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ABSTRACT

We compute the probability of satisfiability of a class ofdam Horn-SAT formulae, motivated by a
connection with the nonemptiness problem of finite treemmata. In particular, when the maximum
clause length is three, this model displays a curve in itarpater space along which the probability
of satisfiability is discontinuous, ending in a second-orglease transition where it is continuous
but its derivative diverges. This is the first case in whichhage transition of this type has been
rigorously established for a random constraint satisfagbroblem. © **** John Wiley & Sons, Inc.
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1. INTRODUCTION

In the past decade, sharp thresholdglwase transitionshave been studied intensively in
combinatorial problems. Although the idea of thresholda icombinatorial context was
introduced as early as 1960 [16], in recent years it has baeajar subject of research
in the communities of theoretical computer science, aidifimtelligence and statistical
physics. Phase transitions in which the probability ofs$etbility jumps froml to 0 when
the density of constraints exceeds a critical thresholdHamen observed in numerous
constraint satisfaction problems.

The problem at the center of this research is, of course, B-8A instance of 3-SAT
is a Boolean formula, consisting of a conjunction of clausésere each clause is a dis-
junction of three literals. The goal is to find a truth assigmtrthat satisfies all the clauses
and thus the entire formula. Tliensityof a 3-SAT instance is the ratio of the number of
clauses to the number of variables. We call the number o&libes thesizeof the instance.
Experimental studies [10, 30, 31] show a dramatic shift &nghobability of satisfiability
of random 3-SAT instances, from 1 to 0, located at a critiegityr. ~ 4.26. How-
ever, in spite of compelling arguments from statistical giby [26, 27] and rigorous upper
and lower bounds on the threshold if it exists [12, 19, 24&r¢his still no mathematical
proof that a phase transition takes place at that densitya few variants of SAT the ex-
istence and location of phase transitions have been edtallrigorously, in particular for
2-SAT [9, 18], 3-XORSAT [13, 8], and 1-ia-SAT [3].

In this paper we prove the existence of a more elaborate thplkase transition, where
a curve of discontinuities in a two-dimensional parameparce ends in aecond-order
transition, where the probability of satisfiability is contous but nonanalytic. We focus
on a particular variant of 3-SAT, namely Horn-SAT. A Hornuda is a disjunction of
literals of whichat most onés positive, and a Horn-SAT formula is a conjunction of Horn
clauses. Unlike 3-SAT, Horn-SAT is a tractable problem;abeplexity of Horn-SAT is
linear in the size of the formula [11]. This tractability@is one to study random Horn-
SAT formulae for much larger input sizes that we can achiesiegicomplete algorithms
for 3-SAT.

An additional motivation for studying random Horn-SAT cosrieom the fact that Horn
formulae are connected to several other areas of compuégrcecand mathematics [25].
In particular, Horn formulae are connected to automatarthes the transition relation,
the starting state, and the set of final states of an autontatote described using Horn
clauses. For example, if we consider an automaton on bineeg.tthen Horn clauses of
length three can be used to describe its transition relatibite Horn clauses of length one
can describe the starting state and the set of the final stiies automaton. (We elaborate
on this below). Then the question of the emptiness of thedagg of the automaton can
be translated to a question about the satisfiability of theéda. Since automata-theoretic
techniques have recently been applied in automated reasfd2, 33], the behavior of
random Horn formulae might shed light on these applications

Threshold properties of random Horn-SAT problems have lsaatied under a number
of probabilistic models. The probability of satisfiabiliof random Horn formulae under
two relatedvariable-clause-length models was fully characterized in [21, 22]those
models random Horn formulae havecaarsethreshold, meaning that the probability of
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satisfiability is a continuous function of the parameterthefmodel. The variable-clause-
length model used there is ideally suited to studying Hommidae in connection with
knowledge-based systems [25]. Bench-Capon and Dunne&ikst afixed-clause-length
model, in which each Horn clause has precisehjterals, and proved a sharp threshold
with respect to assignments that have at léastl true variables.

