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Abstract. We cescribe novel techniques for establishing
improved upper and lower bounds for modal logics of
programs: 1) We introduce hybrid trec automata. These
automata scems 10 be doubly cxponecntial more powerful
than Rabin trec automata but their empliness problem is
only cxponentiully harder (nondcterminislic exponential
time vs. nondeterministic  polynomial time). The
satisfiability problem for several logics is reducible o the
cmpliness problem for hybrid ree automata. Using this
reduction we show thal the the satisfiability problems for
Streett’s delta-PDL, Kozen's p-calculus and Parikh’s
game logic are solvable in nondeterministic exponential
time, and the satisfiability problem for Emerson and
Halperm's CTL" and Vardi and Wolper's process logic
(YAPL) are solvable in  nondcterministic  doubly
exponential time. 2) We encode Turing machine com-
putations by Kripke structures where cvery slate in the
structure represents a single tape ccll. This yiclds a
deterministic doubly exponential time lower bound for
CTL" and YAPL. 3) For variants of CTL" and YAPL
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that deal only with finitc computations we prove com-
pleteness for deterministic doubly exponcntial time.

1. Introduction

While dynamic logic [Pr76), and in particular its
propositional version PDL [FL79]. has proven o be a
very uscful (ool to reason about the input/output
behavior of programs, it has become clear that it is not
adcquate for reasoning about the ongoing behavior of
programs, and. in particular, about the ongoing behavior
of non-terminating programs (such as operating systems).
In view of (his shorlcoming, numerous extensions were
studied in the literature (e.g., [BMPS1]). {[H82). [E1183]),
[HKP82]. [11S83). [KoB83], [Ni80). [Pa78]). [Pu83]. [Pn81],
[Sh84], [S80], [VW83).

lFor the extended logics 0 be a useful ool in pro-
gram verification, they oughlt to have a decidable
satisfiabilily problem. A general technique to prove
their decidability is by reduction to SnS, the second-
order theory of n-ary trees [Ga76]. Rabin has shown
that SnS is decidable [Ra69]. but the upper bound esta-
blished by that reduction is, unfortunately, nonelemen-
tary (i.c.. the time complexitly cannot be bounded by any
stack of exponentials of a fixed height) [Me75]. The
only known lower bound for the time complexity of the
above logics is. however, only exponential, and it is
essentially the lower bound proved by Fischer and
Ladner [FLT79] for PDL.

A methodology (0 prove elementary upper bounds
was suggested by Streett [S(80). Almost all program log-
ics have the tree model property. That is, models of
these logics can be viewed as labeled graphs and these



graphs can be unraveled into bounded-branching infinite
tree-structured models. The reduction of the logics to
SaS depends crucially on this property. The decidabil-
ity of SaS has been established via a reduction to the
emptiness problem of automata on infinite Lrees (i.e., the
problem whether a given automaton accepls some tree)
[Ra69]. This suggest that decision procedures for pro-
gram logics can be oblained by direclly reducing
satisfiability to that emptincss problem. The idea is, for
given a formula f. 10 construct a trece automaton A,
such that A, accepts exactly the tree modcls of f. Thus
J is satisfiable if and only if A, accepts some tree. This
approach was exploited by Streett [St80,St82] to establish
elementary upper bounds for PDL augmented with the
repeat and converse constructs. This approach was pur-
sued further by other researchers ([ESi84, ESi184, Ha83,
VW84)) 10 cstablish elementary upper bounds for several
logics. Almost all program logics studied in the lilera-
ture are now known 10 have an elementary decision pro-
cedure.

The complexity of ree-automala based decision

proccdures depends on Wwo factors: the complexity of

the reduction, that is, how big is A, compared to f, and
the complexily of testing emptiness of tree aulomata,
which depends on the type of tree automala in queslion.
(As we shall see later, there are several types of tree
auntomata.)

It tirns out that there are two general cases. For
some logics, e.g.. loop —PDL. [11883), it is possible to
have an exponential reduction o Buchi tree automata
[VW84]. Namely, given a formula £, one can construct
a Buchi tree awtonmaton A, whose size is al most
exponential in the length of £, such that f is satisfiable
if and only if A, accepts some tree. Since the cmptiness
problem for Buchi tree automata can be solved in poly-
nomiat time [Ra70], this reduction yields an exponential
time wupper bound. which matches the known lower
bound. (This upper bound was first proven in {PS83])

For other logics. ¢.g.. delia— DI, [S180), things
do not work out so nicely. Tirst, Buchi automata are not
cxpressive enough (i.c., there are formutas in these logics
whose class of tree models is not definable by a Buchi
tree automaton).  For these logics we have 10 use the
more expressive Rabin tree automata, for which the best
(previously) known algorithm  for emptiness runs in
exponential time [Ra72).  Furthermore, the complexity
of the reduction isell can be quite prohibitive, e.g., the
reduction of delta ~ PDL is doubly cxporiential [St80]

241

and it is even more expensive for other logics [VW83].
Thus, while reducing the satisfiability problem to the
empliness problem of trec aulomata does give us ele-
menlary upper bounds, it yields decision procedures that
run in at least triply exponential time, leaving lantalizing
gaps between the known lower bounds and upper
bounds.

