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Abstract. We compare tools for complementing nondeterministic Badtomata
with a recent termination-analysis algorithm. Compleragon of Buichi automata
is a key step in program verification. Early constructionsigsa Ramsey-based
argument have been supplanted by rank-based construgtitmexponentially
better bounds. In 2001 Lee et al. presented the size-changenation (SCT)
problem, along with both a reduction to Biichi automata ariflamsey-based
algorithm. This algorithm strongly resembles the initiahtplementation con-
structions for Biichi automata.

We prove that the SCT algorithm is a specialized realizatibthe Ramsey-
based complementation construction. Surprisingly, eicgdimnalysis suggests
Ramsey-based approaches are superior over the domain opi®8Ems. Upon
further analysis we discover an interesting property of pheblem space that
both explains this result and provides a chance to impravke-based tools. With
these improvements, we show that theoretical gains in effayi are mirrored in
empirical performance.

1 Introduction

The automata-theoretic approach to formal program vetifinaeduces questions about
program adherence to a specification to questions aboutiégggcontainment. Repre-
senting liveness, fairness, or termination propertiesireg finite automata that oper-
ate on infinite words. One automataA, encodes the behavior of the program, while
another automator3, encodes the formal specification. To ensure adherenciy ver
that the intersection af with the complement of8 is empty. Thus a vital problem
is constructing the complementary automataFinite automata on infinite words are
classified by their acceptance condition and transitiancstire. We consider here non-
deterministic Buchi automata, in which a run is acceptifgew it visits at least one
accepting state infinitely often.

The first complementation constructions for nondeternimBiichi automata em-
ployed a Ramsey-based combinatorial argument to pariitiimite words into a finite
set of regular languages. Proposed by Biichi in 1962 [3,dbnstruction was shown in
1987 by Sistla, Vardi, and Wolper to be implementable withawbup of 20(*) [14].
This brought the complementation problem into singly-engmttial blow-up, but left a
gap with the2?("1g ") |ower bound proved by Michel [11].

*A  full  version of this paper, including proofs, is available at
http://www.cs.rice.edu/"sfogarty/thesis.pdf
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0216467, and CCF-0728882, by BSF grant 9800096, and by aaiftintel.



The gap was tightened in 1988, when Safra descrit#éta°s ™ construction [13].
Work since then has focused on improving the practicalitgdf*'°s™) constructions,
either by providing simpler constructions, further tighiteg the bound, or improving
the derived algorithms. In 2001, Kupferman and Vardi emetbg rank-based analy-
sis of Biichi automata to simplify complementation [9]. Betty Doyen and Raskin
tightly integrated the rank-based construction with a sufystion relation to provide a
complementation solver that scales to automata severat®od magnitude larger than
previous tools [5].

Separately, in the context of of program termination ariajytsee, Jones, and Ben-
Amram presented the size-change termination (SCT) pri@@ip2001 [10]. This prin-
ciple states that, for domains with well-founded valueg\iéry infinite computation
contains an infinitely decreasing value sequence, thenfiratencomputation is pos-
sible. Lee et al. describe a method of size-change terroimathalysis and reduce
this problem to the containment of two Buichi automata.iSgathe lack of efficient
Buchi containment solvers, they also propose a Ramsesgbammbinatorial solution
that captures all possible call sequences in a finite setagftgy. The Lee, Jones, and
Ben-Amram (LJB) algorithm was provided as a practical aliive to reducing the ver-
ification problem to Bichi containment, but bears a stgkiesemblance to the 1987
Ramsey-based complementation construction [14].

In this paper we show that the LIB algorithm for deciding SC0][is a specialized
implementation of the 1987 Ramsey-based complementatiwstiziction [14]. We then
empirically explore Lee et al.'s intuition that Ramsey-&ésilgorithms are more prac-
tical than Biichi complementation tools on SCT problemisidiexperimentation does
suggest that Ramsey-based tools are superior to rank-tba@sksdon SCT problems.
This is surprising, as the worst-case complexity of the LI@dthm is significantly
worse than that of rank-based tools. Investigating thisalisry, we note that it is nat-
ural for SCT problems to be reverse-deterministic, and fbateverse-deterministic
problems the worst-case bound for Ramsey-based algoritiatshes that of the rank-
based approach. This suggests improving the rank-basedaagpin the face of reverse
determinism. We demonstrate that, indeed, reverse-detistio automata have a max-
imum rank of 2, dramatically lowering the complexity of colamentation ta2° (™),
Revisiting our experiments, we discover that with this ioy@ment rank-based tools
are superior on the domain of SCT problems.

2 Preliminaries

In this section we review the relevant details of the Buahhplementation and size-
change termination, introducing along the way the notatieed throughout this paper.
An nondeterministic Bchi automaton on infinite words a tupleB = (X, Q, Q™, p, F),
whereX is a finite nonempty alphabef) a finite nonempty set of state®@/" C Q a
set of initial statesF” C () a set of accepting states, and @ x X — 2% a nondeter-
ministic transition relation. We lift the function to sets of states and words of arbitrary
length in the usual fashion.

