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The treewidthof a graph measures how close the graph is to a tree. Many prob-
lems that are intractable for general graphs, are tractabén the graph has bounded
treewidth. Recent works study the complexity of model clvegkor state transition sys-
tems of bounded treewidth. There is little reason to bejibeavever, that the treewidth
of the state transition graphs of real systems, which wer tefasglobal treewidth,
is bounded. In contrast, we consider in this pag@rcurrenttransition systems, where
communication between concurrent components is modefditigly. Assuming bound-
edness of the treewidth of the communication graph, whictefer to adocal treewidth,
is reasonable, since the topology of communication in coeotisystems is often con-
strained physically.

In this work we study the impact of local treewidth boundexinen the complexity
of verification problems. We first present a positive requribyving that a CNF formula
of bounded treewidth can be represented by an OBDD of polyalasize. We show,
however, that the nice properties of treewidth-bounded &fulas are not preserved
under existential quantification or unrolling. Finally, whow that the complexity of
various verification problems is high even under the assiompif local treewidth
boundedness. In summary, while global treewidth boundesidees have computa-
tional advantages, it is not a realistic assumption; in i@stt local treewidth bounded-
ness is a realistic assumption, but its computational adgms are rather meager.

1 Introduction

Thetreewidthof a graph measures how close the graph is to a tree (treesrbawadth
1). Many problems that are intractable (e.g. NP-hard, PERA&rd) for general graphs,
are polynomial or linear-time solvable when the graph hasnded treewidth (see
[5—7] for an overview). For example, constraint-satistatiproblems, which are NP-
complete, are PTIME-solvable when the variable-relatedgeaph has bounded treewidth
[112,14].

In [15, 22] the complexity of the model-checking problemtisdsed under the hy-
pothesis of bounded treewidth; that is, it is assumed treatthdel is a state transition
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system, whose underlying graph has bounded treewidth. @ognreewidth yields a
large class of tractable model-checking problems. For @kamuvhile it is not known
whether model checking-calculus formulas is in PTIME [18], it is in PTIME under
the bounded treewidth assumption [22].

We refer to the treewidth of the state transition graphsanidition systems as the
global treewidth The global treewidth-boundedness assumption used i2P1% not,
in our opinion, useful to describe real-world verificatioroplems. There is little rea-
son to believe that the global treewidth of real-world systés bounded. For example,
it is easy to see that the graphs underlying systems with tumters are essentially
grids, which are known to have high treewidth [26]. In veafion practice, real-world
systems are often modeled@mcurrenttransition systems, where communication be-
tween concurrent components is modeled explicitly. Whertaresider the communi-
cation graph between the concurrent components (the coempare the nodes, and an
edge exists between each pair of communicating nodesnasgtreewidth bounded-
ness is not unreasonable. Indeed, the topology of commtionida concurrent systems
is often constrained physically; for example, by the neeldyout a circuit in silicon.
Such topological constraints are studied, for example&2®23]. In [20] the width of a
Boolean circuit is related to the size of its correspondiBPD, while in [23] bounded
cutwidth is used to explain why ATPG, an NP-complete verift@aproblem, is so easy
in practice. Cutwidth boundedness is used also to improwgbsyjic simulation and
Boolean satisfiability in [4,29]. These various notions ofihded width are assumed
because of the constrained topology of communication iteoent systems.

In this paper, we refer to treewidth of the component commation graph akcal
treewidth and study the impact of local-treewidth bounaesdnon the complexity of
verification problems. We believe that because the compgar@mmunication graph
is often constrained physically, as noted above, assuroirgy treewidth boundedness
is natural and realistic. (In fact, the assumption of trefttvboundedness is less severe
than related assumption that are often made, suphtasvidthboundedness @utwidth
boundedness [5-7].)

We first present a positive result. We prove that a CNF forrotifunded treewidth
can be represented by an OBDD of polynomial size (treewidtie fis defined on the
primal graph of the formula, where vertices represent iemand edges represent the
co-occurance of the variables in the same clause). Thustrdreition relation of a
concurrent transition system is specified by a CNF formulgn wounded treewidth,
then there is an OBDD of polynomial size representing it. dntcast, the OBDD of
transition relations often blow up, requiring symbolic neb@hecking techniques that
avoid building these OBDDs [2].

We then show that bounded local treewidth offers little cataponal advantage
for verification in general. First, we show that the small{QIB property of bounded
treewidth CNF formulas is destroyed as soon as we applyesiiat quantification,
which is a basic operation in symbolic model checking, sitheeimage operations in-
volves existential quantification [20]. We then show theetwidth boundedness of a
transition relation is not preserved under unrolling, vhhig a basic operation in SAT-
based bounded model checking (BMC) [3]. (Note that whilésfability of CNF for-



mulas is NP-complete, satisfiability of bounded-treew@dMF formulas can be solved
in polynomial time, cf. [1]).

