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tBSTRACT
N
in this paper we study the implication and the finite implication problems
When all dependencies are total the problems are equivalent

for data dependencies.
For

ané solvable but are .NP-hard, i.e., probably computationally intractable.

aon-total dependencies the implication problem is unsolvable, and the finite

is not even partially solvable.
The meta decision problems of deciding for a

implication problem Thus, there can be no formal

system for finite implication.
r the implication problem is solvable or whether

given class of dependencies whethe

jzplication is equivalent to finite implication are also unsolvable.

1. INIRODUCTION

One of the important issues in the design of relationmal database schemas is

the specification of the constraints that the data must satisfy to model correctly

the part of the world under consideration. These constraints determine which

databases are considered meaningful.

he constraints called data dependencies. The

tidied was the class of functional dependencies

0f particular interest are t

first class of dependencies to be s

[Codd), which was followed by the class of multivalued dependencies [Fagl,Zan].

Recently, a number of generalizations of these dependencies have appeared; €.8.,

join dependencies [ABU,Riss], general dependencies [JRB), and template dependencies
{sU]. All these classes are subclasses of the class of tuple and equality
generating dependencies of [BV2,Fag2,YP]. Intuitively, the meaning of a

! dependency is that if some tuples, fulfilling certain conditions, exist in the
1so exist therein, or some values in

S L
go i .

s

database, then either some other tuples must a

the given tuples must be equal.

A utilization of the above dependencies in the design of a relatiomal database

r determining whether a set of dependencies 1is redundant

requires algorithms fo
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([Ber]) and whether two sets of dependencies are equivalenﬁ ([BMSU,BeRil). Both

problems reduce to the implication problem, i.e., the problem of deciding whether

a given set of dependencies logically implies another dependency. The finite

implication problem is the problem of implication when only finite relations are

taken into account.

The formalism is that of first order logic. We do not show how the various
dependencies mentioned above can be written in this formalism, and the reader
interested in that aspect is refered to [BV2,Nico]. In fact, we mostly refrain
from using "relational” terminology, and except for a few remarks this paper is

essentially concerned with a fragment of first order logic, which is relevant to

database theory.

This paper is an abridged version of [BV1].

2. DEPENDENCIES

We use the language L(n) of first order logic with equality with no function
symbols and one n-ary predicate symbol. Indexed x's are used for existentiallvy
quantified variable symbols, and indexed y's are used for universally quantified
variable symbols. Indexed v's are syntactical variables ranging over variable

symbols. An atomic formula R(vl,...,vn) is called a predicate formula and an

atomic formula vi=vj is called an equality formula. A dependency is a sentence

vyl...Vyk Exl"'Exz(AlA"'AAp > BlA...ABq), where:

(a) k,p,q >1,2>0.
(b) the A's and the B's are atomic formulas.
(¢) at least one Ai is a predicate formula.

(d) the set of variables occuring in the A's is the same as the set of
variables occuring in the predicated A's, and is exactly {yl’""'yk}'

{(e) the set of variables occuring in the B's contains {xl,...,x,}.

b
Restrictions (¢) and (d) ensure that the sentence refers only to the information

contained within the database.

Suppose now that some Ar is Yi=yj' Obviously, we can identify Yy and

wherever they occur in the dependency, and eliminate Ar to get an equivalent

dependency. Thus, we can assume

(£) all the A's are predicate formulas.

Suppose now that some Br is xi=vj. Again, we can identify Xy and

eliminate Br to get an equivalent dependency. Thus, we can assume:
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all equality formulas are of the form }i=yj.

Tinally, recalling that vy(ho ~ B AC) is equivalent to vy (AB) A vy (A-C),

: v is free in A,B and C, we assume:

either all the B's are predicate formuias or q=l and Bl is an equality

jormuia.

Tatuitively, the meaning of a dependeﬁcy is that if some tuples, fulfilling
exist in the database, then either some other tuples must also

.~-ain conditioms,

=z therein, or scTe values in the given tuples must be equal.