A run of a Buchi automatoss on a wordw € X* is a infinite sequence of states
qoq1--- € Q¥ such thayy € Q™ and, for everyi > 0, we havey; 11 € p(q;, w;). A run
is acceptingff ¢; € F for infinitely manyi € IN. Aword w € X* is accepted by if



there is an accepting run &f onw. The words accepted ly form the language 0B,
denoted byl (B). A pathin B from ¢ to r is a finite subsection of a run beginninggn
and ending in-. A path isacceptingf some state in the path is if.

A Biichi automatord is contained in a Buchi automatdhff L(A) C L(B), which

can be checked by verifying that the intersectiondovith the complemens of B is
empty:L(A)N L(B) = (). We know that the language of an automaton is non-empty iff
there are stateg € Q", r € F such that there is a path frognto  and an accepting
path fromr to itself. The initial path is called the prefix, and the condtion of the
prefix and cycle is called &sso[16]. Further, the intersection of two automata can
be constructed, having a number of states proportionalégtbduct of the number
states of the original automata [4]. Thus, the most comjmutally demanding step is
constructing the complement & . In the formal verification field, existing work has
focused on the simplest form of containment testing, usi&ty testing, whered is

the universal automaton [5, 15].

2.1 Ramsey-Based Universality

When Biichi introduced these automata in 1962, he descalmednplementation con-
struction involving a Ramsey-based combinatorial argum&® describe an improved
implementation presented in 1987. To construct the comgierof 3, where =
{qo, ---,qn—1}, We construct a sef)z whose elements capture the essential behavior
of B. Each element corresponds to an answer to the followingtigue$iven a finite
nonempty wordw, for every two stateg, » € Q: is there a path i from ¢ to r over
w, and is some such path accepting?_

Define@Q’ = Q x {0,1} x Q, andQ3 to be the subset af?" whose elements do
not contain bothg, 0, ) and(g, 1, ) for anyq andr. Each element of) 3 is a{0, 1}-
arc-labeled graph o). An arc represents a path I8y and the label id if the path is
accepting. Note that there a®” such graphs. With each graphe @B we associate a
languag€.(g), the set of words for which the answer to the posed questithreigraph
encoded byj.

Definition 1. Lety € Qp andw € X+. Thenw € L(g) iff, for all pairs of states
q,r € Q:

(1) {q,a,r) €9, a € {0,1}, iff there is a path in5 from ¢ to r overw.

(2) (¢,1,r) € giffthere is an accepting path i from ¢ to » overw.

The languaged.(g), for the graphg; € @B, form a partition of X . With this
partition of 2 we can devise a finite family af-languages that cover~. For every
3, h € Qg, letY,, be thew-languageL(3) - L(h)“. We say that a languadé,, is
properif Yy, is non-emptyL(3) - L(h) C L(g), andL(h) - L(h) C L(h). There are a
finite, if exponential, number of such languages. A Ramsasel argument shows that

every infinite string belongs to a language of this form, drat L.(53) can be expressed
as the union of languages of this form.

Lemma 1. [3,14]
(1) 2 =U{Yn | Yy is proper



(2) Forg, h € Qp, eitherY,, N L(B) = § or Y,;, C L(B).
(3) L(B) = U{Yyn | Y, is proper andY,, N L(B) = 0}.

To obtain the complementary Bichi automat®nSistla et al. construct, for each
g € @, a deterministic automata on finite words,, that accepts exactl(g). Using
the automata3,, one can then construct the complementary automat¢h4]. We
can then use a lasso-finding algorithmBro prove the emptiness @, and thus the
universality of 5. We can avoid an explicit lasso search, however, by empipthe
rich structure of the graphs I@B For every two graphg, he QB, determine ifYy,
is proper. IfYy,, is proper, test if it is contained i (8) by looking for a lasso with a

prefixing and a cycle im. B is universal if every propeYy, is so contained.

Lemma 2. Given an Richi automators and the set of graph@;,

(1) Bis universal iff, for every propeYy,, Y,n C L(B).

(2) Letg,h € Qp be two graphs wher&,, is proper.Yy, C L(B) iff there exists
g€ Q™ req,ac {01} where(q,a,r) € Gand(r,1,r) € h.

Lemma 2 ylelds a PSPACE algorithm to determine universfldy. Simply check
eachg,h € QB If Yy, is both proper and not contained If(3), then the pairg, )
provide a counterexample to the universality®bfif no such pair exists, the automaton
must be universal.

2.2 Rank-Based Complementation

If a Buchi automator3 does not accept a word, then every run of3 on w must
eventually cease visiting accepting states. The rankebesastruction uses a notion
of ranks to track the progress of each possible run towardddamination. Alevel
rankingfor an automato8 with » states is a functioff : @ — {0...2n, 1}, such that
if ¢ € F thenf(q) is even orL. Leta be a letter inX’ and f, /' be two level rankings
f. Say thatf coversf’ undera when for allg and everyy’ € p(q,a), if f(q) # L then
f'(d") < f(q); i.e. no transition betweefiand f’ ona increases in rank. Lt be the
set of all level rankings.

