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Abstract

The application of model-checking tools to complex systemsinvolves a nontrivial
step of modelling the system by a finite-state model and a translation of the de-
sired properties into a formal specification. While a positive answer of the model
checker guarantees that the model satisfies the specification, correctness of the
modelling is not checked. Vacuity detection is a successfulapproach for finding
modelling errors that cause the satisfaction of the specification to be trivial. For
example, the specification “every request is eventually followed by a grant” is
satisfied vacuously in models in which requests are never sent. Previous works
have focused on detecting vacuity with respect to subformula occurrences in log-
ics such as LTL, CTL, and CTL∗. In this work we investigate vacuity detection
with respect to subformulas with multiple occurrences in industrial strength spec-
ification languages.

The generality of our framework requires us to re-examine the basic intuition
underlying the concept of vacuity, which until now has been defined as sensitivity
with respect to syntactic perturbation. We study sensitivity with respect to seman-
tic perturbation, which we model by monadic universal quantification. We show
that this yields a hierarchy of vacuity notions. We argue that the right notion is
that of vacuity defined with respect to traces and provide an algorithm for vacuity
detection. As recent industrial property-specification languages feature a regular
layer, which includes regular expressions and formulas constructed from regular
expressions, we extend vacuity detection to such a regular layer of linear-temporal
logics. We focus here on RELTL, which is the extension of LTL with a regular
layer. We define when a regular expression does not affect thesatisfaction of an
RELTL formula by means of universally quantified intervals.Thus, the transition
to regular vacuity takes us from monadic quantification to dyadic quantification.
We show that regular-vacuity detection is decidable, but involves an exponential
blow-up (in addition to the standard exponential blow-up for LTL model check-
ing). Finally, we discuss pragmatic aspects of vacuity checking.
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Notation and Abbreviations

UQLTL — Universally quantified linear temoral logic
QRELTL — Universally quantified regular expressions lineartemoral logic
QALTL — Same as QRELTL, with regular expressions replaced byNFW

x — A propositional variable (associated withσ orα)
y — An interval variable (associated withβ)

T (M) — Set of computations ofM
σ — A structure assignment (σ : X → 2S)
α — A trace assignment (α : X → 2N)
β — An interval set (β ⊆ {(i, j)| i, j ∈ IN, j ≥ i})

AP — Set of atomic propositions
ϕ — A formula (e.g. LTL, RELTL, UQLTL)
ψ — Usually a subformula ofϕ
M — Model of a system (Kripke structure)
π — A computation (trace) ofM

M,π |= ϕ — Traceπ of M satisfiesϕ
M, π 6|= ϕ — Traceπ of M refutesϕ
M, π |=s ϕ — Traceπ of M structure satisfiesϕ
M, π |=t ϕ — Traceπ of M trace satisfiesϕ

M, π, i, j|≡ e — Traceπ of M tightly satisfiese betweeni andj
e — A regular expression

Zq — An NFWZ with an initial stateq
NFW — Nondeterministic Finite Word Automaton
L(Z) — Language of the NFWZ
Aϕ — An NGBW forϕ

NGBW — Nondeterministic Generalized Büchi Word automaton
ϕ [ψ ← ⊥] — The formula obtained fromϕ by replacingψ by true or false
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Chapter 1

Introduction

Temporal logics, which are modal logics geared towards the description of the
temporal ordering of events, have been adopted as a powerfultool for specifying
and verifying concurrent systems [Pnu77]. One of the most significant develop-
ments in this area is the discovery of algorithmic methods for verifying temporal-
logic properties offinite-statesystems [CE81, CES86, LP85, QS81, VW86]. This
derives its significance both from the fact that many synchronization and commu-
nication protocols can be modeled as finite-state systems, as well as from the great
ease of use of fully algorithmic methods. In temporal-logicmodel checking, we
verify the correctness of a finite-state system with respectto a desired behavior by
checking whether a labeled state-transition graph that models the system satisfies
a temporal logic formula that specifies this behavior (for anin-depth survey, see
[CGP99]).

Beyond being fully-automatic, an additional attraction ofmodel-checking tools
is their ability to accompany a negative answer to the correctness query with a
counterexample to the satisfaction of the specification in the system. Thus, to-
gether with a negative answer, the model checker returns some erroneous execu-
tion of the system. These counterexamples are very important and can be essential
in detecting subtle errors in complex designs [CGMZ95]. On the other hand, when
the answer to the correctness query is positive, most model-checking tools provide
no witness for the satisfaction of the specification in the system. Since a positive
answer means that the system is correct with respect to the specification, this may,
a priori, seem like a reasonable policy. In the last few years, however, industrial
practitioners have become increasingly aware of the importance of checking the
validity of a positive result of model checking. The main justification for suspect-
ing the validity of a positive result is the possibility of errors in the modeling of

4



the system or of the desired behavior, i.e., the specification.
Early work on “suspecting a positive answer” concerns the fact that temporal

logic formulas can suffer fromantecedent failure[BB94]. For example, in veri-
fying a system with respect to the CTL specificationϕ = AG(req → AF grant)
(“every request is eventually followed by a grant”), one should distinguish be-
tweenvacuous satisfactionof ϕ, which is immediate in systems in which requests
are never sent, and non-vacuous satisfaction, in systems where requests are some-
times sent. Evidently, vacuous satisfaction suggests someunexpected properties
of the system, namely the absence of behaviors in which the antecedent ofϕ is
satisfied.

Several years of practical experience in formal verification have convinced the
verification group at the IBM Haifa Research Laboratory thatvacuity is a serious
problem [BBER97]. To quote from [BBER97]: “Our experience has shown that
typically 20% of specifications pass vacuously during the first formal-verification
runs of a new hardware design, and that vacuous passes alwayspoint to a real
problem in either the design or its specification or environment.” The usefulness
of vacuity analysis is also demonstrated via several case studies in [PS02]. Of-
ten, it is possible to detect vacuity easily by checking the system with respect
to hand-written formulas that ensure the satisfaction of the preconditions in the
specification [BB94, PP95].

These observations led Beer et al. to develop a method for automatic testing
of vacuity [BBER97]. Vacuity is defined as follows: a formulaϕ is satisfied in a
systemM vacuously if it is satisfied inM , but some subformulaψ of ϕ does not
affectϕ in M , which means thatM also satisfiesϕ [ψ ← ψ′] for all formulasψ′

(ϕ [ψ ← ψ′] denotes the result of substitutingψ′ for ψ in ϕ). Beer et al. proposed
testing vacuity by means ofwitness formulas. In the example above, it is not hard
to see that a system satisfiesϕ non-vacuously iff it also satisfiesEF req. In gen-
eral, however, the generation of witness formulas is not trivial, especially when
we are interested in other types of vacuity passes, which aremore complex than
antecedent failure. While [BBER97] nicely set the basis fora methodology for de-
tecting vacuity in temporal-logic specifications, the particular method described
in [BBER97] is quite limited (see also [BBER01]). The type ofvacuity passes
handled is indeed richer than antecedent failure, yet it is still very restricted. Beer
et al. consider the subset w-ACTL of the universal fragment ACTL of CTL. The
logic w-ACTL consists of all ACTL formulas in which all the (Boolean or tem-
poral) binary operators have at least one operand that is a propositional formula.
Many natural specifications cannot be expressed in w-ACTL.

A general method for detection of vacuity for specificationsin CTL∗ (and
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hence also LTL, which was not handled by [BBER97]) was presented in [KV99,
KV03]. The key idea there is a general method for generating witness formulas. It
is shown in [KV03] that instead of replacing a subformulaψ by all subformulasψ′,
it suffices to replace it by eithertrue or false depending on whetherψ occurs inϕ
with negative polarity (i.e., under an odd number of negations) or positive polarity
(i.e., under an even number of negations). Thus, vacuity checking amounts to
model checking witness formulas with respect to all (or some) of the subformulas
of the specificationϕ. It is important to note that the method in [KV03] is for
vacuity with respect to subformula occurrences. The key feature of occurrences is
that a subformula occurrence has apurepolarity (exclusively negative or positive).
In fact, it is shown in [KV03] that the method is not applicable to subformulas with
mixed polarity (both negative and positive occurrences).

Recent experience with industrial-strength property-specification languages
such as ForSpec [AFF+02] suggests that the restriction to subformula occurrences
of pure polarity is not negligible. ForSpec, which is a linear-time language, is sig-
nificantly richer syntactically (and semantically) than LTL. In particular, it has a
rich set of arithmetical and Boolean operators. As a result,even subformula occur-
rences may not have pure polarity, e.g., in the formulasp⊕q (⊕ denotes exclusive
or). While we can rewritep⊕q as(p∧¬q)∨ (¬p∧q), it forces the user to think of
every subformula occurrence of mixed polarity as two distinct occurrences, which
is rather unnatural. Also, a subformula may occur in the specification multiple
times, so it need not have a pure polarity even if each occurrence has a pure po-
larity. For example, if the LTL formulaG(p → p) holds in a systemM then we
would expect it to hold vacuously with respect to the subformula p (which has a
mixed polarity), though not necessarily with respect to either occurrence ofp, be-
cause both formulasG(true→ p) andG(p→ false) may fail inM . (Surely, the
fact thatG(true→ false) fails inM should not entail thatG(p→ p) holds inM
non-vacuously.) Our first goal in this thesis is to remove therestriction in [KV03]
to subformula occurrences of pure polarity, and consider vacuity with respect to
subformulas.

The generality of our framework requires us to re-examine the basic intuition
underlying the concept of vacuity. As defined, a formulaϕ is satisfied in a sys-
temM vacuously if it is satisfied inM but some subformulaψ of ϕ does notaffect
ϕ in M . It is less clear, however, what does “does not affect” means. Intuitively,
it means that we can “perturb”ψ without affecting the truth ofϕ in M . Both
[BBER97] and [KV03] consider only syntactic perturbation,but no justification
is offered for this decision. We argue that another notion toconsider is that of
semantic perturbation, where thetruth valueof ψ in M is perturbed arbitrarily.
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The first part of this thesis is an examination in depth of thisapproach. We
model arbitrary semantic perturbation by a universal quantifier, which in turn is
open to two interpretations (cf. [Kup95]). It turns out thatwe get two notions of
“does not affect” (and therefore also of vacuity), depending on whether universal
quantification is interpreted with respect to the systemM or with respect to its
computation tree. We refer to these two semantics as “structure semantics” and
“trace semantics”. Surprisingly, the original, syntactic, notion of perturbation falls
between the two semantic notions.

We argue then that trace semantics is the preferred one for vacuity checking.
Structure semantics is simply too weak, yielding vacuity too easily. Formula se-
mantics is more discriminating, but it is not robust, depending too much on the
syntax of the language. In addition, these two semantics yield notions of vacu-
ity that are computationally intractable. In contrast, trace semantics is not only
intuitive and robust, but it can be checked easily by a model checker.

In addition to a rich set of arithmetical and Boolean operators, industrial property-
specification languages offer aregular layer, which includes regular expressions
and formulas constructed from regular expressions. For example, the ForSpec for-
mulae seq θ, wheree is a regular expression andθ is a formula, asserts that some
e sequence is followed byθ, and the ForSpec formulae triggers θ, asserts that all
e sequences are followed byθ. Our second goal in this thesis is to extend vacuity
detection to such a regular layer of linear-temporal logics. Rather than treat the
full complexity of industrial languages, we focus here on RELTL, which is the
extension of LTL with a regular layer. Thus, we need to define,and then check,
the notion of “does not affect,” not only for subformulas butalso for regular ex-
pressions. We refer to the latter asregular vacuity. As an example, consider the
propertyϕ = globally ((req · (¬ack)∗ · ack) triggers grant), which says that a
grant is given exactly one cycle after the cycle in which a request is acknowl-
edged. Note that if(¬ack)∗ · ack does not affect the satisfaction ofϕ in M (that
is, replacing(¬ack)∗ · ack by any other sequence of events does not causeM to
violateϕ), we can learn that acknowledgments are actually ignored: grants are
given, and stay on forever, immediately after a request. Such a behavior is not
referred to in the specification, but can be detected by regular vacuity.

In order to understand our definition for regular vacuity, consider a formulaϕ
over a setAP of atomic propositions. LetΣ be the set of Boolean functions over
AP , and lete be a regular expression overΣ appearing inϕ. The regular expres-
sion e induces a language – a set of finite words overΣ. For a wordw ∈ Σω,
the regular expressione induces a set of intervals [AFF+02]: these intervals de-
fine subwords ofw that are members in the language ofe. By saying thate does
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not affectϕ in M , we want to capture the fact that we could modifye, replace
it with any other regular expression, and stillϕ would be satisfied inM . Once
again, we argue that the semantic approach to modifications of e, where “does
not affect” is captured by means of universal quantification, is preferred. Thus, in
RELTL vacuity there are two types of elements we need to universally quantify to
check vacuity. First, as in LTL, in order to check whether an RELTL subformula
ψ, which is not a regular expression, affects the satisfaction of ϕ, we quantify
universally over a proposition that replacesψ. In addition, checking whether a
regular expressione that appears inϕ affects its satisfaction, we need to quantify
universally over intervals. Thus, while LTL vacuity involvesmonadicquantifi-
cation (over the sets of points in which a subformula may hold), regular vacuity
involvesdyadicquantification (over intervals – sets of pairs of points, in which a
regular expression may hold). We also discuss two weaker alternative definitions
of regular vacuity: a restriction of the universally quantified intervals to intervals
of the same duration ase (in case such a duration is well defined), and an approx-
imation of the dyadic quantification over intervals by monadic quantification over
the Boolean events referred to in the regular expressions.

In the second part of this thesis we show that regular vacuityis decidable, and
that the automata-theoretic approach to LTL [VW94] can be extended to handle
dyadic universal quantification. Unlike monadic universalquantification, which
can be handled with no increase in computational complexity, the extension to
dyadic quantification involves an exponential blow-up (in addition to the standard
exponential blow-up of handling LTL [SC85]), resulting in an EXPSPACE upper
bound, which should be contrasted with a PSPACE upper bound for RELTL model
checking. The NEXPTIME-hardness lower bound [AFF+03](Appendix A), while
leaving a small gap with respect to the upper bound, shows that an exponential
overhead on top of the complexity of RELTL model checking seems inevitable.

In the final part of this thesis we address several pragmatic aspects of vacu-
ity checking. We first discuss whether vacuity should be checked with respect to
subformulas or subformula occurrences and argue that both checks are necessary.
We then discuss how the number of vacuity checks can be minimized and how
vacuity results should be reported to the user. We argue thatwith respect to reg-
ular vacuity, one may need to restrict attention to specifications in which regular
expressions are of pure polarity. We show that under this assumption, the tech-
niques of [KV03] can be extended to regular vacuity, which can then be reduced
to standard model checking. Finally, we describe our experience of implement-
ing vacuity checking in the context of a ForSpec-based modelchecker. We found
vacuity detection useful in detecting wrong assumption (restricting the desired
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model behavior), detecting bugs in the model and detecting inaccurate properties.
In fact, we only consider a verification task to be complete after vacuity analysis.

The thesis summarizes our work on vacuity detection coveredin the following
papers:

• R. Armoni, L. Fix, A. Flaisher, O. Grumberg, N. Piterman, A. Tiemeyer, M.
Vardi. Enhanced Vacuity Detection in Linear Temporal Logic. CAV 2003.

• D. Bustan, A. Flaisher, O. Grumberg, O. Kupfreman, M. Vardi.Regular
Vacuity. Submitted.

Appendixes A and B prove the correctness of the constructionfor RELTL and
regular vacuity. They are given as appendixes due to significant enhancements
performed by Doron Bustan. Appendixes C and D prove lower bound of struc-
ture vacuity and regular vacuity. They were writen by Nir Piterman and Orna
Kupferman and included for the sake of completeness.
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1.1 Related Work

1.1.1 Vacuity Detection

The problem of trivially valid formulas was first noted by Beatty and Bryant
[BB94], who termed it antecedent failure. It seems [BBER97]is the first attempt
to automatically detect trivial passes under symbolic model checking. In addi-
tion to antecedent failure, Beer at el. cover other kinds of trivially true formulas,
and call it avacuous pass. They present interesting examples of vacuous passes,
such asAG(p → AX(q → AXr)). The formula passes vacuously not only ifp
never occurs, but also ifq never occurs at a next state ofp. They define a subset
of ACTL, called w-ACTL (witness ACTL), for which it is possible to construct
a single formulaw(ϕ) which detects all vacuous passes ofϕ. A side affect of
their method is that the witness formula which detects trivial passes, also provides
an interesting witnesswhen false. Examining an interesting witness can provide
some confidence that the formal specification accurately reflects the intent of the
user.

