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Abstract. Much recent work has gone into adapting techniques that wereorigi-
nally developed for SAT solving to QBF solving. In particular, QBF solvers are
often based on SAT solvers. Most competitive QBF solvers aresearch-based. In
this work we explore an alternative approach to QBF solving,based on symbolic
quantifier elimination. We extend some recent symbolic approaches for SAT solv-
ing to symbolic QBF solving, using various decision-diagram formalisms such as
OBDDs and ZDDs. In both approaches, QBF formulas are solved by eliminating
all their quantifiers. Our first solver, QMRES, maintains a set of clauses rep-
resented by a ZDD and eliminates quantifiers via multi-resolution. Our second
solver, QBDD, maintains a set of OBDDs, and eliminate quantifier by applying
them to the underlying OBDDs. We compare our symbolic solvers to several
competitive search-based solvers. We show that QBDD is not competitive, but
QMRES compares favorably with search-based solvers on various benchmarks
consisting of non-random formulas.

1 Introduction

Propositional satisfiability (known asSAT) testing is one of the central problem in
computer science; it is a fundamental problem in automated reasoning [44] and a key
problem in computational complexity [16]. More recently, SAT solving has also shown
to be effective in providing a generic problem-solving framework, with applications
to planning [37], scheduling [18], bounded model checking [6], and more. Starting
with the seminal papers [21, 22] in the early 1960s, the field has seen tremendous
progress. Most SAT solvers today are based on the basic search-based approach of
[21], rather than the resolution-based approach of [22]. Recently, highly tuned search-
based SAT solvers [32, 57] have been developed, combining intelligent branching, effi-
cient Boolean constraint propagation, backjumping, and conflict-driven learning. These
solvers have shown to be quite effective in solving industrial-scale problems [17].

Quantified propositional satisfiability (known asQBF) captures problems of higher
complexity (PSPACE vs NP), including temporal reasoning [51], planning [49], and
modal satisfiability [46]. Much recent work has gone into adapting techniques that were
originally developed for SAT solving to QBF solving, cf. [9,41]. In particular, QBF
solvers are often based on SAT solvers; for example, QuBE [31] is based on SIM [30],
while Quaffle [58] is based on ZChaff [57]. Essentially all competitive QBF solvers are
search-based [40]. In spite of the growing sophistication of QBF solvers, it is fair to say
that they have shown nowhere near the effectiveness of SAT solvers [40].? Supported in part by NSF grants CCR-9988322, CCR-0124077, CCR-0311326, IIS-9908435,
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Our goal in this paper is to explore an alternative approach to QBF solving, based on
symbolic quantifier elimination. The underlying motivation is the success of symbolic
techniques based onbinary decision diagrams(BDDs) [8] and their variants in vari-
ous automated-reasoning applications, such as model checking [10], planning [14], and
modal satisfiability testing [45, 46]. Early attempts to apply symbolic techniques to SAT
solving simply used the capacity of BDDs to represent the setof all satisfying assign-
ments and were not too effective [56]. More recent efforts focused on SAT solving using
quantifier elimination, which, in essence, goes back to the original approach of [22],
since resolution as used there can be viewed as a variable-elimination technique, ala
Fourier-Motzkin. (Resolution is typically thought of as a constraint-propagation tech-
nique [24], but since a variable can be eliminated once all resolutions on it have been
performed [22], it can also be thought as a quantifier-elimination technique.) In [13] it is
shown howzero-suppressed decision diagrams(ZDDs) [42] can offer a compact repre-
sentation for sets of clauses and can support symbolic resolution (called theremultires-
olution). In [47, 50] it is shown howordered Boolean decision diagrams(OBDDs) can
support symbolic quantifier elimination. In both [13] and [47] the symbolic approach
is compared to search-based approaches, showing that, search-based techniques seem
to be generally superior, but the symbolic techniques are superior for certain classes of
formulas.1