We now distinguish between several subclasses of dependencies. This is

arized in the following table.

icase o ‘_ | name

{;jZ-B's are predicate formulas E tuple generating

§q=1 and Bl is an equality formula { equality generating

§£=O (no existential quantifier) total

§q=l | many to one ]
p=2 and g=1 two to one !

nv sorted (see definition) many sorted

sorted if no variable occurs in two different argument

A dependency is many
positions cf the predicate symbol, and onl
n of the predicate symbol can be the argume
dealt with in the literature are msd's.

y variables which occur in the same

argument positio nts of an equality
For

formula.  Almost all dependencies
example, for msd's:

{1) an egd with p=2 is 2 functional dependency [Codd].

{2y 2 tgd with g=1 is a template dependency [su}l.

ask whether our syntactic definitions for dependencies can be

remark. One may
To a certain degree this can be done [CLM].

replaced by semantic definitions.

e only up to logical equivalence, and

towever, semantic definitions can characteriz

r sentences equivalent to some dependency is not recursive., <>

the set of first orde

L(n) are called n-ary dependencies. 1In studying

ther a parameter of the problem or some

In the sequel we

The dependencies of

decision problems for L(n), n may be el

The class of all dependencies is denoted Dep.

fixed value.
to denote single

3 finite set of dependencies and d,d’

sse D to denote
we usually omit universal quantifiers.

dependencies. In writing down dependencies




IMPLICATION PROBLEMS

Let U = <A,R> be a structure for L(n). U finite if A is finite (and

consequently, R is finite), U is semifinite if R is finite (A can be

infinite). U is infinite if R 1is infinite (and obviously, A is infinite).

U is empty if R 1is empty, and is trivial 1f it is empty or if IAI =1, (Note

that A 1is always assumed to be nonempty).

A set of dependencies D implies a dependency d, denoted D F d, if 4

holds in all models of D. D segifinitely implies d, denoted D bf d, if d

holds in all semifinite models of D.

D finitely implies d, deno;éd

D % d, 41if d holds im all finite models of D. Clearly, real-life databases

are finite, but the domain of values might be conceptually infinite. However,

for dependencies bf and b are equivalent.

Lemma 1. D Ef d iff D E d. <

By Lemma 1 it suffices to deal with F and %. Our decision problems

(a) The implication problem - for a given D and d, decide whether D % d.

(b) The finite implication problem - for a given D and d, decide whether
D fd.

The (finite) implication problem of type (Cl H C2), where Cl and C2

are classes of dependencies is the (finite) implication problem for D g Cl and

d ¢ CZ’ That is, for such D,d decide whether D %(f)d.

As is well-known, both the implication and the finite implication problems

are unsolvable for arbitrary first order sentences. Note that D E 4 entails

D E d, but not vice versa, hence, the implication and the finite implication

problems are independent. In fact, their equivalence entails their solvability.

Lemma 2. The following sets are recursively enumerable:

(a) {<p,d> | D F d}.

() (<,d> | D K d}. <«

Corollary. If for classes of dependencies C1 and C2 we have that for
and d €Cy D E d {iff D @ d, then the implication problem of type

D¢ C1
(C, ; C,) is equivalent to the finite implication problem and is solvable. <>
1 2 -

Let us now consider the case where D is the empty set. A dependency d is

trivial if it holds in all structures, denoted % d, and is finitely trivial
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jf it holds in all fimite structures, denoted E d. Thus, as special cases of

che (finite) implication problem, we get:

(a) The triviality problem - for a given d, decide whether d 1is trivial.

(b) The finite triviality problem - for a given d, decide whether d 1is

finitely trivial.

4. SOME SOLVABLE CASES

1f we restrict D to be a set of td's, then the (finite) implication

*
(finite) validity problem for 9§ v sentences

problem is equivalent to the
whose solvability follows from Lemma 2 [BS].

(Schonfinkel-Bernays class),

Theorem 1. The implication problem of type (td's ; Dep) is equivalent to the

finite implication problem, and is solvable. <>

As a special case we get the solvability of the (finite) triviality problem.

Theorem 2. A dependency d is trivial iff it is finitely trivial iff

‘2 . . L
‘) d 1is a egd and Bl is y;=y4s oF

() d is a tgd and for some substitution sequence 1 :»il""’iz < k,

{Bl,...,Bq} (xl/yil,...,xl/yil) c {Al,...,Ap}. <>

A decision procedure for the implication problem of type (td's ; Dep) is

[BV2]. 1In some more restricted cases there is an efficient decision
We provide

described in
rocedure [BB,Beer,BV2,MSY,Va], but this is not the case in general.
now some upper and lower time bounds.