It is this gap that we narrow (and in one case
close) in this paper. We define a new class of tree auto-
mata, called hybrid automata. A hybrid automaton is a
pair (4.B), where A is a Rabin tree aulomalon and B is
a Buchi sequential aulomaton {on infinite words). A tree
T is accepted by (4.B) if it is accepted by A and all
paths of T are rejected by B. Hybrid automala are not
more expressive than Rabin lree automata, but they
scem lo be morc powerful — the only translation we
know of from Rabin automata to hybrid aulomata is
doubly cxponential. The deepest result of the paper is
that while hybrid automata arc apparcntly doubly
exponentially more powerful than Rabin automala, their
emptiness problem is only cxponentially harder: we can
test empliness of Rabin automata in nondcterministic
polynomial time (this is an improvement upon the
exponential algorithm of [Ra72]), and we can test empti-
ness of hybrid automiata in nondeterministic exponential
time. (We also prove a deterministic exponential time
lower bound for cmptiness of hybrid automata.)

Because of the added power of hybrid automata, it
is casier (o reduce satisfiability to the cmptiness of
hybrid automata than (o reduce it to empliness of Rabin
tree automata.  Using hybrid sutomata we get improved
upper bounds for almost all logics for which the previ-
ously known upper bounds were superexponential. The
logics that we consider divide into three classes. For the

logics in  the fisst  class, eg.,  Street's
delta —converse — PDL  [St82), Kozen's p-—calculus

[Ko83), or Parikh’s gamc logic [Pa83], our technique
yiclds a nondeterministic exponcntial time upper bound
(recall that the lower bound is deterministic cxponcential
time).  Previousty known upper bounds for these logics
vary from triply exponentisl time for the p— calculus
[ES84] o ocwply  exponentiat  time  for
delta — converse — POL [St82).

For logics in the sccond class, e.g., Emerson and
Halpern's branching time logic CTL® {E1183] or Vardi
and Wolper's process logic YAPL {VW83), our tech-
nigue yiclds a nondeterministic doubly cxponentiol time.
Previously known upper bounds for these logics vary



from triply exponential time for CTL" [ESi84] to qua-
druply exponential time for YAPL [VW83]. For these
logics, however, we prove a stronger lower bound: deter-
ministic doubly exponential time. This is the first
supcrexponential (ime lower bound to be proven for a
propositional program logic. Thus for these logics the
gap between the lower and the upper bounds is also nar-
rowed to the gap between deterministic and nondeler-
ministic time.

Finally, for some natural variants of CTL" and
YAPL (essentially, their restriction to finite computa-
tions) we completely close the gap between the lower
and the upper bounds by proviag that the salisfiability
problem for these logics is complete for detcrministic
doubly exponential time.

2. Automata-Theoretic Background

2.1. Scquential Automata

A sequential (transition) table is a (uple
7=(2.5.p,50). where X is the alphabet, § is a sct of
stales, p:S XZ—25 is the transition function, and SyCS
is the set of starling states. A run of T over an infinite
word w=aja;--- is an infinite sequence of states
s=50,5, + - - such that 5,€Sy and s, , 1 €p(s;.a;) for i 0.
The set inf(s) is the set of states that repeat infinitely
often ins, i.c., inf(s)={s: |{i:5,=s5}] =00}

A sequential awtomaton, abbr. sa, consists of a
sequential table T and an acceptance condition. Various
acceptance conditions give rise o dilfcrent kinds of sa.
A Buchi acceplance condition is specifiecd by a set of
repeating states [Bu62]. That is. a Buchi sa A is a pair
(r.F), where 7=(2,5.p.5¢) is a scquential lable and
FCS. A accepts an infinite word w if therc is a run s
of v on w such that some state in F repecats in s
infinitcly often, that is, inf(SYNF+@. L(A) is the set
of infinite words accepted by A.

The emptiness problem for sa is 10 delermine,
given an sa, whether it accepts some infinite word.
Theorem 2.1.1. [SVW8B4] The cmpliness problem for
Buchi sa is logspace complete for NLOGSPACE. m

Deterministic Buchi sa arc less expressive than
nondeterministic Buchi sa [Ch74]. Buchi sa can, how-
ever, be determinized by using a more gencral accep-
tance condition. A Rabin acceplance condilion is a col-
lection of pairs of scts of states [Ra72). Intuitively, a pair
(L.U) means that some stale in U repeats infinitcly
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oflen and no slate in L repeats infinitely often. For-
mally, a Rabin sa A4 is a pair (1,F), where r=(Z.,5.,p.S0)
is a sequential table and and FC(2°). A accepts an
infinite word w if there i5 a run s of T on w such that
inf(SYNL =@ and inf()NU # @ for some (L,U)EF.
Note thal a Buchi acceptance condition can be viewed as
a special case of a Rabin acceptance condition where
F={(@,F)}.

For a descriplion of other types of sa the reader is
referred (o [Ch74).

In this paper we are interested in determinizing
and complementing Buchi sa simultancously.

Theorem 2.1.2. [Va84] Given a Buchi sa A with n
slates, we can effectively construct a deterministic Rabin
sa B =(7.F) such that L(B)=2*—L(A), where B has

2
0(c" ") states and F has 0(c"’) pairs, for some con-
stant ¢, W

We note that the construction to determinize Buchi sa is
also doubly exponential [McNG66,Va84).

2.2. Tree Automata

Let [k] denote the set {1,....k}. A k-ary
infinite ree £ over an alphabet 2 is a mapping
[k]’—Z. A path starting at a node x €[k]" is a finite or
infinite sequence P = xq,X\,.... such that xo=x and x;,,
is a successor of x; for 0<i<|P|. h(P) denotes the
word h(xpth(x)) - - .

