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Abstract. The u-calculus model-checking problem has been of great interest in
the context of concurrent programs. Beyond the need to use symbolic methods in
order to cope with the state-explosion problem, which is acute in concurrent set-
tings, several concurrency related problems are naturally solved by evaluation of
u-calculus formulas. The complexity of a naive algorithm for model checking a
u-calculus formulap is exponential in the alternation depttof ). Recent stud-

ies of theu-calculus and the related area of parity games have led to algorithms
exponential only ir'g. No symbolic version, however, is known for the improved
algorithms, sacrificing the main practical attraction of thealculus.

The p-calculus can be viewed as a fragment of first-order fixpoint logic. One of
the most fundamental theorems in the theory of fixpoint logic isGodapse
Theoremwhich asserts that, unlike the case for thealculus, the fixpoint alter-
nation hierarchy over finite structures collapses at its first level. In this paper we
show that the Collapse Theorem of fixpoint logic holds for a measured variant of
the u-calculus, which we call.-calculus. Whileu-calculus formulas represent
characteristic functions, i.e., functions from the state spad@id}, formulas

of the p#-calculus represent measure functions, which are functions from the
state space to some measure domain. We prdveasured-Collapse Theorem
every formula in thgi-calculus is equivalent to a least-fixpoint formula in fié-
calculus. We show that the Measured-Collapse Theorem provides a logical recast-
ing of the improved algorithm fog-calculus model-checking, and describe how

it can be implemented symbolically using Algebraic Decision Diagrams. Thus,
we describe, for the first time, a symboliecalculus model-checking algorithm
whose complexity matches the one of the best known enumerative algorithm.

1 Introduction

The modal i-calculus often referred to as theu“calculus”, is a propositional modal

logic augmented with least and greatest fixpoint operators. It was introduced in [Koz83],

following earlier studies of fixpoint calculi in the theory of program correctness [EC80,Par76,Pra81].
Over the past 20 years, thecalculus has been established as essentially the “ultimate”
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program logic, as it expressively subsumes all propositional program logics, including
dynamic logics such as PDL, process logics such as YAPL, and temporal logics such
as CTL* [EL86]. Theu-calculus has gained further prominence with the discovery that
its formulas can be evaluated symbolically in a natural way [B®g], leading to in-
dustrial acceptance of computer-aided verification.

A central issue for any logic is thenodel-checkingroblem: is a given structure
a model of a given formula. For modal logics we ask whether a given formula holds
in a given state of a given Kripke structure. Thecalculus model-checking problem
has been of great interest in the context of concurrent programs. A significant feature
of expressing model checking in terms of thecalculus is that it naturally leads to
symbolicalgorithms, which operates on sets of states, and can scale up to handle ex-
ceedingly large state spaces [McM93]. Beyond the need to use symbolic methods in
order to cope with the state-explosion problem [BC82], which is acute in con-
current settings, several concurrency-related problems are naturally solved by evalu-
ation of u-calculus formulas. This includes checks for fair simulation between two
components of a concurrent systems [EWS01,HKR02] and reasoning about the in-
teraction between a component and its environment, which is naturally expressed by
means of parity games [CdAHD2] (solving parity games is known to be equivalent
to p-calculus model checking [EJS93]). Indeed, the model-checking problem for the
p-calculus has been the subject of extensive research (see [Eme97] for an overview and
[JVv00,Jur98,Jur00,KV98,KVWO00,LBEt94,Sei96] for more recent work). The precise
complexity of this problem has been open for a long time; it was known to beirco
UP [Jur98] and PTIME-hard [KVWO0O].

From a practical perspective, the interesting algorithms are those that have time
bounds of the formm©(?), wheren is the product of the size of the structure and the
length of the formula, and is thealternation depthof the formula, which measures
the depth of alternation between least fixpoint and greatest fixpoint operators. A naive
algorithm would havel as the exponent, since alternating fixpoints of deptheld
nested loops of deptilh, each of which involves iterations. This naive algorithm uses
spaceO(dn) [EL86]. The alternation depth is interesting as a measure of syntactic
complexity, since, on one hand, many logics can be expressed in low-alternation-depth
fragments of theu-calculus [EL86,EJS93], and, on the other hand,thealculus al-
ternation hierarchy is strict [Bra98]. As noted, the naive algorithm can be naturally
implemented in a symbolic fashion, operating on sets of states.

The first improvement to the naive approach was presented in TI9BT (and
slightly improved in [Sei96]), who got the exponent downd(®2 at the cost of ex-
ponential worst-case space complexity. It was then shown By Jurdzinski [Jur00] how
to obtained the improved exponent together with theln) space bound. Common
to these algorithms is the elimination of alternating fixpoints; they use monotone fix-
point computation that simulates the effects of alternating fixpoints by means of so-
calledprogress measure®rogress measures are functions that measure the progress
of a computation; see [Kla91,NS93,KVO01] for other applications. While the improved
algorithms have better time complexity, they sacrifice the main practical attractien of
calculus —these algorithms are enumerative and no symbolic version of them is known.



It is well known that modal logic can be viewed as a fragment of first-order logic
[Ben85]. Thus, the:-calculus can be viewed as a fragmenficgt-order fixpoint logic
often referred to as “fixpoint logic”, which is the extension of first-order logic with least
and greatest fixpoint operators. Fixpoint logic has been the subject of extensive research
in the context of database theory [AHV95] and finite-model theory [EF95]. One of the
most fundamental theorems in the theory of fixpoint logic is @wlapse Theorem
which asserts that, unlike the case for thealculus, the fixpoint alternation hierarchy
over finite structures collapses at its first level; that is, every formula in fixpoint logic
can be expressed as a least-fixpoint formula [GS86,Imm86,Lei90]. The key to this col-
lapse is the simulation of the effect of alternating fixpoints by means of so-catigé
functions which measure the progress of fixpoint computations.

Our main result in this paper is the unification of these two disparate lines of re-
search. We show that the Collapse Theorem of fixpoint logic can be adapted to the
p-calculus. Both progress measure and stage functions measure the progress of fixpoint
computations. The key difference between fixpoint logic and:tbalculus is that while
in fixpoint logic progress measures can be construeigdn the logic (by means of the
Stage-Comparison Theorem [Mos74]), this cannot be done ip4tedculus [Bra98],
since it allows fixpoint operators only on unary predicates. In order to simulate the con-
struction of progress measungghin the i-calculus, we define the”-calculus. While
in the u-calculus variables represent characteristic functions, i.e., functions from the
state space 40, 1}, in the u*-calculus variables represemieasure functionsvhich
are functions from the state space to some measure domain. We then peasured-
Collapse Theoremevery formula in the:-calculus is equivalent to a least-fixpoint for-
mula in thep”-calculus.

We then show that the Measured-Collapse Theorem provides a logical recasting of
the improved algorithm in [Jur00]. By starting with acalculus formula of alterna-
tion depthd, collapsing it to a least-fixpoini#-calculus formula with measure domain
{0,...,n%?}, and then computing the least fixpoint, we get the improved exponent of
d/2 together with theD(dn) space bound. Furthermore, this logical recasting of the
algorithm suggests how it can be implemented symbolically. A symbolic evaluation
of p-calculus formulas uses Binary Decision Diagrams [Bry86] to represent charac-
teristic functions [BCM 92]. For theu#-calculus, we suggest representing measure
functions by Algebraic Decision Diagrams, which extend Binary Decision Diagrams
by allowing arbitrary numerical domains [BF®@7]. Thus, we describe, for the first
time, a symboliq:-calculus model-check algorithm whose complexity matches the one
of the best known enumerative algorithm. In fact as detailed in Section 4, working with
u#-calculus enables us to decrease the bound of the number of iterations needed for the
simultaneous calculations, leading to a slightly better complexity.

Although the best known algorithm fai-calculus model-checking is exponential,
its similarity to parity games implies that the result of the model checking can be ver-
ified in polynomial time. For parity games the results can be represented as a strategy,
which is a polynomial size certification ([KV04]) which can be verified in polynomial
time. In Section 5 we prove that the result of #ti&-calculus model-checking can be
used as a certification fgi-calculus model-checking. We then present symbolic al-



gorithms for generating certifications for bothcalculus model-checking and parity
games.