The following upper bound follows from the complexity analysis of the above

mentioned decision procadure [BV2].

D be a set of n-ary td's with u universal quantifiers, and

Theorem 3. Let
existential

let d be an n-ary dependency with p universal quantifiers and e

quantifiers. Let s be the aumber of symbols in D and d. The implication

problem for D and d can be solved in time O(s-p2n+u+e). <>

The following theorems imply that, except in some restricted cases, there is
probably no efficient decision procedure for the implication problem for this
solvable case.

Theorem 4. The triviality problem for tgd's is NP-complete, even for med's
and binary dependencies.

Proof: In NP: WNondeterministically choose a substitution sequence and check

for the condition of the Theorem 2.

Hard for NP:
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(a) msd's: reduction from EXACT COVER [Ka].

(b) binary dependencies: reduction from CLIQUE [Ka]. <>

Theorem 5. The set {<d,d'> | d,d' are total mod's and d E d'} is WNP-hard I ki
even for msd's and binary dependencies. :

} Ld
Proof: We use the following NP-complete problems for reduction: e
(a) Msd's: reduction from EXACT COVER [Ka]. iz

(b) Binary dependencies: reduction from CLIQUE [Kal]. <>

Additional results on the complexity of testing implication of msd's can be found
in [BV3].

In some cases solvability follows from the fact that the answer to the

At

decision problem is trivially negative: T

Lemma 3. Let D be a set of tgd's, and let d be an egd, then D F d
if and only if D [ d if and only if d is trivial, <

For several other solvable cases see [BV2]. 5

When dealing with implication of tgd's, we can very easily eliminate egd's
from consideration. Let d be the egd vyl...Vyk(AlA...AAp+ yg=yh). Let A
denote the predicate formula R(yk+l""’yk+n)’ and denote by A(m/yi), for

1 <m <n, the result of substituting Yi for in A. We associate with d

Yictm
the following set of tgd's: Dy is
{vyl...vyk+n(A1A...AAp A A(m/yg) - A(m/yh)) [ 1 <m <nl, D, is defined
similarly, with g and h interchanged, and Dd is taken to be the union of
Dl and D2. Let D be a set of dependencies, we denote by D' the result of
replacing each egd d in the set D by Dd'
Lemma 4. Let D be a set of dependencies and d a tgd, then D % d iff

D' F 4 and D k 4 iff Dk 4. o

It is well known that equality can be eliminated from first-order logic by
adding the equality axioms: reflexivity, symmetry, transitivity and substitutivity.

This can also be applied to dependencies. Actually, we can prove an even stronger

result:

Theorem 6. Let D be a set of dependencies, and let d be a dependency. We
can effectively construct a set of tuple generating tod's D' and a tuple
generating tod d', such that D k d if and only if D' L d4', and D % d

if and only if D' % d'. <«
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5. UNSOLVABILITY RESULTS

The main result of this section is:
Theorem 7. The implicatien and the finite implication problems are unsolvable. <>
Unsolvability is shown by encoding appropriate unsolvable problems of

equational logic in terms of depe encies.

Let Leq be the language of first order logic with equality, with function
symbols but no individual constants or predicate symbols. An equation is a

sentence Vyx“'vyk<s=t)’ where s and t are terms of Leq' A conditiomal

1 3 i \ LS = e = -+ = >
equetion is a sentence vy, Vyk(sl Ty A Aso g t1” Sp tm), m> 1,
wvhere Sl’tl""’sm’tm are terms of Leq' Equational logic is a fragment of

firsc order logic, in which equations and conditional equations are the only

admitted sentences.

2
equation of L2 is simple if it is of the form Vyl...vyk(e(l)A...Ae(m—l) -+ e(m)),

Let L be Leq with one binary function symbol g. A conditional

z > 1, vwhere e(i) is g(vi,vi = vi for 1 <i< m, and e(m) is
Fawd ) 1cktem 1<pg <3

P
Lemma 5. For every (comditional) equation of L2 we can effectively construct an

equivalent simple conditional equation. <>

greee
is trivial if IA] = 1., Clearly, every (conditional) equation has a trivial model.