While the case for symbolic techniques in SAT solving cannotbe said to be too
strong, they are intriguing enough to justify investigating their applicability to QBF.
On one hand, extending search-based technique to QBF has not, as we noted, been too
successful. On the other hand, symbolic quantifier elimination handles universal quan-
tifiers just as easily (and sometimes more easily) as it handles existential quantifiers, so
extending symbolic techniques to QBF is quite natural. (Symbolic techniques have al-
ready been used to address conformant-planningproblems [14], which can be expressed
as QBF instances of low alternation depth.) In this work we investigate the two sym-
bolic techniques to QBF. We extend the ZDD-based multi-resolution approach of [13]
and the OBDD-based approach of symbolic quantifier elimination of [47]. We call the
two approachesQMRESandQBDD. We compare these two approaches with three lead-
ing search-based QBF solvers: Quaffle and QuBE, which were mentioned earlier, and
Semprop [49]. Unlike other comparative works [40], we decided to split our benchmark
suite according to the provenance of the benchmarks, as our goal is to identify classes
of problems for which the symbolic approaches are suited. Weuse a benchmark suite
generated by Rintanen [49], which consists of a variety of constructed formulas (we
omitted the random formulas), a second generated by Ayari [3], which consists of scal-
able formulas converted from circuit descriptions and protocol descriptions, and those
generated by Pan [46], which consist of QBF formulas translated from modal logic for-
mulas. Our experiments reveal that QMRES is significantly superior to QBDD. In fact,
QBDD does not seem to be a competitive solver. (Though we return to this point at our
concluding discussion.) In contrast, QMRES is quite competitive. While it is compa-
rable to search-based method on Rintanen’s formulas, QMRESoutperforms them on
Ayari’s and Pan’s formulas. At the same time, QMRES performsabysmally on random
formulas. This suggests that symbolic techniques ought to be considered as comple-

1 Seewww.cs.rice.edu/�vardi/papers/



mentary to search-based techniques and should belong in thestandard tool kit of QBF
solver implementors.

We start this paper with a description of current symbolic algorithms and the seman-
tics of QBF in Section 2. We then describe our two symbolic QBFdecision procedures
in Section 3. We compare these solvers to search-based solvers in Section 4. We con-
clude with a discussion in Section 5.

2 Background

2.1 Symbolic Approaches to SAT

A binary decision diagram(BDD) is a rooted directed acyclic graph that has only two
terminal nodes labeled0 and1. Every non-terminal node is labeled with a Boolean vari-
able and has two outgoing edges labeled0 and1. An orderedbinary decision diagram
(OBDD) is a BDD with the constraint that the input variables are ordered and every
path in the OBDD visits the variables in ascending order. We assume that all OBDDs
arereduced, which means that every node represents a distinct logic function. OBDDs
constitute an efficient way to represent and manipulate Boolean functions [8], in par-
ticular, for a given variable order, OBDDs offer a canonicalrepresentation. Checking
whether an OBDD is satisfiable is also easy; it requires checking that it differs from the
predefined constant0 (the empty OBDD). Thesupport setof an OBDD is the set of
variables labeling its internal nodes.

In [56, 15], OBDDs are used to construct a compact representation of the set of all
satisfying truth assignments of CNF formulas. The input formula' is a conjunction1 ^ : : : ^ m of clauses. The algorithm constructs an OBDDAi for each clausei.
(Since a clause excludes only one assignment to its variables,Ai is of linear size.) An
OBDD for the set of satisfying truth assignments is then constructed incrementally;B1
isA1, whileBi+1 is the result ofAPPLY(Bi; Ai;^), whereAPPLY(A;B; Æ) is the result
of applying a Boolean operatorÆ to two OBDDsA andB. Finally, the resulting OBDDBm represents all satisfying assignments of the input formula.

We can apply existential quantification to an OBDDB:(9x)B = APPLY(Bjx 1; Bjx 0;_);
whereBjx  restrictsB to truth assignments that assign the value to the variablex. Note that quantifyingx existentially eliminates it from the support set ofB. The
satisfiability problem is to determine whether a given formula 1 ^ : : : ^ m is sat-
isfiable. In other words, the problem is to determine whetherthe existential formula(9x1) : : : (9xn)(1 ^ : : : ^ m) is true. Since checking whether the final OBDDBm is
equal to0 can be done in constant time, it makes little sense, however,to apply exis-
tential quantification toBm. Suppose that a variablexj does not occur in the clausesi+1; : : : ; m. Then the existential formula can be rewritten as(9x1) : : : (9xj�1)(9xj+1) : : : (9xn)((9xj )(1 ^ : : : ^ i) ^ (i+1 ^ : : : ^ m)):
This means that after constructing the OBDDBi, we can existentially quantifyxj be-
fore conjunctingBi with Ai+1; : : : ; Am.