Motivated by the connection between the automata emptpreddem and Horn satis-
fiability, Demopoulos and Vardi [15] studied the satisfiahibf two types of fixed-clause-
length random Horn-SAT formulae. They considered 1-2-H8AT, where formulae con-
sist of clauses of length one and two only, and 1-3-Horn-S¥iere formulae consist of
clauses of length one and three only. These two classes caewed as the Horn ana-
logue of 2-SAT and 3-SAT. For 1-2-Horn-SAT, they showed eipentally that there is a
coarse transition (see Figure 4), which can be explainecaatyzed in terms of random
digraph connectivity [23]. The situation for 1-3-Horn-S&Tless clear cut. On one hand,
recent results on random undirected hypergraphs [14] fiestperimental data of [15]
quite well. On the other, a scaling analysis of the data sstggethat transition between
the mostly-satisfiable and mostly-unsatisfiable regidms‘{vaterfall” in Figure 1) is steep
but continuous, rather than a step function. It was theeafiot clear if the model exhibits
a phase transition, in spite of experimental data for irc#arwith tens of thousands of
variables.

In this paper we generalize the fixed-clause-length modglSjfand offer a complete
analysis of the probability of satisfiability in this modétor a finitek > 0 and a vector
d of k nonnegative real numbets, ds, . .., d; with d; < 1, let the random Horn-SAT
formulaH} 4 be the conjunction of

— asingle negative literat,,

— din positive literals chosen uniformly without replacementirz., .. ., z,, and

— foreach2 < j <k, d;jn clauses chosen uniformly with replacement fromjl(n’jé)
possible Horn clauses withvariables where one literal is positive. '

Thus, the classes studied in [15] & ;, , andH? ; ;.. or 1-2-Horn-SAT and 1-3-
Horn-SAT respectively. For instance, a typical 1-3-HorF$ormula might be

Z1 /\xg/\I5/\x17/\(T5\/fl7\/£C29)/\"'

din literals dsn clauses

(note that this formula would immediately imphgg).

With this model in hand, we settle the question of sharp tiolkeks for 1-3-Horn-SAT.
In particular, we show that there are sharp thresholds iresegions of théd, , ds) plane
in the probability of satisfiability, although not frointo 0. We start with the following
general result for théf” ; model.

Theorem 1.1. Letty be the smallest positive root of the equation

k
1—¢ .
1 A =0 . 11
nl—d1+;J 0 (1.1)




Satisfiahility plot for random 1-3-HornSAT (n=20000)
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Fig. 1. Satisfiability probability of random 1-3-Horn formulae af£s 20000. Left, the experimental
results of [15]; right, our analytic results.

Call tg simpleif it is not a double root of(1.1), i.e., if the derivative of the left-hand-side
of (1.1) with respect ta is nonzero at. If ¢y is simple, the probability that a random
formula fromH}: 4 is satisfiable in the limit. — oo is

®(d) = lim Pr[H"  is satisfiable = 11 _20
n—oo ’ — a7

(1.2)

Specializing this result to the cage= 2 yields an exact formula that matches the
experimental results in [15]:

Proposition 1.2.  The probability that a random formula froii? , . is satisfiable in
the limitn — oo is

W(—(1 = dy)doe— %
®(dy,dy) == lim Pr[HJ 4, 4, is satisfiable= — (=(1 = di)dse™)
. o (1 —da)d>

(1.3)
HereW (-) is Lambert's function, defined as the principal rgaif ye¥ = x.

For the casék = 3 andd, = 0, we do not have a closed-form expression for the
probability of satisfiability, though numerically Figureshows a very good fit to the ex-
perimental results of [15]. In addition, we find an interegtphase transition behavior in
the(dy, d3) plane, described by the following proposition.

Proposition 1.3.  The probability of satisfiabilityp(d;, d3) that a random formula from
15[3’(1110)(13 is satisfiable is continuous fafs < 2 and discontinuous forls > 2. Its

n



discontinuities are given by a cunt&in the (d;, d3) plane described by the equation
1 2
exp (Z (\/d_ —ds — 2) )
ds — +/ds(ds — 2)

This curve consists of the poir(i$;, d3) at whicht, is a double root of(1.1), and ends at
the critical point

di=1- (1.4)

(1—+/¢/2,2) = (0.1756...,2) (1.5)

at which® is continuous buf®/9dds diverges.