If B = (2 Q,Q" Y2 F) is a Buchi automaton, defif€ V' (B) to be the automaton
(X, F. x 29 (fin, 0y, p', E, x {0}), where

— fin(q) = 2n for eachq € Q™, 1 otherwise.
— Definep’ : (F, x 2Q) x o — 2(F-*2%) to be
o If 0 # D thenp'({f,0),0) =
{(f',0'\ dy| f coversf’ undero, o' = p(o,0),d={q| f'(q) odd}}.
o If o =0theny' ((f,o0),0) =
{¢f',f"\ d) | f coversf"undera, d = {q | f'(q) odd}}.

Lemma 3. [9] For every Bichi automator3, L(KV (B)) = L(B).

An algorithm seeking to refute the universality®tan look for a lasso in the state-
space ofK'V(B). The strongest algorithm performing this search takesmtagee of the
presence of a subsumption relation in the KV constructior state; f, o) subsumes



another f’, o'y iff f'(z) < f(x) foreveryx € Q, o' C o, ando = 0 iff o' = (). When

computing the backward-traversal lasso-finding fixed pding sufficient to represent a
set of states with the maximal elements under this relakarther, the predecessor op-
eration over a single state and letter results in at most iwormparable elements. This
algorithm has scaled to automata an order of magnituderiénga other approaches

[5].

2.3 Size-Change Termination

In [10] Lee et al. proposed the size-change termination (Sgificiple for programs:
“If every infinite computation would give rise to an infinijellecreasing value sequence,
then no infinite computation is possible.” The original metmtion concerned a first-
order pure functional language, where every infinite corapoih arises from an infinite
call sequence and values are always passed through a sequigrazameters.

Proving that a program is size-change terminating is doneinphases. The first
extracts from a program a set of size-change gra@hsontaining guarantees about the
relative size of values at each function call site. The sdqumase, and the phase we
focus on, analyzes these graphs to determine if every iefaatl sequence has a value
that descends infinitely along a well-ordered set. For audision of the abstraction of
language semantics, refer to [10].

Definition 2. A size-change grapt8CG) from functiory; to functionf,, written
G : f1 — fo, is a bipartite{0, 1}-arc-labeled graph from the parameters fifto the

parameters off, whereG C P(f;) x {0,1} x P(f2) does not contain both 5 Yy
andz > 1.

Size-change graphs capture information about a functibnfAa arc x ER y indi-
cates that the value af in the functionf; is strictly greater than the value passed as

y to function f5. An arcz R y indicates thatr's value is greater than or equal to the
value given tay. We assume that all call sites in a program are reachabletfrerantry
points of the program

A size-change terminatiof8CT) problem is a tuplé = (H, P, C, G), whereH is
a set of functionsP a mapping from each function to its parametérs, set of call sites
between these functions, agda set of SCGs fo€'. A call site is writtenc : f1 — fo
for a call to functionf, occurring in the body off;. The size-change graph for a call
sitec : fi — fo is written asG.. Given a SCT probleni, a call sequencén L is a
infinite sequences = ¢, c1,... € C¥, such that there exists a sequence of functions
fo, f1,---wherecg : fo — fi,c1: f1 — fo.... Athreadin a call sequencey, ¢y, .. .
is a connected sequence of aresy v,y LA z, ..., beginning in some call; such that
5y eGe,y b€ Ge,.,,--.- We say thatl is size-change terminatini§ every
call sequence contains a thread with infinitely margbeled arcs. Note that a thread
need not begin at the start of a call sequence. A sequencetenoshate ifany well-
founded value decreases infinitely often. Therefore ttgemoh begin at any function

! The implementation provided by Lee et al. [10] also makeaksumption, and in the presence
of unreachable functions size-change termination may betectable.



call, in any parameter. We call this thege-start propertyof SCT problems, and revisit
it in Section 3.2.

Every call sequence can be represented as a wofd’inand a SCT problem re-
duced to the containment of two-languages. The first languag@ow(L) = {cs €
C¥ | es is a call sequendecontains all call sequences. The second language; (L) =
{es € Flow(L) | some thread ims has infinitely many 1-labeled argscontains only
call sequences that guarantee termination. A SCT prolilésize-change terminating
if and only if Flow(L) C Desc(L).

Lee et al. [10] describe two Buchi automatéyy; .., () and.Ap.s.(r), that accept
these languagesd ;.. () is simply the call graph of the programip.,.(r) waits
in a copy of the call graph and nondeterministically chodkesbeginning point of a
descending thread. From there it ensures tHaledbeled arc is taken infinitely often. To
do so, it keeps two copies of each parameter, and transtiiahe accepting copy only
on al-labeled arc. Lee et al. prove thatAr;. (1)) = Flow(L), andL(Apeser)) =
Desc(L)

Definition 3.2
Ariowr) = (C,H,H, pr, H), where
= pr(fi,e) ={falc: fi = fo}

Apesery = (C,Q1UH, H, pp, F), where
—Q1={{z,"y| feH, xeP(f), re{l,0}}
- pp(fi,e) ={falc: i — f2}U {z,r) [e: f1 — f2, € P(f2), r €{0,1}}
- pp((z,7),c) ={(z,r') | v 5 2’ € G},
- F={(1)|feH zeP(f)}

Using the complementation constructions of either Secidnor 2.2 and a lasso-
finding algorithm, we can determine the containmentigf.,(z) in Apesc(z)- Lee et
al. propose an alternative graph-theoretic algorithm,legipg SCGs to encode descent
information about entire call sequences. A notion of contfmsis used, where a call
sequencey...c,—1 has a thread from to y if and only if the composition of the SCGs
for each call,G.,; ...;G.,_,, contains the are % y. The closureS of G under the
composition operation is then searched for a counterexadgscribing an infinite call
sequence with no infinitely descending thread.