A structure U=<A,fl,f > for Leq is finite if A is finite, and

Non-trivial consistency is, however, unsolvable.
heorem 8.{McKe] The following two problems are unsolvable for Lz:

(a) to decide if an equation has a non~-trivial model.

(b) to decide if an equation has a non-trivial finite model. <>

Corollary. The above problems are unsolvable even for simple conditional

equations. <>

Equations can be coded by dependencies by replacing functions by their

‘representing relations. Let U = <A,g> be a structure for LZ’ i.e., U 1is a

groupoid. The representing relation for U is a ternary relation

6= {<x,y,2> | z=g(x, )} .

G satisfies the following condition:

(*) TFor all x,y, each belonging to some triple in G, there exists a

unique” z such that <x,¥,z> € G.

Conversely, any non-empty ternary relation G on a set B satisfying (*) defines
2 groupoid U = <A,g>, where A = {x | <x,y,z> € G} ¢ B, and g(x,¥) = 2,

where z 1is the unique element such that <x,y,z> € G.

11
i
By
{




Condition (*) is expressed by the following dependencies:
Gl: @x(6(yy,y,,¥5) > G(y,:¥4:%))

62: @x(G(¥15Y,s¥4) A C(¥,,75:¥g) > G(¥54¥7,%))

G3: G(y1s¥ps¥3) A G(yy»Y,ey,) > Y57V,

Let Eq: vyl...vyk(e(l) A ... A e(m1l) > e(m)) be a simple conditionai

equation. To express it in terms of the representing relation we replace the

equality formula e(i) by the predicate formula E(i): G(vi,vi,vi) to get the

representing dependency qu: VY1 - ¥y (E(1) A ... A E(m-1) » e(m)).

Lemma 6., Let U = <A,g> be a non-trivial (finite) groupoid satisfying a
simple conditional equation Eq, then its representing relation G satisfies
{Gl,GZ,G3,qu} . Conversely, 1f G 1is a non-trivial (finite) ternary relation
satisfying {G1,G2,G3,d q} , then it defines a non-trivial (finite) groupoid
satisfying Eq. <>

As an immediate consequence we get:
Theorem 9. The following two problems are unsolvable even for ternary mod's:

(a) to decide if a set of dependencies D has a non-trivial model.

(b) to decide if a set of dependencies D has a non-trivial finite model. <>

This result will serve as a springboard for proving the unsolvability of the
implication and the finite implication problems. However, it does have a
significance by itself, since 1f a database is described by a set of dependencies
which have no (finite) non-trivial model, then this set is probably semantically

meaningless.

*
Let Ga be {G1l,G2,G3}, and let Gb be Ga (i.e., Gb 1is the result of
replacing G3 by tgd's as described in Section 4). We define two dependencies:

T1: G(yl’yzx}'3) *¥ = y2¢

T2: G(ylty2’Y3) A G(ylry“)ys) *> G(Yl,YZ,YA))-

Theorem 10, The following sets of ternary tuple generating mod's are not
recursive:

(a) {d | cay {d} Fk TL},

(b) {d | Gau {d} § T1},

(e) {d | Gy (d} F T2},

(@ {4 | Gy {d} 12},

Proof. A groupoid is trival iff it satisfies the equac >n  wxvy(x = y) iff it

satisfies the equation wxwyvz(g(x,y) = z). Since Tl and T2 represent these

equations, the claim follows by Theorem 8 and Lemma 6. <>
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The meaning of the above theorem is that the set of dependencies implying
a specific dependency is not recursive. We are going now to comstruct a set of

dependencies Gc, such that the set of dependencies implied by Gc is not

recursive,
A group is a groupoid satisfying the following axioms [TMR] :

Bl: g(x,8(y,2)) = glg(x,¥),z

u2: gz(x = gly,z)),

H3: Hz(x = glz,y)).
These axioms are expressed by the following dependencies:

Gh: G(yz,y3.y4) A G(yl»}'4,y5) A G(yls)'z:}’G) g G(ys’}'3vy5))y

G5:  Fx(G(yy,¥,5Y3) G(y5,%,51))s

G6: SX(G(YI,YZ'Y3) -+ G(x9y2ry1))-

The following theorem is the well-known unsolvability result for the word
problem for groups (e.g. {Bol).