The curvel” of discontinuities described in Proposition 1.3 can be sedme right part
of Figure 1. The drop at the “waterfall” decreases as we apgrthe critical point (1.5),
and at the critical point the probability of satisfiability ¢ontinuous but nonanalytic. We
can also see this in Figure 2, which shows a contour plot; ¢inéotirs are bunched at the
discontinuity, and “fan out” at the critical point. In botlases our calculations closely
match the experimental results of [15].

Satisfiability plot for random 1-3-HornSAT (n=20000)
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Fig. 2. Contour plots of the probability of satisfiability of randoin3-Horn formulae. Left, the
experimental results of [15]. Right, our analytical result

In statistical physics, phase transitions are classifiedrasrderif the (p — 1)st deriva-
tive of the order parametdr (in this case, the probability of satisfiability) is the fiste
which is discontinuous. Thus we would say thais a curve offirst-ordertransitions, at
which @ itself is discontinuous. At the tip of this curve, i.e., agtbritical point (1.5),®
is continuous but its derivative is not, givingsacond-ordetransition. Finally, beyond the
tip ® is analytic. A similar situation exists in the Ising modeho&gnetism, where the two
parameters are the temperatifi@and the external field. In the (T, H) plane there is a
line of discontinuities aff = 0, ending at the transition temperatdfe At (7.,0), the
magnetization is continuous but its derivative is not, mgva second-order transition, and
for T' > T, the magnetization is analytic (see e.g. [6]).



To our knowledge, this is the first time that a continuougaliginuous transition of this
type has been established rigorously in a model of randomstiint satisfaction problems.
We note that a similar phenomenon is believed to take plac@fe p)-SAT model at the
triple pointp = 2/5; here the order parameter is the size of the backbone Heenumber
of variables that take fixed values in every truth assignrier28]. Indeed, in our model
the probability of satisfiability is closely related to thieesof the backbone, as we see
below.

2. HORN-SAT AND AUTOMATA

Our main motivation for studying the satisfiability of Hororiulae is the unusually rich
type of phase transition described above, and the facttthatictability allows us to per-
form experiments on formulae of very large size. The origmativation of [15] that led
to the present work is the fact that Horn formulae can be usel@s$cribe finite automata
on words and trees (see also [29]).

A finite automatonA is a 5-tupled = (S, X%, 4, s, F), whereS is a finite set of states,
> is an alphabets is a starting statel” C S is the set of final (accepting) states anis
a transition relation. In a word automatahis a function fromsS x X to 2°, while in a
binary-tree automatofis a function fromS x ¥ to 252, Intuitively, for word automata
0 provides a set of successor states, while for binary-tréenaatad provides a set of
successor state pairs. A run of an automaton on a wotda;as - - - a,, is a sequence of
statessgss - - - s, such thatsy = s and(s;—1, a4, s;) € §. Arunis succesful i,, € F': in
this case we say that accepts the word. A run of an automaton on a binary trelabeled
with letters fromX is a binary tree- labeled with states frorff such that roqt-) = s and
for a node; of ¢, (r(4), t(¢), r(left-child-of-i), r(right-child-of<)) € §. Thus, each pair in
o(r(i),t(¢)) is a possible labeling of the children of A run is succesful if for all leaves
[ ofr, r(I) € F: in this case we say that accepts the tree The languagd.(A) of a
word automatom is the set of all words for which there is a successful run df on
a. Likewise, the languagé&(A) of a tree automator is the set of all trees for which
there is a successful run ¢f ont. An important question in automata theory, which is
also of great practical importance in the field of formal fieation [32, 33], is: given an
automatonA, is L(A) non-empty? We now show how the problem of non-emptiness of
automata languages translates to Horn satisfiability. ;Theting a better understanding
of the satisfiability of Horn formulae would tell us about ttypical answer to random
automaton nonemptiness problems.