Finally, we show that the complexity of various verificatiproblems are high
even under the assumption of local treewidth boundednessieWew several veri-
fication problem for concurrent systems, including modedaiting, simulation, and
containment, and show that the known lower bounds (PSPA®Eptete, EXPTIME-
complete, and EXPSPACE-complete, respectively [16, 181} Also under the assump-
tion of local treewidth boundedness. (Our results are robuslower bound apply even
under pathwidth boundedness or cutwidth boundedness.)

In summary, while global treewidth boundedness does havguatational advan-
tages, it is not a realistic assumption. In contrast, laeswidth boundednessis a real-
istic assumption, but its computational advantages anerateager.

The paper is organized as follows: In Section 2 we prove thalSBBDD property
for transition relations of bounded treewidth, but thenvgltioat this property does not
help in symbolic model checking and in bounded model cherkiinally, in Section 3
we show that lower bound for model checking, simulation, emtainment hold also
under the assumption of local treewidth boundedness.

2 Transition Relation: OBDDs size and BMC

The notions of treewidth and pathwidth were introduced B Z5].

Definition 2.1. A tree decomposition of a grapii = (V, E) is a pair (T, X ), where
T = (I, F) is a tree whose node setisand edge set i, andX = {X;|i € [} isa
family of subsets df, one for each node d@f, such that:

~Uies Xi=V.
— for every edge$v, w) € E, there exists an € I with {v, w} C Xj.
— forall 4, j,k € I:if jis on the path fromi to £ in T', thenX; N X, C X;.

Thewidth of a tree decompositiofil’, X) is max;c7|X;| — 1. Thetreewidthof a
graphG is the minimum width over all possible tree decompositiohn&oThe notions
of path decomposition and pathwidth are defined analogouilythe tre€l” in the tree
decomposition restricted to be a path. By Corollary 24 in g know that for a graph
G with n vertices we have thatathwidth(G) = O(treewidth(G) - log n). Clearly,
treewidth(G) < pathwidth(G).

Definition 2.2. The Gaifman graph of a CNF formula is a graph having one vefidex
each variable and an edge; , v2) if the variablesy; andv, occur in the same clause
of the formula. By treewidth (pathwidth) of a CNF formula veder to the treewidth
(pathwidth) of its Gaifman graph.

Ordered Boolean decision diagrams (OBDDs) [8] are a caabfiicm represen-
tation for Boolean formulas. An OBDD is a rooted, directegicdic graph with one
or two terminal nodes labeledl or 1, and a set of variable nodes of out-degree two.
The variables respect a given linear order on all paths floenrtot to a leaf. Each
path represents an assignment to each of the variables gratheSince there can be



exponentially more paths than vertices and edges, OBDD®easubstantially more
compact than traditional representations like CNF. In mzase, however, going from
CNF representation to OBDD representation may cause amexgial blow-up [2].
We now show that this is not the case when the CNF formula hasdedl treewidth.

Theorem 2.1. A CNF formulaC with n variables and pathwidtly has an OBDD of
sizeO(n29).

Proof. Let the path decomposition @f be (P, L). Assume without loss of generality
that P = {1,...,k}. We construct a variable order from the path decomposit®on a
follows: Define First(z) = min({p € P | v € L(p)}) and Last(x) = max({p €

P | v € L(p)}). Now sort the variables in increasing lexicographic ordmoading

to (First(x), Last(x)); that is, define the variable order so thatif< y, then either
First(z) < First(y) or First(x) = First(y) andLast(z) < Last(y). We show
that, using this variable order, there are at m&shodes per level. The claim then
follows.

For each clause, we definemin(c) as the index of the lowest ordered variable in
¢ and correspondingly fomax(c). Consider level of the OBDD, corresponding to
the variablex;. The clause sef’ can be partitioned into three classes with respect to
level i, Cendea = {c¢ | max(c) < i}, Cewr = {c | min(c) < ¢ < max(c)}, and
Ountouched = {C | 1< mln(c)}

A nodeu at level; corresponds to a seit, of partial assignments to variables, where
each partial assignmeate A, is an element iR{#1--#i-1} For a partial assignment
a and a clause seb, we writea = D if a is a model ofD, i.e, for each clause
¢ € D, a satisfies some literal in. From the semantics of OBDDs, we know that
all partial assignments in A, are equivalent with respect to extensions, i.e., given
a' € 2=z} anda € A,, we have that U o/ = C iff for every a” € A,,
a’"Ud' | C.Iffor a € Ay, a tE Cended, then we know that for every extensian o
of a we have thatt U o/ [£ Cepnded, SOa U a’ £ C. Thus, the node is identical to
Boolean 0 and should not exist at levelt follows that for everya € A, a |E Cended-
We also know that all clauses @, ,.;ouchea have none of their variables assigned by
a€ A,.

Each partial assignmentat leveli can be associated with a subgét C C.,,
whereM,, = {c | ¢ € Ceur,a = ¢}, i.e., the clauses it that are already satisfied
by a before reading the variable,. We know that none of the clauses @, have
failed (all literals assigned to false) so far, since by défin of C.,,. all such clauses
have literals with variables beyond_;. Suppose that for two distinct nodesandv
at leveli there exists,, € A, anda, € A, such thatM,,k = M, . Sinceu andv are
distinct, there is a partial assignment 2{%:-~*»} that distinguishes betweenand
v; say,a, Ua = C anda, Ua [~ C. Sincea, anda,, however, both satisf¢.,,4cd,
both are undefined on the variables@f,,;oucneq, @and we also have, by assumption,
thatM,, = M, , we must have that, Ua = C iff a, Ua = C — a contradiction. It
follows thatM,,, # M,,.