2 Preliminaries

The p-calculusis a propositional modal logic augmented with least and greatest fix-
point operators [Koz83]. We consider acalculus where formulas are constructed
from Boolean propositions with Boolean connectives, the temporal opefaidexists
next”) anddd (“for all next”), as well as leasty) and greatest) fixpoint operators.
We assume that-calculus formulas are written in positive normal form (negation only
applied to atomic propositions).

Formally, let AP be a set of atomic propositions and IEtbe a set of variables.
The set ofu-calculus formulas oveA P and X is defined by induction as follows. (1)
If p € AP, thenp and—p arep-calculus formulas. (2) It € X, thenx is au-calculus
formula (in whichz is free). (3) Ify, v, areu-calculus formulas, thep vy, p A,Op,
andll ¢ are p-calculus formulas, (4) Ife € X, thenpuz.p andvx.p are py-calculus
formulas (in whichz is bound). The semantic @f-calculus is defined with respect to
a Kripke structureM = (S, R, L), and an assignmerft: X — 2° to the variables.
Let F denote the set of all assignments. For an assignthentF, a variabler € X,
and a setS’ C S, we usef|,—s to denote the assignment in whiehis assigned
S’ and all other variables assigned asfinA formula 1 is interpreted as a function
YyM . F — 29 Thus, given an assignmelfit € F, the formulay defines a subset
of states that satisfy with respect to this assignment. For a definition of the function
Y™ see the full version or [Koz83]. Wheh( is clear from the context, we omit it).
A formula with no free variables is calledsentenceNote that the assignmerftis
required only for the valuation of the free variableg/inin particular, no assignment is
required for sentences. For a sentericave say that\/, s |= v if s € M (f), for (the
arbitrarily chosen) with f(z) = 0 forallz € X.

Let A denotey or v. We assume that every variable € X is bound at most
once. We refer to the fixpoint subformula in whiehis bound as\(z). If A = pu,
we say thatr is a u-variable, and ifA = v, we say that it is as-variable. Consider
a p-calculus formula of the form\z.¢. Given an assignment € F, we define a
sequence of functiong’ (f) : 2° — 2% inductively as follows.°(f)(S") = S’
and/ T (f)(S") = o(flazyi()s)). For au-calculus formula) and a subformula
© = Az.A(z) of ¢, we define thalternation levebf ¢ in v, denotedil,, (), as follows
[BCI6]. If ¢ is a sentence, theti,, (¢) = 1. Otherwise, lef = X'y.£" be the innermost
w or v subformula ofy) that hasp as a subformula, angis free inp. Then if X # A,
we havealy (p) = aly(§) + 1. Otherwisealy, (¢) = aly (§).

Intuitively, the alternation level op in 1) is the number of alternating fixpoint op-
erators we have to “wrap with” in order to reach a sub-sentencewfFor a variable
x, the alternation level of, denoted:! () is the alternation level ok(z). Note that it
may be that\(z) is a subformula of\(z’) andal(z) = al(z’). The definition ofal(x)
partitionsX into equivalence classes according to the variable’s alternation level. Note
that an equivalent class may contain variables that are independent. In order to refine
the class further, we define the ordetto be the minimal relation that satisfies the fol-



lowing. (1) If 2’ is free in\(x) thenz < 2’. (2) If x < y andy < 2’ thenz < 2/. We
define thex equivalence relation to be the minimal equivalence relation that contains
all pairs(z, 2') such that: < =’ andal(z) = al(z’). The relation= refines the partition
induce byal(z) so that each class contains variables at the same alternation level that
do depend on each other and are all are eijtheairiables ow variables. We define the
width width(i) of an alternation level as the maximal size of an equivalence class that

is contained in the'th alternation level. Another property of tixe relation is that for
every equivalence clas§e there exists a unique variahlg, = maxz(X*¢) in X¢ such

that for every other variable € X we haver < z,,,. We can simultaneously calculate

the fixpoint values of all the variables that are in the same equivalence class.

The reason that we use simultaneous fixpoint is that the evaluation of the variables of
ap-calculus formula as defined above is hierarchical, in the sense that in order to update
the value of a variable, we first evaluate all the variables that appear in subformulas of
A(z). Since the value of might be updated up t&| times, this makes the complexity
of the evaluation exponential in the nesting depth of the fixpoint operators. It turns out
that this hierarchal computation is needed only when there is alternatipraofl
variables. Thus, iA(x) is a subformula of\(y) butz =~ y, we can compute their value
simultaneously. This could reduce the complexity substantially.

Next, we define a simultaneous fixpoint operation over equivalence classes orga-
nized in tuples. LetX® be an equivalence class of variables with respecttd.et
X'’ be the set of variable&’|3z € X¢.x < 2'}, and letX” be the sef{z” |3z €
Xe.x"” < z}. Letz,, = max(X°), then the subformula(z,,) = Az,,.¢n, binds all
variables ofX¢. Given an assignment: X’ — 2° we considerp,, (f) as a function
om(f) 1 (X — 2%) — (X — 2%). This function is used to define the simultaneous
fixpoint value ofX ¢. Note, that all the variables ip,, are either inX”" or in X’ U X¢.

Given an assignment : X’ — 2°, assume that an extension pto flye_g7 recur-
sively determines the values of the variablesifi or more precisely the values of the
subformulasi\(z”). Thus subformulas that are not determinedpjp are of the form
A(z") wherez” € X' U X¢. We determine these values usifig,._z7, then for every
variablex € X°¢ we can calculate the value ¢f, and determine it's new value. We
define the simultaneous fixpoint value &f as,N{S’ : v (f)(S") C S’} for u-class
and{J{S" : §" C ¢ (f)(S")} for v-class.

Theorem 1. For every variabler, the u-calculus and the simultaneous fixpoint assign
the same value to,
Theorem 2. (Extended Knaster-Tarski)

- ﬂ{S/hOm )(Sl) C S/} = ﬂ{§\§ = (,Om(f)( /)} = Uizo mez(f)«@?&v@)) =

o SXU(1) (0, @L. m. i |
- U{S/|S/ @m( )(S } - U{S,‘S/ = gDm(f)(S/)} = ﬂizo @mz(f)(<s7 S,S)) =
em! TS, 8, ... 8)).

3 The Logic u#-calculus

While a formula of theu-calculus defines a subset 8f namely a mapping frons' to
{0,1}, a formula of theu#-calculus defines a mapping frofito a domainD whereD



is parameterized by a natural numbexnd a sequence of natural numbegsn, . .. ny
suchthatD = U ({1,2,...,n0}x{1,2,...,m }x...x{1,2,...,n;})U{oo, —oc}.
We start with the syntax of the”-calculus. As in the:-calculus, formulas are defined
with respect to a set P of atomic and a seX of variables. In the, -calculus, however,
each variable is associated with an arity. We wiit€ to indicate that variable has
arity c. Given AP and X, the set of the:-calculus formulas (in positive normal form)
over AP and X is defined by induction as follows.

— If p € AP, thenp and—p arep#-calculus formulas.
— If 209 € X, thenz(©) is ap#-calculus formula (in which: is free).
— If ¢ andvy arep-calculus formulas then
e V1 andy A1 arep”-calculus formulas,
e Oy andd ¢ arep#-calculus formulas,
e Forz(®) € X, we have thasetz().¢ andincz(®).¢ arep#-calculus formula
(in which z is bound).

We define an alternation level, a preorderand an equivalence relatiea over X in
the same way we define it for thecalculus. We say that @ -calculus formula is well
formed if

— The arityc of a set-variablez(®) is equal to the minimal arity ofnc-variables
with alternation level smaller thaai(x).

— The arityc of a inc-variablez(®) is equal to the minimal arity ofet-variables
with alternation level smaller thaai(x), minus one.

We usesub(¢) to denote all the subformulas of. Before defining the semantics of

the ;7 -calculus, we define a parameterized order over the tuplés intuitively, the

order is lexicographic, and the parameter enables us to restrict attention to prefixes of
the tuples. Formally, we have the following.

Definition 1. For d,d’ € D andl > 0, we say thatd <; d’ if eitherd’ = oo and
d # oo, 0rd # —ooandd = —oo ord = (do,...,d;) andd’ = (dy,...,d), and
either:

— For somek < min(i, ,1) we haved;, < dj, and foreveny0 < m < k, d,,, = d,.
— i < min(l, j) and for everyk < i we haved), = dj.