Consider first a word automatof = (S, X, 9, so, ). Construct a Horn formula 4
over the setS of variables as follows: create a clausg), for eachs, € F' create a clause
(s;), for each elemertts;, a, s,) of § create a clausg;, s;), where(s;, - - - , s ) represents
the clauses; v --- Vv s, ands; is the negation of;. Note that the formula 4 consists
of unary and binary clauses. Similarly to the word automatsec we can show how to
construct a Horn formula from a binary-tree automaton. Het (S, 3,0, so, F') be a
binary-tree automaton. Then we can construct a Horn formylasing the construction
above with the only difference that sindein this case is a function from§' x {a} to
S x S, for each elements;, o, s;, si;) of § we create a clausg;, sx, s;). Note that the



Algorithm PUR:

1. while (¢ contains positive unit clauses)
choose a random positive unit clause
remove all other clauses in whiehoccurs positively inp
shorten all clauses in whichappears negatively
labelx as “implied”

if no contradictory clause was created
acceptp

else
rejecto.

©oONO A WN

Fig. 3. Positive Unit Resolution.

formula ¢ 4 now consists of unary and ternary clauses. This explains twbyformula
classes studied in [15] adé? , , andH? , ., .
,a1,d2 n,d,0,ds

Proposition 2.1 [15]. Let A be a word or binary tree automaton arg, the Horn for-
mula constructed as described above. THéA) is non-empty if and only if 4 is unsat-
isfiable.

3. MAIN RESULT

The proof of Theorem 1.1 follows immediately from the foliog theorem, which estab-
lishes the size of the backbone of the formula with the singlgative literaft; removed:
that is, the set of positive literals implied by the positiv@t clauses and the clauses of
length greater thah. Theng is satisfiable as long as is not in this backbone.

Lemma3.1l. Letg be arandom Horn-SAT formuIHjj a With d; > 0. Denote by, the
smallest positive root of Equatidf.1), and suppose tha is simple. Then, for any > 0,
the numberNy ,, of implied positive literals, including thé; » initially positive literals,
satisfies w.h.p. the inequality

(to - 6) n < Nd,n < (to + 6) N, (31)

Proof. First, we give a heuristic argument, analogous to the biiaggbrocess argument
for the size of the giant componentin a random graph. The mumlof clauses of length
j with a given literalz as their implicate (i.e., in whicl appears positively) is Poisson-
distributed with meanl;. If any of these clauses have the property that all theirdise
whose negations appear are implied, thda implied as well. In additiong is implied if

it is one of thed; n initially positive literals. Therefore, the probabilityatx is notimplied

is the probability that it is not one of the initially posigiliterals, and that, for afi, for all

m clauses: of lengthj with x as their implicate, at least one of thie- 1 literals whose
negations appear inis not implied. Assuming all these events are independenisithe
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fraction of literals that are implied, we have

k > o=dign )
14=uﬂmH<Z mﬂu—ﬁwﬂ

=2 \m=0
k k
=(1-dy) H eXp(—djtj_l)) = (1—dy) exp (_ Zdjtj—l)

yielding Equation (1.1).

To make this rigorous, we use a standard technique for pgodaults about thresh-
old properties, namely analysis of algorithms via diffdi@requations [34] (see [1] for a
review). Specifically, we analyze the Positive Unit Resolu{PUR) algorithm given in
Figure 3, which is complete for Horn-SAT. We analyze its whdop by considering a se-
ries of stagesindexed by the number of literals that are labeled “impfiédter T" stages
of this process] variables are labeled as implied. At each stage the regdtirmula con-
sists of a set of Horn clauses of lengtifior 1 < j < k on then — T unlabeled variables.
Let the number of distinct clauses of lengthn this formula beS; (T'); we rely on the fact
that, at each stadg, conditioned on the values 6f (T') the formula is uniformly random.
This follows from an easy induction argument which is staddar problems of this type
(see e.qg. [22)).