Beer at el. report that typically 20% of formulas pass vacuously during the first
formal verification runs of new hardware designs, and that vacuous passes always
point to real problem in either the design, the specificationor the environment.
They also report that of the formulas which passnon-vacuously, examination of
the interesting witnesses discovers a problem with approximately 10% of the for-
mulas. Examining such witnesses is orthogonal to vacuity detection.

According to Beer at el.vacuityoccurs when one of the operandsdoes not
affect the validity of the formula. Formally, a sub formulaξ does not affect the
truth value ofϕ in modelM , if for every formulaξ′, the truth value ofϕ in model
M is the same as the truth ofϕ in model M. Here,ϕ′ is the formula obtained by
replacingξ with ξ′ in ϕ. They say that a formulaϕ passes vacuously in modelM
if it passes, and contains a subformulaξ such thatξ does not affect the truth ofϕ
in M .

As mentioned, [BBER97] is restricted to a subset of ACTL called w-ACTL.
They claim that in their experience, this subset is sufficient for expressing most
of the formulas used by engineers for specification. w-ACTL formulas are ACTL
formulas in which for all binary operators at least one of theoperands is a propo-
sitional formula. For each operator, they define theimportantoperand for which
vacuity will be detected. They restrict vacuous passes onlyto cases where the
non-affecting subformula is important. For example, in theformulaAG(req →
AFgrant) they check the case wherereq never happens, but ignore the case in
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whichAFgrant always holds.
According to [BBER97], aninteresting witnessis a path showing one instance

of the truth of the formula, on which every important subformula affects the truth
of the formula. Beer at el. show how to construct an interesting witness for a
w-ACTL formula. They say that a formulaw is awitness formulaof ϕ, denoted
w(ϕ), if for any modelM : (1) (M |= ϕ andM |= w(ϕ)) iff ϕ passes vacuously
in M . (2) If M |= ϕ andM 6|= w(ϕ) then any cex ofw(ϕ) in M is also an inter-
esting witness ofϕ in M . They show how to construct a witness formula for any
w-ACTL formula. Their construction algorithm replaces thesmallest important
subformula withfalse.

Kupferman and Vardi [KV99, KV03] extend the work of [BBER97]by pre-
senting a general method for detecting vacuity for specifications in CTL∗. Be-
yond the extension of the method to a highly expressive specification language,
they also give a stronger definition of vacuity, in the sense that they check whether
all the subformulas of the specification affect its truth value. Given a formulaϕ
and a subformulaψ, they denote byϕ [ψ ← ⊥] the formula obtained fromϕ by
replacingψ by true if ψ is of negative polarity and byfalse if ψ is of positive
polarity. They show that for a subformula occurrenceψ of ϕ and for every system
M , if M |= ϕ[ψ ← ⊥], then for every formulaξ, we haveM |= ϕ[ψ ← ξ]. It
follows that vacuity detection involves model checking ofM with respect to at
most|ϕ| formulas, and can be checked in timeO(CM(|ϕ| · |ϕ|)), whereCM(|ϕ|)
is the complexity of the model checking problem. They show that forϕ in CTL,
a subformulaψ of ϕ with multiple occurrences, and a systemM , the problem of
deciding whetherψ does not affectϕ in M is co-NP-complete.

Kupferman and Vardi also study the generation of interesting witnesses. Given
a formulaϕ in either LTL or CTL∗, they definewitness(ϕ) = ϕ

∧
ψ∈cl(ϕ) ¬ϕ[ψ ←

⊥]. Intuitively, a pathπ satisfieswitness(ϕ) if π satisfiesϕ and in addition,π
does not satisfy the formulaϕ[ψ ← ⊥] for all the subformulasψ of ϕ. They show
that a counter example for¬witness(ϕ) in M , is an interesting witness forϕ in
M . They conclude that forϕ in CTL∗, the problem of generating an interesting
witness forϕ in M is PSPACE-complete.

Purandare and Somenzi [PS02] examine the practicality and usefulness of
[BBER97, KV03] for CTL. They show that a thorough vacuity check as in [KV03]
can be implemented efficiently for CTL, so that the overhead relative to plain
model checking is in practice very limited in spite of the worst case complexity.
Instead of checkingϕ and the witness formula generated by various replacements
in a sequential fashion, they checkϕ and all its replacements in a single bottom-up
pass over the parse tree orϕ. At each node they exploit the relationships between
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the sets of states satisfying the various formula. According to polarity, the satisfy-
ing set of a witness subformula is either a lower bound or an upper bound on the
satisfying set of the corresponding subformulas ofϕ. This allows them to speed
up fixpoint computations by accelerating convergence, or simplifying the compu-
tation of preimages. They also detect cases in which different replacements lead
to an equivalent formula.

Purandare and Somenzi provide several examples of vacuity,including one
where thorough vacuity detection is required. They consider the formulaAG(start∧
valid(x)∧ valid(y)→ valid(z)), wherestart holds in the first clock of the com-
putation, andvalid() tells whether the inputsx and y or the outputz are not
denormals (this is a floating point multiplier). They reportthat out of 24 replace-
ments, 20 produce vacuous passes. They revealed that (1) Theenvironment of the
model lacks an assignment tostart; (2) The MSB of the exponent could be incor-
rect due to overflow during its computation; and (3) The multiplier maintains the
invariantAGvalid(z). These bugs were found because each atomic proposition
was replaced separately, and the detection that the antecedent is redundant.

Two recent papers by Gurfinkel and Checkik examine additional aspects of
vacuity. In [GC04a] Gurfinkel and Checkik show the relation between vacuity
detection and the 3-valued Kleene logic. Simple vacuity detection is exactly the
3-valued model checkingproblem. They show generalizations of the vacuity prob-
lem to multi-valued model checking, such as four valued-model checking to de-
termine if a formula is vacuous and true, or vacuous and false. The paper deals
with subformula occurrences in CTL.

The idea of using multi-valued logic for encoding differentdegrees of vacuity
is also applicable to cases where we want to check vacuity of aformulaϕ with re-
spect toseveral subformulas, or multiple occurrences of the same formula. They
introduce the notion ofmutual vacuitybetween different subformulas. Logic val-
ues encode different degrees of vacuity, such as ”ϕ is mutually true ina andb,
vacuous inc and independent ofd, and non vacuous ine”.

In [GC04b] Gurfinkel and Checkik relate to the comparison between the three
alternative definitions of vacuity in [AFF+03] (see chapter 3), and claim that
although [AFF+03] shows that structure and formulas semantics are sensitive to
the model and specification language, the robustness of trace semantics is not for-
mally defined. They formalize the notion of robust vacuity and use our quantified
temporal logic formulation to extend semantic vacuity to CTL∗. Their definition
requires a vacuous pass in every modelK ′ that is bisimilar toK. When moving
from LTL to CTL∗ [GC04b] move from traces to trees. They show that vacuity
detection for CTL∗ is expensive (2EXPTIME-complete) , and define fragments of
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CTL∗ for which detecting vacuous satisfaction in not harder thanmodel checking.
Gurfinkel and Checkik also show that vacuity is preserved by abstraction.

They show that vacuity detection is more precise than traditional abstract model
checking in the sense that sometimes, it is possible to determine that a formula
is vacuously satisfied by an abstract model, even if the result of abstract model
checking is inconclusive.

1.1.2 Coverage

The notions of coverage and vacuity are closely related. Coverage metrics are
based on modifications applied to thesystem(rather than the specification) in
order to check which parts of it were actually relevant for the verification process
to succeed. Chockler, Kupferman and Vardi [CKV01] suggest several coverage
metrics for model checking, and describe two alternative algorithms for finding
the uncovered parts of the system under these definitions.

Suspecting the system of containing an error even in the casemodel checking
succeeds, is the basis for both vacuity detection and coverage in temporal logic
model checking. Clearly, an erroneous behavior of the system can escape the
verification if this behavior is not captured by the specification. Coverage met-
ric techniques are common in simulation based verification [HMA95, HYHD95,
DGK96, MAH98, BH99, FAD99]. However, these metrics cannot be applied to
model checking as the process of model checking visits all states.

The idea of coverage in temporal logic model checking (coverage) is that a
state is uncovered if its labeling is not essential to the success of the model check-
ing process. There are two approaches for defining and developing algorithms
for coverage metrics in temporal logic model checking. The first approach, of
Katz et al. [KGG99], is based on a comparison of the system with a tableau of
the specification. This approach is somewhat strict, as we want specifications to
be much more abstract than their implementations, and as sometimes, only part
of the design is checked using model checking. A refinement ofthis approach
enables specifying which parts of the model are relevant. The second approach,
of Hoskote et al. [HKHZ99], is to define coverage by examiningmodifications
in the system on the satisfaction of the specification. A statew is q-coveredby ϕ
if the Kripke structure obtained fromK by flipping the value ofq in w (denoted
K̃w,q) no longer satisfiesϕ. That is, the value ofq in w is crucial for the satisfac-
tion of ϕ in K. By [HKHZ99], a state is covered if it belongs to q-cover(K,ϕ)
for some signalq. This approach resembles vacuity detection, where we examine
modifications in the specification on its satisfaction in thesystem.
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Chockler et al. [CKV01] introduce two principals, which they believe should
be part of any coverage metric for model checking: a distinction between state-
based and logic-based coverage, and a distinction between the system and its
environment. The state based approach modifiesq in every state of the Kripke
structureK. On the other hand, when the system is modeled as a circuit, flipping
the value of a signal in a state changes not only the label of the state but also the
transitions to and from the state. In the logic-based approach, the value of a signal
is fixed to 0,1 or don’t care everywhere in the circuit. These two approaches are
similar to the structure and trace semantics we examine for vacuity detection in
chapter 3. The second principal differentiates between closed and open systems,
the later having an interface with the environment. Clearly, there is no point to
talk about q-coverage for a signalq that corresponds to an input variable. Simi-
larly, there is no point in checking vacuity with respect to an input variable, as the
formula is already satisfied for every possible behavior of the input.

Two alternative definitions for the naive algorithm for coverage, which finds
the set of covered states or signals by model checking each ofthe modified sys-
tems, are presented in [CKV01]. The first alternative is a symbolic approach to
finding the uncovered parts of the system. Notice that changingq in several states
together may have a different affect than changingq in each state alone. The sec-
ond alternative is an algorithm that makes use of overlaps among the modified
systems. Since each modification involves a small change in the original system,
there is a great deal of work that can be shared when we model check all the
modified systems. Both algorithms work on full CTL.

Chockler et al. also relate to the presentation of output. For a circuitS and
a signalq let q-cover(S, ϕ) denote the set of states q-covered byϕ in S. They
propose to check at first whether q-cover(S, ϕ) is empty for someq, before merg-
ing all results. An empty set may indicate vacuity in the specification. Another
interesting output are computations that contain no covered states or many state
that are not covered. Such computations correspond to behaviors of the circuit
that are not referred to by the specification. We refer to the presentation of vacuity
results in section 8.1.

Finally [CKV01] raise several open issues with respect to coverage metrics
to temporal logic model checking. One is incompleteness of the specification vs.
redundancies in the system. Another is the feasibility of coverage algorithms, as
their complexity is larger than model checking. Chockler, Kupferman, Kurshan
and Vardi address coverage metrics from a practical point ofview in [CKKV01].
They suggest several definitions of coverage for LTL specifications, and describe
two algorithms for computing the parts of the system that arenot covered by the
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specification. The first algorithm is built on top of automata-based model check-
ing, and the second reduces the coverage problem to a model checking problem.

In [CKKV01] the three alternative definition of coverage forLTL specifica-
tions are structure coverage (”flipping always”), node coverage (”flipping once”)
and tree coverage (”flipping sometimes”). Each approach measures a different
sensitivity of the satisfaction of the specification to changes in the system. Chock-
ler at el. useSC(K,ϕ, q),NC(K,ϕ, q), TC(K,ϕ, q) to denote sets of states that
are structureq−covered, nodeq−covered and treeq−covered, respsectively inK.
They show thatSC(K,ϕ, q) ⊆ TC(K,ϕ, q), NC(K,ϕ, q) ⊆ TC(K,ϕ, q), and
thatSC(K,ϕ, q) 6⊆ NC(K,ϕ, q), NC(K,ϕ, q) 6⊆ SC(K,ϕ, q). The later rela-
tion resembles the occurrence-subformula relation described in section 8.2. In
vacuity, as in coverage, we cannot prefer one over the other as there are examples
where a vacuous pass is only detected when we check vacuity with respect to a
subformula, and vice versa.

Chockler at el. show easy implementation for node coverage in the tool COSPAN,
which is the engine of FormalCheck, and show that the implementation can be
modified in order to handle structure and tree coverage. The implementation is
done by introducing two new Boolean variablesflip and flag, which flip the
value ofq exactly once when bothflip andflag are asserted. The increase in the
number of variables is only by 2, thus the complexity remainsO(2n). The com-
plexity for structure and tree coverage is a function of the size of the state space
which is at most exponential in the number of state variables. For both tree and
structure coverage, Chockler at el. double the number of variables by introducing
n new variables that encode the flipped state. Thus the state-space size isO(22n)
instead ofO(2n).

1.2 Organization

In the next chapter we give necessary background on automatatheory and tempo-
ral logic, including UQLTL which augments LTL with quantification over propo-
sitional variables. The remainder of the thesis is organized in three parts. Part
1 covers subformula vacuity. We compare three alternative definitions of vacuity
and show an efficient algorithm for vacuity detection with respect to trace seman-
tics, which handles subformulas of mixed polarity. Part 2 covers regular vacu-
ity, which is vacuity detection with respect to regular expressions. We introduce
RELTL, a temporal logic that extends LTL with regular expressions, define regu-
lar vacuity, and provide an algorithm that determines regular vacuity (but involves

15



another exponential blow-up). Part 3 covers pragmatic aspects of both subfor-
mula vacuity and regular vacuity. Appendixes A and B prove the correctness of
the construction for RELTL and regular vacuity. AppendixesC and D prove lower
bound of structure vacuity and regular vacuity.
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Chapter 2

Preliminaries

2.1 Automata

Definition 2.1.1 (NFW) A nondeterministic finite word automaton (NFW) is a
tupleZ = 〈Σ, Q,∆, q0,W 〉 s.t. Σ is an alphabet,Q is a set of states,∆ : (Q ×
Σ) → 2Q is a transition relation,q0 is a single initial state andW ⊆ Q is the set
of accepting states.

Let π = π0, π1, . . . be a finite/infinite word overΣ. For i ∈ IN, let πi =
πi, πi+1, . . . denote the suffix ofπ from its ith letter. A sequenceξ = q0, q1, . . . qn
in Q∗ is a run of Z over a finite wordπ ∈ Σ∗, if q0 is the initial state, and for
every0 ≤ i < n, we haveqi+1 ∈ ∆(qi, πi). A run ξ of Z is acceptingif qn ∈ W .
An NFW Z accepts a wordπ if Z has an accepting run overπ. We useL(Z) to
denote the set of words that are accepted byZ. For q ∈ Q, we denote byZq the
automatonZ with a single initial stateq.

Definition 2.1.2 (NGBW) A nondeterministic generalized Büchi word automa-
ton (NGBW) isA = 〈Σ, S, S0, δ,F〉, whereΣ is a finite set of alphabet letters,S
is a set of states,δ : S×Σ→ 2S is a transition function,S0 ⊆ S is a set of initial
states, andF ⊆ 2S is a set of sets of accepting states.

A sequenceρ = s0, s1, . . . in Sω is a run of A over an infinite wordπ ∈ Σω, if
s0 ∈ S0 and for everyi > 0, we havesi+1 ∈ δ(si, πi). We useinf(ρ) to denote
the set of states that appear infinitely often inρ. A run ρ of A is acceptingif for
everyF ∈ F , we haveinf(ρ) ∩ F 6= ∅. An NGBWA accepts a wordπ if A has
an accepting run overπ. We useL(A) to denote the set of words that are accepted
byA. Fors ∈ S, we denote byAs the automatonA with a single initial states.
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2.2 Temporal Logic

We define the temporal logic LTL over a set of atomic propositionsAP in positive
normal form. The syntax of LTL is as follows. An atomp ∈ AP is a formula and
so is¬p. If ϕ1 andϕ2 are LTL formulas, then so areϕ1 ∧ ϕ2, ϕ1 ∨ ϕ2, next ϕ1,
ϕ1 until ϕ2, andϕ1 release ϕ2. Each LTL formulaϕ induces a languageL(ϕ) ⊆
(2AP )ω of exactly all the infinite words that satisfyϕ.