Letj = First(x;). We know thatL(j) contains at mosj + 1 variables, including
x;. LetVar, = L(j)N{x1,...,2;—1}, thenVar; has at mos variables. Suppose that
u andv are two nodes at levélsuch that there exisis, € A, anda, € A, where



a, anda, agree onVar;. We show them/,, = M, . Consider a clause € C.,,.
We know that all the variables efoccur in L(k) for somek. We cannot havé < j,
since then we'd have € C.,4eq, SOk > j. If z, occurs inc for someh < i, then
by constructionz;, € L(j') for somej’ < j. By the property of path decompositions
it follows thatz, € L(j). Sincea, anda, agree onVar;, it follows that they agree
on c¢. We showed that if, andv are distinct, then for every, € A, anda, € A,,
M,, # M,,. It follows thata,, anda, cannot agree oW ar;. SinceVar; has at most
q variables, there can be at m@stnodes at level. The claim follows since the OBDD
asn levels.

O

The relationship described in Theorem 2.1 between pathveidt OBDD size was
first shown in [17]. The proof there goes via a variant of a DRidsed satisfiability
algorithm. Our argument here is direct and show how to oba&irOBDD variable
order from a path decomposition.

Recall that we know that for a grajghwith n vertices we have thatthwidth(G) =
O(treewidth(G) -logn).

Corollary 2.1. A CNF formulaC with n variables and treewidth widtthhas an OBDD
of size polynomial im and exponential in.

While Theorem 2.1 suggests that OBDD-based algorithmgactable on bounded
width problems, typical model-checking algorithms do mtiran just build OBDDs
that correspond to CNF formulas. OBDDs are often used toparsymbolic image
operations, which requires applying existential quaratfan to OBDDs [20]. While it
is often claimed that fixed-parameter tractability impliesctability for the bounded-
parameter case, the constant factor resulting from theugpmfithe parameter needs to
be considered on a case-by-case basis. Often, super-ew@bbéowups in the param-
eter indicates that the problem is not practically tracabhe following theorem shows
that Theorem 2.1 is not likely to be useful in model checksigge using quantification
on bounded-width formulas leads to such a super-exponéidiaup on the constant
factor that is based on the parameter.

Theorem 2.2. There exists a formul&’ in CNF withn variables and pathwidth, and
a subset of variableX such that(3X)C under every variable order does not have a
OBDD of sizen2f(9), for a sub-exponential functiof.

Proof. We consider the hidden-weighted bit (HWB) function, whistshown in [9] to
have a OBDD size of2(1.14™) under arbitrary variable order, whereis the number
of input bits. The HWB function is a Boolean functi@i* — {0, 1}, where for an
m-bit input vectorA, the output is thevth bit of A, w being the number afs in A (the

bit countof A). The OBDD is defined on the set of variablé§)] to A[m — 1].

We consider the case where= 2*, k > 3, and use a CNF formula to represent the
HWB function. Clearly, from the upper bounds shown in Canfl2.1, a direct transla-
tion can not result in bounded pathwidth; we §se+ 1)k + 1 additional existentially
quantified variables to facilitate the CNF encoding. In thdiional variables, there are
m + 1 counters (a& bits each), which we calKy, ... X,,, and a single bit witness



w. EachX; is used to guess the numberiaf occurring afterd[:]. The bit witnessw
guesses the value of[X;]. We use CNF constraints to check the correctness of our
guesses. The CNF formudais the conjunction of all the following constraints: @énd

+ are short hand defined on bit vectors of sige

— Foreach) < i < m, we defineC} := (Afi] — X; = Xi1 + D) A(RAfi] — X; =
X;+1). This asserts that iX; is a correct guess ik, is a correct guess.

— For each) < i < m, we defineC? := (Xo = i) — (A[i] « w). This asserts that
w is a correct guess i is a correct guess.

— (Y9 := w. Since we are building the OBDD representing inputs wheeeHkvVB
function returnd,, w is asserted to true.

— The well-formedness constraint 3%/ := X,, = 0. This asserts thak,, is a
correct guess. Combined with tli#s, they assert that al;s are correct guesses.

The only shorthand we used abovedsand+ on bit vectors of lengtl, both of
which can be written out in CNF with no additional variablesl& (k?) clauses. Now,
(3Xp) ... (3X,n)(3w)C characterizes the HWB function.

Next we show there is a path decompositioadf width 3k + 1. There is one node
per bitin A, ordered fronmd tom — 1. Each node contains the support for the constraints
C} andC? (the last node also contaii® andC*/ with no additional variables). In
turn, each nodé contains the variabled|[:], w, Xy, X;, andX,1, giving a pathwidth
of 3k + 1.