Definition 2. For d,d’ € D and! > 0, we say thatd =; d’' if eitherd = d’ or
d = (do,...,d;) andd’ = (dy, ..., d}), andl < min(i, j) and for everyk < [ we have
dy = d,.

Note that<; is a total order over the tuples with arity . We sometimes use the
order without the parameter, with the usual lexicographic interpretation. Thus!’ if
d <; d for I = max{|d|, |d’|}, and the minimum and maximum tuple of a set of tuples
are defined similarly.

Ford = (dy,...,d;) andl > 0, letset;(d) be greatest-tupled’ such that!’ <, d.
If d = 0o ord = —o0, thenset;(d) = d. Also, letinc;(d) to be the smallest-
tupled’ in D such thatd <; d’. Since<, is total, such a unique tuple exists.df=



(ng,m1,...,n;), thenine;(d) = oo, if d is oo thening;(d) = d, and ifd is —co then
inc;(d) is thel-tuple(1,1,...,1).

Consider a Kripke structur®/ = (S, R, L). A measure functiofor M is a function
g: S — D.Forec > 1, we say thaty is a measure function of arity if for all
s € S, we havey(s) is either ac-tuple in.D or an element of oo, —oo}. The semantics
of u#-calculus is defined with respect to a Kripke structdte = (S, R, L) and an
assignmeny : X — D* to the variables. An assignmefis legal if for all z(¢) € X,
the measure functiofi(z) is of arity c. Let F# denote the set of all legal assignments. A
formulay is interpreted as a functiap™ : F# — DS, Thus, given a legal assignment
f € F#, the formulay defines a measure function fad with respect tof. The
functionw is defined, for alk € S, inductively as follows (whed/ is clear from the
context, we omit it).

— p(f)(s) = coif p € L(s) andp(f)(s) = —ooif p & L(s).

— p(f)(s) =c0if p & L(s) andﬁp(f)(s) —ooif p € L(s).
— For a free variable(“), we haver(®)(f)(s) = f(z(9))(s).

- (e VY)(f)(s) = maX{@( )(8),0(f)(s)}-

— (e AP)(f)(s) = min{e(f)(s), ¥ (f)(s)}.

= (Ow)(f)(s) = max{p(f)(s') [R(s,s")}.
— (T )(f) = min{p(f)(s") [R(s,s")}.
— set 2(9.p(f)(s) = set. ( )(8))-
— inc 2(9.p(f)(s) = inCc( H(s))-

Let \ denoteset or inc. As in theu-calculus, we assume that every variable ¢
X is bound at most once in @#-calculus formula, and refer to the subformula that
boundsz(®) as \(z). We can view a formula as a functiah : F# — F#. Indeed,
given f € F#, all the subformulas of, and in particular\(z), for all z(¢) € X, are
mapped into measure functions. Formulag:&fcalculus are monotone, in the sense
thaty(f) > f. Hence, we can talk about the least fixpoint ef#&-calculus formula.

Letg, : X — DS be the result of applying on the assignmenj, until a fixpoint
is reached, where, assigns to every variablel®), the assignmen§ — —oo. Every
variablez(¢) can be updated at mgst|- g - n; -. . . -ny, times thus the time complexity
isO(|X]|-|S|-ng-ny-... ng)andthe space compIeX|ty([B(|X| [S] - (log(ng) +
log(ni) + ...+ log(nk)))

Given au-calculus formula), we associate withy a ;.#-calculus formula)# that
characterizes the same set of states. We défint bew where the arity of a variable
isw(xz) = [“lm] everyu operator is replaced byset operator, and every operator
is replaced by atinc operator. In order to check whether a Kripke structufesatisfies
¥#, we define the domai wherek = (%(‘”(I))W and for everyd < i < k we
haven; = width(2-i+1) - |S|.

Theorem 3. (Measured Collapse) Let i) be ap-calculus formula, and lef\/ be a
Kripke structure. Then)., s |= v iff g« (¥#)(s) = cc.

The proof of Theorem 3 is described in Appendix A. Theorem 3 implies a simple model-
checking algorithm for thes-calculus. Given gu-calculus formulay) and a Kripke
structureM, translate) into 1»# and check whethel/ |= #. The time complexity of
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this algorithm isO(| X |-width(1)-width(3)-. . .-width(2-k+1)-|S|*+1) wherek is the
maximum alternation level af. The space complexity 9(|X|-|.S|- (log(width(1))+
log(width(2))+...+log(width(k)))). Note that in the model-checking algorithm that
uses a reduction to parity games, the time complexity(isX| - |al(1)] - |al(3)] - ... -
lal(2 -k +1)|-|S|F+1).

Recall that for alk, we have thatvidth(i) < al(i). Thus, our complexity is better.
The improved complexity follows from the fact that the reductiomafalculus model
checking to parity games does not take into account the fact that some variables with
the same alternation level may be independent of each other. On the other hand, the
translation tou#-calculus refines the partition induced by the alternating level to the
relation=.

4 Symbolic u#-calculus Model Checking and Parity Games

As discussed in Section 1, the improved algorithms deralculus model checking

are not symbolic. In this section we describe a symbolic algorithmuforcalculus
model checking. The Measured Collapse Theorem then implies a symbolic algorithm
for p-calculus model checking, and our complexity matches the improved complexity
of [Jur0Q]. In addition, we show how the algorithm in [Jur00], for the equivalent prob-
lem of solving parity games, can be viewed as a computation of a least fixed-point over
a measured domain, and describe a symbolic implementation for it that follows from
this view. A symbolic evaluation gf-calculus formulas uses Binary Decision Diagrams
(BDDs) [Bry86] to represent characteristic functions [BE8R]. For theu#-calculus,

we use Algebraic Decision Diagrams (ADDs), which extend BDDs by allowing arbi-
trary numerical domains [BF&07].

4.1 Symbolic evaluation ofu#-calculus formulas

Consider gu*-calculus formula) and a Kripke structurd/ = (S, R, L). We define
the product ofy and A/ as the grapléry, »r = (V, E), where

-V = sub(y) x S.
— E((g, s), (¢, ")) iff one of the following holds.
e s = ¢ andthereis” suchthatpis ¢’ V ", " V', o' A", ore” Ay,
e R(s,s')andpis Oy’ ord .
e s =5 andyissetz(?) .y orincaz(® .y,
o s=5, 0=z andy = \z(®).o".

We refer to vertices of the forrfy’ v ¢, s) or ({¢’, s) asmax verticesand to vertices
of the form(yp’ A ¢, s) or (L ¢’, s) asmin vertices

Letgy : sub(y)) — D¥ be the least fixpoint of. We describe the calculation gf;
by means of a functioff, a7 : V' — D such thatfy, a (¢, s) = g4 (¢)(s). Note that for
all ¢ € sub(y), we have that = ¢ iff f, a(s,¢) = oo. In order to calculatgy, s,
we describe a sequence of functiofasfi, . . . such thatf,, s = f; wherei is the least
such thatf; = f;+1. The functionsf; : V' — D are defined inductively as follows. We
start with fj.



— Ifv=(p,s)thenfy(v) = xif s Epandfy(v) = —ocoif s |~ p.
— If v = (—p, s) thenfo(v) = 0 if s }£ pandfo(v) = —c0 if s = p.
— For all other verticeg,(v) = —c0.

Given f;, we definef;,, as follows.

— If vis of the form(p, s) or (—p, s) thenf; 1 (v) = fi(v).

— If vis a max vertex, theff; 1 (v) = max{f;(v') | (v,v") € E}.

— If vis a min vertex, therf; 1 (v) = min{f;(v') | (v,v") € E}.

— If vis of the form(z(), s) thenwv has a single successdrand f; 1 (v) = f;(v').

— If v is of the form(set z(©).¢, 5), thenv has a single successarand f; 1 (v) =
set.(fi(v)).

— If v is of the form(inc 2(©).¢, s), thenv has a single successarand f; ;(v) =

ince(fi(v"))-

Proposition 1. Consider a Kripke structuré/ and x#-calculus formulay. For all
p € sub(y) ands € S, we haveyy, (¢)(s) = fp.m (e, s).