This motivates the following change in the earlier OBDD-based satisfying-solving
algorithm [50]: after constructing the OBDDBi, quantify existentially variables that do
not occur in the clausesi+1; : : : ; m. In this case we say that the quantifier9x has been
eliminated. The computational advantage of quantifier elimination stems from the fact
that reducing the size of the support set of an OBDD typically(though not necessarily)
results in a reduction of its size; that is, the size of(9x)B is typically smaller than that
of B. In a nutshell, this method, which we describe assymbolic quantifier elimination,
eliminates all quantifiers until we are left with the constant OBDD 1 or 0. Symbolic
quantifier elimination was first applied to SAT solving in [33] (under the name ofhid-
ing functions) and tried on random 3-SAT instances. The work in [50, 47] studied this
method further, and considered various optimizations.2

So far we processed the clauses of the input formula in a linear fashion. Since the
main point of quantifier elimination is to eliminate variables as early as possible, re-
ordering the clauses may enable us to do more aggressive quantification. That is, in-
stead of processing the clauses in the order1; : : : ; m, we can apply a permutation� and process the clauses in the order�(1); : : : ; �(m). The permutation� should be
chosen so as to minimize the number of variables in the support sets of the intermediate
OBDDs. This observation was first made in the context of symbolic model checking,
cf. [11, 29, 36, 7]. Unfortunately, finding an optimal permutation� is by itself a difficult
optimization problem, motivating heuristic approaches.

A particular heuristic that was proposed in the context of symbolic model checking
in [48] is that ofclustering. In this approach, the clauses are not processed one at a
time, but several clauses are first partitioned into severalclusters. For each clusterC we
first apply conjunction to all the OBDDs of the clauses in theC to obtain an OBDDBC . The clusters are then combined, together with quantifier elimination, as described
earlier. Heuristics are required both for clustering the clauses and ordering the clusters.
A particular clustering heuristic was proposed in [25] in the context of constraint satis-
faction. Consider some order of the variables. Let therank (from 1 to n) of a variablex berank(x), let the rankrank(`) of a literal` be the rank of its underlying variable,
and let the rankrank() of a clause be the minimum rank of its literals. The clusters
are the equivalence classes of the relation� defined by: � 0 iff rank() = rank(0).
The rank of a cluster is the rank of its clauses. The clusters are then processed in order
of increasing rank. This approach is referred to asbucket elimination(BE) [23] (each
cluster is thought as a “bucket”) or asadaptive consistency[24]. An equivalent way of
viewing this is to say that variable are eliminated in order of increasing rank, where
eliminating a variablex requires conjoining of all OBDDs withx in their support set
and then quantifying this variable existentially.

A good variable order for bucket elimination is an order thatwould minimize the
size of the support set of intermediate OBDDs. The goal is to approach theinduced
width, which is the maximal support set under the optimal elimination order. Induced
width is known to be equal to thetreewidth[25, 28]. The treewidth of the formula is
defined with respect to itsGaifman graph, whose vertices are the set of variables in the

2 Note that symbolic quantifier elimination providespuresatisfiability solving; the algorithm re-
turns0 or 1. To find a satisfying truth assignment when the formula is satisfiable, the technique
of self-reducibility can be used, cf. [4].



formula and its edges connect variables that co-occur in a clause. (We use vertices and
variables interchangeably.) Treewidth measures how closethe graph is to being a tree;
the treewidth of a tree is 1 [27]. BE, with respect to an optimal order, yields the optimal
reduction of support set size [19] and is guaranteed to have polynomial running time
for input instances of logarithmic treewidth, since this guarantees a polynomial upper
bound on OBDD size.

Finding an optimal variable order for BE is known to be NP-hard, since computing
the treewidth of a graph is NP-hard [2], so one has to resort tovarious heuristics, cf.
[38]. An order that is often used in constraint satisfaction[24] and works quite well in
the context of symbolic satisfiability solving [47] is the “maximum cardinality search”
(MCS) order of [55], which is based on the graph-theoretic structure of the formula,
i.e., the Gaifman graph. MCS ranks the vertices fromn to 1 in the following way: as
the next vertex to number, select the vertex adjacent to the largest number of previously
numbered vertices (ties can be broken in various ways).