Now, the variables appearing in the clauses present atStagechosen uniformly from
then — T remaining variables, so the probability that the choseratsée = appears in a
given clause of lengthis j/(n—T'), and the probability that a given clause of length1
is shortened to one of lengjh(as opposed to removed);jg(n — T). A newly shortened
clause is distinct from all the others with probability- o(1) unlessj = 1, in which case
it is distinct with probability(n — T — S1)/(n — T'). Finally, each stage labels the variable
in one of theS; (T') unit clauses as implied. WritindS;(T") = S;(T + 1) — S;(T), the
expected effect of each step is then

S;41(T) = 54(T)

E[AS;(T+1)] = j — +o(l) forall2<j<k
E[AS (T +1)] = (”‘nﬁ;sl) (iQETT)) —1+0(1) (3.2)

Let us rescale these difference equations by seffing ¢ - n and.S;(T) = s;(t) - n,
obtaining the following system of differential equations:

@izj%ﬂm—%m
dt 1—t

o) e

forall2 <j <k
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Note that the right-hand side of these equations are cammiunctions of the;. In
addition, the fact that w.h.p. no variable appears in moaa th(logn) clauses implies a
simple tail bound on th& S, (T"). These observations satisfy the conditions of Wormald's
theorem [34], which implies that for any constant- 0, for all ¢ such thats; > §, w.h.p.

we haveS;(t-n) = s;(t) - n + o(n) wheres;(t) is the solution to the system (3.3). With
the initial conditionss;(0) = d,; for 1 < j < k, a little work shows that this solution is

k
si(t) = (1—t) Y (f - D det"™ forall2<j <k
t=j

k
si(t) = 1—t—(1—dy)exp (—Zdjtjl) . (3.4)
j=2

Note thats; (¢) is continuouss; (0) = d; > 0, ands; (1) < 0 sinced; < 1. Thuss (t)
has at least one root in the interyél 1). SincePUR halts when there are no unit clauses,
i.e., whenS;(T) = 0, we expect the stage at which it halts toBe= ¢yn + o(n) where
to is the smallest positive root 6f (¢) = 0, or equivalently, dividing byl — d; and taking
the logarithm, of Equation (1.1).

We do not run the differential equations all the way up to stag, since once there is
a significant probability thas; = 0 and the algorithm has already halted, the difference
equations (3.2) no longer hold. Therefore, we choose smaltants, § > 0 such that
s1(tg — €) = ¢ and run the algorithm until stadé, — €)n. At this point(tp — ¢)n literals
are already implied, proving the lower bound of (3.1).

To prove the upper bound of (3.1), recall that by assumptjas a simple root of (1.1),
i.e., the second derivative of the left-hand side of (1.Xhwéspect ta is nonzero at,. It
is easy to see that this is equivalentdte /d¢ < 0 atty. Sinceds;/dt is analytic, there
is a constant > 0 such thatds;/dt < 0foralltg — ¢ < ¢t <ty + ¢. Sete < ¢; the
number of literals implied during these stages is boundedeby a subcritical branching
process whose initial population is w.hdm. + o(n). Since the probability an individual in
a subcritical branching process Wadescendants is bounded bly— 1) for somen > 0
(see e.g. [2], we can bound the total progeny during thissstadpe w.h.p. at mostn for
anye’ > 0 by takingd small enough. -

It is easy to see that the backbone of implied positive ligeima uniformly random
subset of{z1,...,z,} of size Ng,. Sincez; is guaranteed to not be among ttign
initially positive literals, the probability that; is not in this backbone is

n—Nd_,n
(1 —dl) '7’L'

By completeness of positive unit resolution for Horn saisdity, this is precisely the
probability that thep is satisfiable. Applying Lemma 3.1 and taking— 0 proves equa-
tion (1.2) and completes the proof of Theorem 1.1.
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We make several observations. First, if we ket 2 and take the limitl; — 0, The-
orem 3.1 recovers Karp's result [23] on the size of the rebleheomponent of a random
directed graph with mean out-degrée- d2, namely the root ofu(1 — t) + dt = 0.

Secondly, as we will see below, the condition thats simple is essential. Indeed,
for the 1-3-Horn-SAT model studied in [15], the curfeof discontinuities, where the
probability of satisfiability drops in the “waterfall” of Gure 1, consists exactly of those
(d1, ds) wheret is a double root, which implieds, /dt = 0 atty.