We now describe how to compufg, », symbolically. We use BDDs to represent sets
and relations, and use ADDs to represent measure functions. Consider a Kripke struc-
ture M = (S, R, L) and a formulay. Let Gy, s = (V, E) be their product as defined
above. We assume thaf is given symbolically by one BDIR g for R, and|AP| BDDs
—one BDD#h,, for eachp € AP, representing the set of states that satisfwhen the
state space is given by truth assignmentsif®, there is no need for these BDDS) .
Given these BDDs, constructing BDDs that represérand E is straightforward. In
particular, we assume thét is represented by the BDBg, and we also have the fol-
lowing BDDs for subsets of: a BDD h 4 p for vertices of the form(p, s) or (—p, s),
BDDSs h,.x andhy,;, for the max and min vertices, respectively, a BB for vertices
of the form (z(¢), s) for somec, BDDS he.: ; for vertices of the forn(setz?).¢, 5),
and BDDsh,. ; for vertices of the form(incz().¢, s). Finally, the procedure also
gets an integet,,, ..., which is the maximal arity of a variable iK.

The algorithm for computing,, », is described in Figure 1. Apart from the Boolean
BDD operator©OR, AND, andNOT, we use the operater (h,d), which gets a BDD
h C V and somel € D, and creates an ADD that maps all the elements tfd, and
the following procedures.

— MAX which given an ADDf : V' — D and the BDDhg, returns an ADD that
assigns to every vertaxe h,q, the valuemax{ f(v")|E(v,v")}.

— MIN, which given an ADDf : V' — D and the BDDhg, returns an ADD that
assigns to every vertaxe h,;, the valuemin{ f (v')|E(v,v’)}.

— ASSIGN which given an ADDf : V' — D and the BDDh g, returns an ADD that
assigns to every vertaxe< hy the valuef(v’) for the singlev’ with E(v,v").

— SET(fj) ,which givenan ADDf : V — D, the BDDhg, andl < j < ¢mnaz,
returns an ADD that assigns to every vertex h,.; ; the valueset;(f(v’)) for
the singlev’ with E(v,v").

— INC(f,j) , which givenan ADDf : V — D, the BDDAg, andl < j < ¢mnaa,
returns an ADD that assigns to every vertex h;,. ; the valueinc;(f(v")) for
the singlev” with E(v,v").



10

— ORbetween ADDs, which gets ADDs that map disjoint subset¥ db D and
returns their union (all the ADDs are defined for all the vertice¥inbut some
vertices are mapped to some special value, which enables us to represent by ADDs
also partial functions).

Since all procedures assign values to the vertices according their successors, it is

useful to generate, given an ADPpand the BDDhg, the ADD fgu. : V XV — D

such thatfs,.(v,v') = dif E(v,v")andf(v') = d. If =E(v,v"), thenfg,.(v,v") = co.

The ADD f,,. is simply the result of al\ND operation om.g and a ADD of f with
renamed variables. Usinfy,., the implementation oASSIGN is straightforward as

' .(fsuec AND h,). The implementation ofNC and SET is similar except that we
replace every leafl in the ADD of (fsyc AND hinc ;) OF (fsuec AND hger ;) With
inc;(d) or set;(d) respectively. The procedurdsAXandMIN are more complicated

and are described in Section 4.3.

MODELCHECK
W%y = (ORyear({p} AND £,))OR (OR year({-p} AND NOT (h,));
qu = (hg7w) ;
f=fI OR — ((hv AND NOT h]), —c0);
repeat
fora=Ff;  fmae = MAX fora) ;
fmin = MIN(fora) i fo = ASSIGN(fora) ;
fset = false finc = false;
for j=1t0 cmaz dO
fset - fset OR SET(fOld7j)y finc - finc OR INC(fOld7j)
f = fq OR fmaz OR fmzn OR fset OR fim:;
until f = fold

Fig. 1. The symbolic algorithm fop* -calculus model checking.

Let us now analyze the complexity of the procedure. The number of iterations
required for the procedure to reach a fixed point is boundedZy: |V| which is

|S| [ty |S] - |v|. Each iteration involves an applications of the MIN/MAX proce-
dures (that are the most costly). In Section 4.3 we show that these procedures apply at
most|V|? - log(|V]) = (|S] - [¥])? - log((|S| - |v|) ADD operations. Thus, the overall

complexity isO(| S| %2143 . |45]3) - log((|S| - |+/|) ADD operations.

4.2 Parity Games

A parity game is played on a gragh’, E'), whereV is partitioned into two setd/, of

even vertices anif; of odd vertices. Every vertexhas a priorityp(v) € {0,1,...k —

1}. A parity game ovelVy, V1, E, p) is played by two players, referred to as the odd
and the even player. A play over the game starts by putting a pebble at some initial
vertexv and proceeds infinitely many rounds. In each round, one of the players moves
the pebble on an edge from the current vertex to one of its successors. If the source
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vertex is inlj, the even player moves the pebble; otherwise the odd player moves the
pebble. The play generates an infinite sequence of vertidest in f (p) be the set of
vertices that appear infinitely often j;m The odd player wins the game if the vertex
with minimal priority in inf(p) has an odd priority. Otherwise, the even player wins.
The problem is to determine, given a game gréigh V1, E, p), the set of vertices from
which the odd player has a winning strategy.

In [Jur00], an algorithm for solving parity games is suggested. Below, we describe

k

the algorithm in terms of measure function. Il2t= (J;_, {0, 1,. .., |V]}/U{oo, —o0},

let F' be the set of all measure functiofis V' — D and letf, be the initial function
that assigns-oo to all vertices. A game graph induces a function fron#” to F', where
for a measure functiori € F, the measure functio@'(f) is defined, for alb € V, as
follows:

max(, e f(v') if v € V; andp(v) is even.
. o :
G(F)(0) = MaX(y,v)e B 0C p0, (f(v") ?f v € Vi andp(v) ?S odd.
ming, e f(v') if v € V andp(v) is even.
(v) is odd.

ming, e inc po, (f(")) if v e Vy andp

If we denote byf to the least fixpoint of7, then the set of winning vertices for the
odd player is{v|fc(v) = oo}, and the set of winning vertices for the even player
is {v|fa(v) < oo}. The measure functiofic can be used for generating a winning
strategyr : V; — V for the even player where for evetye V; we haver(v) = o'
such thatfc(v') = min{fc(v")|(v,v") € E}. Thus, the even player moves to a
successor of with minimal measure. A symbolic procedure that generate a strategy is
given in Section 5.2.

A symbolic implementation of the algorithm similar to the symbolic evaluation of
u#-calculus formulas is described in Figure 2. The procedure calls the following pro-
cedures

— MAXe which given an ADDf : V — D, the BDDhg, and an even < j < g
returns an ADD that assigns to every vertexe V; with p(v) = j, the value
max{ f(v')|E(v,v")}.

— MAXq which given an ADDf : V — D, the BDDhg, and an odd < j < g
returns an ADD that assigns to every vertexe V; with p(v) = j, the value
max{inc[%](f(v’)) : E(v,v")}.

— MINe andMINo, defined similarly for vertices .

The symbolic implementation of these procedures is similar to the implementation of
theMAXandMIN procedures of the former section, and is described in the next section.

Complexit?/: Similarly to the previous section, we can bound the number of iter-
ations by|V|l21 . [V|. Thus, the overall complexity i©(|V|[51+3 - log(|V|)) ADD
operations.

4.3 Computing the minimal/maximal successor

In this section we address the following problem: given a gr@pk- (V, E'), where
V and E are given in terms of their BDDs, and a measure function V' — D,
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PARITY(G)
f==(V,—00);
repeat
Joua = f, f=Tfalsg
for j=1to £ do
if j is even then f=f ORMAXE foia,7) OR MINe(foid,5);
if j is odd then f=7f OR MAXQfold7j) OR M|N0(fold,j);
end for
until f = foa;

Fig. 2. A symbolic algorithm for solving parity games.

represented as an ADD, construct another ADD that represents the measure function
fmin : V. — D with fiin(v) = min{f(v")|(v,v") € E} (or similarly, fmax(v) =
max{f(v)|(v,7) € E}).

Recall that it is easy to construct an ADD for the functifn. : (V x V) — D
such thatfs,.(v,v") = dif E(v,v’) andf(v") = d. In Figure 3 we describe a recursive
procedureM I N that receives the AD[J,,,. and construct the ADD fof,,,;,. Letn be
an ADD node. We refer to the right and left successors asn.r andn.l, and refer
to the variable that represents as.v. For a variablev, let o(v) be the position ob
in the BDD order (the position of the root . We usevar (V') andvar’ (V') to denote
the set of variables that encolfeand V", respectively. Sinc& may be a strict subset
of V x V', the functionf,,,. is not defined for all the pairs il x V’. Thus, one leaf
in the ADD for f,,. stands for the value of the pairs for whig¢h,. is undefined, and
we assume that this valueds. Since every vertex has at least one successor, the ADD
fmin is defined for all the vertices df.