Consider the relationship between the size of the OBDD amdptthwidth. As-
sume we have a BDD of size2/(9), where the pathwidth ig and the number of
variables isn, and f is a sub-exponential function. Herg,= 3k + 1 andn = (m +
Dk +1+m = (28 + 1)(k + 1). The size of the OBDIS is then((2* + 1)(k +
1))27Gk+1) < o(k43)9f(Bk+1) — of Bk+1)+k+3 — 99(k)  Sincef is sub-exponential
is sub-exponential as well. But from [9], the lower boundtfee size of such OBDDs
is 2(1.14™) = (2% 114x2") which contradicts withy being sub-exponential. So
such small OBDDs cannot exist.
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Next we show that our construction is almost worst case, there is a closely
related upper-bound.

Theorem 2.3. For a CNF formulaC' = A ¢ onn variables with pathwidtly and a
subset of variable&’, the formula(3X)C has an OBDD of siz&((n — | X|)22").

Proof. To get the upper bound, we use the same approach as the Th2drdm., we
show an upper bound @8’ nodes for nodes at each levddy counting the number of
equivalence classes.

We usesupp(C') to denote the set of variables that occurnand define” =
supp(C) — X as the set ofree variables in(3X)C. We use the same variable order
as Theorem 2.1, and name the variable¥’iasy;, y-. . .y, according to the variable
order. For a sef C supp(C), we useZ; to denote the subset that appears befgre
in the variable order. AlsoZ; is used to denote the subsetXfthat occurs in path-
decomposition nodg¢. Each node: corresponding to a variablg represents a set of
assignmentsl, to Y.;, encoded by the paths to the node from the root of the OBDD.



Consider an assignment € A,. For each assignmeit € 2%<: to the quantified
variables occurring beforg;, we have a corresponding set of clause<irthat are
satisfied bywUb. Assume thag; occurs in nodé of the path decomposition 6f. Recall
thatC can be partitioned int€'.,,4eq, Cewr, aNAC, 1 10ucheq Dased on the variablg.
Define the functionr, : 2%Xr<i — {1} U 2w such that for each assignmento
Xk, <i» Fu(b) = L if there is no extensiotf (on X ;) of b such thatw U b = Cenged;
otherwise F,, (b) = S whereS C C..,. is the clauses ifi',,,,- satisfied by:Ub. Now, we
show that two distinct nodes andwv corresponding t@; do not contain assignments
a, in A, anda, in A, such thatF,, = F,, . Assume the contrary. Sineeandv
are distinct, w.l.0.g., there is an assignmerto Y~; such that,, U a = (3X)C and
a, Ua = (3X)C. Take an assignmeton X wherea, Ua U b = C. Letd' be
a restriction ofb to the variables inX;, U X, and letb” be a restriction ob to the
variables inX;, ;. Itis clear thata UV = Cuntouched- We know thatF,  (b") # L,
sinceb restricted taX .;, which we callb,,,, satisfiesi, Ub,, = Cended. SinceF,, =
F,,, F. (V') =F,, (b') # L. Again, we have an extensidp, (from the definition of
F,,)) of b" to X.; wherea, Ub,, E Cepndeq- For a clause € Ce,,, if ¢ € F,, (b"),
thenc € F,, (b"), soa, U b,, = c. Otherwiseag UV [= ¢, sincea, UaUb = cand
a, Ub" }£ ¢. So,a, Ub,, Ua UV |E Cuyy. In summarya, UaUb,, U | C, which
contradicts witha,, U a [~ (3X)C.

Now we count the number of possible functions foy. For eachh € 2Xx.<:, the
number of possible choices &, (b) is 1 + 2/Y+<il since the satisfaction of clauses in
C.ur depends only ol and assignments t9, ;. Thus, the number of possible such
Fusis (1 4 2MWeee)2 0l < @i calt1y2 st gV a2 %0<tl < 927 gjnce
q > | Xk, <i| + |Ya,<il-

The combination of the possible countigfs and the fact that distinct nodes induce
distinctF, s gives us a bound @f* nodes at each level, i.e., a size bounérof | X |)2%*
for the whole OBDD.
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The double exponential blowup for the OBDD size of quantifiednded pathwidth
formulas on the pathwidth prevents us from usinghwidth(G) = O(treewidth(G)log n)
to achieve a polynomial size OBDD for quantified boundedirdth formulas. Whether
a non-polynomial lower bound exists for the OBDD size of difeadl bounded treewidth
formulas is left for future research.

Let us now consider the effect of the local bounded treewadtithe complexity of
Bounded Model Checking (BMC). In bounded model checkingialde substitutions
are used to create distinct copies of the system. Given aulerfiwith support set
V = {v1,v2,...v,}, and a substitution variable s&t = {v},v},... v}, we write
f[V/V’] to represent a copy of where eachy; in f is replaced withw,. To unroll a
system tok iterations, we creaté + 1 copies of the state variable s&t which we
call VO, VI ... V*. The transition relation is a formula ovét U V/, whereV is the
current state variables arld is the next state variables. The BM@rolling would
contain/\ ., ,_, TR[V/V*,V’'/Vi*1], in addition to initial and property constraints.
In the following theorem, we show that BMC unrolling does pogserve the bounded
treewidth.