Finally, we note that Theorem 3.1 is very similar to DarlingdaNorris’'s work [14]
on a type of reachability in random undirected hypergraglied “identifiability.” If the
number of hyperedges of lengjtis Poisson-distributed with medty, their result for the
fractiont of identifiable vertices is

k
In(1—t)+ Y st ' =0 .
j=1

We can make this match (1.1) as follows. First, since eacletegyge of lengthy corre-
sponds toj Horn clauses, we set; = j3; for all j > 2. Then, since edges are chosen
with replacement in their model, the expected number ofrdistlauses of length (i.e.,
positive literals) isf,n whered; = 1 — e~ 51,

4. APPLICATION TO 1-2-HORN-SAT

Satisfabilty plotfor random 1-2-HomSAT for several order values where ¢=0.1  Pr SAT

o 1 T 1
g —5
g 09 —x
— &K
.g — &
g o8 - 0.8
Ll
5 07
>
o
) 0.6 0.6
g
g 05
8
2 04
£ 0.4
g 03
2
§ 02 0.2
5 .
g 0.1
3 —
=l —
0 . . . M . | n
S 0 05 1 15 2 25 3 35 4 45 d2
g denS\tyd2 1 2 3 4

Fig. 4. The probability of satisfiability for 1-2-Horn formulae agumction ofdz, whered; = 0.1.
Left, the experimental data of [15]; right, our analyticutlts.

ForH? , 4, Equation (1.1) can be rewritten

1—t=(1—dp) e %t . (4.1)
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Denotingy = da(t — 1), this implies
ye¥ = dy(t — 1) - ™™D = —dy(1 — dy) - e”®F - 2070 = —(1 — dy)dpe™".
Solving this yields

to=1+ diW(—(l - dl)dge_dz) . (42)
2

To show that this is a simple root, note that the derivativinefleft-hand side of (1.1) with
respect ta is zero if and only if

1
1—t=— 4.3
. (43)
and substituting this into (4.1) gives

1
—=(1- dl)elf‘i2 <el7% |
2
This is a contradiction, sinag 92 < 1/d, for all dy > 1, and ifd, < 1 then (4.3) implies
thatt < 0.
Finally, substituting (4.2) into (1.2) proves Equation3land Proposition 1.2. In Fig-

ure 4 we plot the probability of satisfiabiliy(d;, d2) as a function ofl, for d; = 0.1 and
compare with the experimental results of [15]; the agrednsezxcellent.

5. FIRST AND SECOND-ORDER TRANSITIONS FOR 1-3-HORN-SAT

For the random modeﬂ{f;dho,d3 studied in [15], Eq. (1.1) becomes

1—-t¢
1—-d;

In

+dst? =0 . (5.1)

An analytic solution to this equation does not seem to existfind its solutions graphi-
cally, it is useful to rewrite it as

1—t=ft):=(1—dj)e B (5.2)

We claim that for some values df andds there is a phase transition in the roots of (5.2).
For instance, consider the plot $ft) shown in Figure 5 forl; = 0.1 andds = 3. Here
f(t)is tangenttd — ¢, so there is a bifurcation as we vary either parameterjfct 2.9,
for instance,f(t) crossesl — ¢ three times and there is a root of (5.2)tat 0.185, but
for d3 = 3.1 the unique root is at = 0.943. This causes the probability of satisfiability to
jump discontinuously but fror.905 to 0.064.

The set of pairgds, d3) for which this tangency occurs is exactly the cuFven which
the smallest positive roag of (5.1) is a double root, giving the “waterfall” of Figure To
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f Pr [ SAT]
! 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.2 0.4 0. 0.8 1 t 1 2 3 4 @

6
Fig. 5. Left, the functionf(¢) of (5.2) whend: = 0.1 andds = 3. Right, the probability of
satisfiability®(d1, d3) with d; equal t00.15 (continuous)(.1756 (critical), and0.2 (discontinuous).

see this, set the derivative of the left-hand side of (5.1 wespect td to zero, obtaining