Theorem 11. The set of conditional equations which holds in all groups in

not recursive., <>
let Ge be {Gl,...,G6} . Using Lemma 5 we get:

Theorem 12. The following set of ternary egd's is not recursive:
{d | e F d}. <

6. MORE UNSOLVABILITY RESULTS
Actua’ly, we have proved in the previous section a result which is stronger
than Theorem 7.

Theorem 13. The (finite) implication problem for ternary tuple generating mod's

is unsolvable. <>
By using various reduction technique, we can also have:

Theorem 14. The (finite) implication problem for binmary tgd's and for 5-ary

tuple generating msd's is unsolvable. <>

Remark., When constants are allowed to appear in dependencies (two constants
suffice), the (finite) implication problem is unsolvable even for 4-ary many-

sorted tuple generating mod's. <>

For some sets of dependencles Dl'DZ’ the set
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t

IMPL(D;,D,) = (d | d ¢ D, and D, F d}

may be recursive. The meta implication problem is to decide, for given

recursive sets of dependencies Dl'DZ’ whether IMPL(Dl,DZ) is

recursive.
Theorem 15. The meta implication problem is unsolvable.

Proof. The claim follows from the unsolvability of the meta word problem for

groups [Ra}. <>

Combining our unsolvability results with Lemma 2 we get:
Theorem 16. The following sets are not recursively enumerable:
(a) {<D,d>|D E d}

(b) {<D,d>|D #d} . <

From part (a) of the theorem it follows that there is no proof procedure for

finite implication of dependencies, and obviously no sound and complete formal

system for finite implication can be found. In contrast, a proof procedure and

a formal system for implication does exist [BV2,BV4,YP].

By the corollary of Lemma 2, F and E are not equivalenf for

dependencies in general, and by Theorem 1 they are equivalent for some classes of

dependencies. The implication equivalance problem is to decide, for given

recursive sets of dependencies Dl,D,, whether for all 4 ¢ D2, Dl % d iff
D, k4.

Theorem 17. The implication equivalence problem is unsolvable.
Proof: The claim follows from the unsolvability of the residual finiteness

problem for groups. [Ral. <>

We conclude by showing that % and % are not equivalent even for
binary mod's, though the solvability issue for this class is open. We use
dl,dz,d3,d4 and dS:
dps @xR{yp,y,) > Ry,
dy: R(yp»yy) A R(ypyy) > R(ypsys),
dyt R{ypHy) A RGY,y3) = RUY4Y,),

s IxR(Y ,yy) > R(x,%))

do: R(ypsyy) > R(y,,y).

Lemma 10.

(a) (dp,d,} kB d, bdut (dy,d,} K 4y,

() {dy,dy,dqg} k dy bur {d),d,,dq} ¥ dg. <>

i s i ey o

S

B

o

g . g g -
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7. CONCLUDING REMARKS

The originators of dependency theory intended to develop a tool for automated
database design. Our lower bounds for (finite) implication indicate that in its
present state the theory is far {r»m being such a tool. Thus, the theory has
not vet pessed its "true test" which is "demonstrating its effectiveness in

solving day to day database des. zn problems' [BBG].

It should be noted however, that while unsolvabilitv holds for fairly

restricted classes cf dependencies, we could not extend it for many-sorted mod's,

o

nd, mere specifically, to embedded multivalued dependencies ([Fagll) and embedded
jein dependencies ([MMS]). It is known that the (finite) implication problem

for embedded multivalued and join dependencies of any fixed arity is solvable.

It is alse known ({YP]) that unsolvability for the class of many-sorted mod's
entails unsolvability for a class which is slightly more gemeral than the class

of embedded join dependencies.

The implication problem is a "local' decision problem. As said in the

intreduction, our motivation for studying it was the search for algorithms to

W

clve "'global' decision problems, the equivalence problem and the redundancy
preblem. Since D kB & diff Dy {d} == D, unsolvability of the
izplication problem entails unsolvability of the equivalence problem. This is

nct the case for the redundancy problem. That and other 'global' decision problems

will be dealt with in a future paper.
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