Definition 4. LetG : fi — fo andG’ : fo — f3 be two SCGs. Their composition
G; G is defined as?” : f1 — f3 where:
G ={z5zlaSyeG yLzeC yeP(f),a=1orb=1}
U{a:gz|:c£>y€G, y > zed, y € P(f2), and
vy xSy e G/\y'iz € G’ impliesr =" = 0}

2 The original LJB construction [10] restricted edges fromdtions to parameters to the 0-
labeled parameters. This was changed to simplify SectiBn The modification does not
change the accepted language.



Theorem 1. [10] A SCT problent. = (H, P, C, G) is notsize-change terminating iff
S, the closure ofj under composition, contains a SCG gragh: f — f such that

G = G; G andG doesnotcontain an arc of the form Lo

Theorem 1, whose proof uses a Ramsey-based argument, gielgdgorithm that
determines the size-change termination of an SCT prollem (H, P,C, G) by en-
suring the absence of a counterexample in the closute wiider composition. First,
use an iterative algorithm to build the closure Setinitialize .S as G; and for every
G: f1 — foandG : fo — f3in S, include the compositio&’; G’ in S. Second,
check evenG : fi — fi1 € Sto ensure that it is idempotent, i.eG = G; G, thenG

. 1
contains an arc of the form — =.

3 Size-Change Termination and Ramsey-Based Containment

The Ramsey-based test of Section 2.1 and the LJB algorith8eofion 2.3 bear a
more than passing similarity. In this section we bridge tap getween the Ramsey-
based universality test and the LJB algorithm, by demotisgéhat the LIB algorithm

is a specialized realization of the Ramsey-based contaihtest. This first requires
developing a Ramsey-based framework for Biichi -contairtriesting.

3.1 Ramsey-Based Containment with Supergraphs

To test the containment of a Buchi automatdrin a Buchi automators, we could
construct the complement @ using either the Ramsey-based or rank-based construc-
tion, compute the intersection automaton4find 3, and search this intersection au-
tomaton for a lasso. With universality, however, we avoidedctly constructing3 by
exploiting the structure of states in the Ramsey-basedrart®n (see Lemma 2). We
demonstrate a similar test for containment.

Consider two automatad = (X, Q 4, Q%, p.a, F.a) andB = (X, Qp, Q3', pB, F5).
When testing the universality &, any word not in (1) is a sufficient counterexample.
To testL(.A) C L(B) we must restrict our search to the subseftf accepted byA.

In Section 2.1, we defined a 5@3 which provides a family of languages that covers
X“ (see Lemma 1). We now define a s@t4 5, which provides a family of languages
coveringL(A).

We first defineQ 4 = Q4 x Q4 to capture the connectivity i) 4. An element
g = (q,m) € Q4 is asingle arc asserting the existence of a patd finom ¢ to . With
each arc we associate a languabg;). Given a wordw € YT, say thatw € L((g,r))
iff there is a path in4 from ¢ to r overw. Define@AvB asQ4 x @B. The elements
of @A,B, calledsupergraphsare pairs consisting of an arc frofh4 and a graph from
Qg. Each element simultaneously captures all path8 and a single path itd. The
language.({g, g)) is thenL(g) N L(g). For convenience, we implicitly take= (g, g),
and say(q,a,r) € gwhen{q,a,r) € g.

The languageé(g), g € @A,B, cover all finite subwords of.(.A). With them we
define a finite family ofw-languages that covdt(.A). Giveng, h e @AB, let Zgy,
be thew-languageL(9) - L(ﬁ)w. Zgn, 1s calledproper if: (1) Zg, is non-empty; (2)



g = (g, andh = (r,r) whereq € Q% andr € Fy; (3) L(9) ~L(ﬁ) C L(g) and
L(h) - L(h) C L(h). We note thatZ,, is non-empty ifL(g) and L(h) are non-empty,
and that, by the second condition, every profgy is contained inl(.A).

Lemma 4. Let.A andB be two Richi automata, andeVB be the corresponding set of

supergraphs.

(1) L(A) = U{Zgn | Zgn is propert

(2) For all properZ,y,, eitherZ,, N L(B) = 0 or Zy, C L(B)

(3) L(A) C L(B) iff every proper languag&,, C L(B).

(4) Letg,h be two supergraphs such tha,, is proper.Zy, C L(B) iff there exists
g€ Qi reQp ac{0,1}suchthatg,a,r) € gand(r,1,r) € h.