The semantics of LTL is defined with respect to an infinite wordπ ∈ (2AP )ω.
We useπ, i |= ϕ to indicate that the wordπi satisfies the formulaϕ. The relation
|= is defined by induction on the structure ofϕ as follows.

• Forp ∈ AP , we haveπ, i |= p iff p ∈ πi, andπ, i |= ¬p iff p 6∈ πi.
Let ϕ, ϕ1, ϕ2 be formulas.

• π, i |= ϕ1 ∧ ϕ2 iff π, i |= ϕ1 andπ, i |= ϕ2.

• π, i |= ϕ1 ∨ ϕ2 iff π, i |= ϕ1 or π, i |= ϕ2.

• π, i |= next ϕ iff π, i+ 1 |= ϕ.

• π, i |= ϕ1 until ϕ2 iff there existsk ≥ i such thatπ, k |= ϕ2 and for alli ≤
j < k we haveπ, j |= ϕ1.

• π, i |= ϕ1 release ϕ2 iff either for somej ≥ i π, j |= ϕ1 and for every
i ≤ k ≤ j we haveπ, k |= ϕ2, or for everyj ≥ i, π, j |= ϕ2.

We use the operator( eventually ϕ) as a shorthand for(true until ϕ), and we
use the operator( globally ϕ) as a shorthand for(false release ϕ). Finally we
defineregular expressionover an alphabetΣ. The syntax of regular expressions
is as follows. A lettera ∈ Σ is a regular expression. Ife1 ande2 are regular
expressions, then so aree · e, e + e, ande∗. Each regular expressione induces a
languageL(e) ⊆ Σ∗ of exactly all the finite words that satisfye. The semantics
of regular expressions is defined as follows:

• Fora ∈ Σ, L(a) is the single worda.
For regular expressionse1 ande2.

• L(e1 · e2) consists of all words formed by concatenating a word inL(e1)
with a word inL(e2).

• L(e1 + e2) is the union ofL(e1) andL(e2).
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• L(e∗) consists of all words formed by concatenating zero or more words
from L(e), and includes the empty wordǫ.

Definition 2.2.1 (Occurrence and Subformula Polarity) An occurrence of for-
mulaψ of ϕ is of positive polarityin ϕ if it is in the scope of an even number
of negations, and ofnegative polarityotherwise. The polarity of a subformula
is defined by the polarity of its occurrences as follows. Formula ψ is of positive
polarity if all occurrences ofψ in ϕ are of positive polarity, ofnegative polarityif
all occurrences ofψ in ϕ are of negative polarity, ofpure polarityif it is either of
positive or negative polarity, and ofmixed polarityif some occurrences ofψ in ϕ
are of positive polarity and some are of negative polarity.

Given a formulaϕ and a subformula of pure polarityψ we denote byϕ [ψ ← ⊥]
the formula obtained fromϕ by replacingψ by true if ψ is of negative polarity
and byfalse if ψ is of positive polarity. Dually,ϕ [ψ ← ⊤] denotes the formula
obtained fromϕ by replacingψ by false if ψ is of negative polarity and bytrue

if ψ is of positive polarity.

2.3 UQLTL

The logic UQLTL augments LTL with universal quantification overpropositional
variables. LetX be a set of propositional variables and letx ∈ X. The syntax of
LTL is extended as follows. Ifϕ is an LTL formula over the extended set of atomic
propositionsAP ∪X, then∀xϕ is a UQLTL formula. E.g.,∀x globally (x→ p)
is a legal UQLTL formula, whileglobally ∀x (x→ p) is not. UQLTL is a subset
of Quantified Propositional Temporal Logic[SVW85], where all the free vari-
ables are quantified universally. In the sequel, we usex to denote a propositional
variable. Aclosedformula is a formula with no free propositional variables.

We now give definitions of two semantics for UQLTL formulas. The first
is structure semanticswhere a propositional variable is bound to a subset of the
states of the Kripke structure. The second istrace semanticswhere a propositional
variable is bound to a subset of the locations on the trace. Structure semantics
is defined with respect to a Kripke structureK =< AP,W,R,w0, L >, where
AP is the set of atomic propositions,W is a set of states,R ⊆ W × W is the
transition relation that must be total (i.e. for everyw ∈ W there existsw′ ∈ W
s.t. R(w,w′)), w0 is an initial state, andL : W → 2AP maps each state to a
set of atomic propositions true in this state. A path ofK is an infinite sequence
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π = w0, w1, w2, · · · of states s.t. for alli ≥ 0 we haveR(wi, wi+1). Let T (M)
denote the set of computations ofM .

LetM be a Kripke structure with a set of statesS, letπ ∈ T (M), and letX be
a set of propositional variables. Astructure assignmentσ : X → 2S maps every
propositional variablex ∈ X to a set of states inS. We usesi to denote theith
state alongπ, andϕ to denote UQLTL formulas.

Definition 2.3.1 (UQLTL Structure Semantics) The relation|=s is defined in-
ductively as follows:

• M,π, i, σ |=s x iff si ∈ σ(x).

• M,π, i, σ |=s ∀xϕ iff M,π, i, σ[x← S ′] |=s ϕ for everyS ′ ⊆ S.

• For any other formulaϕ,M,π, i, σ |=s ϕ is defined as in LTL.

A closed UQLTL formulaϕ is structure satisfiedat pointi of traceπ ∈ T (M),
denotedM,π, i |=s ϕ, iff M,π, i, σ |=s ϕ for someσ (choice is not relevant since
ϕ is closed). A closed UQLTL formulaϕ is structure satisfied in structureM ,
denotedM |=s ϕ, iff M,π, 0 |=s ϕ for every traceπ ∈ T (M).

We now define the trace semantics for UQLTL. LetX be a set of propositional
variables. Atrace assignmentα : X → 2N maps a propositional variablex ∈ X
to a set of natural numbers (points on a path).

Definition 2.3.2 (UQLTL Trace Semantics) The relation|=t is defined induc-
tively as follows:

• M,π, i, α |=t x iff i ∈ α(x).

• M,π, i, α |=t ∀xϕ iff M,π, i, α[x← N ′] |=t ϕ for everyN ′ ⊆ N.

• For any other formulaϕ,M,π, i, σ |=t ϕ is defined as in LTL.

A closed UQLTL formulaϕ is trace satisfiedat pointi of traceπ ∈ T (M),
denotedM,π, i |=t ϕ, iff M,π, i, α |=t ψ for someα (choice is not relevant since
ϕ is closed). A closed UQLTL formulaϕ is trace satisfied in structureM , denoted
M |=t ϕ, iff M,π, 0 |=t ϕ for every traceπ ∈ T (M).

We show that trace semantics is stronger than structure semantics in the fol-
lowing sense. Whenever a UQLTL formula holds according to trace semantics it
holds according to structure semantics. The opposite is nottrue. Indeed, a trace
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assignment can assign a variable different values when the computation visits the
same state ofM at different point in the trace. We observe that for LTL formulas
both semantics are identical. That is, ifϕ is an LTL formula, thenM |=s ϕ iff
M |=t ϕ. We sometimes use|= to denote the satisfaction of an LTL formula,
rather than|=s or |=t.

Theorem 2.3.3 Given a structureM and a UQLTL formulaϕ:

• M |=t ϕ ⇒ M |=s ϕ

• M |=s ϕ 6⇒ M |=t ϕ

The proof resembles the proofs in [Kup95] for the dual logic EQCTL. Kupfer-
man shows that a structure might not satisfy a formula, although the formula is
satisfied by its computation tree.

Proof: Assume in the way of contradiction thatM |=t ϕ butM 6|=s ϕ. Then
there exists a structure assignmentσ and a traceπ such thatM,π, 0, σ 6|=s ϕ.
Let π = s0, s1, s2, . . .. We build the assignmentα(x) = {i| si ∈ σ(x)}, which
includes pointi in the assignmentα of a propositional variablex iff si is in σ(x).
Both assignments map all propositional variables inϕ to the same truth values
along the traceπ, thusM,π, 0, α 6|=t ϕ. This implies thatM 6|=t ϕ, in contradic-
tion with the assumption.

For the other direction, consider the formulaϕ = ∀x globally (x → next x)
and a Kripke structure with a single states0 that has a self loop.

s0

x !x !x

Figure 2.1:M |=s ϕ 6⇒M |=t ϕ.

We show thatM,σ |=s ϕ for everyσ. There are two possible structure as-
signments,σ(x) = ∅ andσ(x) = s0. If s0 ∈ σ(x), thenx is always satisfied and
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M,σ |=s ϕ. If s0 6∈ σ(x), thenX¬x is always satisfied andM,σ |=s ϕ. Thus
M |=s ϕ.

We now show thatM 6|=t ϕ. Notice thatM has a single traceπ. Consider the
trace assignmentα that mapsx only to the first point alongπ. That is,α(x) = {0}.
For that assignmentM,π, 0, α 6|=t ϕ, which impliesM 6|=t ϕ.
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Part I

Subformula Vacuity
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Chapter 3

Alternative Definitions of Vacuity

Let ψ be a subformula ofϕ. We give three alternative definitions of whenψ
does not affectϕ, and compare them. We refer to the definition of [BBER97] as
formula vacuity. We give two new definitions,trace vacuityandstructure vacuity,
according to trace and structure semantics. Notice that we are only interested in
the cases whereϕ is satisfied in the structure.

Intuitively, ψ does not affectϕ in M if we can perturbψ without affecting
the truth ofϕ in M . In previous work, syntactic perturbation was allowed. Using
UQLTL we formalize the concept of semantic perturbation. Instead of changing
ψ syntactically, we directly change the set of points in a structure or on a trace in
which it holds. That is, we replaceψ by a propositional variable that can receive
any value (according to the relevant sematic definition).

Definition 3.0.4 (Does Not Affect)Let ϕ be a formula satisfied inM whereϕ
andM are both defined over AP. Letψ be a subformula ofϕ.

• ψ does not affectf ϕ in M iff for every LTL formulaξ defined over AP, we
haveM |= ϕ [ψ ← ξ] [BBER97].

• ψ does not affects ϕ in M iff M |=s ∀xϕ [ψ ← x].

• ψ does not affectt ϕ in M iff M |=t ∀xϕ [ψ ← x].

We say thatψ affectsf ϕ in M iff it is not the case thatψ does not affectf ϕ
in M. We say thatϕ is formula vacuousin M , if there exists a subformulaψ such
thatψ does not affectf ϕ. We defineaffectss, affectst, structure vacuityandtrace
vacuitysimilarly.
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3.1 Comparing the Alternative Definitions of Vacuity

In the following section we compare the three alternative definitions of vacuity.
We show that they are all different. We also argue why trace vacuity is the pre-
ferred definition. Notice that we do not restrict a subformula to occur once and it
can be of mixed polarity. We show that our three semantics form a hierarchy, with
structure semantics being the weakest and trace semantics the strongest.

We show that structure vacuity is weaker than formula vacuity. That is,ψ
might affectf ϕ in M , but not affects ϕ in M .

Lemma 3.1.1 (Relating Structure and Formula Vacuity) Letϕ be an LTL for-
mula. Ifψ does not affectf ϕ in M , then it does not affects ϕ in M as well. The
reverse implication does not hold.

In the following proof, we assume that every state has aunique representation
using the atomic propositions. That is, every state in the structure satisfies a dif-
ferent set of atomic propositions. This is a reasonable assumption for hardware
modeling.

Proof: First we prove that if a subformulaψ does not affectf ϕ inM , then it does
not affects ϕ inM as well. Ifψ affectss ϕ, then there exists a structure assignment
σ and a computationπ of M such thatM,π, 0, σ 6|=s ϕ [ψ ← x]. We construct a
formulaψ′ that behaves likex alongπ, that is,M,π, i |= ψ′ iff M,π, i, σ |=s x.
Let s be a predicate over AP that istrue only in states ∈ S. Let ψ′ be the
disjunction ofs for all states inσ(x). The formulaψ′ is well-defined sinceS is
finite. We show thatM,π, i, σ |=s x iff M,π, i |= ψ′. If M,π, i, σ |=s x then, by
the definition of structure semantics,si ∈ σ(x). Thereforesi is in the disjunction
ψ′. SinceM,π, i |= si, we haveM,π, i |= ψ′. On the other hand, ifM,π, i, σ 6|=s

x thensi 6∈ σ(x), and thereforesi is not included in the disjunctionψ′. Since every
state is uniquely labeledM,π, i |= sj iff sj = si. ConsequentlyM,π, i 6|= ψ′.
Thus we have shown that ifM,σ 6|=s ϕ [ψ ← x] thenM 6|= ϕ [ψ ← ψ′].

In the other direction, we construct an LTL formulaψ′ that assumes different
values when visiting the same state. Let M be the Kripke structure in figure 3.1
and consider the following formula:

ϕ = p ∨ ( globally eventually q) ∨ ( eventually globally ¬p)

We examine ifp affectsf ϕ. Consider the pathπ′ = s0, s1, s0, s0, s0 . . . and let
ψ′ = globally ¬q. Thus,ϕ [p← ψ′] = ( globally ¬q)∨( globally eventually q)∨
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p q

s0 s1

Figure 3.1: Relating structure and formula vacuity.

( eventually globally eventually q). Clearly,π′ 6|= ϕ [p← ψ′] andp affectsf
ϕ.

On the other hand, for every traceπ and every assignmentσ, we haveM,π, 0, σ |=s

ϕ [ψ ← x]. That is,M,π, 0, σ |=s x∨( globally eventually q)∨( eventually globally ¬x).
If s0 ∈ σ(x) then the disjunctx is satisfied. Ifs0 6∈ σ(x) then for all traces that
from some point on remain ins0 eventually globally ¬x is satisfied, for all other
paths,globally eventually q is satisfied.

We now show that formula vacuity is weaker than trace vacuity. That is,ψ
might affectt ϕ in M , but not affectf ϕ in M .

Lemma 3.1.2 (Relating Trace and Formula)Let ϕ be an LTL formula. Ifψ
does not affectt ϕ in M , thenψ does not affectf ϕ in M as well. The reverse
implication does not hold.

Proof: We show that ifψ affectsf ϕ, then it also affectst ϕ. If ψ affectsf ϕ, then
there exists a formulaψ′ such thatM 6|= ϕ [ψ ← ψ′]. Let π be a trace inM such
thatπ 6|= ϕ [ψ ← ψ′]. Consider the assignmentα(x) = {i| π, i |= ψ′}. Clearly,
M,π, 0, α 6|=t ϕ [ψ ← x], and thereforeψ affectst ϕ.

In the other direction, letM be a Kripke structure with a single state labeled
by p, with a self-loop. Letϕ = (p → next p). It can be shown thatM 6|=t

∀xϕ [p← x], thusp affectst ϕ. We now show that there cannot exist an LTL
formulaψ′ such thatM 6|= ϕ [p← ψ′]. Notice thatM has a single traceπ, and
thattail(π) = π. This means thatψ′ is either true along every suffix ofπ, orψ′ is
false along every suffix ofπ. HoweverM 6|= ϕ [p← ψ′] only if ψ′ holds at time
zero but fails at time one.

Which is the most appropriate definition for practical applications? We show
that structure vacuity and formula vacuity are sensitive tochanges in the design
that do not relate to the formula. As an example, consider theformulaϕ = p →
next p and modelsM1 andM2 in the figure below. InM2 we add a propositionq
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whose behavior is independent ofp’s behavior. We would not like formulas that
relate top to change their truth value or their vacuity. BothM1 and its extension
M2 satisfyϕ andϕ relates only to the propositionp. While p does not affectf ϕ
in M1, it does affectf ϕ in M2 (and similarly for affectss). Indeed, the formula
ϕ [p← q] = q → next q does not hold inM2. Note that in both modelsp affectst
ϕ.

p p,!qp,q

M1 M2

Figure 3.2: Sensitivity of structure and formula vacuity tochanges in the design.

Another disadvantage of formula vacuity is that it issensitive to the specifica-
tion language. That is, a formula passing vacuously might pass unvacuously once
the specification language is extended. As an example, consider the following
Kripke structureM1 and the LTL formulaϕ = next q → next next q. For the

qp

M1

Figure 3.3: Sensitivity of formula vacuity to the specification language.

single traceπ ∈ T (M1), it holds thattail(π1) = π1. Thus, every (future) LTL
formula is either true along every suffix ofπ1, or is false along every such suffix.
This implies that subformulaq does not affectf ϕ. However, we get an oppo-
site result if the specification language is LTL augmented with the PAST operator
[LPZ85]. The PAST operator enables reference to the historyof the computa-
tion. Formally, ifψ is an LTL formula thenM,π, i |= PAST (ψ) iff i > 0 and
M,π, i − 1 |= ψ. Clearly, for every modelM we haveM,π, 0 6|= PAST (p). In
the example,M1 6|= ϕ [q ← PAST (p)] sinceM1, π, i |= PAST (p) iff i = 1, thus
q affectsfϕ.