The procedure MIN calls the procedure MERGE, described in Figure 4. The pro-
cedure MERGE gets pointers to the roatsandny of two ADDs, representing the
functions f; and f,, respectively, both from some sEtto D. The procedure merges
f1 andf> to an ADD in which every, € U is mapped tanin( f1 (u), f2(u)). Note that
since f; and fo may be partial, we refer to the value of the undefined leakasThe

MIN(ADD n) {
If ( n is a terminal node) then return n;
If ( nwisin  war(V)) then return (n.v AND MIN(n.r)) OR ( NOT n.v AND MIN(n.l));
If ( noisin  wvar’(V)) then return MERGE(MIN(  n.r),MIN( n.0));

Fig. 3. The procedure MIN

correctness of the MERGE and MIN procedures follows from Lemmas 1 and 2. The
proofs of these lemmas are presented in Appendix B.

Lemmal. Let f : U — D be the function represented by MERGE(n-). For every
u € U, we havef (u) = min(f1(u), f2(u)).
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MERGE(ADDn;, ADD n») {
if ( n1 and no are terminal nodes) then
return min( n1,n2);
if ( o(ni1.v) < o(nz.v)) then
return  (ni.v AND MERGEn;.r,n2)) OR ( NOT ni.v AND MERGE::.l,n2));
if ( o(n1.v) > o(n2.v)) then
return  (n2.v AND MERGE2.7,n1)) OR ( NOT n2.v AND MERGE.7,11));
return  (ni.v AND MERGEn;.r,n2.7)) OR ( NOT ni.v AND MERGE:.l,n2.1));

Fig. 4. The procedure MERGE

Lemma2. Letf : U — D be the function represented by MiN( For everyu € U,
we havef(u) = min{d| there exists)’ € U’ such thatf,,.(u,u’) = d}.

The number of BDD nodes in the ADB,,.. is bound by|V'|2. The MIN/MAX
procedures requirg3(1) ADD operations for each ADD node that encodésertices,
and requires two MERGE procedures for each ADD node that enddtiesrtices.
The procedure MERGE gets an ADP and applyO(1) ADD operations for each
ADD node injf’.

Thus, the MERGE operations are the costly part of the MIN/MAX procedures. Ac-
cordingly, we are interesting in the number of ADD operations that all MARGE calls
require. The ADDf,,,. is defined ovee - log(|V|) variablesiog(|V'|) of them are in
vars' (V). We enumerate the levels ¢f,. from top down starting a@, then, thei'th
level consists of at mot' ADD nods, each node represents an ADD of size smaller
than2(9(IV)=9) For each level of thear’ (V') variables, the MIN/MAX procedures
apply at mosg’ MERGE calls each consists 6(2(>9(IV1)=9)) ADD operations. This
implies that for each level the MIN/MAX procedure appli@$22°9(VD) = O(|V|?)
operations. Thus, the MIN/MAX procedures invo@§|V' |2 - log(|V'|))) ADD opera-
tions.

5 Certifying the Results

Recall that the model-checking pfcalculus problem is in URco-UP. This implies

that for every modelM/ and formulay there exists a polynomial witness fad

¥ or for M = 4. Furthermore, these witnesses can be verified in polynomial time.
While in parity games it is known that strategies can be considered as certifications, for
u-calculus model-checking there is no clear way to certify its results. In this section we
show that the assignment,», which is the least fixpoint ofv#, is a witness that for
every s such thaty,« (¢)(s) # oo, we haveM, s [~ 1. For a witness that prove that

M, s = v, we construcl,,+, and show thay_ .« (—1)(s) # oco. We also provide a
symbolic algorithm that constructs a strategy in parity games.

5.1 A Certification for u-Calculus

A certification is required to have a polynomial size, and to be able to be verified in
polynomial time. The size of,» is linear in|S| and logarithmic in D|. Since|D| <
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|S|I¥l, the size ofg,« is polynomial in}/ and<. It is left to show that it is possible
to verify that a given functior is indeedg,,«. We claim that given a functiop, it is
enough to verify thay is a fixpoint ofy)# (not necessarily least) in order to prove that
M, s | +. Theorem 3 implies that for the least fixpoint assignmgnt, we have that
gy (V) (s) # oo iff M, s = 1. Suppose that we are given an assignmgeatF* such
that g(v)(s) # oo. Sinceg,# < g, we have thay,«(¢)(s) # oo, thus,M, s [~ .
Checking thaty is a fixpointg = 7 (g) (not necessarily the least), can be done in
time linear in the product o/ and«#. Thus we have a linear time authentication
procedure.

In Figure 5 we present a symbolic procedénethenticate that verify that a
given assignmeny is a fixpoint. We use the same BDDs and procedures as in the
MODEL_CHECK algorithm. Since the MIN/MAX procedures require at mgsy| -

Authenticate
hyp = (ORpeapr({p} AND h,))OR (OR pcar({—p} AND NOT (h,));
hip = (ORpear({p} AND NOT h;))OR (OR pear({—p} AND (h,));
f == (h4p,0)OR — (hlp,—oc0) ;
fmaz = MA)(g) )
fmin = MlN(g) ;
f= = ASSIGN(g) ;
feer = falsg
finc = false
for j=1 10 cmaez dO
fset = fset OR SET(gmj)'
finc = finc OR |Nc(gv.7)’
f = f OR fz OR fmaz OR fmin OR fset OR finc;
If g==/f return true else return false

Fig. 5. The symbolic procedure that authenticate thist a fixpoint ofy™ .

|v])2 - log(]S| - |+|) ADD operations, this is also the complexity of the procedure.

5.2 Generating a Winning Strategy for Parity Games

As mentioned earlier the measure function that is computed by the PARITY procedure
can be used for generating a winning strategy for the even player. We present a symbolic
procedure that constructs a strategy for the even player. The result of this procedure is a
BDD 7 C V; x V such that for every even vertexwith measure smaller thax there

exists a transitiorfv, v’) € 7, wherev’ is a successor af with minimal measure. We

allow v to have more than one outgoing transition, but they all ended in vertices with
the same minimal measure.

The procedure STRATEGY call the procedur&n from the previous section that
returns an ADDf,,.;,, that associates with each vertexigfthe minimal measure of it's
successors. Then, the STRATEGY procedure constructs the ARDthat contains
all triples (v,v') — n such that(v,v’) € E andn is the measure of’. Finally, it
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calls the procedure MinSuc that returns a BDD that contains all pajrg) such that
fsuc(v,v") = fmin(v). This relation associate with each vertexlif its successors
that have minimal measure. The correctness of the procedure MinSuc follows from
Lemma 3.

MIinSUC(ADD  nmin, ADD mngue) {
if ( nmin and ns,. are terminal nodes) then
return (nmin = nsuc);
if (@ o(nmin.v) < 0(Nsuc.v)) then
return = (Pmin.v AND MINSUC (Nmin.7,Nsuc)) OR ( NOT npmin.v AND MINSUC (Nmin.l, Nsuc));
if ( 0o(Mmin.v) > 0(nsuc.v)) then
return = (nsuc.v AND MINSUC (nmin, Nsue.r)) OR ( NOT ngue.v AND MINSUC (Rmin, Nsuc-));
return = (Pmin.v AND MINSUC (Nmin.7, Nsuc-7)) OR ( NOT mpmin.v AND MINSUC (Nmin.l, Nsuc-l));

Fig. 6. The procedure MinSuc

Lemma 3. Letw : U x U’ be the relation resulted from MinSut(;.,, ns..), where
nsue 1S an ADD that represents a function frobh x U’ to N, andn,,;,, is an ADD
that represents a function frofi to N. For every(u,u’) € 7, we haveng,.(u,u') =
nmzn(u)

The proof of Lemma 3 is given in Appendix B.
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A Proving the Measured Collapse Theorem

In this section we prove the Measured Collapse Theorem. Giyenaculus formula

1, we first show that for every Kripke structuié, we can construct anothgrcalculus
formulay’ such thatM = v iff M = ¢’. The formulay’ is the result of unfolding all
v-equivalence classes ifnin a method similar to the one presented in [Sei96]. We then
show thatM |= o' iff M = 7.