1
——— —2d5t =0 5.3
—— -2, (5:3)

This is equivalent to

and sof’ = 1, which is precisely wherf (¢) is tangent tol — ¢. The smallest solution

to (5.3)is
1 2
o=t (1-i2) 54
and (5.1) then gives
edsto
d=1- Sty (5.5)

Combining (5.4) with (5.5) and simplifying gives (1.4), ping Proposition 1.3.
The fact that the roaty of (5.3) is only real fords > 2 explains whyl" ends ati; = 2.
At this extreme case we have

ad
d1=1—§m0.1756 and = = ve

dds 8

For ds < 2, the roott, of (5.1) is unique and simple, and therefore the probabdity
satisfiability ®(d;, ds3) is an analytic function ofl; andds. To illustrate this, in the right
part of Figure 5 we plof(d;, ds) as a function ofl; with three values ofl;. Ford; =
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0.15, @ is continuous; forl; = 0.2, it is discontinuous; and faf; = 0.1756..., the critical
value at the second-order transition, it is continuous bstdn infinite derivative at; = 2.

ACKNOWLEDGMENTS

We thank Mark Newman for helpful conversations on the clsdion of phase transi-
tions. CM would also like to acknowledge Tracy Conrad anddRueary Moore for helpful
conversations, and Makalawena Beach on the Big Island ofdifiawhere much of this
work was done. This work was supported by the U.S. DepartimielBhergy under con-
tract W-705-ENG-36, by NSF grants PHY-0200909, EIA-02185BCR-0220070, CCR-
0124077, CCR-0311326, 11S-9908435, 11S-9978135, el A6Z#B}, and ANI-0216467, by
BSF grant 9800096, and by Texas ATP grant 003604-0058-2003.

REFERENCES

[1] D. Achlioptas. Lower Bounds for Random 3-SAT via Diffat&l Equations. Theoretical
Computer Sciencg65 (1-2), 159-185, 2001.

[2] D. Achlioptas and C. Moore. Almost all graphs of degreee acolorableJ. Comput. System
Sci, 67 (2003) 441-471, invited paper in special issue for STOC 2002

[3] D. Achlioptas, A. Chtcherba, G. Istrate, and C. MooreeTihase transition in 1-ih-SAT and
NAE 3-SAT. InProc. 12th ACM-SIAM Symp. on Discrete Algorithma1-722, 2001.

[4] D. Achlioptas, L.M. Kirousis, E. Kranakis, and D. KrizanRigorous results for rando(2 +
p)-SAT. Theor. Comput. Sck65(1-2): 109-129 (2001).

[5] T.Bench-Capon and P. Dunne. A sharp threshold for thegltransition of a restricted satis-
fiability problem for Horn clauseslournal of Logic and Algebraic Programming7(1):1-14,
2001.

[6] J.J.Binney, N. J. Dowrick, A. J. Fisher and M. E. J. NewniBime Theory of Critical Phenom-
ena.Oxford University Press (1992).

[7] B. Bollobas.Random GraphsAcademic Press, 1985.

[8] S. Cocco, O. Dubois, J. Mandler, and R. Monasson. Rigod®cimation-based construction
of ground pure states for spin glass models on random lattiRigys. Rev. Lett90, 2003.

[9] V. Chvatal and B. Reed. Mick gets some (the odds are ositl&s). InProc. 33rd IEEE Symp.
on Foundations of Computer Scien6é20-627, 1992.

[10] J. M. Crawford and L. D. Auton. Experimental results be trossover point in random 3-SAT.
Artificial Intelligence 81(1-2):31-57, 1996.

[11] W.F. Dowling and J. H. Gallier. Linear-time algorithrfar testing the satisfiability of propo-
sitional Horn formulaeLogic Programming. (USA) ISSN: 0743-10663):267-284, 1984.

[12] O. Dubois, Y. Boufkhad, and J. Mandler. Typical rando/8 AT formulae and the satisfiability
theshold. InProc. 11th ACM-SIAM Symp. on Discrete Algorithrh26-127, 2000.