A tree (transition) table is a wple §=(Z.T ., Ty),
where 2 is the alphabel, 7° is a sct of slalcs,
:TXE-2™ is the transition function, and T,CT is
the sct of stasting states.  Note that the transition func-
tion gives for every state and letter a set of k-tuples of
slates, since it has to specify successor states for all chil-
dren of a node on the tree. A run of @ on a tree
hk]'—Z2 is a tree r[k])"—T wherc {NET, and for
every x€[kY), if (x)=s then
<lx1), ..., (xk DEY(s. i (x)).

A tree automaton, abbr. Lo, consists of a tece table
d and an acceptance condition. Various acceplance con-
ditions give risc 0 dilferent kind of ta. As before, a
Buchi acceptance condition is specificd by a set of
repeating statcs. That is, a Buchi ta A4 is a pair (0,F),
where @=(Z.T.p.Ty) is a tree tble and FCT. 4
accepls a tree h if there is a run rof 7 on A such that,
for all infinitc paths P, some statc in F repeats on P
infinitcly ofien, that is, inf (f(P)NF + D,



Buchi ta are not cxpressive enough to character-
ize trce models of all program logics (though they are
expressive enough for certain logics [VW84]). As before,
a Rabin acceptunce coundition is a collection of pairs of
sets of states [Ra72). Formally, a Rabin La is is a pair
A=(0.F), where 8=(2.T $.Tp) is a trce lable -and
FC(2"). A accepts a tice h if there is a run r of 8 on
h such that, for all infinitc paths P, inf({P)NL =2
and inf (PPN +# B for some (L, U)EF.

For a description of other types of ta the reader is
referred to [HR72, Ru69, S180, S182).

The emptiness problem for ta is o determine,
given an ta, whether it accepls some tree.

Theorem 2.2.1.

1. [Ra70.VW84] The emptiness problem for Buchi ta
is logspace complete for PTIME,

2, [Ra72] The empliness problem for Rabin ta is
solvable in (deterministic) exponential time. m

3. Dynamic Logic and T'ree Automata

We now describe Streetl's idea of reducing the
satisfiability problem for dynamic logic o the emptiness
probleri of Rabin ta. We demonstrate this idea for
deltu — PDL |, an extension of PDL that can deal with
. infinite computation [S180). For simplicity we deal here
with delta—DPDL in which alomic programs are
requirced 10 be deterministic. (We note that there is a
polynomial reduction of satisfiability of delta — PDL for-
mulas o satisfiability of delta — DPPL formulas [Pa80}.)
Delia — DPDL. extends DPDL by formulas of the form
Aa. where e is o program, Intuitively, Ao micans that a
can be executed repeatedly infinitely many Gmes, We
now give a formal definition.

Formulas of delta — DPDI, are built from a set
Prop of atomic propositions and a set Prog of atomic
programs.  The sets of formulus and  programs  are
deflined inductively as (ollows:
. Tvery atomic proposition p CProp is o formula,
. I/ and f; are formulas, then 77 and fy /N f)
are formulas,
. If o is a program and f is a formula, then <a>f
4 and Aa are formulas.
. Every atomic program a €Prog is a program,

. If f is a formula, then 7 is a program.
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o If aand B are programs, then a;B, alUB, and a'
are programs.

Delta —DPDL formulas are interpreled over
structures M =(W R.TT) where W is a sel of states,
R :Prog —2">*W is a deterministic transition relation (for
each stale « and atomic program a there is al most one
pair (4" )ER (¢) ), and [1: W =27 assigns truth values
o the propositions in Prop for each state in W. We
now extend R 1o all programs and define satisfaction of
a formula f in a state u of a structure M, denoted
M u Ef, inductively:

. R(2)={(uuyMukrl.

. R(aUB)=R(a)UR(B).

o R ()= R (ax)oR (B) (relational composition).

. R(x)=(R(a))" (rcflexive-transitive closure).

. For a proposition p€Prop, M,u | p iff p€I[Ku).
. Mulk fi/\ [LifEMulE frandMuk f,
. Mulk ™f ) ifnolMul fi.

. M u k= <a>f iff there cxists a state u” such that
(wu'YER(@) and M E f.

. MukE Aa iff there is an infinitc sequence
uolty, - - - of states of W such that we=u and
(ui‘u, i |)€R(a) for all 120

Note that only atomic programs are required to be
deterministic, while non-atomic programs can be non-
deterministic.

To  cstablish  a  decision  procedure  for
delta — DPDL using tree automita, the first thing we
have (o prove is that delta - DPDL has the Lree model
property. Indeed, if a formula f is satisfiable, then it is
satisfiable in some state s of some structure M. Now,
M can be unraveled into a tree with s as ils root.
Furthermore, as all atomic programs are delerministic,
the branching factor of the tree is at most the number of
atomic programs that accur in f.

The next step is o convert this tree model o a
tree labeled by formulas from the closure of J, denoted
cl(f). which is. in some gencral sense, the set of all sub-
formulas of f. of which there are only linearly (in the
length of f) many. The idea is (o label cach node by
the formulas that are truc in it. Since the trce model is
not a full tree, we add dunmy nodes and label them by
a special symbol J. ‘Trees that correspond to (ree
models satisty some speciat propertics.