To summarize, trace vacuity is preferable since it is less sensitive to changes
in the design (as opposed to structure and formula vacuity) and it is independent
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of the specification language (as opposed to formula vacuity). In structure seman-
tics, the truth value of the propositional variable along the trace depends on the
model. Similarly, in formula semantics, the truth value depends on the specifi-
cation language. On the other hand, trace semantics can assign any value to the
propositional variable in every point along the trace. The following lemma shows
that changing modelM in a way which is irrelevant to a formulaϕ (as in figure
3.2), does not alter the vacuity ofϕ in M .

Lemma 3.1.3 LetT (M)|AP (ϕ) denote the set of computations inM projected to
the set of atomic propositions inϕ. Then for every formulaϕ and modelM ′ s.t.
T (M ′)|AP (ϕ) = T (M)|AP (ϕ) we have thatϕ is trace vacuous inM iff it is trace
vacuous inM ′.

Proof: AssumeM |=t ∀xϕ [ψ ← x] for every subformulaψ of ϕ, butM ′ 6|=t

∀xϕ [ψ ← x]. Then there exists a traceπ′, a subformulaψ and an assignmentα
s.t. M ′, π′, 0, α 6|=t ϕ [ψ ← x]. However, there also exists a traceπ ∈ T (M)
s.t. π|AP (ϕ) = π′|AP (ϕ). ThereforeM,π, 0, α 6|=t ϕ [ψ ← x], which implies that
M 6|=t ∀xϕ [ψ ← x] in contradiction to the assumption. The other direction is
identical.

Another reasoning for the superiority of trace vacuity is given in chapter 4
(Algorithm and Complexity).

3.2 Comparing the Alternative Definitions of Vacu-
ity under Pure Polarity

In the following section we show that if subformulas are restricted to pure polarity,
all the definitions of vacuity coincide. For that, we show that the replacement
of subformulaψ by ⊥ is adequate for vacuity detection according to all three
definitions. This result is an extension of the results in [KV03], where only single
occurrence was considered.

Lemma 3.2.1 For every structureM , LTL formulaϕ and subformulaψ of ϕ of
pure polarity,M |=t ϕ [ψ ← ⊥] iff M |=t ∀xϕ [ψ ← x].

The first direction (M |=t ϕ [ψ ← ⊥] if M |=t ∀xϕ [ψ ← x]) is immediate.
The other direction follows from the claim below. Letθ denote a subformula ofϕ
that may or may not contain the subformulaψ.
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Claim 3.2.2 For every occurrence ofθ, every traceπ ∈ T (M) and locationi,

• if θ is of positive polarity inϕ thenM,π, i |= θ [ψ ← ⊥] implies
M,π, i |=t ∀x θ [ψ ← x]

• if θ is of negative polarity inϕ thenM,π, i 6|= θ [ψ ← ⊥] implies
M,π, i |=t ∀x¬θ [ψ ← x]

Proof: We prove the claim by induction on the structure ofθ. We prove the case
thatψ is of positive polarity (i.e. inθ [ψ ← ⊥] the subformulaψ is replaced by
false). The case of negative polarity is dual. Ifψ is not a subformula ofθ the
claim follows. Assume thatψ is a subformula ofθ.

Let θ = p for some propositionp. Clearly, alsoψ = p and the claim fol-
lows. Let θ = θ1 ∧ θ2. Suppose that the polarity ofθ in ϕ is positive. If
M,π, i |= θ [ψ ← false] then clearlyM,π, i |= θ1 [ψ ← false] andM,π, i |=
θ2 [ψ ← false]. From the induction assumption we know thatM,π, i |=t ∀xθ1 [ψ ← x]
andM,π, i |=t ∀xθ2 [ψ ← x]. Clearly, the claim follows. Suppose that the po-
larity of θ in ϕ is negative. IfM,π, i 6|= θ [ψ ← false] then eitherM,π, i 6|=
θ1 [ψ ← false] orM,π, i 6|= θ2 [ψ ← false]. Wlog supposeM,π, i 6|= θ1 [ψ ← false].
From the induction assumption we know thatM,π, i |=t ∀x¬θ1 [ψ ← x]. It fol-
lows thatM,π, i |=t ∀x¬θ [ψ ← x].

Let θ = θ1 ∨ θ2. Suppose that the polarity ofθ in ϕ is positive. IfM,π, i |=
θ [ψ ← false] then eitherM,π, i |= θ1 [ψ ← false] orM,π, i |= θ2 [ψ ← false].
Wlog supposeM,π, i |= θ1 [ψ ← false]. From the induction assumption we
know thatM,π, i |=t ∀xθ1 [ψ ← x]. Clearly, the claim follows. Suppose that
the polarity ofθ in ϕ is negative. IfM,π, i 6|= θ [ψ ← false] then bothM,π, i 6|=
θ1 [ψ ← false] andM,π, i 6|= θ2 [ψ ← false]. From the induction assumption we
know thatM,π, i |=t ∀x¬θ1 [ψ ← x] andM,π, i |=t ∀x¬θ2 [ψ ← x]. It follows
thatM,π, i |=t ∀x¬θ [ψ ← x].

Let θ = ¬θ1. Suppose that the polarity ofθ in ϕ is positive. Then the polarity
of θ1 in ϕ is negative. IfM,π, i |= θ [ψ ← false] thenM,π, i 6|= θ1 [ψ ← false].
From the induction assumption we know thatM,π, i |=t ∀x¬θ1 [ψ ← x]. How-
ever,¬θ1 [ψ ← x] ≡ θ [ψ ← x] and the claim follows. Suppose that the polarity
of θ is negative. IfM,π, i 6|= θ [ψ ← false] thenM,π, i |= θ1 [ψ ← false] and
from the induction assumption we know thatM,π, i |=t ∀x¬θ1 [ψ ← x]. The
claim follows.

Let θ = next θ1. Suppose that the polarity ofθ is positive. IfM,π, i |=
θ [ψ ← false] thenM,π, i+1 |= θ1 [ψ ← false]. From the induction assumption
we know thatM,π, i + 1 |=t ∀xθ1 [ψ ← x]. The claim follows. Suppose that
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the polarity ofθ is negative. IfM,π, i 6|= θ [ψ ← false] thenM,π, i + 1 6|=
θ1 [ψ ← false]. From the induction assumption we know thatM,π, i + 1 |=t

∀x¬θ1 [ψ ← x]. The claim follows.
Let θ = θ1Uθ2. Suppose that the polarity ofθ in ϕ is positive. IfM,π, i |=

θ [ψ ← false] then there exists somej ≥ i such thatM,π, j |= θ2 [ψ ← false]
and forall i ≤ k < j we haveM,π, k |= θ1 [ψ ← false]. From the induction
assumption we know thatM,π, j |=t ∀xθ2 [ψ ← x] and foralli ≤ k < j we have
M,π, k |=t ∀xθ1 [ψ ← x]. Clearly, the claim follows. Suppose that the polarity
of θ in ϕ is negative. IfM,π, i 6|= θ [ψ ← false] then either forallj ≥ i we
haveM,π, j 6|= θ2 [ψ ← false] or there exists somej ≥ i such thatM,π, j 6|=
θ1 [ψ ← false] and forall i ≤ k < j we haveM,π, k 6|= θ2 [ψ ← false]. In
the first case, from the induction assumption it follows thatforall j ≥ i we have
M,π, j |=t ∀x¬θ2 [ψ ← x]. In this caseM,π, i |=t ∀x¬θ [ψ ← x]. In the second
case, from the induction assumption it follows thatM,π, j |=t ∀x¬θ1 [ψ ← x]
and forall i ≤ k < j we haveM,π, k |=t ∀x¬θ2 [ψ ← x]. Again, the claim
follows.

Theorem 3.2.3 If ψ is of pure polarity inϕ then the following are equivalent.

1. M,π, i |= ϕ [ψ ← ⊥]

2. M,π, i |=s ∀xϕ [ψ ← x]

3. for every formulaξ we haveM,π, i |= ϕ [ψ ← ξ]

4. M,π, i |=t ∀xϕ [ψ ← x]

Proof: As we have shown in Lemmas 3.1.1 and 3.1.2, trace semantics isstronger
than formula semantics, and the latter is stronger than structure semantics. Since
M,π, i |=s ∀xϕ [ψ ← x] for all structure assignments, includingσ(x) = S and
σ(x) = ∅, we also have 2⇒ 1. Thus 4⇒ 3⇒ 2⇒ 1. In the other direction,
Lemma 3.2.1 proves that 1⇒ 4.

Intuitively, the fact that a mapping can assign to a propositional variable oppo-
site values in different positions along a trace (or states in a structure) is insignif-
icant. Assigning the value⊥ is sufficient, and since the subformula is of pure
polarity,⊥ is uniquely defined to be constanttrue or constantfalse throughout
the trace. An outcome of Theorem 3.2.3 is that given a subformulaψ of pure po-
larity in an LTL formulaϕ, the following are equivalent: (1)ψ does not affectf ϕ
in M (2) ψ does not affects ϕ in M and (3)ψ does not affectt ϕ in M .
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Chapter 4

Algorithm and Complexity

In this section we give algorithms for checking vacuity according to the different
definitions. As shown in previous sections, in the case of subformulas of pure
polarity, the algorithm of [KV03] works for the three, equivalent, definitions. We
show that this algorithm, which replaces a subformula by either true or false

(according to its polarity), cannot be applied to subformulas of mixed polarity.
We then study structure and trace vacuity. The question of how to decide formula
vacuity remains open.

As shown in the previous section, in the case of subformulas of pure polar-
ity the algorithm of [KV03] applies. We show that this algorithm cannot be ap-
plied to subformulas of mixed polarity. Consider the KripkestructureM2 in Fig-
ure 3.2 and the formulaϕ = p → next p. Formulaϕ is of mixed polarity as
the left-hand-side of the implies operator is of negative polarity, while the right-
hand-side is of positive polarity (ϕ can also be written as¬p ∨ next p). Clearly,
M2 6|=s ∀xϕ [p← x] (with the structure assignmentσ(x) including only the ini-
tial state),M2 6|=f ϕ [p← q], andM2 6|=t ∀xϕ [p← x] (with the trace assignment
α(x) = {0}). Hence,p affectsϕ according to all three definitions. On the other
hand,M |= ϕ [p← false] andM |= ϕ [p← true]. We conclude that the algo-
rithm of [KV03] cannot be applied to subformulas of mixed polarity.

We now solve trace vacuity. As mentioned, given an LTL formulaϕ, a model
M = 〈AP, S, S0, R, L〉 that satisfiesϕ, and a subformulaψ, we check whetherψ
affectst ϕ in M by a reduction to model checking. We want to model check the
UQLTL formulaϕ′ = ∀xϕ [ψ ← x] onM . If M |=t ϕ

′ thenψ does not affectt ϕ.
If M 6|=t ϕ

′ thenψ affectst ϕ. The algorithm presented below detects ifψ affectst
ϕ in M .

The structureM ′ guesses at every step what the right assignment for the propo-
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1. Compute the polarity ofψ in ϕ.
2. If ψ is of pure polarity, model checkM |= ϕ[ψ ← ⊥].
3. Otherwise, constructM ′ = 〈AP ∪ {x}, S × 2{x}, S0 × 2{x}, R′, L〉,

where for everyX1,X2 ⊆ 2{x} ands1, s2 ∈ S we have
(s1 ×X1, s2 ×X2) ∈ R

′ iff (s1, s2) ∈ R.
4. Model checkM ′ |= ϕ[ψ ← x].

If passed, report “ψ does not affectt ϕ”, otherwise report “ψ affectst ϕ”.

Figure 4.1: Algorithm for checking ifψ affectst ϕ

sitional variablex is. Choosing a path inM ′ determines the truth values ofx along
the path. Formally, we have the following claim.

Claim 4.0.4 M ′ |= ϕ[ψ ← x] iff M |=t ∀xϕ[ψ ← x]. 1

Proof: If M 6|=t ∀xϕ [ψ ← x], then there exists a traceπ = s0, s1, . . . and a
mappingα such thatM,π, 0, α 6|=t ϕ [ψ ← x]. Let xi be a predicate that istrue

iff i ∈ α(x). The traceπ′ = (s0, x0), (s1, x1) . . . ∈ T (M ′) according to the
construction ofM ′. For everyp ∈ AP ∪ {x}, the truth values ofp alongπ and
π′ are identical. ThusM ′ 6|= ϕ[ψ ← x]. The other direction is similar. IfM ′ 6|=
ϕ[ψ ← x], then there exists a pathπ′ = s0, s1, . . . in M ′ such thatM ′, π′, 0 6|=
ϕ [ψ ← x]. According to the construction ofM ′, a corresponding pathπ also
exists inM , apart from the labeling ofx. Letα assign the truth values ofx along
π′ for the propositional variablex in M . SinceM,π, 0, α 6|=t ϕ[ψ ← x], we have
M ′ |= ∀xϕ[ψ ← x].

We show that trace vacuity is linear in the structure and PSPACE-complete in
the formula.

Theorem 4.0.5 [VW94] Given a structureM and an LTL formulaϕ, we can
model checkϕ overM in time linear in the size ofM and exponential inϕ and in
space polylogarithmic in the size ofM and quadratic in the length ofϕ.

Corollary 4.0.6 Given a structureM and an LTL formulaϕ such thatM |= ϕ,
we can decide whether subformulaψ affectst ϕ in time linear in the size ofM and
exponential inϕ and in space polylogarithmic in the size ofM and quadratic in
the length ofϕ.

1Notice thatx is a propositional variable inM , but an atomic proposition inM ′.
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Recall that in symbolic model checking, the modified structureM ′ is not twice
the size ofM but rather includes just one additional variable. The modified for-
mulaϕ [ψ ← x] is at most as long asϕ. The corollary follows. In order to check
whetherϕ is trace vacuous we have to check whether there exists a subformula
ψ of ϕ such thatψ does not affectt ϕ. Given a set of subformulas{ψ1, . . . , ψn}
we can check whether one of these subformulas does not affectt ϕ by iterating the
above algorithmn times. The number of subformulas ofϕ is proportional to the
size ofϕ.

Theorem 4.0.7 Given a structureM and an LTL formulaϕ such thatM |= ϕ.
We can check whetherϕ is trace vacuous inM in timeO(|ϕ| · CM(ϕ)) where
CM(ϕ) is the complexity of model checkingϕ overM .

We show now that unlike trace vacuity, there does not exist anefficient al-
gorithm for structure vacuity. We show that deciding does not affects is co-NP-
complete in the structure. Notice, that co-NP-complete in the structure is much
worse than PSPACE-complete in the formula. Indeed, the sizeof the formula
is negligible when compared to the size of the model. Co-NP-completeness of
structure vacuity renders it completely impractical.

Lemma 4.0.8 (Deciding does not affects) For ϕ in LTL, a subformulaψ of ϕ
and a structureM , the problem of deciding whetherψ does not affects ϕ in M is
co-NP-complete with respect to the structureM .

Proof: We show membership in co-NP. We consider the complementary problem
of deciding affects. Consider a formulaϕ and a structureM = 〈AP, S, S0, R, L〉.
In order to check whetherψ affectss ϕ we have to model check∀xϕ [ψ ← x]
overM . Guess a subsetS ′ of S and set the structure assignmentσ(x) = S ′. Now
model check the formulaϕ [ψ ← x] over the structureM ′ = 〈AP ∪ {x}, S, S0, R, L

′〉
whereL′(x) = S ′ andL′(p) = L(p) for p 6= x.

In Appendix C we give a reduction from 3CNF satisfiability to deciding affectss.
Given a 3CNF formulaθ, we construct a structureMθ and a (fixed) formulaϕ such
thatMθ |= ϕ and the propositionq affectss ϕ in Mθ iff θ is satisfiable.

The complexity of deciding affectsf is unclear. As shown, in the case of sub-
formulas of pure polarity (or occurrences of subformulas) the algorithm of [KV03]
is correct. We have not found either a lower bound or an upper bound for deciding
affectsf in the case of mixed polarity.
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Part II

Regular Vacuity
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Chapter 5

RELTL

5.1 Language Definition

The linear temporal logic RELTL extends LTL with a regular layer. We con-
sider LTL in a positive normal form (see section 2.2). LetAP be a finite set of
atomic propositions, and letB denote the set of all Boolean functionsb : 2AP →
{false, true} (in practice, members ofB are expressed by Boolean expressions
overAP ). Consider an infinite wordπ = π0, π1, . . . ∈ (2AP )ω. For integers
j ≥ i ≥ 0, and a languageL ⊆ B∗, we say thatπi, . . . , πj−1 tightly satisfies
L, denotedπ, i, j|≡ L, if there is a wordb0 · b1 · · · bj−1−i ∈ L such that for all
0 ≤ k < j − i, we have thatbk(πi+k) = true. Note that wheni = j, the interval
πi, . . . , πj−1 is empty, in which caseπ, i, j|≡ L iff ǫ ∈ L.

