog� CSP(B) is expressible in 9ILk� CSP(B) = fA : Dupli
ator wins the existentialk-pebble game on A and Bg:
Intuition: CSP(B) 2 k-Datalog implies that existen
eof homomorphism is equivalent to the Dupli
atorwinning the existential k-pebble game.
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Winning Con�gurations
Let A = (A;RA1 ; : : : ; RAm) and B = (B;RB1 ; : : : ; RBm)be two relational stru
tures. Let a 2 Ak and a 2 Bk.De�nition:� (a;b) is a winning 
on�guration for the Dupli
atorif the Dupli
ators wins the existential k-pebble gamestarting from the position (a;b).� W k(A;B) is the set of winning 
on�gurations.Theorem: (Kolaitis&V., 1998)� W k(A;B) is de�nable in least-�xpoint logi
 overthe 
ombined stru
ture A+B.� For a �xed stru
ture B, the 
omplement ofW k(A;B) is de�nable in k-Datalog over thestru
ture A.Corollary: For a �xed stru
ture B, there is a k-Datalog program �B su
h that �B(A) is nonemptyi� the Spoiler wins the existential k-pebble game onA;B. 24



k-Datalog and CSP
�B:� If �B(A) is nonempty, then A 62 CSP(B).� If CSP(B) is de�nable in k-Datalog, then it isde�nable by �B.� Open question: De
ide for a given B whetherCSP(B) is de�nable by �B.
Database Perspe
tive of k-Datalog: Fix BCSP(B) = fA : �B(A) is emptyg
Complexity of Non-Uniform CSP: data 
omplexity ofDatalog
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Earlier Database Perspe
tive
Non-uniform CSP: Fix a stru
ture BCSP(B) = fA : QA(B) is nonemptyg
Complexity of Non-Uniform CSP: expression
omplexity of 
onjun
tive queries
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Winning Strategies
A;B: stru
turesDe�nition: A winning strategy for the Dupli
ator inthe existential k-pebble game on A;B is a nonemptyfamily F of k-partial homomorphisms from A to Bthat has the k-forth property:� for every f 2 F with jf j < k and every a 2 A onwhi
h f is unde�ned, there is a g 2 F that extendsf and is de�ned on a.
Intuition:� Think of f as a position in the game.� If Spoiler pla
es pebble on a, Dupli
ators respondswith a pebble on g(a).
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CSP and Consisten
y
Key Idea in AI Resear
h: 
onsisten
y� extensibility of partial solutions� ba
ktra
k-free sear
hDe�nition: A homomorphism instan
e A;B is� i-
onsistent: For every 
onsistent assignment � toi� 1 variables v1; : : : ; vi�1 and a variable vi, thereis a 
onsistent extension of � to vi.� Strongly k-
onsistent: i-
onsisten
y holds for alli � k.Game-Theoreti
 Formulation: (Kolaitis&V., 2000)A;B is strongly k-
onsistent i� the family of all k-partial homomorphism from A to B is a winningstrategy for the Dupli
ator in the existential k-pebblegame on A;B.
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From Lo
al to Global Consisten
y
Condition for Tra
tability: (De
hter, 1992)Establishing strong k-
onsisten
y implies existen
e ofsolution.� Start with A;B.� Generate a strongly k-
onsistent instan
e A0;B0over the same domains.� If h is a k-partial homomorphism from A0 to B0,then h is a k-partial homomorphism from A to B.� A fun
tion h is a homomorphism from A to B i� itis a homomorphism from A0 to B0.Intuition: A0;B0 is obtained by inferring from A;Ball 
onstraints on k-variables { 
onstraint propagation.
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Consisten
y and k-Datalog
Strong k-Consisten
y vs. Games: (K.&V., 2000)The strongly k-
onsistent instan
e A0;B0 
an beobtained by \re-formatting" W k(A;B)Intuition: Computing winning strategies 
an be viewedas 
onstraint propagation.Corollary: Let B a relational stru
ture. CSP(B)is expressible in k-Datalog i� for every stru
ture A,establishing strong k-
onsisten
y for A;B implies thatthere is a homomorphism from A to B.
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Constraint Propagation
A database perspe
tive on 
onstraint propagation:� Proje
tion Rule: From (t; R) infer (t; �t0(R)), wheret0 � t.� Join Rule: From (t1; R1) and (t1; R2), infer (t1 [t2; R1 1 R2)Eaxmple: Resolution { From � = �_p and � =  _:pinfer � _  � Sound and 
omplete for refutation of 
lausalformulasSoundness Proof:� Consider models(') as a relation (over a Booleandomain) with relation s
heme vars(').� (models(�) 1 models(�)) [vars(�) [ vars( )℄ =models(� _  )
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Bounded Treewidth
De�nition: A tree de
omposition of a stru
tureA = (A;R1; : : : ; Rm) is a labeled tree T su
h that� Ea
h label is a non-empty subset of A;� For every Ri and every (a1; : : : ; an) 2 Ri, there isa node whose label 
ontains fa1; : : : ; ang.� For every a 2 A, the nodes whose label 
ontain aform a subtree.The treewidth tw(A) of A is de�ned bytw(A) = minT fmaxflabel size in Tgg � 1
Note: Generalizes the treewidth of a graph.
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Bounded Treewidth and CSP
Ck = fA : tw(A) � kg