For technical convenience, we assume thi of the formuz.¢, meaning, all vari-
ables with odd alternation level arevariables and all variables with even alternation
level arey variables. This implies that only-classes are being unfolded. It is easy to
extend our result to arbitrary formulas.

A.1 Unfolding p-calculus Formulas

We start by showing how to unfold a single variable, then we generalized it to a set of
variables. Consider a Kripke structuté = (S, R, L). Theorenf??implies that we can
evaluate a formulaz.p by applying the functiop on S for | S| times. By unfoldingp,

we do the same operation syntactically. ket vx.o be a subformula and let” be

the set{a"|z"” < z}. Unfolding of ¢ with respect tor uses new variables of the form

(z, k), and it proceeds as follows.

— 0 = true.
— PR = plz/yk, 2" /(2" k)], i.e, every occurrence of is replaced with)*, and
every occurrence of”’ € X" is replaced with the variable:”, k).

Note thaty!S has| X”'||S| new variables. Intuitively, the variable”, k) maintains the
assignment ta:” after k iterations of applyingp to S. The definition for unfolding.
variables is similar.

Example 1.Let v = va1.p AQzy A pao.[dxy V Sxs V ¢, thenzy < x4, and the
result of unfoldingy with respect toc; proceeds as follows.

— 0 = true.
— e =pabtrue A p(x2,1).0(, 1)
® Dz, 1) = U true \/<><CL‘2, >\/q.
— e z/)(2<_ p;\)D P A e, 2). 09V O(2,2) Vgl = p AO [p A p({2,1))] A
.1327
(@2,2) =H [P A p({x2, 1))V O(22,2) V g
(x2,1) = Dtrue\/<><x2, >\/q

‘Gﬁ’;

Theorem??implies the following.

Lemma 4. Given ap-calculus formulay of the formvz.p, and a Kripke structure
M = (S, R, L), we have thal/ |= v iff M = !5l

Note that Lemma 4 does not imply that for sokehe formulas)* is equivalent ta).
It is possible that for some formula, we have that for everk there exists a structure
= (S, R, L), with |S| > k such thatM = ¢* but M = <. In fact [Bra96] shows
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that for everyk there exists @-calculus formula) of alternation deptltt such that the
alternation depth of every formulathat is equivalent tg, is at leask. (the alternation
hierarchy is strict).

Let va.o be a subformula ofy then unfoldingz in ¢ is defined as)[vz.¢/p!51],
i.e., replacing the occurrence of:.¢ by ¢!S!. In [Sei96] the following algorithm is
suggested: givenz@-calculus formulay and a structurd/, remove all operators inp,
then, simultaneously calculate the value/ofNote that after removing all operators,
the alternation level of all the variables that remait,iand thus, they can be calculated
simultaneously.

Auxiliary Variables Note that in the example above, we have two occurrences of
u({x2,1)). This happens because we use two different copies'dh /2. We could

solve this problem using more indices, but this would create a redundancy, because ob-
viously both copies of)! get the same value. Instead, we use auxiliary variables that
enable as to have several copies of the same expression in a formula without the need to
evaluate this expression more than once. Formally, if we want to refer to a subformula
0 of a formulap, we writez = 6 and replace the occurrenceséah ¢ by z.

Here, we use auxiliary variables to represent the formulathat are obtained by
removingv-variables. When we removeavariablex, we replace)? with an auxiliary
variable(z, j) . Let ¢ be au-calculus formula. Let: be av-variable, and lefX” the
set{z"|z” < z}. Fork > 0, we write thek-th unfolding of ¢) with respect tox
as follows. Thek-th subformula is made of subformulas for eack’” € X" (using
indexed variables), ankl + 1 auxiliary subformulas for the auxiliary variables, 1).

We define the subformulas as follows.

— Forz” € X" we write k subformulas. We index the variables with indides<
I < k, where the subformula dft”, ) is, . [z/{z,1 — 1),y" /{y", )], i.e., every
occurrence ofr is replaced by(z,l — 1), and every occurrence of’ € X" is
replaced by the variablg/”’, ).

— For x we write k£ + 1 subformulas wher€z,0) = true and forl < [ < k we
write (z,1) = @.[z/(z,1 — 1),y"/{y",1)], i.e., every occurrence af is replaced
by (z,1 — 1), every occurrence @f’ € X" is replaced by the variablg”, ).

— In the subformulas for the variables that areXn, we replace the occurrence of
Az) by (z, k).

Finally, (z, k) representg”.

Example 2.Let ) = va1.p A x1 A pxo.[z1 V 22 V x4 V vx3.[qg A2 A 23 A 21]], and
assumesS| = 2. We first unfoldz; :

— (2z1,0) = true

= Plas,1) = @A (T2, 1) A(x3,1) A (21,0)

— Plas1) = (21,0) V (w2, 1) Vg Vv ({z3,1)).
= (21,1) = p A (21,0) A p({x2,1)).

— Plas2) = ¢ N (T2,2) A (23,2) A (21, 1)

— Plap2) = (21, 1) V(22,2) V24 Vv((T35,2)).
= (21,2) = p A (21, 1) A p((22,2)).
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- ¢2 <Zla >
Next, we unfoldzs:

— (21,0) = true

— e (z3,(1,0)) =true

o (23,(1,1)) = g A (2, 1) A (23, (1,0)) A (21,0)
o (23,(1,2)) = g A (22,1) A (25, (1,1)) A (21,0)
1) = <21,0>\/<{IJ2,1>\/(E4\/<23,(17 )>
1y =D A (21,0) A p((x2,1)).

— e (23,(2,0)) =true
o (23,(2,1)) = g A (22,2) A (23,(2,0)) A (21,1)
® (23,(2,2)) = g A (22,2) A (23, (2,1)) A(21,1)
— Qlay,2) = (21, 1) V (22,2) V24 V (23, (2,2)).
- <21,2 —p/\( 21, 1>Au(<x2,2>).
- 7/)2 = <Zla2>

Unfolding equivalence setsGeneralizing the unfolding method for unfolding equiva-
lence sets is fairly easy. Let be au-calculus formula. LefX ¢ be an equivalence class
of v-variables, and lefX”’ the set variables that are smaller than the variableX of
with respect to<. Fork > 0, we write thek-th unfolding of« with respect taX ¢ as
follows. Thek-th subformula is made 0f subformulas for each” € X" (using in-
dexed variables), ankl+ 1 auxiliary subformulas for the auxiliary variablés, [) that
replace the variables iX ¢. We define the subformulas as follows.

— Forz” € X" we write k subformulas. We index the variables with indides<
I < k, where the subformula dc”, 1) is, w. [z /{(z,1 — 1),y" /{y",1)], i.e., every
occurrence of € X°¢ is replaced byz,! — 1), and every occurrence gf € X"
is replaced by the variablg”, ).

— Forz € X¢ we writek + 1 subformulas whergz,0) = true and forl <[ < k
we write (z,1) = . [z/(z,1 — 1),y"/{y",1)], i.e., every occurrence af € X¢ is
replaced by(z,l — 1), every occurrence of’ € X" is replaced by the variable
(y",1).

— In the subformulas for the variables that areXify we replace\(z) wherex € X¢
by (z, k).

Lemma 5 generalizes Lemma 4.

Lemma 5. Given ap-calculus formulay of the formvz.p, and a Kripke structure
= (S, R, L). Let X be the equivalence class:efthenM |= v iff M |= ! X151,

Organizing the Indices as TuplesUnfolding all v-classes results in many indices. In
the example above we organized the indicessah a tuple such that the first index is

the result of unfoldingz; } and the second index is the result of unfolding }. We
would like to formalized this method such that the indices are organized in a tuple, and
we can associate an index with the equivalence class that "creates it”.
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Let ¢ be apu-calculus formula, and let/ be the result of removing all the-
equivalence classes from. Let x be a variable in. Then, everyv-class X¢ such
thatz depend onX ¢ adds an index to the occurrenceseah ¢’ and so does the equiv-
alence class of if it is a v-class. Then, the number of indices added:t® w(z).
We determine the position of the indices in the tuple according.t@hus, the first
index refers to the equivalence claks$ of the maximal variable:,,, in X’ = {z/|x <
x’ andz’ is av variablg, the second index refers to the maximal variablein\ X ¢
and so on. Since is a total order oveX’, the position of every index in the tuple is
well defined. We denote b, d) the variable that is the result afwith the indices of
d.