The closure of a formula f, denoted c/(f), is
defined as follows (we identify a formula g with ——g):

(] f GCI (f)

o Ifgi\g:€cl(f) then g.g,€ci(f).

. If g €cl(f) then g€cl (/).

. If g €cl/(f) then =g Eci(f).

. If <a>g €cl(f) then g €cl(f).

. If <a: B> €cl(f) then <ad<B>g €cl(f).

. If <aUB>g€cl(f) then <adg€el(f) and
Prg€el(f).

. If<a’>g €f then <a><a">g €cl(f).

o If Aa€ci(f) then KadAaCcl(f).

A Hintikka tree for a delta—DPDL [ormula f
with alomic programs aj, ..., a, is an k-ary tree

Tk} —=2¢ULL that satisfics the following conditions:
) fETN.

and, for all elements x of [k]’:
2)  cither T(x)={1} or |€7(x) and g€T'(x) iff
g €T (x),
g\g€T(x) iff g,€T(x) and g,€T(x),
if |€7(x) then <adg €T(x) ill there is a descen-

dant y of x such that g€7(y), and the finile path
between x and y is a compulation of a,

5)  if Aa€T(x). then <Ca>Aa€T(x),

6) if DAa€T(x). then there is no infinite path P
starting at x such that P is a computation of a®.

3)
4)

(We leave the notion “is a computation of”* (o the intui-
tion of the reader. A formal definition will be given in
the full paper.)

Proposition 3.1. A delia—DPDL formula £ has a trec
modetl iff it has a Hintlikka tree. m

Now (0 test whether f s satisfiable, it suflices to
construct a ta A, that accepts preciscly all the Hintikka
trees of £, and then test for the emptiness of A,. A,
has to cheek that conditions 1-6 in the definition of -
tikka trees are satisficd. Conditions 1-§5 are relatively
casy to deal with, In fact, it is shown in [VW84] that
these condition can be checked by a Buchi ta A, whose
size is at most cxponcatial in f. (Indced, since only
conditions 1-5 arc nceded for DPDL., and since, by
Theorem 2.2.1, the emptiness problem for Buchi ta can
be solved in polynomial time, this was used in [VW84] to
reprove that the satisliability problem for DPDL s solv-
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able in exponential time. This upper bound was origi-
nally proven in [BHP82).) The difficulty scems rather to
lie with the sixth condition that deals with negation of A
formulas. '

To deal with this condition we do the following.
Ficst we construct a Buchi sa B, that accepts an infinile

word w=bby--- over 24UV iff (here is some {
such that for some Aa€c/(f) we have that TAa€b,; and
b;1bi 1 -+ + is a computation of a®. In other words B,
accepts a path if it violates some negated A formula.
The size of B) is linear in the length of f.

Now we use Theorem 2.1.2 to determinize and
complement B). That is, we construct a deterministic
Rabin sa B, that is the complement of B;. The size of
B, is doubly exponential in the length of f. We now
construct a Rabin ta A, thal accepts a trec iff all paths in
the tree are accepted by B,. This construction can be
casily done with no increase in size, since B is deter-
ministic. It can be seen that determinism is essential
here.

Finally, we compose A; and A4; to get a Rabin ta
Ay that accepls precisely the Hintikka trees of f. The
size of Ay is doubly exponential in the length of f.
Since, by Theorem 2.2.1, the empliness problem for
Rabin ta is solvable in exponential lime, we have a triply
exponential time decision procedure for satisfiability of
delta —DPDL. (The proof in [SI80] for delta — PDL is
actually different from the onc we outlined- here, since
he did not have the results of [Ra72] and {Va84] at his
disposal. Qur proof here, however, captures the essence
of his approach.)

4, Elybrid Automata

Looking carcfully at the decision procedure out-
lincd in the previous section, we see that the most
cxpensive (computationally) part is that of determinizing
and complementing the sa By, Even if we could test
cmptiness of Rabin ta in polynomial time, the time com-
plexity would stll be doubly exponential, just beeause of
the sheer size of 8. ‘Thus to get a better bound, we
have to climinatc that step of the algorithm. This
molivates the following definition,

A hybrid \w H is a pair (4.B), where 4 is a
Rabin ta and B is a Buchi sa, both over the same alpha-
bet 2. H accepts a tree b if T is accepled by A and,
for cvery infinite path P starting at A, B rejects the
infinitc word (). Note that hybrid ta are cxpressively



equivalent to Rabin ta. By determinizing and comple-
menting B and than combining it with 4, we can get a
Rabin ta equivalent to /. This construction, however, is
doubly exponential. On the other hand, e¢very Rabin ta
A is (rivially equivalent to the hybrid ta (4.8), where B
is a Buchi sa that docs not accept any infinite word.
Thus, hybrid ta seems o be doubly exponential more
powerful than Rabin ta.

‘ The following lower bound for emptiness of
hybrid ta is proved by a reduction from alt¢rnating
polynomial-space Turing machines.

Theorem 4.1. The emplincss problem for hybrid ta is
logspace hard for deterministic exponential time, &

For Rabin automata, the only known lower bound is
hardness for PTIME [VW84).

Now we are ready o reduce satisfiability of
delta — DPDL 1o emptiness of hybrid ta. Consider the
automata A4, and B, described in the previous section.
Hy=(A.8B)). with 4, viewcd as a Rabin (a, is a hybrid
ta that accepts precisely the Hintikka trees of f. A,
checks for the first five conditions, and rejection of all
paths by B, ensures thal.the sixth condition is satisficd.