Theorem 2.4. Even though the transition relation of a concurrent traimsit system,
represented by a CNIFR(V, V'), has bounded treewidth, its unrolling can have un-
bounded treewidth.

Proof. As an example, we take the case where the state variaBfeisé€tr1, z, . .. ., }

and the transition function is defined by := (z,_1 < ;) < 2;+1. The CNF for tran-

sition relationT R(V, V') clearly has bounded pathwidth (where each path decomposi-

tion node consists of the variables x;1, z;, 2, ), and, in turn, bounded treewidth.
Now we considering Gaifman graph of the unrolling. An exaenphere two copies

are unrolled is shown in Figure 1. The state variablezfoat iteration; is denoted as

z]. We can see clearly that if we unroll, say:+ 2 copies, the Gaifman graph will have

aw x w grid as a minor, which implies unbounded pathwidth (andardth) [12].

. ) Zh sessesseeass gl

Fig. 1. TheT' R(k) in Theorem 2.4, fok = 3

3 Model Checking, Containment, Simulation

We now introduce definitions of non-deterministic tramsitisystems with bounded
concurrency [16]. A non-deterministic transition systerithwbounded concurrency
(concurrent transition systeffor short) is a tuple? = (O, P, ..., P,) consisting of a
finite setO of observable even@ndn component$y, ..., P, for somen > 1. Each
component; is a tuple(O;, W;, W2, §;, L;), where:

— O, C Ois asetof local observable events. Theare not necessarily pairwise dis-
joint; hence, observable events may be shared by severgarmnts. We require
thatU?eI Oj =0.

— W; is afinite set of states, and we require thatltfigbe pairwise disjoint. Also we
letW = U?GI VV7

— WP C W; is the set of initial states.

— §; CW,; x B(W) x W; is a transition relation, wher@(1¥) denotes the set of all
Boolean propositional formulae ovér.

— L; : W; — 29 is a labeling function that labels each state with a set adlloc
observable events. The intuition is that{w) are the events that occur, or hold, in
w.



Since states are labeled with sets of elements f@nwe refer toX = 2 as the
alphabetof P. While each component df has its local observable events and its own
states and transitions, these transitions depend not artheccomponent’s current state
but also on the current states of the other components. Atswe shall now see, the
labels of the components are required to agree on sharedvabfeevents.

A configuratiorof Pis atuplec = (w1, ws, ..., w,,0) € Wi xWax---x W, x X,
satisfyingL;(w;) = cNO; forall 1 < i < n. Thus, a configuration describes the current
state of each of the components, as well as the set of obsemadnts labeling these
states. The requirement erimplies that these labels atensistenti.e., for anyP; and
P;, andforeach € O;N0;, eithero € L;(w;)NL;(w;) (in which casey € ¢), oro ¢
L;(w;) U Lj(w;) (in which casep ¢ o). For a configuratior = (w1, ws, ..., wn,0),
we term{ws, we, . . ., w,) theglobal stateof ¢, and we ternw thelabelof ¢, and denote
it by L(c). A configuration idnitial if for all 1 < i < n, we havew; € W?. We useC
to denote the set of all configurations of a given sysfénandC) to denote the set of
all its initial configurations. We also us€] to refer toP;’s state inc.

For a propositional formuléin B(1W) and a global state = (wy, ws, . .., w,), we
say thatp satisfied if assigningtrue to states irp andfalseto states not ip makes
true. For examples; A (t1 Vi), with s; € Wy and{tq,t2} C Wh, is satisfied by every
global state in whichP; is in states; and P is in eithert; or to. We shall sometimes
write disjunctions as sets, so that the above formula canritteew{s,} A {t1,t2}.
Formulas in3(W) that appear in transitions are calleahditions

Given two configurations = (wy, wa, ..., wy,, o) andd = (wi,wh, ..., wl, o),
we say that’ is asuccessor of in P, and writesuccp(c, ), if forall 1 < i < n there
is (w;, 0;, w}) € §; such thatwy, we, ..., w,) satisfied;. In other words, a successor
configuration is obtained by simultaneously applying tdtei components a transition
that is enabled in the current configuration. Note that byirgtg that successors are
indeed configurations, we are saying that transitions céynlead to states satisfying
the consistency criterion, to the effect that they agrederdbels for shared observable
events?!