If constraints are represented by clauses rather than by OBDDs, then variables can
be eliminated via resolution. Given a setC of clauses and a variablex, the variable can
be eliminated by adding toC all resolvents onx and then eliminating all clauses wherex occurs. Formally(9x)C is logically equivalent toResolvex(C), whereResolvex(C)
is the set of clauses obtained fromC by adding all resolvents onx and then delet-
ing all clauses containingx. In fact, completeness of resolution is shown by eliminat-
ing all variables one by one, each time replacing a setC of clauses byResolvex(C)
[22]. (Eliminating variables in such a fashion is reminiscent of Fourier-Motzkin vari-
able elimination for systems of linear inequalities and of Gaussian variable elimination
for systems of linear equalities.) This approach is also referred to asdirectional res-
olution [26] (see report there on experimental comparison of directional resolution to
search-based techniques).

Rather than represent clauses explicitly as in [22, 26], multi-resolution [13] takes a
symbolic approach to directional resolution, where clausesets are represented by ZDDs
[42]. Each propositional literal̀ is represented by a ZDD variablev`, and clause sets
are represented as follows:

– The empty clause� is represented by the terminal node1.
– The empty set; is represented by the terminal node0.
– Given a setC of clauses and a literal` whose ZDD variablev` is lowest in a given

variable order, we can splitC into two subsets:C` = f j  2 C; ` 2 g andC 0 = C � C`. Given ZDDs representingC 00 = f j  _ ` 2 C`g andC 0, a ZDD
representingC would be rooted atv` and have ZDDs forC 00 andC 0 as its left and
right children.

This representation is the dual of using ZDDs to represent Irredundant Sum of Products
(ISOPs) of Boolean functions [42].

We use two set operations on sets of clauses: (1)� is the crossproduct operator,
where for two clause setsC andD, C � D = f j 90 2 C; 900 2 D;  = 0 [ 00g,
and (2)+ is subsumption-free union, so if bothC andD are subsumption free, and 2 C +D, then there is no0 � , where0 2 C +D. Multi-resolution can be easily
implemented using� on cofactors: given a ZDDf , fx+ andfx� is used to represent
the ZDDs corresponding to the positive cofactor on the ZDD variable corresponding



to the literalx/:x, sofx+ = fa j a _ x 2 fg andfx� = fa j a _ :x 2 fg. Nowfx+ � fx� (after removing tautologies) represents the set of all resolvents off on x,
which has to be combined withfx0 , which is the ZDD for the clauses not containingx.

2.2 QBF

Quantified Boolean Formulas (QBF) extend propositional logic by adding propositional
quantifiers to propositions. In QBF terms, propositional satisfiability is the special case
where all variables are quantified existentially. The addition of alternating quantifiers
pushes the complexity of the problem from NP-complete for propositional satisfiability
to PSPACE-complete for QBF [53].

We consider QBF formulas in prenex clausal normal form (CNF):' = Q1X1Q2X2 : : : QnXn'0;
where eachQj is 8 or 9, theXis are disjoint sets of propositional variables, and'0
is a propositional formula in CNF. We refer toQ1X1 : : : QnXn as theprefixof ' and
to '0 as thematrix of '. We defineA' as the set of universally quantified variables
and, correspondingly, defineE' as the set of existentially quantified variables. The
alternation depthalt(x) of a variablex is the indexi wherex 2 Xi. All QBF formulas
can be converted to prenex normal form with only a linear blow-up. We assume without
loss of generality that all variables are quantified.

The semantics for QBF can be defined in terms of the semantics of propositional
logic. If ' is quantifier free, then satisfaction (j=) is defined as for propositional logic.
Otherwise, given an assignment�, we have that� j= 9x' iff �[x 7! >℄ j= ' or�[x 7! ?℄ j= ', and� j= 8x' iff �[x 7! >℄ j= ' and�[x 7! ?℄ j= '. If every
variable in' is quantified, then either for all assignments�, we have� j= ', or for all
assignments�, we have� 6j= '. Thus, we can writej= ' or 6j= '; that is, satisfiability
and validity coincide.