Clearly. the reduction to hybrid La is much easier
than the reduction o Rabin automata. This would be of
no use, however, if testing emptiness of hybrid ta were
doubly cxponentially harder than testing emptiness of
Rabin ta. The crux of our approach is that lesting emp-
tiness of hybrid i is only cxponentially harder than test-
ing emptiness of Rabin ta. The basic idea is that infinite
trees can be generated by finite objects.

Considet k-ary trees over the alphabet 2. A
(Z.k)-generator is a tuple G =(V vp.a.B). where V is a
set of nodes. vy€V is a starling node, a:¥V —Z labels
every node by a letter from Z, and B:¥V =¥k lubels
cvery node by an k-tuples of nodes. Intuitively, G gen-
erates a tree i if G can be unravelled to &, where S(v)
is viewed as the uple of the successors of v, Formally,
G generates a k-ary (ree hik] =2 if there is a map-
ping £V such that:

e EN)= vy,

. a(¢(x D= h(x), for every x €[k]", and

o PEOC)=<E), ... 8xkD, for every x€[k]".
The size of G is the cardinality of V.

Let 1 =(A,8) be a hybrid ta. We want 10 show
that if some tree is accepted by /f, then I accepts a Lree
h such that both A and the accepting run rof A on A
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are generated by a “small” generator, and furthermore,
there is a *““small” generator that generates both & and r
simultaneously.

We need some technical notation. Let
Xu.... X be a sequence of sets.
i XiX oo XX —X; is the projection function, ie.,
Let y: X=X X--- XX, be
some¢ mapping. Then v X—X;, is dcfined by:

'Y"(X ) = 'm(y(x »

Theorem 4.2. Let v=(Z.5.p,.5o) be a scquential table
with | S| =n, let §=(Z,T ¥,Ty) be a k-ary trce table
with |T|=m. and let H =(A,B) be a hybrid ta, where
A =(8,F) is a Rabin ta, and B =(r,F) i5 a Buchi sa. If
H accept some tree, then there is a (ZXT,k)-generator
G of size O(me"™'D) that generates a tree
hi[k]) —>ZXT such that A, is accepted by H and h, is
an accepting run of 4 on A,

Proof Sketch. We first “beef up™ A so that its runs
carry also information about possible runs of 8 on paths
of the tree. This is done by applying two subset con-
structions to B. The first is the classical subsel construc-
tion as in [RS59), whose complexity is 2°, and the
sccond is a generalized subset construction  from
[SVW84], whose complexily is 4

The result of applying the subset construction to
B is the scquential table 7=(2.5.p.{Se}). That is,
§=2% and p:5 XS is defined by

p(X a)={1:1€p(s.a) for some sEX }.

The result of applying the gencralized subset con-
struction to0 B is the scquentiat table 7=(2.S PP
Let S={sp..... s,}. Define $'=85X{0,1} and
S=0%)". Inuitively. a statc in S is an n-tuple of sets
of states of S Tabeled by 0 or 1. We need an n-wuple of
scis rather then a single sel, because we are Lrying to
capture information about russ that can start in any stale
of §. The label on the state (O or 1) indicates whether
the run contains a state in F. The state set of 7 is
S=SU{pal. ic.. we add t0.$ a special starting state py.

The transition function I):S‘XZ—’_S is defined as
follows:

. Xyon X =plpg.a) iff

Xi={<u.0> 1 u€p(s;, a)}f<u 1> u€pl(s;,a)NF}.

o Xp.. XD>=PKY ... Yeda)ilf
X = {<u 0> 1 u €p(v,a) for some <y, j>EY U
{<u. 1> u €plv.a) for some <v,1DEY, }U



{<u,1>:u€p(v,a)NF for some {v,j>€Y;}.

Let S denote §XS. Clearly |S| =0(c**+D).

We now make, without loss of generality, an
assumption aboul 4. We assume that there is a state
d€T (d for desenerate) such that (B.{d })EF and for all
a€2 we have that (d,a)={<d d.....d>}. The role
of d will become clear later.

Let A=(0F) be a Rabin ta, where
0=(Z.7Y,Ty) is a k-ary tree table. We say that 4 is
augmented by B if the following holds:

1) T=TXS,

() To=ToX{Se}X{po},

3 F={(LXS.UXS):(L,U)EF}.

4  Let t=<1.Xp>ET, let a€X, lct 7€{r.a), and
let 1<i<k. Then my(w(a)=p(X,a) and
mlm (i) =plp.a).

(5) Let €T be such that = (1)=d, let a€Z, let

u€Y(1.a), and let 1<Ki<k. Then m(m(i))=d.

JIntuitively, 4 is augmented with B if it carries with it
the subset and the generalized subset constructions of B,
and though this may affects its transitions it does not
affect degenerate transitions and it does nol affcel the
acceptance condilion.

The augmentation of A by R, denoted Ag, is the
Rabin ta A4 =(2.,7,§,7}), such that the above conditions
(1)-(5) are satishied, and in addition we have

(6) Let{€T and a€Z. Then €Y(1.a) il
<l @), . .., 7l @O EEmE).a).

In another words, Ay is obtained by taking the direct
product of 4 with 7 and 7. Clearly, |7 =O(mc""' D).
The following claim is easily verified.