Given a configuration, ac-computatiorof P is an infinite sequence = ¢, ¢y, . . .
of configurations, such thay = ¢ and for alli > 0 we havesuccp(c;, ciy1). A
computationof P is a c-computation for some € C,. The computatiorey, ¢y, . ..
generateshe infinitetracep € X, defined byp = L(cg) - L(c1) - - -. We useT (P°) to
denote the set of all traces generated{mpmputations, and theace set7 (P) of P is
then defined aJ .., 7 (P¢). In this way, each concurrent transition systéndefines
a subset of2“. We say thatP acceptsa tracep if p € 7(P). Also, we say thaP is
emptyif 7(P) = 0; i.e., P has no computation, and th&tis universalif 7(P) = Xv;
i.e., every trace ir.* is generated by some fair computation/af

The sizeof a concurrent transition systef is the sum of the sizes of its compo-
nents. Symbolically,P| = |P;|+- - -+|P,|. Here, foracomponedt, = (O;, W;, W, 6;, L;, ov;),
we define|P;| = |Os] + [Wi| + [6:] + [Li| + [ail, where|ds| = 7, 5 wyes, 101,
|L;| = |0;| - |W;|, and|a] is the sum of the cardinalities of the setsiin Clearly, P
can be stored in space(| P|).

! This requirement could obviously have been imposed inthjiiri the transition relation.



When P has a single component, we say that it iseguential transition system
Note that the transition relation of a sequential transiggstem can be really viewed
as a subset ofV x W, and that a configuration of a sequential transition sysem i
simply a labeled state.

Now, we introduce the definitions about thacal and global treewidth, and the
degree of a graph.

Definition 3.1. The communication graph of a concurrent transition systeéns a
graph having one vertex for each component and an édge;) if either the com-
ponent forv; and the component for; share observable events or if the transition
relation of one of the components fgror v; refer to the variables of the other.
Definition 3.2. The local treewidth of the concurrent transition systeris the treewidth
of its communication graph.

By the Theorem 2.2 in [16], every concurrent transitionsysP can be translated into
a sequential transition system of siZ&( 7).

Definition 3.3. The global treewidth of the concurrent transition systeis the treewidth
of its equivalent sequential transition system.

Definition 3.4. The degree of a graph the maximum vertex degree, in othersywiird
maximum count of arcs connected to a single vertex in thelgrap

A graph with bounded pathwidth and bounded degree has bdundwidth [28]. The
pathwidth bound implies many other structural restricsifi].

Example 3.1.We construct a concurrent transition systé&nto encode a (ripple-carry)
binary counter; it can count up & usingn components. Each componéhtis used to
store the-th bit (the bit with weigh®i—1), so P, is the least significant bit ané, is the
most significant bit. The observable events are the bitesdtiored by each component,
and the counter works by ripple-carry propagation.

Formally, given the numbes of bits, P is ({bity,...,bit,}, P1,..., P,), where
P; = ({bit}, {sho, 5015 510}, {1'}, 0i, Ls). For each stats, , the subscripj represent
the carry status, and the subscriptepresent the bit state; for example, the stdte
represents the case where the value of I6t0 and a carry is propagated toward bit
i+ 1. I' is an initial state, described below.

In Figure 2 we show the proce$’. The edges are labeled by the condition of the
transition relatione;_; means that the carry of the procd3s; is 1, and it corresponds
tosi,!, =c;—1 means that the carry ¥ is 0 and it corresponds tef,* v si; *.

We remark thaiP; corresponds to the least significant bit of the counter, hadt
is alwaysl. We define); and L; as follows:

-0 = {<860’ TCi—1, 560>7 <360’ Ci—1, 861% <361’ TCi—1, 561>7 <561’ Ci—1, S§O>a <Szi()’ TCi—1, 560>7
<5110’_ci—17 561>7_}' )
= Li(sho) = Li(s1o) = 0, Li(sty) = {bit;}.
Note if we start withs}, for all states, the ripple-carry nature of the counter would
take2" +n—1 cycles to flip the carry state of the most significant bit, sanit&alize the
counter with the binary representationof 1 to ensure the carry on the most significant
bit will happen after exactl™ cycles. The communication graph of this counter have
constant pathwidth, since each compon@ninteracts only with the component_
and P, 1, thus forming a path.



Ci—1

Fig. 2. A cell of the counter

In the following, we introduce the definitions for the ver#imon problems that we
consider here: model checking, containment, simulation.

The temporal logics [24] often used in the model checking@re andLTL, which
are fragments o€ TL*. The logicCTL* combines both branching-time and linear-time
operators [13]. For the sake of simplicity, we consider LLlingar-Time Temporal
Logic). It has three unary modal operatal§, (G, andF') and one binary modal operator
(U). Their meaning isX ¢ is true in particular state if and only if the formujds true in
the next statei@¢ is true if and onlyg is true from now onfF'¢ is true if ¢ will become
true at some time in the future{/ is true ify will eventually become true angtistays
true until then. The semantics of LTL is based on computatmfriransition systems.
Intuitively, F'¢ is true in a state of a transition systemyifis true in some following
state, that is the transition system reaches a state in whishtrue. In modal logic
literature, transition systems are called Kripke struetand computations of Kripke
structure are called Kripke models [10]. The model checkiraplem is to decide if all
runs of a transition system satisfy the LTL formula. In foimerification, we encode
the behavior of a system as a concurrent transition systedhagroperty we want to
check as an LTL formula.