[13] O. Dubois and J. Mandler. The 3-XORSAT threshold Phac. 43rd IEEE Symp. on Founda-
tions of Computer Scienc@69-778, 2002.



14

(14]

(15]

(16]

(17]

(18]
(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

(29]

(30]

(31]

(32]

R. Darling and J.R. Norris. Structure of large randorpérgraphs Annals of Applied Proba-
bility, 15(1A), 2005.

D. Demopoulos and M. Vardi. The phase transition in @ndl-3 Hornsat problems. In

A. Percus, G. Istrate, and C. Moore, edit@smputational Complexity and Statistical Physics
Santa Fe Institute Lectures in the Sciences of Complexigfod University Press, 2005.

Available atht t p: / / ww. cs. ri ce. edu/ ~vardi / papers/.

P. Erdds and A. Rényi. On the evolution of random ggagtublications of the Mathematical
Institute of the Hungarian Academy of Sciengd 7—61, 1960.

E. Friedgut. Necessary and sufficient conditions farpfthreshold of graph properties and
the k-SAT problem.J. Amer. Math. So¢c12:1917-1054, 1999.

A. Goerdt. A threshold for unsatisfiability. Comput. System Scb3(3):469-486, 1996.

M. Hajiaghayi and G.B. Sorkin. The satisfiability thhedd for random 3-SAT is at least 3.52.
IBM Technical Report , 2003.

T. Hogg and C. P. Williams. The hardest constraint peoid: A double phase transition.
Atrtificial Intelligence 69(1-2):359-377, 1994.

G. Istrate. The phase transition in random Horn sabgftg and its algorithmic implications.
Random Structures and Algorithn#s483-506, 2002.

G. Istrate. On the satisfiability of randokHorn formulae. In P. Winkler and J. Nesetril,
editors, Graphs, Morphisms and Statistical Physie®lume 64 of AMS-DIMACS Series in
Discrete Mathematics and Theoretical Computer Scieht8—136, 2004.

R. Karp. The transitive closure of a random digragRandom Structures and Algorithms
1:73-93, 1990.

A. Kaporis, L. M. Kirousis, and E. Lalas. Selecting cdeypentary pairs of literals. IRro-
ceedings of LICS’03 Workshop on Typical Case ComplexityPdrade Transitionslune 2003.

J. A. Makowsky. Why Horn formulae matter in Computer Suie: Initial structures and
generic examplesICSS 34(2-3):266—292, 1987.

M. Mézard and R. Zecchina. Random k-satisfiabilitylgeon: from an analytic solution to an
efficient algorithm.Phys. Rev. E66:056126, 2002.

M. Mézard, G. Parisi, and R. Zecchina. Analytic andagithmic solution of random satisfia-
bility problems.Science297:812-815, 2002.

R. Monasson, R. Zecchina, S. Kirkpatrick, B. Selmard &nTroyansky. 2 + p-SAT: Rela-
tion of typical-case complexity to the nature of the phasadition. Random Structures and
Algorithms 15(3—4):414-435, 1999.

F. Nielson, H. R. Nielson, and H. Seidl. Normalizablerkl@lauses, strongly recognizable
relations and Spi. In 9th Static Analysis Symposium (SASprirjer Verlag, LNCS 2477,
2002.

B. Selman, D. G. Mitchell, and H. J. Levesque. Geneggliard satisfiability problemdrtifi-
cial Intelligence 81(1-2):17—-29, 1996.

B. Selman and S. Kirkpatrick. Critical behavior in thentputational cost of satisfiability
testing. Artificial Intelligence 81(1-2):273-295, 1996.

M.Y. Vardi and P. Wolper. Automata-Theoretic Techregufor Modal Logics of Programs.
Comput. System S@2:2(1986), 181—-221, 1986.



15

[33] M.Y. Vardi and P. Wolper. An automata-theoretic apmto#o automatic program verification
(preliminary report). IrProc. 1st IEEE Symp. on Logic in Computer Scier®S2—-344, 1986.

[34] N. Wormald. Differential equations for random processand random graphsAnnals of
Applied Probability 5(4):1217-1235, 1995.

Received (date)
Revised (date)
Accepted (date)