Proposition 2. Letx be a variable. Letl = (do, dy, . ..d,()) be the tuple attached
to z, and letz < 2’. Then the position of the index created from the unfolding of the
equivalence class aof in the tuple, isw(z’).

Note that we enumerate the positions in the tuple starting from one.

A.2  Optimizing the Unfolding Method

We would like to have a hierarchy over the variablesjasuch thats € ¢(f)({x, d))
onlyifforall d’ <, d, we haves € ¢ (f)((x,d")). However, looking at the previous
example, we can see that it is possible that (zs,(2,0)) buts ¢ (z3, (1,2)). Next,
we define a new optimized unfolding method, which has this desired property.
Definition 3. We denote by%}w the maximal tuple of lengthand bydﬁfl)m the minimal
tuple of lengthl, i.e.,d'Rue = (|S|- width(1),|S|- width(3), ..., |S| - width(2-1+1)),
andd® =(1,1,...,1,0).

min

Note thatdffb)m can match only auxiliary variables. The optimized definition is identical
to the original except for the assignment to auxiliary variables with least i6déoc
which we have the following definition. Let be au-calculus formula, and leX © be

thev-class that is being unfolded. We distinguish between two cases:

1. If there is nov-equivalence clasX’ that is greater thaX © with respect to<, then
we assigrirue to all the variables inX ¢ with indexO0.

2. Otherwise, X ¢ contains auxiliary variables of the forfa, d), whered is the index
obtained by the unfolding af-classes that are greater with respecktd_et! =

w(z) forallz € X If d = d*) then(z,d) = true, else letd’ be the largest

tuple that is smaller thas but with the same arity. Theriz, d) = (z,d’).
A p-calculus formula) with free variablesX’ and bind variables(”’ is considered as
a function formF to 2°. However, during its evaluation: assign subsets & to all
the variables inX”. Thus, we can consider as a function form assignment§ — 2°
to assignmentX”’ — 25. This generalization maintain the monotonicity property. Let
f1 and f, be assignments iff such that for every’ € X’ we havef; (z') C fo(x')
(denotedf; C f»). Then, for everyr” € X" we havey(f1)(z") C ¥ (f2)(z").

Another parameter that we can generalize is the initialization of the variables in the
computation of the fixpoint values. Theorem 2 implies that givereguivalence class
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X¢ with maximal variabler,, = max(X¢), and an assignmerft € F, the least fix-
point value of the variables of ¢ is

(om(f))ISI1X ] (false false, . . ., false). In this case we say that we initialize the vari-
ables ofX € to

(false false .. ., false). Similarly, for v-equivalence class we initialize the variables to
(true, true, ..., true). We define the sef of all assignmentsy” — 2°. We define the
original assignment® as the assignment that assfgiseto all y-variables, and assign
true to all nu-variables. We say tha{ we say that; C i, if for everyz” € X" we
havei, (") C i2(2”). We say that an assignmehts p consistent iffi C i andv
consistent iffi° C i. Given au-calculus formula) we consider it as a function from
F x T to an assignmenX”’ — 2°. We write it asy (£, 1)(z").

Proposition 3. Let+) be au-calculus formula, letf; and f> be inF and leti; andis
be p-consistent assignment such thatC f, andi; C i,. Then, for every” € X"

we havey(f,i1)(z") C (f, iz)(2").

Lemma 6. Let be apu-calculus formula, letf be in F. Leti € Z be av consistent
assignment such that for all’” € X" we havey(f,i°)(z”) C i(z"). Then, for all

2" € X" we havey(f,i°)(z") = v(f,1)(a").

Proof. : The first directiony(f,°)(«”) C (f,i)(z") is implied directly from the
monotonicity property. We prove tha{ f,i)(z") C ¢ (f,i°)(x"). Note that)(f,i°)(z")
is a fixpoint value for all the variables df”. This implies that for every” € X" we

havey(f,i°)(z") = ¥(f,¥(f,i°))(z"). Since for every” € X" we havey(f,i°)(z") C
i(z""), monotonicity implies that(f,¢)(z") C ¥(f,:°)(z”). O

Lemma 7. Lett) be ap-calculus formula and let) be the result of unfolding by the
optimized method as described above. Dét= (S, R, L) be a Kripke structure. Then

M = iff M = 1.

Proof. : When we unfoldy in the original method, we initialized every auxiliary vari-
able of the form(z, (d,0)) to true. Let S’ be the value ofz, (d, [S| - ny.))), then
Lemma 6 implies that for every sét C S” C true, we can assigfiz, (d,0)) = S”
without changing the value df, (d, |S| - n.())). Since for everyl andd’ such that

d’ < dwe have that the value ¢¢, (d, |S|-n.,(.))) is contained in(z, (d’, [S| - ny(2)))»

we can assigiiz, (d,0)) = (z, (d', |S|- n.(z))). This implies that the improved unfold-
ing method result in the same value as the original methbdhe proof of Lemma 7

is presented in AppendiX?. Note that in Example 2, the only subformula that is being
changed isz3, (2,0)) = (z3,(1,2)). We can replace every occurrence(ef, (2,0))

by (z3, (1,2)), so the only tuples that containare of the form(1,1,...,1,0).

A.3 Proving the Collapse Theorem

We show that au-calculus formulaiy can be unfolded into a formula’ without v-
variables. The "price” of this translation is the creation of exponentially many copies
of subformulas ofy. We show that the copies of a subformuylacan be organized in

a hierarchy such that the position of a copyof subformulay is determined by a
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tuple that is attached to it. Then, we improve the unfolding method such that & state
satisfies a copy op with tuple d only if it satisfies all copies of with tupled’ < d.
Thus, we conclude that instead of creating multiplies copieswe can keep track of
the greatest tuplé such thats satisfiesy indexed byd. We show that the.*-calculus
logic does exactly that. Formally, we show that for the least fixpgjinf )7, we have

thats = @) iff 9y (0a) () d-

Lemma 8. Let be au-calculus formula, and le¢’ be the result of unfolding with
respect to its/-variables using the improved method. lggt € F be the least fixpoint
of 1»#. Then, for everys and d and for every subformule,, we have that\/, s =

O (z,ay Iff gu (%) (s) >w(z) S€tu(z)(d). with the exception of auxiliary variables where
M, s ': <Z,d> iff gw(z)(s) zw(z) inCw(Z)(d),

Proof. : The proof is by induction over the computation of the simultaneous least fix-
point of ¢)’. We start with a proposition that define the base of the induction.

Proposition 4. Letz be a variable ¢ be an auxiliary variable) in a;-calculus formula
¥ without free variables. Lep, 4y (¢(-,4y) be a subformula of result of the optimized
unfolding method. Then:

— The length of the tuplé is w(z) (or w(z)).

— all the variables inp,, 4 are in
{{zm,d)} if z is a u-variable or {(z,d’)|d = inc,.,,)(d’)} if it is an auxiliary
variable, and
{{(z’,d)} if x is ap-variable andz’ in the same equivalence class{de’, d’)|d =
inc,(.)(d’)} if z is an auxiliary variable and’ in the same equivalence classand
{(&,d)|x < ' Nd =gy d'}U
{{(¢/,d")|x < 2" Nd =2y incyyzyd'}U
{(z",(d',|S]))|d" = d Vv d"is shorter thand andd’ =, (1)—1 d}U
{u((2",d"))|d" = d v d’is shorter thard andd’ =,y d}.

End proposition

In the proof of the lemma we denote the tuplel, ... 1,0) as—oo. We can do that
because all the variables that are attach to a tuple of the(fory. . ., 1, 0) assigned to
true. Note that for every we have(l, 1, ..., 1) = inc; — oo. The proof is by induction
over the computation of the simultaneous least fixpoint'of

— Base: Note thap’ has onlyu non-auxiliary variables, thus the initial value of every
(x,d) is assign td). Since,gy(z) = —oo and there are no variables with these
indices iny’, the lemma holds. As for the auxiliary variables, the basic auxiliary
variables are of the fornjz, —oco), these variables are set £ Since for every
variablez and states we haveg(2)(s) >.(z) incy.)(—oc), the lemma holds.