In an analogous fashion to Section 2.1, we can use supegytapést the contain-
ment of two automata4 andB. Search all pairs of supergrap@sﬁ € @A,B for a pair
that is both proper and for which there does not exigt@a Q%', r € Qp,a € {0,1}
suchthatg, a,r) € gand(r,1,r) € 1. Such a pair is a counterexample to containment.
If no such pair exists, theh(.A) C L(B). We call this search theéouble-graph search
to distinguish from later algorithms for which a countereyae is a single graph.

The double-graph search faces difficulty on two fronts.tFttee number of poten-
tial supergraphs is very large. Secondly, checking languamemptiness is an expo-
nentially difficult problem. To address these problems westauct only supergraphs
with non-empty languages. Borrowing the notion of composifrom Section 2.3 al-
lows us to use exponential space to compute exactly the demgeergraphs. We start
with graphs corresponding to smgle letters and compos® thnatil we reach closure.
The resulting subset (@A B, written QA B’ contains exactly the supergraphs with non-
empty languages. In addition to removing the need to chealfptiness, composition
allows us to test the sole remaining aspect of propernasgiége containment, in time
polynomial in the size of the supergraphs.

3.2 Strongly Suffix Closed Languages

Theorem 1 suggests that, for some languages, a cycle inpéesxistence of a lasso.
For Buchi automata of such languages, it is sufficient, wilisproving containment,

to search for a grapﬁ € @B, Whereﬁ;ﬁ = h, with no arc(r, 1, ). This single-graph

search reduces the complexity of our algorithm signifigaMlhat enables this in size-
change termination is the late-start property: threadshemyin at any point. We here
define the class of automata amenable to this optimizateginbing with universality

for simplicity.

In size-change termination, an accepting cycle can stamafpoint. Thus the arc
(r,1,r) € h does not need an explicit matching prefixa, r) in someg. In the context
of universality, we can apply this method when it is safe td ad remove arbitrary
prefixes of a word. To describe these languages we extendicthéasd notion ofuffix
closure A languagel. is suffix closed when, for every € L, every suffix ofw isin L.

Definition 5. A languageL is strongly suffix closedf it is suffix closed and for every
w € L, wy € 27T, we have thatv,w € L.



Lemma 5. Let5 be an Bichi automaton where every state(ns reachable and.(B)
is strongly suffix closed3 is not universal iff the set of supergraphs with non-empty
IanguagesQB, contains a graphh h h with no arc of the form(r, 1, 7).

To extend this notion to handle containment questibnsC Lo, we restrict our
focus to words inL;. Instead of requirind., to be closed under arbitrary prefixds;
need only be closed under prefixes that keep the wofd in

Definition 6. A languageL- is strongly suffix closed with respect tb; whenL; is
suffix closed and, forevery € Ly N Lo, wy € X7, if wyw € Ly thenw,w € Lo.

Lemma 6. Let.A andB3 be two Bichi automata wher@’y = Q 4,% every state i)z is
reachable, and.(B) is strongly suffix closed with respecth) ThenL( ) € L(B)
iff QA 5 contains a supergraph ((s, ) h) wheres € F4, h h = hand there is no

arc (r,1,r) € h.

Lemma 6 provides a simplified test for the containmentoin B when L(B) is
strongly suffix closed with respect t(.A). Search all supergraphs @A g foran su-
pergraphh Whereh h = h that does not contain an arc of the fofm1,r). The pres-
ence of this counterexample refutes containment, and thenale of such a supergraph
proves containment. We call this search $irggle-graph search

3.3 From Ramsey-Based Containment to Size-Change Termiriah

We can now delve into the connection between the LIB alguarftr size-change ter-
mination and the Ramsey-based containment test. SCGs afialgorithm are di-
rect analogues of supergraphs in the Ramsey-based comait@st ofA ;. (r) and
ADesc L)-

No(tir)19 that the LIB algorithm examines single SG@&whereG = G; G, we show
that for an SCT problend = (H, P, C,G) the conditions of Lemma 6 are met. First,
every state inAdp;q,(z) IS an initial state. Second, every function inis reachable,
and so every state i p.s.(z) is reachablé.Finally, the late-start property is precisely
Desc(L) being strongly suffix closed with respectidow(L). Therefore we can use
the single-graph search.

Consider supergraphs @a,.,,., ), Ap....,- 1Ne state space ofr;,.,(1) is the set
of functions H, and the state space @fp...(z) is the union of andQ, the set of

all {0, 1}-labeled parameters. A supergraph@;.,,,, ), Ap...., thus comprises an
arc(q,r) in H and a{0, 1}-labeled graply over H U );. The arc asserts the existence
of a call path fromq to r, and the graply captures the relevant information about
corresponding paths i pege(r)-

These supergraphs are almost the same as SEGg,— r. Aside from notational
differences, both contain an arc, which asserts the existeha call path between two
functions, and 40, 1}-labeled graph. There are vertices in both graphs that spored

3 With a small amount of work, the restriction tk@ﬁ}( = .4 can be relaxed to the requirement
that L(.A) be suffix closed.
4 In the original reduction, 1-labeled parameters may noehmeen reachable.



to parameters of functions, and arcs between two such esrtescribe a thread be-
tween the corresponding parameters. The analogy fallg,dfmwever, on three points:

(1) In SCGs, vertices are always parameters of functionsupergraphs, vertices
can be either parameters of functions or function names.