The logic RELTL contains two regular modalities:(e seq ϕ) and(e triggers ϕ),
wheree is a regular expression over the alphabetB, andϕ is an RELTL formula.
Intuitively, (e seq ϕ) asserts that some interval satisfyinge is followed by a suffix
satisfyingϕ, whereas(e triggers ϕ) asserts that all intervals satisfyinge are fol-
lowed by a suffix satisfyingϕ. Note that theseq and triggers connectives are
essentially the “diamond” and “box” modalities of PDL [FL79]. Formally, letπ
be an infinite word over2AP then,1

• π, i |= (e seq ϕ) if for somej ≥ i, we haveπ, i, j|≡ L(e) andπ, j |= ϕ.

• π, i |= (e triggers ϕ) if for all j ≥ i s.t.π, i, j|≡ L(e), we haveπ, j |= ϕ.

1In industrial specification languages such as ForSpec and PSL the semantics is slightly differ-
ent. There, it is required that the last letter of the interval satisfyingL(e) overlaps the first letter of
the suffix satisfyingψ.
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5.2 Automata Construction

In the automata-theoretic approach to model checking, we translate temporal logic
formulas to automata [VW94]. We now describe a translation of RELTL formulas
to NGBW. The translation can be viewed as a special case of thetranslation of
ETL to NGBW [VW94] (see also [HT99]), but we need it as a preparation for our
handling of regular vacuity.

Theorem 5.2.1 Given an RELTL formulaϕ overAP , we can construct an NGBW
Aϕ over the alphabet2AP such thatL(Aϕ) = {π|π, 0 |= ϕ} and the size ofAϕ is
exponential inϕ.

Proof: The translation ofϕ goes via an intermediate formulaψ in the temporal
logic ALTL. The syntax of ALTL is identical to the one of RELTL, only that
regular expressions overB are replaced by nondeterministic finite word automata
(NFW, for short) over2AP . The adjustment of the semantics is as expected: let
π = π0, π1, . . . be an infinite path over2AP . For integersi andj with 0 ≤ i ≤ j,
and an NFWZ with alphabet2AP , we say thatπi, . . . , πj−1 tightly satisfiesL(Z),
denotedπ, i, j|≡ L(Z), if πi, . . . , πj−1 ∈ L(Z). Then, the semantics of theseq
and triggers modalities are as in RELTL, withL(Z) replacingL(e).

A regular expressione over the alphabetB can be polynomially translated
to an equivalent NFWZe with a single initial state [HU79]. To complete the
translation to ALTL, we need to adjust the constructed NFW tothe alphabet2AP .
Given the NFWZe = 〈B, Q,∆, q0,W 〉, letZ ′

e = 〈2AP , Q,∆′, q0,W 〉, where for
everyq, q′ ∈ Q, anda ∈ 2AP , we have thatq′ ∈ ∆′(q, a) iff there existsb ∈ B
such thatq′ ∈ ∆(q, b) andb(a) = true. It is easy to see that for allπ, i, andj, we
have thatπ, i, j|≡ L(e) iff π, i, j|≡ L(Z ′

e). Let ψ be the ALTL formula obtained
from ϕ by replacing every regular expressione in ϕ by the NFWZ ′

e. It follows
that for every wordπ andi ≥ 0, we have thatπ, i |= ϕ iff π, i |= ψ.

It is left to show that ALTL formulas can be translated to NGBW. Let ψ
be an ALTL formula. For a stateq ∈ Q of an NFW Z, we useZq to de-
noteZ with initial state q. Using this notation, ALTL formulas of the form
(Z ′

e seq ϕ) and(Z ′
e triggers ϕ) now become(Z ′

e
q0 seq ϕ) and(Z ′

e
q0 triggers ϕ).

The closure ofψ is defined as follows:cl(ψ) = {ξ|ξ is a subformula ofψ} ∪
{(Zq′ seq ξ)|(Zq seq ξ) ∈ cl(ψ) andq′ is a state ofZq} ∪ {(Zq′ triggers ξ)|
(Zq triggers ξ) ∈ cl(ψ) andq′ is a state ofZq}. Let seq(ψ) denote the set of
seq formulas incl(ψ). A subsetC ⊆ cl(ψ) is consistentif the following hold:
(1) if p ∈ C, then¬p 6∈ C, (2) if ϕ1 ∧ ϕ2 ∈ C, thenϕ1 ∈ C andϕ2 ∈ C, and (3)
if ϕ1 ∨ ϕ2 ∈ C, thenϕ1 ∈ C or ϕ2 ∈ C.
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Givenψ, we define the NGBWAψ = 〈2AP , S, δ, S0,F〉, whereS ⊆ 2cl(ψ) ×
2seq(ψ) is the set of all pairs(Ls, Ps) such thatLs is consistent, andPs ⊆ Ls ∩
seq(ψ). Intuitively, whenAψ reads the pointi of π and is in state(Ls, Ps), it
guesses that the suffixπi, πi+1, . . . of π satisfies all the formulas inLs. In addi-
tion, as explained below, the setPs keeps track of the seq formulas inLs whose
eventuality needs to be fulfilled. Accordingly,S0 = {(Ls, ∅) ∈ S : ψ ∈ Ls}.

Before we describe the transition functionδ, let us explain how subformulas
of the form(Zq seq ψ) and(Zq triggers ψ) are handled. In both subformulas,
something should happen after an interval that tightly satisfiesZq is read. In order
to “know” when an intervalπi, πi+1, . . . πj−1 tightly satisfiesZq, the NGBWAψ
simulates a run ofZq on it. The seq operator requires a single interval that tightly
satisfiesZq and is followed by a suffix satisfyingψ. Accordingly,Aψ simulates a
single run, which it chooses nondeterministically. For thetriggers operator, the
requirement is for every interval that tightly satisfiesZq. Accordingly, hereAψ
simulates all possible runs ofZq. Formally,δ : (S × 2AP ) → 2S is defined as
follows: (Lt, Pt) ∈ δ((Ls, Ps), a) iff the following conditions are satisfied:

• For all p ∈ AP , if p ∈ Ls thenp ∈ a, and if¬p ∈ Ls thenp 6∈ a.

• If ( next ϕ1) ∈ Ls, thenϕ1 ∈ Lt.

• If (ϕ1 until ϕ2) ∈ Ls, then eitherϕ2 ∈ Ls, orϕ1 ∈ Ls and(ϕ1 until ϕ2) ∈ Lt.

• If (ϕ1 release ϕ2) ∈ Ls, thenϕ2 ∈ Ls and eitherϕ1 ∈ Ls, or(ϕ1 release ϕ2) ∈ Lt.

LetZ = 〈2AP , Q,∆, q0,W 〉 be an NFW.

• If (Zq seq ψ) ∈ Ls, then either (a)q ∈W andψ ∈ Ls, or (b)(Zq′ seq ψ) ∈
Lt for someq′ ∈ ∆(q, a).

• If (Zq triggers ψ) ∈ Ls, then (a) ifq ∈ W , thenψ ∈ Ls, and (b)(Zq′ triggers ψ) ∈
Lt for all q′ ∈ ∆(q, a).

• If Ps = ∅, thenPt = Lt ∩ seq(ϕ). Otherwise, for every(Zq seq ψ) ∈ Ps,
we have that either (a)q ∈ W andψ ∈ Ls, or (b) (Z(q′) seq ψ) ∈ Pt ∩ Lt
for someq′ ∈ ∆(q, a).

Finally, the generalized Büchi acceptance condition is used to impose the fulfill-
ment of until and seq eventualities. Thus,F = {Φ1, . . . ,Φm,Φseq}, where
for every (ϕi until ψi) ∈ cl(ϕ), we have a setΦi = {(Ls, Ps) ∈ S|ψi ∈ Ls or
(ϕi until ψi) 6∈ Ls}, and in addition we have the setΦseq = {(Ls, Ps) ∈ S|Ps =
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∅}. As in [VW94], we count on the fact that as long as a seq formulahas not
reached its eventuality, then some of its derivations appear in the successor state.
In addition, wheneverPs is empty, we fill it with new seq formulas that need to be
fulfilled. Therefore, the membership ofΦseq inF guarantees that the eventualities
of all seq formulas are fulfilled. The correctness of the construction is proved in
appendix A.

The exponential translation of RELTL formulas to NGBW implies a PSPACE
model-checking procedure for it [VW94]. A matching lower bound is immediate
from LTL being a fragment of RELTL [SC85]. Hence the following theorem.

Theorem 5.2.2 The model-checking problem for RELTL is PSPACE-complete.

In Section 7, we elaborate on the construction described here in order to solve
the regular vacuity problem.
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Chapter 6

Regular Vacuity Definition

In section 3.1 we compared alternative definitions of vacuity detection and con-
cluded that vacuity detection with respect to trace semantics is preferable. How-
ever, we did not handle vacuity of regular expressions, and it is not clear, a priori,
when a regular expression affects an RELTL formula. In this chapter we follow
the semantic approach to vacuity, i.e. replace the regular expression by a univer-
sally quantified variable, but also consider two alternative definitions to regular
vacuity.

6.1 A General Definition

Unlike a subformulaψ, which defines a set of points in a pathπ (those that satisfy
ψ), a regular expressione defines a set of intervals (that is, pairs of points) inπ
(those that tightly satisfye). Accordingly, we are going to define “does not affect”
for regular expressions by means of universally quantifiedinterval variables. For
that, we first define the temporal logic QRELTL, which extendsRELTL by uni-
versal quantification over a single interval variable.

Recall that the regular expressions of RELTL formulas are defined with respect
to the alphabetB of Boolean expressions overAP . Let y be the interval variable,
and letϕ be an RELTL formula whose regular expressions are defined with respect
to the alphabetB ∪ {y}. Then (∀y)ϕ and (∃y)ϕ are QRELTL formulas. For
example,(∀y) globally [(y seq ψ)∧ (ab∗ triggers ¬ψ)] is a well-formed RELTL
formula, whileψ ∨ [(∃y)(y seq ψ)] is not.

We now define QRELTL semantics. LetI = {(i, j)| i, j ∈ IN, j ≥ i} be a set
of all (natural) intervals. Aninterval setis a setβ ⊆ I. The interval variabley
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ranges over interval sets and is associated withβ. Thus,(i, j) ∈ β means thaty is
satisfied over an interval of lengthj− i that starts ati. For a universally quantified
formula, satisfaction is checked with respect to every interval setβ. For an exis-
tentially quantified formula, satisfaction is checked withrespect to some interval
setβ. We first define when a word̂π = πi . . . πj−1 over2AP tightly satisfies, with
respect toβ, a languageL overB ∪ {y}. Intuitively, it means we can partition̂π
to sub-intervals that together correspond to a wordw in L. Note that since some
of the letters inw may bey, the sub-intervals may be of arbitrary (possibly0)
length, corresponding to intervals inβ. Formally, we have the following.

Definition 6.1.1 Consider a languageL ⊆ (B ∪ {y})∗, an infinite pathπ over
2AP , indicesi andj with i ≤ j, and an interval setβ ⊆ I. We say thatπi, . . . , πj−1

andβ tightly satisfiesL, denotedπ, i, j, β|≡ L iff there isw ∈ L such that either
w = ǫ and i = j, or w = w0, w1, . . . , wn and there is a sequence of integers
i = l0 ≤ l1 ≤ · · · ≤ ln+1 = j such that for every0 ≤ k ≤ n, the following
conditions hold:

• If wk ∈ B, thenwk(πlk) = true andlk+1 = lk + 1.

• If wk = y, then(lk, lk+1) ∈ β.

For example, ifAP = {p}, β = {(3, 3), (3, 4)}, and π = {{p}, ∅}ω, then
π, 2, 4, β|≡ {p · y} sincep({p}) = true and (3, 4) ∈ β. Also, π, 2, 4, β|≡
{p · y · ¬p}, sincep({p}) = true, (3, 3) ∈ β, and¬p(∅) = true. Note that when
the requiredw does not containy, the definition is independent ofβ and coincides
with tight satisfaction for languages overB.

The semantics of the RELTL subformulas of a QRELTL formula isdefined
inductively as in RELTL, only with respect to an interval setβ. In particular, for
the seq and triggers modalities, we have

• π, i, β |= (e seq ϕ) iff for some j ≥ i, we haveπ, i, j, β|≡ L(e) and
π, j, β |= ϕ.

• π, i, β |= (e triggers ϕ) iff for all j ≥ i s.t. π, i, j, β|≡ L(e) we have
π, j, β |= ϕ.

In addition, for QRELTL formulas, we have

• π, i |= (∀y)ϕ iff for every interval setβ ⊆ I, we haveπ, i, β |= ϕ.

• π, i |= (∃y)ϕ iff there exists an interval setβ ⊆ I, such thatπ, i, β |= ϕ.
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An infinite wordπ over2AP satisfies a QRELTL formulaϕ, denotedπ |= ϕ, if
π, 0 |= ϕ. A modelM satisfiesϕ, denotedM |= ϕ, if all traces ofM satisfyϕ.

Definition 6.1.2 Consider a modelM . Letϕ be an RELTL formula that is satis-
fied inM and lete be a regular expression appearing inϕ. We say thate does not
affectϕ in M iff M |= (∀y)ϕ [e← y]. Otherwise,e affectsϕ in M . Finally, ϕ is
regularly vacuous inM if there exists a regular expressione that does not affect
ϕ.

As an example for regular vacuity, consider the propertyϕ = globally ((req ·
true·true) triggers ack), which states that anack is asserted exactly three cycles
after areq. Whenϕ is satisfied in aM , one might conclude that all requests are
acknowledged, and with accurate timing. However, the property is also satisfied
in a modelM that keepsack high at all times. Regular vacuity ofϕ with respect
to (req · true · true) will be detected by showing that the QRELTL formula
(∀y)ϕ [(req · true · true)← y] is also satisfied inM . This can direct us to the
erroneous behavior.

In the previous example we considered regular vacuity with respect to the
entire regular expression. Sometimes, a vacuous pass can only be detected by
checking regular vacuity with respect to sub-regular expression. Consider the
propertyϕ = globally ((req · (¬ack)∗ · ack) triggers grant), which states that
when anack is asserted sometime afterreq, thengrant is asserted one cycle later.
Regular vacuity on the sub-regular expression((¬ack)∗ · ack) can detect thatack
is actually ignored, and thatgrant is asserted immediately afterreq and remains
high. On the other hand, regular vacuity would not be detected on the regular
expressione = (req · (¬ack)∗ · ack), as it does affectϕ. This is becauseϕ does
not hold ife is replaced by an interval(0, j), in whichreq does not hold in model
M .

6.2 Alternative Definitions

In this section we describe two alternative definitions for “does not affect” and
hence also for regular vacuity. We argue that the definitionsare weaker, in the
sense that a formula that is satisfied vacuously with respectto Definition 6.1.2,
is satisfied vacuously also with respect to the alternative definitions, but not vice
versa. On the other hand, as we discuss in Section 9, vacuous satisfaction with
respect to the alternative definitions is computationally easier to detect.
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Regular vacuity modulo duration Consider a regular expressione overB. We
say thate is of duration d, for d ≥ 0, if all the words inL(e) are of lengthd.
For example,a · b · c is of duration3. We say thate is of afixed durationif it is
of durationd for somed ≥ 0. Let e = a · b · c and letϕ = e triggers ψ. The
propertyϕ states that if the computation starts with the Boolean events a, b, and
c, thenψ should hold at time 3. Suppose now that in a modelM , the formula
ψ does not hold at times 0,1, and 2, and holds at later times. In this case,ϕ
holds due to the duration ofe, regardless of the Boolean events ine. According
to Definition 6.1.2,e affectsϕ (e.g., ifβ = {(0, 1)}). On the other hand,e does
not affectϕ if we restrict the interval variabley to intervals of length 3. Thus,e
does not affect the truth ofϕ in M modulo its duration iffϕ is still true whene
is replaced by an arbitrary interval of thesameduration (providede is of a fixed
duration). Formally, for a durationd, let Id = {(i, i + d) : i ∈ IN} be the set
of all natural intervals of durationd. The logicduration-QRELTLis a variant of
QRELTL in which the quantification ofy is parametrized by a durationd, andy
ranges over intervals of durationd. Thus,π, i |= (∀dy)ϕ iff for every interval set
β ⊆ Id, we haveπ, i, β |= ϕ, and dually for(∃dy)ϕ.