Most SAT solvers are search-based, following the ideas of [21]. QBF solvers build
upon search techniques developed for SAT, forcing backtracking on universal variables
and branching on variables according to alternation order [12]. A decision procedure
based on an extension of resolution to QBF (calledQ-resolution) is described in [9],
but, to the best of our knowledge has not been implemented. Wecomment later on the
difference between Q-resolution and our multi-resolutionapproach to QBF.

3 Symbolic Quantifier Elimination for QBF

The basic idea of our approach is to extend symbolic quantifier elimination from SAT
to QBF. Given a QBF formula' = Q1X1Q2X2 : : : QnXn'0, we eliminate the quanti-
fiers frominside out, that is, in order of decreasing alternating depth, starting with the
variables inXn. At each stage, we maintain a set of constraints, represented symbol-
ically either as a ZDD (expressing a set of clauses) or as a setof OBDDs. To elim-
inate an existential variable from a set of clauses we perform multi-resolution, while
universal variables can be eliminated by simply deleting them [9]. To eliminate an ex-
istential variablex from a set of OBDDs we conjoin the OBDDs in whose support



setx occurs and then quantify it existentially, while to eliminate a universal variable
we quantify it universally. (We can apply universal quantification to an OBDDB:(8x)B = APPLY(Bjx 1; Bjx 0;^).) The variables within a quantifier blockQiXi are
unordered and can be eliminated in any order. Here we apply the heuristics described
in Section 2.1.

We note that our resolution approach to QBF is different thanthat of [9]. We require
that quantifiers be eliminated from the inside out; thus, resolution can be performed only
on the existential variables in the innermost quantifier block. In contrast, Q-resolution
[9] allows resolution on non-innermost existential variables. The difference stems from
the fact that the focus in Q-resolution is on generating resolvents, while the focus here
is on quantifier elimination. For Q-resolution to be complete,all resolvents need to be
kept. In contrast, once we have performed multi-resolutionon a variablex, all clauses
containing it are deleted.

First, we describe QMRES, a multi-resolution QBF solver. Weprovide pseudocode
in Algorithm 1:

Algorithm 1 Multi-resolution for QBF
Q-Multi-Res(', S, v)

Require: S is the set of clauses forming matrix of', andv = hv1 : : : vni is an order of variables
wherealt(vi) � alt(vi+1)

Ensure: returnstrue if ' is valid andfalseotherwise
for i=1..ndo

if vi is existentialthenS ( (Sv+i � Sv�i ) + Sv0i
elseS ( Sv+i + Sv�i + Sv0i
end ifS ( Unitprop(S)fApply unit propagationg

end for
returnS 6= f�g

Note that in addition to multi-resolution the algorithm applies a naive form of unit
propagation (weaker then what is described in [58]). When the clause set is represented
using ZDDs, clauses with only a single literal can be easily enumerated without travers-
ing the whole ZDD, since such clauses are represented by a path of length 2 in the ZDD.
Existential unit literals can then be resolved on without regard to their alternation depth.
(If a universal literal becomes unit, the formula is false.)The overhead of such a check
are negligible so we applied it in all cases.

We now describe QBDD, an OBDD-based QBF solver. We provide pseudocode in
Algorithm 23:

In Section 2.1 we described the MCS heuristics for variable ordering. MCS is only
one of many variable-ordering heuristics that are used to approximate treewidth [38].

3 We usedhoose buket(Ri) = i+ 1, which avoided the overhead of traversing the BDDRi
and finding the lowest ordered variable according tov.



Algorithm 2 Bucket Elimination for QBF
QBDD(', S, v)

Require: S, v as in Q-Multi-Res
Ensure: returns true if' is valid and false otherwise

Build BDD clustersS1 : : : Sn, where a clause 2 S is in clusterSi if vi is the lowest ordered
variable in
for i=1..ndo

if vi is existentialthenRi = 9xiV2Si 
elseRi = 8xiV2Si 
end if
if Ri = 0 then

return false
end ifj = hoose buket(Ri)Sj = Sj [ fRig

end for
return true

We explored several other variable-ordering heuristics in[47]. MCS came out as the
overall best performers across a wide variety of benchmarks. It is interesting to note that
MCS is not necessarily the best performer in terms of inducedwidth. Other heuristics,
such asmin-fill [24] yield better induced width. One has to remember, however, that
variable order impacts not only the induced width but also decision-diagram size. In
turns out that a variable that reduce the size of the support set of decision diagram does
not necessarily reduces its size. While these effects may beless marked for ZDD-based
clause representation, we chose to use MCS for both of our algorithms.