(2) In SCGs, vertices are unlabeled. In supergraphs, esrtice labeled eithéror 1.

(3) In SCGs, only vertices corresponding to parameters ofgpecific functions
are present. In supergraphs, vertices corresponding ty eagameters of every func-
tions exist.

We show, in turn, that each difference is an opportunity tecgdize the Ramsey-
based containment algorithm.

(1) No functions inff are accepting fo p...(r), and once we transition out ¢f
into @1 we can never return t&/. Therefore vertices corresponding to function names
can never be part of a descending &rcl,r). Since we only search for a cycle
(r,1,7), we can simplify supergraphs @Amow@),ADesc@) by removing all vertices
corresponding to functions.

(2) The labels on parameters are the result of encoding &iRitge acceptance
condition in a Buchi state acceptance condition automadnd can be dropped from
supergraphs with no loss of information. Consider an{éfca), b, (g, c)). If bis 1, we
know the corresponding thread contains a descending aecvdlne ofc tells us if the
final arc in the thread is descending, but which arc is desognslirrelevant. Thus itis
safe to simplify supergraphs @ ..,,,,, ., Ap....., PY removing labels on parameters.

(3) While all parameters are statesth...(r), €ach supergraph describes threads
in a call sequence between two functions. There are no thiiedtis call sequence be-
tween parameters of other functions, and so no supergraprewion-empty language
has arcs between the parameters of other functions. We oarstimplify supergraphs
IN QApiury. Apesorr, PY Femoving all vertices corresponding to parameters oéoth
functions.

We can specialize the Ramsey-based containment algorithih (f4 7;0.,()) <
L(Apese(r)) in two ways. First, by Lemma 6 we know th&ow(L) C Desc(L) if
and only if@Amow@),ADesc@) contains an idempotent graﬁh: g; g with no arc of the
form (r, 1, 7). Secondly, we can simplify supergraphs,.,, ., ). Ap....., bY remov-
ing the labels on parameters and keeping only the verticascaged with appropriate
parameters. The simplifications of supergraphs whose kgpegicontain single char-
acters are in one-to-one corresponding withthe initial set of SCGs. As every state
in Flow(L) is accepting, every idempotent supergraph can serve asaerexample.
ThereforeDesc(L) C Flow(L) if and only if the closure of the set of simplified super-
graphs under composition contains an idempotent supérgrith no arc of the form
(r,1,r). This is precisely the algorithm provided by Theorem 1.

4 Empirical Analysis

All the Ramsey-based algorithms presented in Section 2/8 harst-case running
times that are exponentially slower than those of the raaded algorithms. We now
compare existing, Ramsey-based, SCT tools tools to a rapkebBiichi containment
solver on the domain of SCT problems.



4.1 Towards an Empirical Comparison

To facilitate a fair comparison, we briefly describe two impements to the algorithms
presented above. First, in constructing the analogy betB&Gs in the LIB algorithm
and supergraphs in the Ramsey-based containment algortemoticed that super-
graphs contain vertices for every parameter, while SCGsadomnly vertices corre-
sponding to parameters of relevant functions. These esrtare states i pese(r)-
While we can specialize the Ramsey-based test to avoid tB&chi containment
solvers might suffer. These states duplicate informathswe already know which
functions each supergraph corresponds to, there is no needch vertex to be unique
to a specific function.

The extra states emerge becauli¥esc(L) only accepts strings that are contained
in Flow(L). But the behavior ofA ..z, on strings not inFlow(L) is irrelevant to
the question oflow(L) C Desc(L), and we can replace the names of parameters in
Apese(r) With their location in the argument list. By using this obssion, we can sim-
plify the reduction from SCT problems to Biichi containmpriblems. Experimental
results demonstrate that these changes do improve penficema

Second, in [2], Ben-Amram and Lee present a polynomial agpration of the LJB
algorithm for SCT. To facilitate a fair comparison, they ioize the LJIB algorithm for
SCT by using subsumption to remove certain SCGs when conptite closure under
composition. This suggests that the single-graph seartlemima 6 can also employ
subsumption. When computing the closure of a set of supgingrander compositions,
we can ignore elements when they are conservatively appiaied, or subsumed, by
other elements. Intuitively, a supergrapleonservatively approximates another super-
graphﬁ when it is strictly harder to find a 1-labeled sequence of #&rosughyg than
throughiAz When the right arc can be found # then it also occurs irh. If g does
not have a sat|sfy|ng arc, then we already have a countengeaapergraph. Formally,
given two graph@, he QA 5 Whereg = h, say thafj conservatively approxmatézs
writteng =< 1, when for every ardq, a,r) € gthereis an ardq,a’,r) € 1, where if
a = 1 thena’ = 1. Note that conservative approximation is a transitivetiefa In or-
der to safely employ conservative approximation as a suptomrelation, we replace
the search for a single arc in idempotent graphs with a sdaranstrongly connected
component in all graphs. Extending this relationship todbable-graph search is an
open problem.