Definition 6.2.1 Consider a modelM . Letϕ be an RELTL formula that is satis-
fied inM and lete be a regular expression of durationd appearing inϕ. We say
that e does not affectϕ in M modulo durationiff M |= (∀dy)ϕ[e ← y]. Finally,
ϕ is regularly vacuous inM modulo duration if there exists a regular expression
e of a fixed duration that does not affectϕ modulo duration.

We note that instead of requiringe to have a fixed duration, one can restrict
attention to regular expressions of a finite set of durations(in which casee is re-
placed by intervals of the possible durations); in particular, regular expressions
of a bounded duration (in which casee is replaced by intervals shorter than the
bound). As we show in Section 9, vacuity detection for all these alternative defi-
nitions is similar.

Regular vacuity modulo expression structure Consider again the formulaϕ =
e triggers ψ, for e = a · b · c. The formulaϕ is equivalent to the LTL formula
ϕ′ = a → X(b → X(c → Xψ)). If we check the vacuity of the satisfaction of
ϕ′ in a systemM , we check, for each of the subformulasa, b, andc whether they
affect the satisfaction ofϕ′. For that, [AFF+03] uses universal monadic quantifi-
cation. In regular vacuity modulo expression structure we do something similar
– instead of replacing the whole regular expression with a universally quantified
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dyadic variable, we replace each of the Boolean functions inB that appear in
the expression by a universally quantified monadic variable(or, equivalently, by
a dyadic variable ranging over intervals of duration 1). Thus, in our example,ϕ
passes vacuously in the systemM described above, as neithera, b, norc affect its
satisfaction. Formally, we have the following1.

Definition 6.2.2 Consider a modelM . Letϕ be an RELTL formula that is satis-
fied inM and lete be a regular expression appearing inϕ. We say thate does
not affectϕ in M modulo expression structureiff for all b ∈ B that appear ine,
we have thatM |= (∀1y)ϕ[b ← y]. Finally, ϕ is regularly vacuous inM modulo
expression structure if there exists a regular expressione that does not affectϕ
modulo expression structure.

Note that since vacuity modulo duration/structure of expression replaces the
universal quantification on all intervals by a universal quantification over a sub-
set of them, Definitions 6.2.1 and 6.2.2 are weaker than Definition 6.1.2, in the
sense that more regular expressions do not affectϕ in M according to Defini-
tions 6.2.1 and 6.2.2. Actually, these three definitions form a hierarchy: a vacuous
pass w.r.t regular vacuity implies a vacuous pass w.r.t regular vacuity modulo dura-
tion, which implies a vacuous pass w.r.t regular vacuity modulo expression struc-
ture. The reverse implications do not hold. For example, suppose(p→ next ψ),
(p → next next ψ), (q → next ψ) and (q → next next ψ) always hold in
modelM . That is,ψ holds at the next two cycles afterp or q. We check if
((p ∨ q) · (p ∨ q)) affects the formulaϕ = ((p ∨ q) · (p ∨ q)) triggers ψ. As
M |= (∀x)((x∨q)·(x∨q)) triggers ψ , andM |= (∀x)((p∨x)·(p∨x)) triggers ψ,
we conclude that bothp andq do not affectϕ in M . Therefore((p ∨ q) · (p ∨ q))
does not affectϕ in M , andϕ passes vacuously inM w.r.t regular vacuity modulo
expression structure. On the other hand,M 6|= (x · true) triggers ψ (assuming
there is at least one trace inM in whichψ does not hold without being triggered
by p or q). Therefore((p∨q) ·(p∨q)) affectsϕ inM , andϕ passes non vacuously
w.r.t regular vacuity modulo duration. It is difficult to make at this point definitive
statements about the overall usability of the weaker definitions, as more industrial
experience is needed.

1Note that Definition 6.2.2 follows our semantic approach. A syntactic approach, as the one
taken in [BBER01, KV03], would result in a different definition, where Boolean functions are
replaced by different Boolean functions.
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Chapter 7

Algorithm and Complexity

In this chapter we study the complexity of the regular-vacuity problem. As dis-
cussed in Chapter 6, vacuity detection can be reduced to model checking of a
QRELTL formula of the form(∀y)ϕ. We describe an automata-based EXPSPACE
solution to the latter problem, and conclude that regular vacuity is in EXPSPACE.
Recall that we saw in chapter 4 that vacuity detection for LTLis not harder than
LTL model checking and can be solved in PSPACE, and saw in chapter 5 that
RELTL model checking is in PSPACE. Appendix D shows that regular vacu-
ity is NEXPTIME-hard. Thus, while the precise complexity ofregular vacuity
is open, the lower bound indicates that an exponential overhead on top of the
complexity of RELTL model checking seems inevitable. We describe a model-
checking algorithm for QRELTL formulas of the form(∀y)ϕ. Recall that in the
automata-theoretic approach to LTL model checking, one constructs, given an
LTL formula ϕ, an automatonA¬ϕ that accepts exactly all paths that do not sat-
isfy ϕ. Model checking is then reduced to the emptiness of the product of A¬ϕ

with the modelM [VW94]. For a QRELTL formula(∀y)ϕ, we need to con-
struct an automatonA(∃y)¬ϕ, which accepts all paths that do not satisfy(∀y)ϕ.
Since we considered RELTL formulas in a positive normal form, the construc-
tion of¬ϕ has to propagate the negation inward toϕ’s atomic propositions, using
De-Morgan laws and dualities. In particular,¬(e seq ϕ) = (e triggers ¬ϕ) and
¬(e triggers ϕ) = (e seq ¬ϕ). It is easy to see that the length of¬ϕ in positive
normal form is linear in the length ofϕ.

Theorem 7.0.3 Given an existential QRELTL formula(∃y)ϕ overAP , we can
construct an NGBWAϕ over the alphabet2AP such thatL(Aϕ) = {π|π, 0 |=
(∃y)ϕ}, and the size ofAϕ is doubly exponential inϕ.
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Proof: Similarly to the proof of Theorem 5.2.1, we first translate the formula
(∃y)ϕ to the intermediate formula(∃y)ψ in the temporal logic QALTL. The syn-
tax of QALTL is identical to the one of QRELTL, only that regular expressions
over B ∪ {y} are replaced by NFW over2AP ∪ {y}. The closure of QALTL
formulas is defined similarly to the closure of ALTL formulas. The adjustment
of the semantics is similar to the adjustment of RELTL to ALTLdescribed in
Chapter 5. In particular, the adjustment of Definition 6.1.1to languages over the
alphabet2AP ∪ {y} replaces the condition “ifwk ∈ B thenwk(πlk) = true

and lk+1 = lk + 1” there by the condition “ifwk ∈ 2AP , thenwk = πlk and
lk+1 = lk + 1” here.

Given a QRELTL formula(∃y)ϕ, its equivalent QALTL formula(∃y)ψ is
obtained by replacing every regular expressione in (∃y)ϕ by Z ′

e, whereZ ′
e is as

defined in Chapter 5. Note that the alphabet ofZ ′
e is 2AP ∪ {y}. It is easy to see

that for allπ, i, j, andβ, we have thatπ, i, j, β|≡ L(e) iff π, i, j, β|≡ L(Z ′
e). Thus,

for every wordπ andi ≥ 0, we have thatπ, i |= (∃y)ϕ iff π, i |= (∃y)ψ.
The construction of the NGBWAϕ from (∃y)ψ is based on the construction

presented in Chapter 5. As there, whenAϕ readsπi and is in state(Ls, Ps), it
guesses that the suffixπi, πi+1 . . . satisfies all the subformulas inLs. Since, how-
ever, hereAϕ needs to simulate NFWs with transitions labelled by the interval
variabley, the construction here is more complicated. While a transition labelled
by a letter in2AP corresponds to reading the current letterπi, a transitions labelled
by y corresponds to reading an intervalπi, . . . , πj−1 in β. Recall that the seman-
tics of QALTL is such that(∃y)ψ is satisfied inπ if there is an interval setβ ⊆ I

for whichπ, β satisfiesψ. Note that triggers formulas are trivially satisfied for an
emptyβ, whereas seq formulas requireβ to contain some intervals. Assume that
Aϕ is in point i of π, it simulates a transition labelledy in an NFW that corre-
sponds to a seq formula inLs, and it guesses thatβ contains some interval(i, j).
Then,Aϕ has to make sure that all the NFWs that correspond to triggersformulas
in Ls and that have a transition labelledy, would complete this transition when
pointj is reached. For that,Ls has to be associated with a set of triggers formulas.

Formally, for a setLs ⊆ cl(ψ), we definewait(Ls) = {(Zq′ triggers ξ)|(Zq triggers ξ) ∈
Ls andq′ ∈ ∆(q, y)}. Intuitively, wait(Ls) is the set of triggers formulas that are
waiting for an interval inβ to end. Once the interval ends, as would be enforced
by a seq formula, the members ofwait(Ls) should hold. Letseq(ψ) andtrig(ψ)
be the sets of seq and triggers formulas incl(ψ), respectively. Anobligation for
ψ is a pairo ∈ seq(ψ)× 2trig(ψ). Letobl(ψ) be the set of all the obligations forψ.
Now, to formalize the intuition above, assume thatAϕ is in pointi and it simulates
a transition labelledy in the NFWZ for some(Zq seq ξ) ∈ Ls. Then,Aϕ creates
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the obligationo = ((Zq seq ξ),wait(Ls)) and propagates it until the end of the
interval.

The NGBWAϕ = 〈2AP , S, δ, S0,F〉, where the set of statesS is the set of
all pairs(Ls, Ps) such thatLs is a consistent set of formulas and of obligations,
andPs ⊆ Ls ∩ (seq(ϕ) ∪ obl(ϕ)). Note that the size ofAϕ is doubly exponential
in ϕ. The set of initial states isS0 = {(Ls, Ps)|ψ ∈ Ls, Ps = ∅}. The accep-
tance condition is used to impose the fulfillment ofuntil and seq eventualities,
and are similar to the construction is Chapter 5; thusF = {Φ1, . . . ,Φm,Φseq}
whereΦi = {s ∈ S|(ϕ1 until ϕ2), ϕ2 ∈ Ls or (ϕ1 until ϕ2) 6∈ Ls}, andΦseq =
{s ∈ S|Ps = ∅}. We define the transition relationδ as the set of all triples
((Ls, Ps), a, (Lt, Pt)) that satisfy the following conditions. Note that some of
these conditions also impose restrictions on the states.

1. For allp ∈ AP , if p ∈ Ls thenp ∈ a.

2. For allp ∈ AP , if ¬p ∈ Ls thenp 6∈ a.

3. If ( next ϕ1) ∈ Ls, thenϕ1 ∈ Lt.

4. If (ϕ1 until ϕ2) ∈ Ls, then eitherϕ2 ∈ Ls, orϕ1 ∈ Ls and(ϕ1 until ϕ2) ∈
Lt.

5. If (ϕ1 release ϕ2) ∈ Ls, thenϕ2 ∈ Ls and eitherϕ1 ∈ Ls, or(ϕ1 release ϕ2) ∈
Lt.

6. If (Zq seq ξ) ∈ Ls, then at least one of the following holds:

(a) q ∈W andξ ∈ Ls.

(b) (Zq′ seq ξ) ∈ Lt for someq′ ∈ ∆(q, a).

(c) ∆(q, y) 6= ∅ ando = ((Zq seq ξ),wait(Ls)) ∈ Ls. In this case we
say that there is ay-transition from(Zq seq ξ) to o in Ls.

If conditions a or b hold, we say that(Zq seq ξ) is strong in Ls w.r.t.
((Ls, Ps), a, (Lt, Pt)).

7. If (Zq triggers ξ) ∈ Ls, then the following holds:

(a) If q ∈W , thenξ ∈ Ls.

(b) (Zq′ triggers ξ) ∈ Lt for all q′ ∈ ∆(q, a).
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8. For every(Zq seq ξ) ∈ Ps, at least one of the following holds:

(a) q ∈W andξ ∈ Ls.

(b) (Zq′ seq ξ) ∈ Pt ∩ Lt for someq′ ∈ ∆(q, a).

(c) ∆(q, y) 6= ∅ ando = ((Zq seq ξ),wait(Ls)) ∈ Ps. In this case we
say that there is ay-transition from(Zq seq ξ) to o in Ps.

If conditions a or b hold, we say that(Zq seq ξ) is strong inPs w.r.t.
((Ls, Ps), a, (Lt, Pt)).

9. If o = ((Zq seq ξ),Υ) ∈ Ls then at least one of the following holds:

(a) For someq′ ∈ ∆(q, y), we have that(Zq′ seq ξ) ∈ Ls andΥ ⊆ Ls.
In this case we say that there is ay-transition fromo to (Zq′ seq ξ) in
Ls.

(b) o ∈ Lt.

If conditionb holds, we say thato is strong inLs w.r.t. ((Ls, Ps), a, (Lt, Pt)).

10. If o = ((Zq seq ξ),Υ) ∈ Ps then at least one of the following holds:

(a) For someq′ ∈ ∆(q, y), we have that(Zq′ seq ξ) ∈ Ps andΥ ⊆ Ls.
In this case we say that there is ay-transition fromo to (Zq′ seq ξ) in
Ps.

(b) o ∈ Pt.

If conditionb holds, we say thato is strong inPs w.r.t. ((Ls, Ps), a, (Lt, Pt)).

11. If Ps = ∅, thenPt = Lt ∩ (seq(ϕ) ∪ obl).

12. If wait(Ls) ⊆ Ls, then for every element inLs ∩ (seq(ϕ) ∪ obl(ϕ)) there
exists a path (possibly of length0) of y transitions to a strong element w.r.t.
((Ls, Ps), a, (Lt, Pt)).

13. If wait(Ls) ⊆ Ls, then for every element inPs ∩ (seq(ϕ) ∪ obl(ϕ)) there
exists a path (possibly of length0) of y transitions to a strong element w.r.t.
((Ls, Ps), a, (Lt, Pt)).
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We now explain the role of conditions12 and13 of δ. As explained above, for
every formula(Zq seq ξ) that should hold at pointi, the NGBWAϕ simulates a
run ofZq that should eventually accept an interval ofπ. SinceZq has transitions
labelled byy, it is possible forZq to loop forever in(Li, Pi) (when(i, i) ∈ β).
Conditions12 and13 force the run ofZq to eventually reach an accepting state,
and prevent such an infinite loop. The correctness of the construction is proved in
Appendix B.

Given a modelM and the NGBWAϕ for (∃y)ϕ, the emptiness of their inter-
section can be tested in time polynomial or in space polylogarithmic in the sizes
of M andAϕ (note thatM andAϕ can be generated on the fly) [VW94]. A path
in the intersection ofM andAϕ is a witness thate affectsϕ. It follows that the
problem of deciding whether a regular expressione affectsϕ in M can be solved
in EXPSPACE. Since the number of regular expressions appearing in ϕ is lin-
ear in the length ofϕ, we can conclude with the following upper bound to the
regular-vacuity problem.

Theorem 7.0.4 The regular-vacuity problem for RELTL can be solved in EX-
PSPACE.

In Section 9, we analyze the complexity of regular vacuity more carefully and
show that the computational bottle-neck is the length of regular expressions ap-
pearing in triggers formulas inϕ. We also describe a fragment of RELTL for
which regular vacuity can be solved in PSPACE.

Alternating Automata Alternating Büchi automata have the same expressive
power as non-deterministic Büchi automata. With alternating Büchi automata, the
first construction closely resembles the formula, and the automata is exponentially
more succinct than a corresponding non-deterministic Büchi automata. At first,
we searched for a construction based on alternating Büchi automata, but it was
unclear how to synchronize relevantseq and triggers formulas. While in the
construction above an obligation can relateseq andtriggers in a single state,
alternating Büchi automata have separate states for theseq and triggers sub-
formulas. The question whether a similar construction can be done for alternating
Büchi automata remains open.
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Part III

Pragmatic Aspects
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Chapter 8

Subformula Vacuity in Practice

In this chapter we give some pragmatic aspects of vacuity detection. We discuss
the different options for reporting vacuity. While previous works consider only
giving a yes / no answer, we advocate giving the users asimplified formula(see
below) as well so that they can best understand why the formula passes vacuously.
We also check what the relation is between subformulas and occurrences of sub-
formulas, and conclude that in order to get the most thoroughvacuity detection
both should be accounted for. Guided by these two observations, we show how
we can achieve the most thorough vacuity detection while reducing the number
of model-checker runs. Finally, we report on our experienceusing vacuity detec-
tion in an industrial setting. All the work in this chapter relates to trace vacuity.
Therefore, we remove the subscript describing the type of affect.