The problems that formalize correct trace-based and tasecbimplementations
of a system areontainmentindsimulation respectively. These problems are defined
below with respect to two concurrent transition systéms (O, P, ..., P,) andP’ =
(O, P{,...,P.)with O D O, and with possibly different numbers of components.
For technical convenience, we assume that O’. The containment problerfor P
and P’ is to determine whether (P) C 7 (P’). That is, whether every trace accepted
by P is also accepted by’. If T(P) C T (P’), we say thatP’ containsP and we
write P C P’. While containment refers only to the set of computations®cénd
P’, simulation refers also to the branching structure of thetesys. Letc andc’ be
configurations of” andP’, respectively. A relatiodl C C'x C” is asimulation relation
from (P, c¢) to (P’, ¢} iff the following conditions hold [21].

1. H(e,d).

2. For all configurations € C anda’ € C’ with H(a,a’), we haveL(a) = L(a').

3. For all configurations € C anda’ € C’ with H(a,a’) and for every configura-
tion b € C such thatsuccp(a,b), there exists a configuratidd € C’ such that

succp:(a’,b") andH (b, V).



A simulation relationH is asimulation fromP to P’ iff for every ¢ € Cj there exists
¢ € Cf such thatH (c, ¢). If there exists a simulation fron®? to P/, we say thatP
simulatesP’ and we writeS < S’. Intuitively, it means that the syste®® has more
behaviors than the system In fact, every tree embodied iR is also embodied if®’.
Thesimulation problenis, givenP and P/, to determine whethe§ < 5’.

In this section we consider the complexity of the reachgbitontainment and sim-
ulation problems for concurrent transition systems, unerhypothesis of bounded
treewidth both in the communication graph and in each corapbrThe complexity
of these problems has been studied in [16, 19]. We show tkaetproblems have the
same complexity of the general case, even if each compomrentdnstant size (and
thus bounded treewidth and degree) and the communicataphdras bounded path-
width and degree (and hence bounded treewidth). Our remdtshen robust; in fact a
bounded pathwidth implies many other structural resbii[27].

In [19], the model-checking problem for temporal logicg(eCTL, LTL, CTL*) is
shown to be PSPACE-hard, also in the reachability case. @dehability case is when
the formula specifies an event that the transition systemdesach. For example in
LTL, it is simply Fy, where is a Boolean formula. From the characteristic of the
concurrent transition system used in the proof, the follmitheorem holds.

Theorem 3.1. The CTL, LTL, and CTL* model checking for concurrent trapsitsys-

tems isPSPACEhard also in the reachability case, and remaiRSPACEhard even

if each component is fixed and the communication graph hasdexlipathwidth and
bounded degree.

In [16] the simulation problem is shown to be EXPTIME-contpldrom the char-
acteristic of the concurrent transition systems used irptbef, the following theorem
holds.

Theorem 3.2. The simulation problem for concurrent transition systeafSXPTIME-
hard, and remainEXPTIME-hard even if each component is fixed and the communi-
cation graph has bounded pathwidth and bounded degree.

In [16] the containment problem is shown to be EXPSPACE-detap but the
concurrent transition systems used in the proofs have corimation graphs with un-
bounded pathwidth and unbounded degree.

Theorem 3.3. The containment problem for concurrent transition systisEXPSPACE
hard, and remainEXPSPACEhard even if each component has fixed size and the com-
munication graph has bounded pathwidth and bounded degree.

Proof. To prove hardness, we carry out a reduction from deterninéstponential-
space-bounded Turing machines. Given a Turing machiaed inputu of lengthn, we
want to check whethéF accepts the word in space™. we denote by~ an alphabet for
encoding runs of” (the alphabef’ and the encoding are defined later). We writéo
represent the initial tape-encodingwgfi.e., if u is ujusg . . . wy, v’ IS (go, u1)us . . . Un,.
We then construct a transition systdPp over the alphabel’ U {$}, for some$ ¢ 3,
such that (i) the size oPr is polynomial in|T’| and linear inn, and (i) #u(X* +
(X*-8$¥)) C T(Pr) iff T does not accept the word The crucial point is that using
bounded concurrency, we can handle the exponential sizeedépe by, components
that count ta@2".



We assume, without loss of generality, that orfiteeaches a final state it loops
there forever. The transition systeRy accepts all traces iv“, and accepts a trace
w-$¥ e X* - $¢ if either

1. wis not an encoding of a prefix of a legal computatior7 of

2. wis an encoding of a prefix of a legal computatiorigtut, within this prefix, the
computation still has not reached a final state, or

3. w is an encoding of a prefix of a legal, but rejecting, compatatf 7' over any
input.

Thus, Pr rejects a trace - $¢ iff w encodes a prefix of a legal accepting computation
of T"and the computation has already reached a final state. HEBp@&cepts all traces
in #u(Xv 4+ X* . $¥) iff T does not accept the word

Now to the details of the construction. L&t = (I, Q, —, qo, Face, Frej), Where
I" is the alphabet() is the set of states, ané: (Q x I') — (Q x I' x {L,R}) is
the transition function. We writég, a) — (¢’,b,0) for — (q,a) = (¢, b, ), with the
meaning that when in stateand reading: in the current tape cell’ moves to state’,
writesb in the current tape cell and moves its head one cell to theleight, depending
ond. Finally, qo is T"s initial state,F,.. C @ is the set of final accepting states, and
F..; C @ is the set of final rejecting states.