4.2 Experimental Results

All experiments were performed on a Dell Optiplex GX620 watlsingle 1.7Ghz Intel
Pentium 4 CPU and 512 MB. Each tool was given 3500 second#eailnder one hour,
to complete each task.

Tools: The formal-verification community has implemented rankdzatools in or-
der to measure the scalability of various approaches. Totgramming-languages com-
munity has implemented several Ramsey-based SCT tools.sé/¢he best-of-breed
rank-based toolMh, developed by Doyen and Raskin [5], that leverages a subsump
tion relation on ranks. We expanded the Mh tool to handlelB&éontainment problems



with arbitrary languages, thus implementing the full camt@ent-checking algorithm
presented in their paper.

We use two Ramsey-based todBCTP is a direct implementation of the LJB al-
gorithm of Theorem 1, written in Haskell [7]. We have exted®CTP to reduce SCT
problems to Biichi containment problems, using either Dtgdim 3 or our improved
reduction sct/scpis an optimized C implementation of the SCT algorithm, whisles
the subsumption relation of Section 4.1 [2].

Problem Space:Existing experiments on the practicality of SCT solversufmon
examples extracted from the literature [2]. We combine gxamfrom a variety of
sources|[1,2,7,8,10,12, 17]. The time spent reducing SGblems to Blichi automata
never took longer than 0.1 seconds and was dominated by H@s this time was not
counted. We compared the performance of the rank-based Mhrsmn the derived
Buchi containment problems to the performance of the ixgs$CT tools on the orig-
inal SCT problems. If an SCT problem was solved in all inctiomes and by all tools
in less than 1 second, the problem was discarded as unititgrdsnfortunately, of the
242 SCT problems derived from the literature, only 5 provbéadnteresting.

Experiment Results: Table 1 compares the performance of the rank-based Mh
solver against the performance of the existing SCT tookpldiing which problems
each tool could solve, and the time taken to solve them. Ofrttezesting problems,
both SCTP and Mh could only complete 3. On the other handsgztfompleted all of
them, and had difficulty with only one problem.

Problem SCTP (s) Mh (s) |sct/scp (s
ex04 [2] 1.58 |Time Ouf 1.39
ex05 [2] Time OutTime Out 227.7
ms [7] TimeOut 0.1 0.02
gexgcd [7] 0.55 14.98 | 0.023
graphcolour2 [8] 0.017 3.18 0.014

Table 1: SCT problem completion time by tool.

The small problem space makes it difficult to draw firm conidos, but it is clear
that Ramsey-based tools are comparable to rank-baseddod®CT problems: the
only tool able to solve all problems was Ramsey based. Thssiiiprising given the
significant difference in worst-case complexity, and matis further exploration.

5 Reverse-Determinism

In the previous section, the theoretical gap in performdatereen Ramsey and rank-
based solutions was not reflected in empirical analysis.nUpaher investigation, it
is revealed that a property of the domain of SCT problemsspaasible. Almost all
problems, and every difficult problem, in this experimemtd&CGs whose vertices
have an in-degree of at most 1. This property was first obseoyeBen-Amram and
Lee in their analysis of SCT complexity [2]. After showing wthis property explains
the performance of Ramsey-based algorithms, we explorethisyproperty emerges
and argue that it is a reasonable property for SCT problenmossess. Finally, we
improve the rank-based algorithm for problems with thisgandy.



As stated above, all interesting SCGs in this experimeng wvavtices with at most
one incoming edge. In analogy to the corresponding progdertautomaton, we call
this property of SCGseverse-determinisnGiven a set of reverse-deterministic SCGs
G, we observe three consequences. First, a reverse-detstim8CG can have no more
thann arcs: one entering each vertex. Second, there are25tiiy'°s™ possible such
combinations ofx arcs. Third, the composition of two reverse-determiniSieGs is
also reverse-deterministic. Therefore every elementeérctbsure oG under composi-
tion is also reverse-deterministic. These observatioqyirthat the closure off under
composition contains at mogf("1°e”) SCGs. This reduces the worst-case complex-
ity of the LIB algorithm to2€("1gm) " |n the presence of this property, the massive
gap between Ramsey-based algorithms and rank-basedhtgstanishes, helping to
explain the surprising strength of the LIB algorithm.

Lemma 7. When operating on reverse-deterministic SCT problemd,dBealgorithm
has a worst-case complexity 2P (" 1og 7).

It is not a coincidence that all SCT problems considered gassthis property. As
noted in [2], straightforward analysis of functional pragrs generates only reverse-
deterministic problems. In fact, every tool we examinedn$/aapable of producing
reverse-deterministic SCT problems. To illuminate thesogefor this, imagine a SCG
G : f — g wheref has two parameters, andy, andg the single parameter. If G
is not reverse deterministic, this implies battandy have arcs, labeled with either 0
or 1, toz. This would mean that’s value is bothalwayssmaller than or equal ta
andalwayssmaller than or equal tg. In order for this to occur, we would needhain
operation that returns the smaller of two elements. For #ee o©f lists, for example,
min would return the shorter of two lists. This is not a commonragien, and none of
the size-change analyzers were designed to discover saplknies of functions.