Claim 1. H =(A.B) accepts some tree iff H =(Ay.B)
accepls some tree,

Let k)] —=2ZXT be a trec such that hy is
aceepted by 17 and fr; is an accepting run of Ay on k..
We call A an aceepting tree-run. We say that a node
x€k]” is  degenerate, if for all infinitc  paths
P=uxpxy, - -+ starting al x, there is some § such that
milhx))=d. A state (ET is contingently degencrate if
there is a degencrate node x such ‘that Axx)=1. ¢ is
degenerate i i is contingently degenerate and whenever
x is a node such that A (x)=t then x is a degencrate
node.

Claim 2. If H.has an accepting tree-fun, then it has an
accepling tree-run such that all contingently degencrate
states are degenerate.

We now prove that if H =(A4,B) is a hybrid ta
such that A is augmented by B and A has an accepling
trec-run, then this tree-run is génerated by a generator
whose size is linear in the number of states of 4. The
proof is by induction on the number of nondegenerate
states in Ay. The argument is quite involved and uses
Ramsey’s Theorem to analyze infinite paths on the tree-
run. “Details will be given in the full paper. m

We now use Theorem 4.2 to solve the empliness
problem for hybrid automata.

‘Theorem 4.3. Given a hybrid automata H =(A4,B), we
can test whether M accepts some trec in nondeterminis-
tic time that is polynomial in the size of A4 and exponen-
tialt in the size of B.

Proof. By Thcorem 4.2, if I accept some tree then
there is a gencrator (¢, whose size is linear in the size of
A and cxponcntial in the size of B, that generates a tree
accepted by # and a run of A on that tree. The algo-
rithm for testing empliness consists of nondeterministi-
cally guessing a gencrator, and then checking that it gen-
erates a tree accepted by H and a run of 4 on that tree.
We now show Lhat this can be checked in time polyno-
mial in the size of the generator.

Let B=(r,F). where 71=(2.5,p,50). Let
G =(V vp.a.f) be a (TXT k)-gencrator. We first check
that all  paths in the tree gencrated by
G =V vp.m(a).B) arc rejected by B. We construct a
Buchi ta B’, whose size is polynomial in the size of B
and G, such that all paths in the tree gencrated by G,
arc rejected by B il 8' accepts no infinite word. By
Theorem 2.1.1, this can be checked in time polynomial
in the size of B'.

Now we have to check that the run generated by
G=(V . .vo.m(a).B) is an accepling run of A on the tree
generated by Gy, By a technique similar o the one used
in the first part of the proof, we reduce it polynomially
(o the emptiness problem of a Streert sa, which is shown
to be solvable in polynomial time in [EL85). (We define
Streclt sa in the full paper.) m

Corollary 4.4. The emptiness problem for Rabin auto-
mata is in NP. m

1 By “exponential™ we mean 0P for some polynomial p.



The corollary, independently proven by Emerson
[Em85], improves the exponential time upper bound of
[Ra72].

We now apply our algorithm for testing emptiness
of hybrid ta to satisfiability of delta —~ DPDL .

Theorem 4.5, The satisfiability problem for
delta— DPDL (and hence for delta— PDL) is solvable
in nondcterministic exponcential time¥,

Proof. Given a formula f we construct a hybrid ta
H;=(A,B), where the size of A4 is exponential in the
length of f, and the size of B is linear in the length of
S+ such that /1, accepts precisely the Hintikka trees for
J. Thus f is satisfiable iff H, accepts some tree. The
claim now follows by Theorem 4.3. m

Our technique can be combined with the tech-
niques of Emerson and Street ({ESI84]), to establish a
nondeterministic exponcntial time upper bound for
Kozen's p-calculus ((Ko83]) and Parikh’s game logic
([Pa83]). (Fmerson and Street established a triply
exponential time upper bound for the p-calculus.)
Finally, our technique also yields a nondelerministic
exponential time upper bound for
delta — converse — PDL. Here the hard part is reducing
satistiability 10 emptiness of hybrid automata, because of
the presence of the converse construct (which intuitively
means to run a program backwards). The reduclion is
described in [Va85]. The previous upper bound for
delta — converse — PDL was octuply cxponecntial time
[St82).

5. Temporal and Process Logics

In dynamic logic computations arc described
explicitly by means of regular expressions over atomic
programs and tests. In contrast, in temporal logic
(Pn81]) computations are described implicitly by means
of their ongoing behavior, This behavior is caplured by
temporal formulas such as X f, meaning £ is true in
the next state of the computation™, and f U g, meaning
“there is a stole in the computation in which g is true,
and f is true in all states that precede that state™.
CTL" is a branching time logic introduced by Emerson
and Halpern [EH83). CTL formulas are built from
asscrtions of the form £ f, mcaning “there exists a com-
putation that satisfics the temporal formula f”. We now
give a formal definition of CTL" and its variant CTLy.

¥ By “caponential” we mean 274 for some polynomial p.
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Formulas of CTL" are built from a set Prop of
atomic propositions. The sets of path formulas and state
formulas are defined inductively as follows:

. Every atomic proposition p€Prop is a state for-
mula.

. If £, and f, are state formulas, then —f; and
S1/\ [ are state formulas.

o Every state formula f is a path formula.

. If f1 and f, are path formulas, then —f; and
J1/\ [y are path formulas.

. If f1 and f, are path formulas, then X f; and
S1 U [, are path formulas.

. If f is a path formula, then E f is a state for-
mula.