— Induction step: The induction step is by induction over the structure’ofor
each variabler or z, we prove the lemma by induction over the structureopfor
©. respectively. Leju(z,d).¢, q) be a subformula o', assume that the lemma
holds for every variable ip, 4. We prove with induction ovep, 4 that for

every subformulg’ of ¢, 4, s = @' iff gy (") (5) Zw(a) S€tuw(a)(d).



e Base: Forp € AP, we have thap € L(s) iff g4(p)(s) = oo, otherwise,
it assigned to—oco and no subformula of)’ is attach to—oco. Similarly the
lemma holds for-p. The induction assumption implies that the claim holds for
the variables of the subformula, 4y (with their own tuples). Proposition 4
implies thaty, 4y contains seven types of variables:

x (x,d) itself - the induction assumption implies that the lemma holds. The
same is true if fofz, d').

x (2, d) itself - the induction assumption implies that the lemma holds. The
same is true if foz’, d’) for 2’ in the same equivalence class.

* (z,d)" whered = inc,,.)d’ - the induction assumption implies that the
lemma holds.

* Avariable in{(z',d)|x < 2’ Ad" =, d}. In this case the induction
hypothesis implies that |= (', d') iff g, (2')(s) > (o) d'. Sincer < 2/,

x' has less indices than, thusgy (2)(s) > ) d iff gy (2')(s) >w(a)
setw(r)(d).

* Avariable in{(z',d")|x < 2’ Ad =) incy . (d’)}. In this case the
induction hypothesis implies that = (2, d’) iff g, (2')(s) >w@) d”
whered” = inc,,(.)(d). Thus, the lemma holds as in the previous case

x A subformulau({z”,d)) for eitherd’ = d or d’ is shorter thand and
d" =y d. Here, the induction hypothesis implies that= o 4
iff gd,((pf,,)(s) >w(a) Setyer)(d’). Since we compute the values of
the variables simultaneously((z”, d')) simply get the value o, 4.
Thus,s = @ a4y iff s = p((2”,d')). Similarly, set ;) (d') = sety)(d').
As in the cases abovel= u({x”, d)) iff gw(setw(ggu)m".@ﬁ/)(s) > w(a)
Setw(m//)(d/) iff
g¢(setw(w//)m”.<pj,)(s) >w(z) S€ty(z)(d). Furthermore, we conclude
thats |= (2", d) iff gy (z") >y d.

x An auxiliary variable(z", (d’,|S])) such thatd’ = d or d’' is shorter
thand andd’ =,,;#)—1 d The induction hypothesis implies that |=
G sy 1 gu(@)(5) Zwim setyen((d,]S])). Since (2", d')
is the result of unfolding au-variable, the matching#-calculus subfor-
mulaisinc,, (.~ 2".¢.~. By the definition of theinc operatorgw(wjf,)(s) > (=)
Setw(z”)((d/7 ‘SD) iff glﬁ(inc z”.npf,,)(s) Zw(z”) incw(z”)((d/a |SD)

Note, that

gy (inc 27, (s) 2z incu(n (d', 1)) iff gy (inc 2”.0%)(5) 2w
(d'). The tupled’ is shorter or equal thad thus the lemma holds as in the
cases above.

Furthermore, we conclude that= (2", d') iff gy (2") >, 5y incy iy (d).

¢ Induction step: Assume that the lemma holdsé#pand6,. We prove it toy'.
x If ' =0,V 0, thens = ¢ iff s = 6; or s = 6. By the induction hy-
pothesis, this holds iff, (§7)(s) > w(z) S€tu(x)(d) OF 9007 (s) >w(z)

Sety (s (d). This holds iffmaz (g, (07 ) (s), 95 (03 )(5)) >w(a) Setuww (d).
This holds iff g, (¢'#)(5) >w(x) Setu(x)(d).
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x If @' = 01 A Bs, thens = ¢’ iff s = 0; ands = 6. By the induction hy-
pothesis, this holds i, (07 ) (s) >u(z) Setuw(a)(d) andgy (05 )(s) >
set () (d). This holds iffmin gy (07 ) (5), 96 (07 ) (5)) >uw(z) S€tu(a)(d).
This holds iﬁgq/,((pl#)(s) Zw(:p) Setw(m)(d).

« If ¢’ = {04, thens | ¢ iff there exists a successef of s such that
s’ |= 6,. By the induction hypothesis, this holds iff,(67)(s') > w(z)
set,,(z)(d). This holds iff there exists a successbof s such tha,, (07)(s") >w(z)
set,(;)(d). This holds iffg?/)(ap/#)(s) >w(z) S€tu(a)(d).

x If o = 06y, thens = ¢ iff for every successor’ of s we haves’ |=
0. By the induction hypothesis, this holds iff for every successaf s
we havegw(ef)(s’) Zw(m) sety(z) (d) This holds iffgw(ga’#)(s) Zw(m)
Setw(w)(d). O

Note that for au-calculus formula) of the formvz., the Lemmas 7 and 8 together
imply Theorem 3.

B Proofs for the Symbolic algorithms

The proof of Lemma 1

Proof. We prove the lemma by induction over the recursive run of the MERGE proce-
dure.

— Base case, ifi; andn, are terminal nodes, then both nodes represents function
from a set of one elemeRt:} to D. The MERGE procedure assign the minimum
value to the single element of the domain.

— We prove the induction step for the case that,.v) = o(n2.v). The MERGE
procedure simply partition the domaininto two disjoint domains, that differ by
the value ofn; .v for each part the MERGE procedure recursively find the minimum
function (induction hypothesis), and then the parts are unified using
In case thab(n,.v) > o(nz.v), the procedure does the same thing only it refers to
n1 as a node in the level af; with both successors in;. The same holds in case
thato(ni.v) < o(ng.v). O

The proof of Lemma 2

Proof. We prove the lemma by induction over the recursive run of the procedure.

— Base case, trivial.
— Induction closure. We distinguish between two cases:
1. If nwisin V, then the procedure simply partitionsinto two disjoint parts
U, andUs that differ on the value ofi.v. This partition defines two function
fsuer : (Up x U') — D andfsue2 : (Us x U') — D represented by.l and
n.r. Then the procedure recursively computes the minimum functions for both
nodes (induction hypothesis) and unifies the functions using
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2. If n.wisinV’ then MIN(n.r) and MIN(n.l) represents two different minimum
functions f; and f> from U to D. Thus we need a function that assign for
everyu in U the valuemin(fi(u), f2(uw)). Lemma 2 implies that the MERGE
procedure does it. O

Here we present the proof of Lemma 3:

Proof. We prove the lemma by induction over the recursive run of the procedure. The
program recursively runs over the ADRs,. andn,,;,. Note, that in each step, the set

of V variables ofn,. is equal to the set of variables of,;,,. In case the ADDs "skip”

a node from which both pointers point at the same successor, the procedure "behaves
as if that node exists, thought we ignore this case in the proof.

— Tail case: Both nodes are terminals. In this case the Adds represent functions from
a domain with a single element to N. Thus, the function rettimms iff the nodes
are equal.

— Recursion closure. We distinguish between two cases:

1. If nge.visinV, then the procedure simply partitiofisinto two disjoint parts
U, andUs that differ on the value ofi,,..v. This partition defines twauc
functions fsuc1 : (Up x U') — D and fsue2 : (Uy x U') — D represented
by ngye.r andng,..l, and twomin functions f,,,;,1 : Uy — D and fine :

U, — D represented byi,,;,.r andn,,;,.l. Then, the procedure recursively
computes ther; andr, relations for the two parts df (induction hypothesis)
and unifies the relations using,,..v. Since the two domains are disjoint the
result is exactly the desired relation.

2. If ngyuev isin V' then the procedure simply partitio$ into two disjoint
partsU; andUJ that differ on the value ofi,..v. This partition defines two
sucfunctionsfsyer : (UxU;) — D andfg,c2 : (UxUj) — D represented by
Ngye-T aNdng,..l. The Functiom,,;, remains the same. Then, the procedure
recursively computes the, andr, relations for the two parts d@f’ (induction
hypothesis) and unifies the relations using..v. usingn.g,.v.

The complexity of the STRATEGY procedure is linear in the sizegof and f,,:n,
thus it does not change the overall complexity.