We now consider the rank-based approach to see if it can bdrmfi reverse-
determinism. We say that an automatonréserse-deterministievhen no state has
two incoming arcs labeled with the same character. Formatlyautomaton is reverse-
deterministic when, for each stajeand charactet, there is at most one stagesuch
thatq € p(p,a). Given a reverse-deterministic SCT probldmboth A,z and
Apese(r) are reverse-deterministic. As a corollary to the above, Raensey-based
complementation construction has a worst-case compleXigf ("1™ for reverse
deterministic automata. Examining the rank-based apra@e note that with reverse-
deterministic automata we do not have to worry about mutjths to a state. Thus a
maximum rank of 2, rather thain, suffices to prove termination of every path, and the
worst-case bound of the rank-based construction imprave<).

Lemma 8. Given a reverse-deterministidiBhi automatorB with n states, there exists

an automator3’ with 2°(") states such that(B’) = L(B).

In light of this discovery, we revisit the experiments andiagcompare rank and
Ramsey-based approaches on SCT problems. This time we lelthé rank-based
solver, that the problems have a maximum rank of 2. Table 2pawes the running
time of Mh and sct/scp on the five most difficult problems. Afobe, time taken to
reduce SCT problems to automata containment problems wa®noted.



Problem Mh (s)|sct/scp (5
ex04 0.01| 1.39
ex05 0.13| 227.7
ms 0.1 0.02
gexgcd 0.39| 0.023
graphcolour20.044| 0.014

Table 2: SCT problem completion time times by tool, exploiting reseadeterminism.

While our problem space is small, the theoretical worsedasunds of Ramsey
and rank-based approach appears to be reflected in theTakel®amsey-based sct/scp
completes some problems more quickly, but in the worst ¢as€gl and ex05, performs
significantly more slowly than Mh. It is worth noting, howeyéhat the benefits of
reverse-determinism on Ramsey-based approaches emeatgesatically, while rank-
based approaches must explicitly test for this propertyifeoto exploit it.

6 Conclusion

In this paper we demonstrate that the Ramsey-based singetermination algorithm
proposed by Lee, Jones, and Ben-Amram [10] is a specialzadation of the 1987
Ramsey-based complementation construction [3, 14]. Witk link established, we
compare rank-based and Ramsey-based tools on the domai@Top®blems. Ini-
tial experimentation revealed a surprising competitigsnaf the Ramsey-based tools,
and led us to further investigation. By exploiting revetserminism, we were able to
demonstrate the superiority of the rank-based approach.

Our experiments operated on a very sparse space of probhehstidl yielded two
interesting observations. First, subsumption appear®toritical to the performance
of Blichi complementation tools using both rank and Rants&sed algorithms. It has
already been established that rank-based tools benefiggrivom the use of subsump-
tion [5]. Our results demonstrate that Ramsey-based tdstskeenefit from subsump-
tion, and in fact experiments with removing subsumptiomfrgct/scp seem to limit its
scalability. Second, by exploiting reverse-determinism, can dramatically improve
the performance of both rank and Ramsey-based approachest&inment checking.

Our test space was unfortunately small, with only five irntérg problems emerg-
ing. In [5, 15], a space of random automata universality [@wis is used to provide a
diverse problem domain. We plan to similarly generate asmdecandom SCT prob-
lems to provide a more informative problem space. Sampliig problem space is
complicated by the low transition density of reverse-deiarstic problems: in [5, 15]
the most interesting problems had a transition density dfittigued by the competi-
tive performance of Ramsey-based solutions, we also intemdmpare Ramsey and
rank-based approaches on the domain of random univergatiblems.

On the theoretical side, we are interested in extending tsisnption relation
present in sct/scp. It is not immediately clear how to usessaiption for problems
that are not strongly suffix-closed. While arbitrary prahkecan be phrased as a single-
graph search, doing so imposes additional complexity. figitey the subsumption re-
lation to the double-graph search of Lemma 4 would simplifg solution greatly.



The effects of reverse-determinism on the complementaticautomata bear fur-
ther study. Reverse-determinism is not an obscure progertyknown that automata
derived from LTL formula are reverse-deterministic [6]. Asted above, both rank and
Ramsey-based approaches improves exponentially when atomer on
reverse-deterministic automata. Further, Ben-Amram aed have defined SCP, a
polynomial-time approximation algorithm for SCT. For a widubset of SCT prob-
lems with restricted in degrees, including the set used ig ghper, SCP is exact. In
terms of automata, this property is similar, although ppghaot identical, to reverse-
determinism. The presence of an exact polynomial algorfinthe SCT case suggests
a interesting subset of Biichi containment problems maydbeble in polynomial
time. The first step in this direction would be to determineatvhroperties a contain-
ment problem must have to be solved in this fashion.
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