CTL® formulas are interpreted over structures
M =(W R T1) where W is a set of states, RCW XW is
a binary relation on W, and TT: W27 assigns truth
values Lo the propositions in Prop for each state in W.
A path x in M suarting in u is an infinite sequence
Xo.X1. + + + such that xo=u and (x,.x;,)ER for all i>0.
x' is the suffix path x;.x;,1,- . We now define satis-
faction for state and path formulas inductively:

. For a proposition pE&Prop, M ,u k= p iff p€Iu).

N For state formulas f./,. MulE fi/\ f; iff
M.u|=f1 and M,ul:f;, and M,ll|= —'fl iff
nolMuk fi.

. For a state formula /., M xEf iff M, xol=f.

. For path formulas f1.f2, MXxE fi/\ fy iff
MxE fiand MuE f, and M x| I iff not
MxE fi.

. For path formulas fif2 MxEX [, iff
Mx S, and M x[=f, U f, iff for some i>0
we have that Mx‘ESf, and Mx'ESf, for
0<j<i—1.

o For a path formula f, M,uleE f iff there exists
a path x starting at « such that M xE f.

In CTL" all computation paths are infinite. 1f we
restrict attention o finite computation paths, we get a
different logic, which we denote CTL;. CTL; has the
same syntax and is intcipreted over the same struclures
as CTL". The only diifcrence in the scmantics is that
we consider finite paths ruther than infinite paths, A
Sinite path x in M starting in u is a finilc scquence
Xo ... X such that xg=u and (X, . x)ER for all
1<i<k. x! is the suffix finite path x,, ..., x¢. IF DK,



then x‘ is the emply path. We need to modify some, of
the clauses in the definition of satisfaction, Lo take empty
paths into account:

. For a state formula f, M x|=f iff x is nonecmpty
and M, ,xok=f.

. For a path formula f, MXEX f iff x! is
nonempty and M x'f= f.

Process logics combine the features of both
dynamic logic and temporal logic, that is, computations
are described both explicitly, by regular expressions, and
implicitly, by temporal formulas [Ni80,HKP82]. For
example, YAPL is obtained by combining CTL" with
delta — PDL [VW83]. We will not describe these logics
in delail; the reader is referred to [HKP84, Nig0, VW83).

It urns out that the ability to describe computa-
tions implicilly does not add any expressive power to the
logic [SPH84). In particular, YAPL was shown lo be
expressively equivalent o delta —- PDL [VW83]. Thus
we can lest salisfiability of YAPL formula, by translation
them to equivalent delta — PDL formulas, and then
applying the decision procedure of the preceding section.

Theorem 5.1. The satisfiability problem for YAPL (and
hence for CTL") is solvable in nondeterministic doubly
exponential timet,

Proof Sketch. Vardi and Wolper [VW83] considered a
version of delta — PDL in which programs are described
by awtomal: on finite words rather than by regular
expressions, and they have shown that there is an
cxponential translation of YAPL 1o this version of
delta — PD1.. 1L can be shown that the technique of the
previous scclion yickds a nondelerministic cxponential
time upper bound for this version of delta—PDL. The
claim follows. m

The previously known time upper bounds were triply
exponential for CTL"* [ESi84] and quadruply exponen-
tial for YAPL [VWS83]. A nondeterministic doubly
cxponential upper bound for CT'L® was independeatly
shown by Emerson [Em8S). His proof is different from
ours, and it docs not extend o YAPL,

It may scem that we could do betler by directly
reducing satisfiability of YAPL 1o empliness of hybrid
automata, lndeed. we can define Hintikka trees for
YAPL tormulas with conditions analogous to the condi-

+ By “doubly cxponential™ we mean 0(22”') for some constant
>0,
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tions in Section 3. Given a YAPL formula f, we can
now construct a hybrid ta H,=(A4,B) that accepts pre-
cisely the Hintikka trees for f. While the size of 4 is,
as before, exponential in the length of f, the size of B is
exponential in the length of £, rather than linear in the
length of f, as is the case with delta — PDL formulas.
Thus testing satisfiability of YAPL formulas by directly
reducing it to emptiness of hybrid ta still takes nondetes-
ministic doubly exponential time, since the nondeter-
ministic time complexity for testing empliness of
H;=(A4,B) is polynomial in the size of A but exponen-
tial in the size of B,

Nevertheless, the next theorem shows that our
upper bound is not too far removed from the optimal.

Theorem 5.2. The salisfiability problem for CTL" (and
hence for YAPL) and for CTL; is logspace hard for
deterministic doubly exponential time.

Proof. We first sketch the proof for CTL; and then
sketch how to modify the proof for CTL . Recall that
deterministic doubly exponential time is exactly the class
of languages accepled by alternaling Turing machines
[CKS81] with space bound 2°* for constant ¢>0. Let Z
be such an alternating TM and let w be an input to Z
of length n. The proof is done by constructing a CTL;
formula f, of length polynomial in n such that Z
accepts w iff f,, is salisfiable. We describe informally
what the parts of f, should express about the model.
Translation into CTL, formulas is straightforward. For
cxample, in several places we need a path formula which
is true of the finite path P iff the formula g is true in
the fust state of P. This is expressed by the path for-
mula

true U (g/\(™X true)).

Similarly, we can talk about the ncxt-lo-the-last state of
P, elc.