8.1 Display of Results

When applying vacuity detection in an industrial setting there are two options. We
can either give the user a simple yes/no answer, or we can accompany a positive
answer (vacuity) with a simplified formula. Whereψ does not affectϕ we supply
ϕ [ψ ← x] (or ϕ [ψ ← ⊥] whereψ is of pure polarity) as our explanation to the
vacuity ofϕ. When we replace a subformula by a constant, we propagate the
constants upwards. For example, if in subformulaθ = ψ1 ∧ ψ2 we replaceψ1 by
false, thenθ becomesfalse and we continue propagating this value aboveθ.

Previous works were interested only in providing a simple yes / no answer.
That is, whether the property is vacuous or not. In this case it suffices to check
whether the propositions affect the formula [BBER97, KV03]. Suppose thatψ
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active:= en∧¬in ; rdy active:= ¬ rdy out∧¬ active;
bsy active:= ¬ bsy out∧¬ active;

active inactive:= rdy active∧¬ bsy active;
two consecutive:= G[(reset∧ active inactive)→ X¬active inactive];

Figure 8.1: Vacuous pass

does not affectϕ. It follows that if ψ′ is a subformula ofψ thenψ′ does not
affectϕ as well. In view of the above, in order to get a yes / no answer only the
minimal subformulas ofϕ (i.e. the atomic propositions that appear inϕ) have to
be checked. In contrast, when the goal is to give the user feedback on the source
of detected vacuity, it is often more useful to check non-minimal subformulas.

Consider for example the formulatwo consecutivein Figure 8.1. This is an
example of a formula that passed vacuously in one of the designs we checked.
The reason for the vacuous pass is that one of the signals inactive inactivewas set
to false by a wrong environmental assumption. The following is the simplified
formula showing that the second occurrence ofactive inactive does not affect
two consecutive.

two consecutive[active inactive2 ← ⊥] = globally ¬(reset∧ active inactive)

From this simplified formula it is straightforward to understand what is wrong
with the formula. The simplified formula associated with theoccurrence of the
propositionenunder the second occurrence ofrdy active(after constant propaga-
tion) is as follows. Note that this occurrence ofenoccurs positively intwo consecutive.

two consecutive[en2 ← ⊥] = globally [(reset∧active inactive)→ X¬(¬rdy out∧¬bsy active)]

Clearly, this report is much less legible. This formula has very little connection
to the original formula. Thus, it is preferable to check vacuity of non-minimal
subformulas and subformula occurrences.

If we consider the formula as represented by a tree (rather than DAG – di-
rected acyclic graph) then the number of leaves (propositions) is proportional to
the number of nodes (subformulas). We apply our algorithm from top to bottom.
We check whether the maximal subformulas affect the formula. If a subformula
does not affect, there is no need to continue checking below it. If a subformula
does affect, we continue and check its subformulas. In the worst case, when all
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the subformulas affect the formula, the number of model checker runs in order
to give the most intuitive counter example is double the sizeof the minimal set
(number of propositions). The yes / no view vs. the intuitivesimplified formula
view offer a clear tradeoff between minimal number of model checker runs (in
the worst case) and giving the user the most helpful information. We believe that
the user should be given the most comprehensive simplified formula. In our im-
plementation we check whetherall subformulas and occurrences of subformulas
affect the formula.

8.2 Occurrences vs. Subformulas

In chapter 4 we introduced an algorithm that can determine ifa subformula with
multiple occurrences affects a formula. Indeed, in most cases it makes sense to
check if a subformula affects a formula, as in pratice, all occurrences of the sub-
formula will have the same truth value at a given point in time. Furthermore,
sometimes an errornous behavior can only be detected when all subformula oc-
currences are replaced simultaneously. For example, letϕ = globally (p → p).
Intuitively, p does not affectϕ since every expression (or variable) implies itself.
Indeed, according to all definitionsp does not affectϕ, regardless of the model.
However, every occurrence ofp may affectϕ, as bothglobally p = ϕ [p1 ← ⊥]
and globally ¬p = ϕ [p2 ← ⊥] may fail (here,pi denotes theith occurrence of
p).

On the other hand, an errournous behavior might be masked by one (or more)
occurences of the subformula. Consider the formulaϕ = p ∧ globally (q → p).
Assumeq is alwaysfalse in modelM because of a buggy assumption. Clearly,
the second occurrence ofp does not affectϕ in M and a vacuous trigger can be
detected. However, the subformulap does affectϕ in M because of the first oc-
currence. Every assignment that givesx the valuefalse at time0 would falsify the
formulaϕ [p← x]. Thus in order to catch the bug, we would have to check vacu-
ity with respect to each occurrence separately. Recall the formulatwo consecutive
in Figure 8.1. The vacuous pass in this case is only with respect to occurrences
and not to subformulas.

We believe that athorough vacuity-detectionalgorithm should detect both sub-
formulas and occurrences that do not affect the examined formula. It is up to the
user to decide which vacuity alerts to ignore.
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8.3 Minimizing the Number of Checks

As explained above we choose to check whether all subformulas and all occur-
rences of subformulas affect the formula. Applying this policy in practice may
result in many runs of the model checker and may be impractical. In particu-
lar, when the formula is represented as a DAG, checking all occurrences involves
turning the DAG into a tree. We show that we can reduce the number of subfor-
mulas and occurrences for which we check vacuity by analyzing the structure of
the formula syntactically.

As mentioned before, ifψ′ is a subformula ofψ andψ does not affectϕ then
alsoψ′ does not affectϕ. Hence, once we know thatψ does not affectϕ, there
is no point in checking subformulas ofψ. If ψ affectsϕ we have to check also
the subformulas ofψ. We show that in some cases forψ′ a subformula ofψ we
haveψ′ affectsϕ iff ψ affectsϕ. In these cases there is no need to check direct
subformulas ofψ also whenψ affectsϕ.

Suppose the formulaϕ is satisfied inM . Consider an occurrenceθ1 of the
subformulaθ = ψ1 ∧ ψ2 of ϕ. We show that ifθ1 is of positive polarity thenψi
affectsϕ iff θ1 affectsϕ for i = 1, 2. As mentioned,θ1 does not affectϕ impliesψi
does not affectϕ for i = 1, 2. Supposeθ1 affectsϕ. ThenM 6|= ϕ [θ1 ← false].
However,ϕ [ψi ← false] = ϕ [θ1 ← false]. It follows thatM 6|= ϕ [ψi ← false]
and thatψi affectsϕ. In the case thatθ1 is of negative (or mixed) polarity the
above argument is incorrect. Consider the formulaϕ = ¬(ψ1 ∧ ψ2) and a model
whereψ1 never holds. It is straightforward to see thatψ1 ∧ ψ2 affectsϕ while ψ2

does not affectϕ.
Similarly consider the subformulaθ = globally ψ1 and the occurrenceθ1 of θ

of negative polarity. We show thatθ1 affectsϕ iff ψ1 affectsϕ. Supposeθ1 affects
ϕ. ThenM 6|= ϕ [θ1 ← true]. As beforeϕ [θ1 ← true] = ϕ [ψ1 ← true]. Sup-
pose thatθ1 is of mixed polarity and thatθ1 affectsϕ. ThenM 6|= ∀xϕ [θ1 ← x].
However, we can not prove thatM 6|= ∀xϕ [ψ1 ← x]. This is true only if there
exists a computationπ of M , an assignmentα such that for somei ≥ 0 we have
α(x) = {i, . . .} andπ, 0, α 6|= ϕ [θ1 ← x].

From the above discussion it follows that we can analyze the form of the for-
mula ϕ syntactically and identify occurrencesθ1 such thatθ1 affectsϕ iff the
subformulas ofθ1 affectϕ. In these cases it is sufficient to model check the for-
mula∀xϕ [θ1 ← x]. Below the immediate subformulas ofθ1 we have to continue
with the same analysis. For example, ifθ = (ψ1 ∨ ψ2) ∧ (ψ3 ∧ ψ4) is of positive
polarity andθ affectsϕ we can ignore(ψ1 ∨ ψ2), (ψ3 ∧ ψ4), ψ3, andψ4. We do
have to checkψ1 andψ2. In Table 8.1 we list the operators under which we can
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Operator Polarity Operands

∧ + all
∨ - all
¬ pure / mixed all
X pure / mixed all
U pure second

globally pure all
eventually pure all

Table 8.1: Operators for which checks can be avoided

apply such elimination. In the polarity column we list the polarities under which
the elimination scheme applies to the operator. In the operands column we list
the operands that we do not have to check. We stress that belowthe immediate
operands we have to continue applying the analysis.

The analysis that leads to the above table is quite simple. Using a richer set
of operators one must use similar reasoning to extend the table. Notice that we
distinguish between pure polarity and mixed polarity. As the above table is true
for occurrences, mixed polarity is only introduced in casesthat the specification
language includes operators with no polarity (e.g.⊕,↔).

8.4 Implementation and Methodology

We implemented the above algorithms in Intel’s formal verification environment.
We use the language ForSpec [AFF+02] with the BDD-based model checker Fore-
cast [FKZ+00] and the SAT-based bounded model checker Thunder [CFF+01].
We enable the users to decide whether they want thorough vacuity detection or
just to specify which subformulas / occurrences should be checked. In the case of
thorough vacuity detection, for every subformula and everyoccurrence (according
to the elimination scheme above) we create one witness formula. The vacuity al-
gorithm amounts to model checking each of the witnesses. Both model checkers
are equipped with a mechanism that allows model checking of many properties
simultaneously.

The current methodology of using vacuity is applying thorough vacuity on
every specification. The users prove that the property holdsin the model; then,
vacuity of the formula is checked. If applying thorough vacuity is not possible
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(due to capacity problems), the users try to identify the important subformulas
and check these subformulas manually. In our experience, vacuity checks proved
to be effective mostly when the pruning and assumptions usedin order to enable
model checking removed some important part of the model, thus rendering the
specification vacuously true. However, vacuity detection also revealed RTL bugs
and faulty specifications.

One area where we applied formal verification was a complex power manage-
ment finite-state-machine (FSM). One set of properties verified correct transition
from state to state and included assertions of the followingtype:

assert ((state = si) ∧ cond)→ next state = sj

Vacuity detection reported that several such assertions passed vacuously and that
the right-hand-side (the next state) does not affect. In onecase, the vacuous pass
resulted from an RTL bug which prevented the condition from happening. There-
fore, there was no transition from one specific state to another. Another vacuous
pass revealed a typo in one of the assumptions, which prevented the FSM from
reaching some states. The validator wrote:

assume (state = si)→ next state = (sj ∨ sk)

instead of:

assume (state = si)→ next ((state = sj) ∨ (state = sk))

The erroneous code performed a bit-wise or betweensj and sk, and assj was
encoded as binary111, there were no transitions fromsi to sk.
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Chapter 9

Regular Vacuity in Practice

The results in Section 7 suggest that, in practice, one may need to work with
weaker definitions of vacuity or restrict attention to specifications in which the
usage of regular expressions is constrained. In this section we show that under
certain polarity constraints, regular vacuity can be reduced to standard model
checking. In addition we show that even without polarity constraints, detection
of the weaker definitions of vacuity, presented in Section 6.2, is also not harder
than standard model checking.

9.1 Specifications of Pure Polarity

Examining industrial examples shows that in practice the number of trigger formu-
las that share a regular expression with a seq formula is quite small. One of the few
examples that use both describes a clock tick pattern and is expressed by the for-
mulatick pattern = (e seq true) ∧ globally (e triggers (e seq true)), where
e defines the clock ratio, e.g.e = clock low · clock low · clock high · clock high.

As shown in the previous section, the general case of regularvacuity adds an
exponential blow-up on top of the complexity of RELTL model checking. A care-
ful analysis of the state space ofAϕ shows that with every setLs of formulas, we
associate obligations that are relevant toLs. Thus, ifLs contains no seq formula
with an NFW that reads a transition labelledy, then its obligation is empty. Other-
wise,wait(Ls) contains only trigger formulas that appear inLs and whose NFWs
read a transition labelledy. In particular, in the special case where seq and trigger
subformulas do not share regular expressions, we have|obl(ϕ)| = 0. For this type
of specifications, where all regular expressions have apure polarity, regular vacu-
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ity is much easier. Rather than analyzing the structure ofAϕ in this special case,
we describe here a direct algorithm for its regular-vacuityproblem.

We first definepure polarity for regular expression. As formulas in RELTL
are in positive normal form, polarity of a regular expression e is not defined by
number of negations, but rather by the operator applied toe. Formally, an occur-
rence of a regular expressione is of positive polarityin ϕ if it is on the left hand
side of a seq modality, and ofnegative polarityif it is on the left hand side of a
triggers modality. The polarity of a regular expression is defined by the polarity
of its occurrences as follows. A regular expressione is of positive polarityif all
occurrences ofe in ϕ are of positive polarity, ofnegative polarityif all occur-
rences ofe in ϕ are of negative polarity, ofpure polarityif it is either of positive
or negative polarity, and ofmixed polarityif some occurrences ofe in ϕ are of
positive polarity and some are of negative polarity.

Definition 9.1.1 Given a formulaϕ and a regular expression of pure polaritye,
we denote byϕ [e← ⊥] the formula obtained fromϕ by replacinge by true

∗, if
e is of negative polarity, and byfalse if e is of positive polarity.

We now show that fore with pure polarity inϕ, checking whethere effectsϕ, can
be reduced to RELTL model checking:

Theorem 9.1.2 Consider a modelM , RELTL formulaϕ, and regular expression
e of pure polarity. Then,M |= (∀y)ϕ [e← y] iff M |= ϕ [e← ⊥].

Proof: If M |= ∀yϕ [e← y] thenM,β |= ϕ [e← y] for every assignmentβ,
includingβ∅ = ∅ andβI = I (the set of all intervals).M,β∅ |= ϕ [e← y] implies
M |= ϕ [e← false] since no interval satisfiesfalse. M,βI |= ϕ [e← y] implies
M |= ϕ [e← true

∗] since every interval satisfiestrue
∗. ThusM |= ϕ [e← ⊥].

The other direction is proved by induction on the structure of ϕ (given in
positive normal form). As regular expression are only used on the left hand side of
seq and triggers , the base case and all operators apart fromseq and triggers
are immediate.

Let ϕ = E seq ξ whereE is a RELTL regular expression ande is a sub-
regular expression ofE. The polarity ofe is positive inϕ and therefore⊥ ≡
false. If M,π, i |= ϕ [e← false] then there exists somej ≥ i s.t. M,π, i, j|≡
E [e← false] andM,π, j |= ξ. Letb0, b1, . . . , bj−1−i be a word inL(E [e← false])
s.t. M,π, k |= bk−i for all i ≤ k < j. Clearly bk−i 6= false. This implies that
M,π, i, j|≡ E regardless ofe. ThusM,π, i |= ∀yϕ [e← y].

Let ϕ = E triggers ξ whereE is a RELTL regular expression ande is a
sub-regular expression ofE. The polarity ofe is negative inϕ and therefore
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⊥ ≡ true
∗. Assume thatM,π, i 6|= ∀yE [e← y] triggers ξ. This implies that

M,π, i |= ∃yE [e← y] seq ¬ξ. ThusM,π, i, j, β|≡ E [e← y] for somej ≥ i

and interval setβ, andM,π, j |= ¬ξ. By the definition of tight satisfaction there
exists a wordw = b0, b1, . . . , bn overAP∪{y} s.t.M,π, i, j, β|≡ w. Furthermore,
if bm ∈ AP , 0 ≤ m ≤ n, then there exists ak s.t. i ≤ k ≤ j andM,π, k, k + 1|≡
bm. Otherwisebm = y andM,π, k, k′|≡ bm for somek′ s.t. i ≤ k ≤ k′ ≤ j.
We now show that there exists a wordw′ ∈ L(E [e← true

∗]) s.t.M,π, i, j|≡ w′.
The wordw′ is equal tow except that everybm = y is replaced byk′m − km
concatenatedtrue (whereM,π, km, k

′
m|≡ bm). This implies thatM,π, i, j|≡

E [e← true
∗]. SinceM,π, j |= ¬ξ we haveM,π, i |= E [e← true

∗] seq ¬ξ,
which impliesM,π, i 6|= E [e← true

∗] triggers ξ.

Since the model-checking problem for RELTL can be solved in PSPACE-
complete, it follows that the regular-vacuity problem for the fragment of RELTL
in which all regular expressions are of pure polarity is PSPACE-complete.