We encode a configuration @by a string it ™ (Q < I'") '™, of the form# 12 . . .
(g,7i) .. .72n). The meaning of this is that thgéth cell, for 1 < j <27, is labeledy;,

T is in stateg and its head points to théh cell.

We encode a computation @f by a sequence of configurations, which is a word
overY = {#}UT'U(Q xI'). Let#o ...09m#0] ... oh. be two successive configu-
rations ofT" in such a sequence. (Here, eaghs in X.) If we setoy = o911 = # and
consider a tripléo;_1, 0y, 0;41), for 1 <4 < 27, itis clear that the transition function
of T prescribes. In addition, along the encoding of the entire computati$rmust
repeat exactly every* + 1 letters. Letwext(o;—1, 0;, 044+1) denote our expectation for
o}. That is, with they’s denoting elements df, we have:

— next(Yim1, Vi, Yi+1) = next(#, v, vie1) = next(vi—1, v, #) = Y.

v if(gvien) = (4 i, L)
(¢'svi) if (¢,7vi-1) — (¢'s7vi—1, R)
— next(vi1, (q,7i), viv1) = next(#, (¢, %), vir1) = next(yi-1, (¢, %), #) = 7
where(q, i) — (¢',7/,6).2

— eat((q, i), i visr) = newt (g Yo )sves #) = {

Yi if (q,%‘+1) Lans (q,772{+laR)
— t(vio i ,Yi = t iy s Vi = I
next(Yi-1,%, (g, Yi+1)) = next(#, %, (¢, Yi+1)) {(q’,%) if (¢,vi+1) — (¢, vi41, L)

(
(02n, #,01) = #.

— next

A necessary and sufficient condition for a trace to encodgal Emputation of” on
the wordu is that consecutive configurations are compatible witht.

Now for the construction aPr. Pr is a concurrent process witth- 1 components.
The first component?,, is the master process that accept all the tracesand accept
all non-accepting traces iB* - $~. The other componenfd,, - - - , P, are used by,

2 We assume thals head does not “fall” from the right or the left boundaridistioe tape.
Thus, the case wherie= 1 and(q,v;) — (¢',~}, L) and the dual case whefe= 2" and
(¢,7v:) — (¢',vi, R) are not possible.



and their only task is perform the count as in Example 3.1lhedi¢hese processes is
associated with a bitff; with the least significant?, the most significant).

Let us describe the process;. In spirit, Py, follows the outline of the master pro-
cessin [16]. In the construction &%,;, we use the following block of stat€sss, which
is used to generate sequences of trigles 1,0, 0,11) € X3. Gxs have|X3| states,
each representing a triple, and labeled by the middle dtatetwo triples(u, v’, u”)
and(v,v’,v"), there is an transition from the first to the secondiiff= v andu” = v'.
Py, can either start in a clique of states to generate, or it can start in a block
of states (which we callnit) to generate non-accepting traces. All edgegriit have
conditiontrue. From a states in Init, we can reach a corresponding successor state,
which represents the same triple as the successarsanit, in a new block of states
Bs, of which every state assertg to start the count in the componehRt. In other
words,co = Vyep, jsermi t- All €dges into states il have conditiontrue, except
those that go into states with labetzt(s). As Py, progresses iB;, the counter is
counting to2™. The edges into the state labeled wittw:¢(s) have conditions?,,, and
from every state inB,, we can move to a state which is a self loop labeledith
condition s7,. This asserts that the trace we are generating is not a priefixepal
computation ovefl'. Alternatively, Py, can also start in a clique of siZz&.’| where
Y ={#uTr'u{(Q— F,..) x I'},i.e., all the non-accepting symbolsin Each edge
in the cliqgue have conditiotrue, and each state in the clique can go to the self loop on
$ on conditiontrue. This captures all the (legal or illegal) non-acceptingésonT.

It is easy to see thatPr| is polynomial in|T'| and linear inn. The processes
Py, Py, - -+, P, have constant sizé?, interacts only withP; and with P, the generic
P; interacts only withP;_; and P, : the communication graph is aring and then it has
bounded pathwidth and degree.

Now, given the worde = ujus . . . u,, we construct’ to be a concurrent transition
system that generates the langu#g@o, ui)us . .. u, (X + (X* - $¢)). In fact, P can
be easily taken to be a concurrent transition system withl components, each with
|X| + 1 states, implemented as a shifter. In other words, the nate sf component
is the current state of component 1, and component + 1 can non-deterministically
generatel” + (X* - $¢). Obviously, each component is of constant size, and the con-
current transition system is of bounded pathwidth and bedrdgree. It follows that
T does not accept the word iff P C Pr. By takingT to be an universal Turing
machine, we showed that the containment problem for coantitransition systems is
EXPSPACE-hard even if each component has fixed size and themaaication graph
has bounded pathwidth and bounded degree.

O
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