As in the lower bound proved for PDL by
IFischer and Ladner [IFL79). satisfying models of f,
correspond o accepling computation trees of Z on input
w. lHowever, we cannol represent a configuration of Z
by a state in a Kripke model as in [IFL.79), since in our
casc configurations arc of length 2. Instead, we
represent the contents of a single tape ccll by a state in a
modcl, a configuration is represented by a path of 2
states. and computations are obtained by concatenating
configurations. Thc muain difficulty is in checking hat
cach configuration in a computation follows tegally from



the preceding one. To illustrate how this is done in this
sketch, suppose that Z is a nondelerministic TM with
space bound 2,

The formula conlains propositional variables
S15¢ where the constant d is chosen so that thesc
varizbles can encode symbols of I'U(Q XI') where Q
(T is the set of stales (tape symbols) of Z. The string
alq,y)B where o BET”, YET, and ¢€Q represents the
configuration where ayB is writlen on the tape and Z is
in state ¢ scanning y. The variables C),...,C,, represent
a counter where the truth values of these variables at a
state give the binary digits of the value of the counter at
that state. Given a model M =(W R,IT) and a slate
u€W, we associate S(u), the symbol encoded by
S1nSq at state u, and C(u), the integer between 0 and
2<% --1 represented by the counter at u. The formula £,
is a conjunction of subformutas which express the fol-
lowing about the model.

(1)  C(u)=0 in the root u of the model.

(2) The counter counts correctly, that is for all
uu' €W, if (u,u')ER, then
C(')=C(u)+ l(mod 2°*),

(3) The computation starts with the initial
configuration. There exists a path wuquy....u,
starting at the root w9 such that
Clug)=0,C(1,)=0,C(u;)#0 for 0<i<p, and
S(ue)S(11)...Su, D=(gowIwy: - wo#t <+ # .
where qq is the initial state of Z and # is the
blank symbol.

(4)  There is a state u €W with S(u)=(g,,y) where g,
is the accepling state of Z.

(5) Each configuration follows legally from the

preceding one, We wrile a path formula g which
must hold for every path ug.,...,up ., 1,4, 2 Start-
ing at every stale up€EW. g is a disjunction of
four subformulas;

(5.1) thereis no ¢, 0<i<p, with C(u;)=0,

(5.2) there arc 0<i</<p with C(1y)=C(1;)=0,
(5.3) there is a k,. 1<k<cn, with
Ci(u))#Ci(up),

the symbols S(u,).S(u, ,1).S(, ) follow
legally from S(ug),S(u}).S(u3) according to
the transition rules of Z.

(5.4)

To see that g works, note that the path falsifies
(5.1), (5.2) and (5.3) iff uy and u, represent the same
tape cell in two adjacent configurations of the computa-
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tion, since C(ug)=C(u,) and the counter cquals zero
exactly once on the subpath ug,...,u, .1. For each such
path, (5.4) makes a local check in two adjacent
configurations of the computation. Since g must hold
for all paths from every state, (5) checks that the entire
computation is legal.

If Z is an alternating TM, we add more subfor-
mulas as in [FL79] to force the computation (i.e., the
model) to branch after every universal configuration into
the two possible next configurations. This completes the
proof sketch for CTL;.

A modification is needed for CTL°®. Since all
paths are infinite, we cannot talk about the last state on
a path, which is necded for (5). The trick (which is
apparently known in the folklore) is to introduce a new
propositional variable /. We add formwlas which
require that I is true at the root of the model, if I is
true at slate u then there ar¢ states u; and uy with
(u,1,).(u .42)ER such that { is true at u; and false at uy,
and if I is falsc at state ¥ then [ is false at all R-
successors of u. The portion of the mode!l on which I is
true is used to represent the accepling computation tree,
A finite path P from stute » to state v in the computa-
tion trec is represented by the infinite path P’ which
starts al u, coincides with P until state v, and then
leaves along a path on which 7 is identically false, We
can tulk about the last state of P since it is the last state
of P’ where I is true.

The final version of the paper will cantain a more
detailed description of the proof, ®

We note that the above lower bound is the firsl superex-
ponential time lower bound to be proven for a proposi-
tional program logic.

Just as CTL; is the finitc version of CTL®,
YAPL, is the finite version of YAPL [VW83]. A deter-
ministic doubly ecxponential decision procedure for
YAPL, (and hence Tor CTLy) was described in [VW83).
Combining that result with Theorem 5.2, we get:

Theorem 5.3. The satisiability problem for CT'L; and
YAPL; is logspace complete for deterministic doubly
exponential lime. W

6. Concluding Remarks

Using new aulomata-theorctic techniques and new
reduction Lechniques, we have oblained better upper and
lower time bounds for a whole varicty of program logics,
For some logics, the bounds are tight, while for other



logics the gap between the lower and the upper bounds
is narrowed to the gap between deterministic and non-
deterministic time.

The observant readers may have asked them-
selves whether that gap is not due to our use of overly
powerful automata. Let us define weak hybrid ta as
pairs (4,B), where A is a Buchi ta (rather than a Rabin
ta) and B is a Buchi sa, with acceptance defined analo-
gously to acceptance by hybrid ta. A careful study of
our reduction of satisfiability to emptiness of hybrid ta
shows that we could have reduced satisfiability to empti-
ness of weak hybrid ta. If we could test emptiness of
weak hybrid ta in a more eflicient way (exponential time
is a lower bound), the; we could get a better upper
bound for salisfiability. Unfortunately, we do not know
of such a better algorithm for emptiness of weak hybrid
ta.
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