As described earlier, however, MCS is computed from the matrix of the QBF for-
mula, ignoring completely the quantifier prefix. Since quantifier elimination proceed
from the inside out, we need to adapt MCS to take into account alternation depth. We
first perform MCS on the matrix only, ignoring alternation. Then, variable order for
quantifier elimination is generated, where at each step we choose a variable from those
with the highest alternation depth that has the lowest MCS rank.

4 Experimental Results

We compare the symbolic approaches with three search-basedsolvers: QuBE [31],
Quaffle [58], and Semprop [41]. These solvers use sophisticted heuristics for branch-
variable selection and lemma/conflict caching. For both symbolic solvers, we used
CUDD [52] as the underlying decision diagram engine, and forQMRES, we used the
multi-resolution engine implemented by Chatalic and Simon[13].

We use three classes of benchmarks from the QBFLIB benchmarksuites[43], those
generated by Rintanen [49], from which we omitted the randomformulas but kept a
variety of hand constructed formulas, those generated by Ayari [3], which consist of



scalable formulas converted from circuit descriptions andprotocol descriptions, and
those generated by Pan [46], which consist of formulas translated from modal logic.

4.1 Symbolic vs. Search

A first observation, consistent with propositional logic, is that symbolic approaches
typically performs very badly on random problems. For example, symbolic approaches
are orders of magnitude slower for uniform propositional 3-CNF problems [47]. (In our
QBF experiments, the symbolic approaches completed none ofthe uniform random for-
mulas in the Rintanen’s benchmarks within the 1000s timeoutlimit.) In the following,
we compare the symbolic and search approaches only on constructed formulas, ignoring
the results for random problems. (In general, QBF solvers typically behave quite differ-
ently on random vs. non-random formulas, which is why comparative studies separate
the two cases [40].)
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Fig. 1. Rintanen’s Benchmarks (Non-random)

First we evaluated our solvers on Rintanen’s and Ayari’s benchmark suites [49, 3].
Rintanen’s benchmark suite is one of the first benchmark suite for QBF, including for-
mulas constructed from planning problems, hand-constructed formulas, and randomly
generated formulas covering a wide range of difficulty and alternation depth. Ayari’s
benchmark suite is one of the first to encode bounded-model-construction problems in
QBF through M2L-STR, a monadic second-order logic on finite words [3], with typi-
cally quite low alternation depth.

The results for Rintanen’s benchmarks are plotted in Figure1 and the results for
Ayari’s Benchmarks are plotted in Figure 2. We used the plotting style presented in [30,
54], which plotted the number of completed cases against thetime taken to run each
case. A solver with a higher curve dominates one with a lower curve since it solved
more cases in the same amount of time.
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Fig. 2. Ayari’s Benchmarks

Our first observation is that QMRES clearly dominates QBDD. This is somewhat
surprising, since similar experiments we performed on propositional formulas showed
that with the same variable order, the OBDD-based approach dominates the ZDD-based
in most cases, falling behind only for highly under-constrained problems, where the
compression of ZDD-based clause set representation is greater. In contrast, ZDD-based
clause sets seems to be getting better compression across the range of the QBF prob-
lems, resulting in node usage that are orders of magnitude smaller then that of QBDD

Comparing symbolic solvers against search-based solvers,the picture is somewhat
mixed. For Rintanen’s benchmarks, there is no clear winner,but for Ayari’s benchmarks,
QMRES showed a clear edge. Some of the formulas in the Rintanen’s benchmarks,
for example, blocks problems, only have a low alternation depth and small number of
universal variables, allowing search to perform effectively. In essence, such problems
are closer to SAT, where search-based approach typically outperform symbolic solvers
[47]. On the other hand, Ayari’s problems are derived from circuit and protocol prob-
lems, whose symmetry favors the compression of the symbolicapproach. It is interest-
ing to note that the advantage of QMRES shows only when more difficult problems are
considered. On easier problems search-based methods are faster.