Theorem: (Freuder, 1990)CSP(Ck;All) is in PTIME.
Note:� Complexity is exponential in k.� Determining treewidth of B is NP-hard.� Che
king if treewidth is k is in linear time.
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Database Perspe
tive of BoundedTreewidth
Tra
table 
ases: CSP(A;B)� Yannakakis, 1981:A is a
y
li
� Freuder, 1990:A has treewidth at most k� Chekuri{Rajaraman, 1997:A has querywidth at most k� Gottlob{Leone{S
ar
ello, 1999:A has hypertreewidth at most kA
y
li
ity is the 
rux: (Flum{Fri
k{Grohe, 2000)The above 
an all be viewed as instan
es ofYannakakis's algorithm.
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Complexity of Query Evaluation
Expression Complexity: Fix BfQ : Q(B) is nonemptyg
Data Complexity: Fix QfB : Q(B) is nonemptyg
Exponential Gap: (V., 1982)� Data 
omplexity of FO: LOGSPACE� Expression 
omplexity of FO: PSPACE-
omplete
Mystery: pra
ti
al query evaluation
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Variable-Con�ned Queries
De�nition: FOk is �rst-order logi
 with at most kvariables.In Pra
ti
e: (V., 1995)� Queries often 
an be rewritten to use a small numberof variables.� Variable-
on�ned queries have lower expression
omplexity.� E.g.: expression 
omplexity of FOk is PTIME-
ompleteRe
all: A 7! QA� h : A! B i� QA(B) is nonemptyTheorem: (Kolaitis&V., 1998)QA is equivalent to a CQ of treewidth k i� QAis expressible in existential, positive FO with k + 1variables. 36



AI vs. Databases
Fundamentally di�erent approa
hes:� AI: sear
h one answer� Databases: generate all answersFundamental Question:: Is query evaluation e�e
tivefor solving CSP?Re
all: A 7! QA� h : A! B i� QA(B) is nonemptyExperiment: (with Alfonso San Miguel Aguirre)� Express 3-SAT as a CSP.� Translate to 
onjun
tive query evaluation.� Run on DB2.Out
ome: Terrible performan
e!!!� DB2 optimizer ill suited. 37



In Con
lusion

CSP is a database problem!!!� CSP vs. 
onjun
tive queries� CSP vs. Datalog� CSP vs. variable-
on�ned queries
There is a real potential for AI-DB 
ross fertilization.
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