Next, we come to formulas obtained by translation to QBF frommodal formulas
in the logicK [46]. The original modal formulas are scalable classes constructed by
Heuerding and Schwendimann [35], where modal properties are nested to construct
successively harder formulas. The resulting QBF formulas are grouped in the same 18
classes as the modal formulas, half satisfiable and half unsatisfiable, and each class con-
tains 21 cases of which alternation depth scales linearly. Using translation from modal
logic allowed construction of high alternation-depth problems that are both non-trivial
and tractable. The formulas span a large range of difficulty and sizes, from hundreds
to tens of thousands of variables. All the original modal formulas can be solved using
modal solvers. We plotted time vs. cases solved in Figure 3. We see that QMRES clearly
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Fig. 3. Modal Logic Benchmarks

dominates the search-based methods. (This is consistent with the results described in
[46], where symbolic modal solvers dominate search-based solvers.)

A fundamental question is why a symbolic method outperformssearch-based
method for QBF, while the situation is reversed for SAT [47].A possible explanation is
that propositional satisfiability is in essence a search fora satisfying assignment. SAT
solvers excel in quickly eliminating unsuccessful search branches, combining back-
jumping and conflict-based learning. In contrast, search-based QBF solvers have to
deal with backtracking forced by the universal quantifers,which seems to nullify many
of the advanced search heuristics of SAT solvers. Since QBF solving requires deal-
ing with the whole space of possible assignments, symbolic methods benefit from the
compression provided by decision diagrams.

4.2 QMRES vs QBDD

To better understand the disappointing performance of the BDD-based approach, we
take a deeper look at Pan’s formulas, which are generated from the modal formulas of
[35] through two different translation steps, first from ML to non-CNF QBF, then from
non-CNF QBF to QBF. In addition to running QMRES and QBDD on the final QBF
formulas, we run KBDD, an OBDD-based modal solver [46], on the original modal
formulas. We also run an ad-hoc OBDD-based solver on the intermediate non-CNF
QBF formulas, where we translate propositional formulas toOBDDs without going
through the CNF step and then apply quantifier elimination.

In Figure 4, we plotted the performance of the correspondingsolvers. We see that
the native solver KBDD performs best, with QMRES and QBDD-non-CNF very close
to each other and not far behind the native solver. There is a much larger gap between
these two and the performance of QBDD, resulting from the CNFtranslation. The gap
between the performance of KBDD and QBDD-non-CNF can be attributed to the con-
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version of conjunction in modal formulas to universal quantification in the QBF trans-
lation. The gap between the performance of QMRES and QBDD-non-CNF to that of
QBDD can be attributed to the the cost incurred by the OBDD-based solver in handling
the additional variables generated in the conversion to CNFand the difficulty in imple-
menting certain optimizations under the BDD representation, for example, unit propa-
gation. suggests that the OBDD-based approach might be moreeffective for problems
whose natural encoding is not in CNF.

5 Discussion

QBF, as a straightforward extension of propositional logic, shares much with SAT in
the implementation of decision procedures. Nevertheless,alternation in QBF causes
significant overhead to search-based solvers, requiring them to cover the whole search
space. This greatly reduces the efficiency of the typical heuristics used for search-
based solvers, whose optimization is usually focused toward minimizing the number
of backtracks. For symbolic techniques, on the other hand, the addition of alternating
quantifiers does not introduce analogous difficulties. Our results show that for difficult
non-random QBF problems, symbolic quantifier elimination approaches are very com-
petitive and belong in the standard tool kit of QBF solver implementors.

Recently, another quantifier elimination based solver (Quantor) was developed by
Biere [5]. In addition to eliminating existential variables by resolution, universal vari-
ables can be eliminated using skolemization and expansion.His approach used a explicit
representation of clauses instead of the symbolic representation used here. 38 previ-
ously unsolved constructed problems in the second QBF solver evaluation [39] have
been solved using QMRES and Quantor. This bolsters support in arguing that quantifier
elimination is an important addition to the pool of techniques of solver implementors.



Much further work is needed in this area, both to investigatevarious optimization
techniques for symbolic solvers (e.g., variable order, non-CNF approaches, and repre-
sentation beyond decision diagrams, for example, BEDs [1] or DNNFs [20]) as well as
to investigate the trade-off between symbolic and search-based techniques. In particu-
lar, it would be interesting to investigate hybrid approaches, extending some work done
in the context of model checking [34].
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