9.2 Weaker Definitions of Regular Vacuity

In Section 6.2, we suggested two alternative definitions forregular vacuity. We
now show that vacuity detection according to these definitions is in PSPACE – not
harder than RELTL model checking.

We first show that the dyadic quantification in duration-QRELTL can be re-
duced to a monadic one. Intuitively, since the quantification in duration-QRELTL
ranges over intervals of a fixed and known duration, it can be replaced by a quan-
tification over the points where intervals start. Formally,we have the following:

Lemma 9.2.1 Consider a systemM , an RELTL formulaϕ, a regular expression
e appearing inϕ, andd > 0. Then,M |= (∀dy)ϕ[e ← y] iff M |= (∀x)ϕ[e ←
(x · true

d−1)], wherex is a monadic variable.

Universal quantification of monadic variables does not makemodel checking
harder: checking whetherM |= (∀x)ϕ can be reduced to checking whether there
is a computation ofM that satisfies(∃x)¬ϕ. As in chapter 4, when we construct
the intersection ofM with the NGBW for¬ϕ, the values forx can be guessed, and
the algorithm coincides with the one for RELTL model checking. Since detection
of vacuity modulo duration and modulo expression structureare both reduced to
duration-QRELTL model checking, Theorem 5.2.2 implies thefollowing.
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Theorem 9.2.2 The problem of detecting regular vacuity modulo duration ormod-
ulo expression structure is PSPACE-complete.

We note that when the formula is of a pure polarity, no quantification is needed,
ande may be replaced, in the case of vacuity modulo duration, byfalse or true

d

according its polarity. Likewise, in the case of vacuity modulo expression struc-
ture, the Boolean formulas ine may be replaced byfalse or true.
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Chapter 10

Conclusion

In this work we investigated vacuity detection with respectto subformulas with
multiple occurrences and with respect to regular expressions. We were motivated
by the need to extend vacuity detection to industrial-strength property-specification
languages such as ForSpec [AFF+02] and Sugar [BBE+01], which is significantly
richer syntactically and semantically than LTL.

The generality of our framework required us to re-examine the basic intuition
underlying the concept of vacuity, which until now has been defined as sensitivity
with respect to syntactic perturbation. We studied sensitivity with respect to se-
mantic perturbation, which we modeled by universal quantification. We showed
that with respect to subformula vacuity, this yields a hierarchy of vacuity notions.
We argued that the right notion is that of vacuity defined withrespect to traces and
described an algorithm for vacuity detection.

We then focused on RELTL, which is the extension of LTL with a regular
layer. We defined the notion of “does not affect,” for regularexpressions in terms
of universal dyadic quantification. We showed that regular vacuity is decidable,
but involves an exponential blow-up (in addition to the standard exponential blow-
up for LTL model checking). We suggested two alternative definitions for regular
vacuity and showed that with respect to these definitions, even for formulas that
do not satisfy the polarity constraints, vacuity detectioncan be reduced to standard
model checking, which makes them of practical interest. Thetwo definitions are
weaker than our general definition, in the sense that a vacuous pass according to
them may not be considered vacuous according to the general definition.

Finally, we discussed pragmatic aspects of vacuity detection, showed how the
number of checks can be minimized, and how vacuity results should be displayed
to the user. We presented examples from industrial designs where vacuity detec-
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tion revealed both RTL bugs and erroneous assumptions on theenvironment. As
for regular vacuity, it is difficult to make at this point definitive statements about
the overall usability of the weaker definitions, as more industrial experience with
them is needed.
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Appendix A

The Correctness of the Construction
for ALTL

Theorem A.0.3 Let ϕ be an ALTL formula and letAϕ be its automaton. Then,
L(Aϕ) = L(ϕ).

First Direction: L(ϕ) ⊆ L(Aϕ)

Definition A.0.4 Let π be an infinite word,i an index, and(Zq seq ξ) an ALTL
formula, s.t. π, i |= (Zq seq ξ). We define theminimum satisfying indexof
π, i, (Zq seq ξ) denotedmsi(π, i, (Zq seq ξ)) as the minimal indexj ≥ i such
thatπ, i, j|≡ Zq andπ, j |= ξ.

The minimal satisfying index determines the first index where the seq formula
could be released from its obligation.

Lemma A.0.5 Letπ be inL(ϕ), thenπ ∈ L(Aϕ).

Proof: We construct a fair runρ = (L0, P0), (L1, P1), . . . of Aϕ on π. For every
i ≥ 0 we defineLi to be a subset ofcl(ϕ) s.t. a subformulaϕ′ of cl(ϕ) is in Li
iff π, i, |= ϕ′. We definePi to be a subset ofseq(ϕ) ∩ Li. The subsetsPi are
inductively defined. Fori = 0, P0 = ∅. For i > 0 we distinguish between two
cases:

1. If Pi−1 = ∅, thenPi = Li ∩ seq(ϕ).
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2. Otherwise,Pi contains a formula(Zq′ seq ξ) iff it is in Li and there exists a
formula(Zq seq ξ) inPi−1 s.t.msi(π, i−1, (Zq seq ξ)) = msi(π, i, (Zq′ seq ξ)) ≥
i andq′ is in ∆(q, πi−1).

We need to prove thatρ is a fair run ofAϕ on π. Sinceπ, 0 |= ϕ, we have that
L0 containsϕ. The definition ofρ implies thatP0 = ∅, thus,(L0, P0) is an initial
state. The following two propositions complete the proof ofLemma A.0.5.

Proposition A.0.6 For everyi, we have that(Li, Pi) is in δ((Li−1, Pi−1), πi).

Proof: We show that all the conditions ofδ are satisfied:

1. For allp ∈ AP , if p ∈ Li−1, thenp ∈ πi−1.

2. For allp ∈ AP , if ¬p ∈ Li−1 thenp 6∈ πi−1

3. If ( next ϕ1) ∈ Li−1, then sinceπ, i−1 |= ( next ϕ1) we have thatπ, i |= ϕ1

and thusϕ1 ∈ Li.

4. If (ϕ1 until ϕ2) ∈ Li−1 then eitherπ, i− 1 |= ϕ2, in which caseϕ2 ∈ Li−1,
or π, i − 1 |= ϕ1 andπ, i |= (ϕ1 until ϕ2) in which caseϕ1 ∈ Li−1 and
(ϕ1 until ϕ2) ∈ Li.

5. If (ϕ1 release ϕ2) ∈ Li−1 thenπ, i−1 |= ϕ2 and thusϕ2 ∈ Li−1 and either
π, i− 1 |= ϕ1 in which caseϕ1 ∈ Li−1, orπ, i |= (ϕ1 release ϕ2) in which
case(ϕ1 release ϕ2) ∈ Li.

6. If (Zq seq ξ) ∈ Li−1, then we distinguish between two cases:

(a) If ǫ ∈ L(Zq) andπ, i− 1 |= ξ, thenq ∈ W andξ is inLi−1.

(b) Otherwise,j = msi(π, i − 1, Zq seq ξ) ≥ i. Since there exists an
accepting run ofZq onπi−1, πi, . . . , πj−1 andπ, j |= ξ, for the second
stateq′ of the run, we have thatq′ ∈ ∆(q, πi−1) andπi, πi+1, . . . , πj−1

is inL(Zq′). This implies thatπ, i |= (Zq′ seq ξ) and thatmsi(π, i, Zq′ seq ξ) =
j. Thus,(Zq′ seq ξ) in Li.

7. If (Zq triggers ξ) ∈ Li−1 then the following hold:

(a) If q ∈W , thenǫ ∈ L(Zq). As (Zq triggers ξ) ∈ Li−1, thenπ, i−1 |=
(Zq triggers ξ) and thusπ, i− 1 |= ξ. This implies thatξ is inLi−1.
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(b) For everyq′ ∈ ∆(q, πi−1) we have that for everyj ≥ i, if πi, πi+1, . . . πj−1

is in L(Zq′), thenπi−1, πi, . . . πj−1 is in L(Zq), andπ, j |= ξ. Thus
π, i |= (Zq′ triggers ξ). This implies that(Zq′ triggers ξ) is inLi for
all q′ ∈ ∆(q, a).

8. If Pi−1 = ∅, thenPi = Li ∩ seq(ϕ). Otherwise, for every(Zq seq ξ) ∈
Pi−1, we distinguish between two cases

(a) If ǫ ∈ L(Zq) andπ, i− 1 |= ξ, thenq ∈ W andξ is inLi−1.

(b) Otherwise,msi(π, i − 1, Zq seq ξ) ≥ i. SincePi−1 ⊆ Li−1, the
formula (Zq seq ξ) is in Li−1. By item 6b there exists a formula
(Zq′ seq ξ) in Li s.t. q′ ∈ ∆(q, πi−1) andmsi(π, i, Zq′ seq ξ) =
msi(π, i− 1, Zq seq ξ). This implies that(Zq′ seq ξ) is in Pi.

Proposition A.0.7 ρ is a fair run ofA.

Proof: First, we prove that for everyi ≤ m we have thatinf(ρ) ∩ Φi 6= ∅. We
prove that for everyj ≥ 0 there existsk ≥ j s.t. ρk ∈ Φi. Letϕ1 until ϕ2 be the
until formula which corresponds toΦi, we distinguish between two cases:

1. If π, j 6|= (ϕ1 until ϕ2) then(ϕ1 until ϕ2) is not inLj , thusρj ∈ Φi.

2. Otherwise,π, j |= (ϕ1 until ϕ2), thus there existsk ≥ j s.t. π, k |= ϕ2.
This implies thatϕ2 is inLk, thus,ρk ∈ Φi.

Next, we prove thatinf(ρ)∩Φseq 6= ∅. We prove that for everyj ≥ 0 there exists
k ≥ j such thatρk ∈ Φseq. We distinguish between two cases:

1. If Pj = ∅, thenρj ∈ Φseq.

2. Otherwise,Pj contains someseq formulas. Leti = maxϕ′∈Pj
msi(π, j, ϕ′).

We prove by induction that for everyj ≤ k < i, we havemaxϕ′∈Pk
msi(π, k, ϕ′) =

i.

• The base casek = j is trivial.
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• Assume thatmaxϕ′∈Pk−1
msi(π, k − 1, ϕ′) = i. Let (Zq seq ξ) be a

formula inPk−1 s.t.msi(π, k− 1, (Zq seq ξ)) = i. Sincei > k, there
exists a runq, q1, q2, . . . qi−k−1 of length> 1 ofZq onπk−1, πk, . . . πi−1,
andπ, i |= ξ. This implies that the formula(Zq1 seq ξ) is inLk. Since
q, q1, q2, . . . qi−k−1 is the shortest accepting run ofZq on a prefix of
πk−1, we havemsi(π, k, (Zq1 seq ξ)) = msi(π, k−1, Zq seq ξ) = i,
and thatq1 ∈ ∆(q, πk−1), thus(Zq1 seq ξ) ∈ Pk. In addition, for
every other formulaϕ′ ∈ Pk there exists a formulaϕ′′ in Pk−1 s.t.
msi(π, k, ϕ′) = msi(π, k−1, ϕ′′) ≤ i. This implies thatmaxϕ′∈Pk

msi(π, k, ϕ′) =
i.

Thus, for every formula(Zq seq ξ) in Pi−1, we have thatmsi(π, i−1, (Zq seq ξ)) =
i. This implies that for every formula(Zq seq ξ) in Pi−1, we have that
q ∈W andπ, i− 1 |= ξ. This implies thatPi = ∅, thusρi ∈ Φseq.

Second Direction:L(Aϕ) ⊆ L(ϕ)

Lemma A.0.8 Letπ be inL(Aϕ), thenπ ∈ L(ϕ).

Before we prove the lemma we present a few propositions.

Proposition A.0.9 Letρ = (L0, P0, ), (L1, P1), . . . be a run ofAϕ onπ. Leti ≥ 0
be an index s.t. the formula(ϕ1 until ϕ2) is inLi. Then either for everyj ≥ i, we
have{(ϕ1 until ϕ2), ϕ1} ⊆ Lj , or there existsk ≥ i s.t. ϕ2 ∈ Lk and for every
i ≤ j < k, we haveϕ1 ∈ Lj .

Proof: We prove with induction onk ≥ i that either there exists an indexk′ ≤ k

s.t. ϕ2 ∈ L′
k and for everyi ≤ j < k′, ϕ1 ∈ Lj , or for everyi ≤ j ≤ k,

{(ϕ1 until ϕ2), ϕ1} ⊆ Lj .

• Base case:k = i follows trivially from the definition ofδ.

• Induction step: assume that the proposition holds fork − 1 we distinguish
between two cases:

1. If there existsk′ ≤ k − 1 s.t. ϕ2 ∈ L′
k and for everyi ≤ j < k′,

ϕ1 ∈ Lj , then the lemma holds trivially.

2. Otherwise, for everyi ≤ j ≤ k − 1, {(ϕ1 until ϕ2), ϕ1} ⊆ Lj .
Sinceϕ2 6∈ Lk−1, the definition ofδ implies that eitherϕ2 ∈ Lk or
{(ϕ1 until ϕ2), ϕ1} ⊆ Lk, in both cases the induction holds fork.
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Proposition A.0.10 Let ρ = (L0, P0, ), (L1, P1), . . . be a run ofAϕ on π. Let
i ≥ 0 be an index s.t. the formula(ϕ1 release ϕ2) is inLi. Then either for every
j ≥ i, we have{(ϕ1 release ϕ2), ϕ2} ⊆ Lj , or there existsk ≥ i s.t. ϕ1 ∈ Lk
and for everyi ≤ j ≤ k, we haveϕ2 ∈ Lj .

Proof: We prove with induction onk ≥ i that either there exists an indexk′ ≤ k

s.t. ϕ1 ∈ L′
k and for everyi ≤ j ≤ k′, ϕ2 ∈ Lj , or for everyi ≤ j ≤ k,

{(ϕ1 release ϕ2), ϕ2} ⊆ Lj .

• Base case:k = i follows trivially from the definition ofδ.

• Induction step: assume that the proposition holds fork − 1 we distinguish
between two cases:

1. If there existsk′ ≤ k − 1 s.t. ϕ1 ∈ L′
k and for everyi ≤ j ≤ k′,

ϕ2 ∈ Lj , then the lemma holds trivially.

2. Otherwise, for everyi ≤ j ≤ k − 1, {(ϕ1 release ϕ2), ϕ2} ⊆ Lj .
Sinceϕ1 6∈ Lk−1, the definition ofδ implies that{(ϕ1 until ϕ2), ϕ2} ⊆
Lk thus, the induction holds fork.

Proposition A.0.11 Let ρ = (L0, P0, ), (L1, P1), . . . be a run ofAϕ on π. Let
i ≥ 0 be an index s.t. the formula(Zq seq ξ) is in Li. Then one of the following
holds:

1. There existsk ≥ i s.t. there exists an accepting runq, q1, q2, . . . qk−i of Zq

overπi, πi+1, . . . , πk−1 s.t. for everyi ≤ j ≤ k, we have(Zqj−i seq ξ) ∈
Lj , andξ ∈ Lk.

2. There exists an infinite runq, q1, q2 . . . of Zq overπi, πi+1, . . . s.t. for every
j > i, we have(Zqj−i seq ξ) ∈ Lj , and eitherqj−i 6∈W or ξ 6∈ Lj .

Proof: We prove with induction onk ≤ i that one of the following conditions
holds:

1. There exists an indexi ≤ k′ ≤ k s.t. there exists an accepting runq, q1, q2, . . . qk′−i
ofZq overπi, πi+1, . . . , πk′−1 s.t. for everyi ≤ j ≤ k′, we have(Zqj−i seq ξ) ∈
Lj , andξ ∈ Lk′ .
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2. There exists a runq, q1, q2 . . . qk−i of Zq overπi, πi+1, . . . πk−1 s.t. for every
i ≤ j ≤ k, we have(Zqj−i seq ξ) ∈ Lj , and eitherqj−i 6∈W or ξ 6∈ Lj .

• Base case:k = i follows trivially from the definition ofδ.

• Induction step: assume that the proposition holds fork − 1 we distinguish
between two cases:

1. There exists an indexi ≤ k′ ≤ k − 1 s.t. there exists an accepting run
q, q1, q2, . . . qk′−i of Zq overπi, πi+1, . . . , πk′−1 s.t. for everyi ≤ j ≤
k′, we have(Zqj−i seq ξ) ∈ Lj , andξ ∈ Lk′. Then the lemma holds
trivially.

2. Otherwise, there exists a runq, q1, q2 . . . qk−i−1 ofZq overπi, πi+1, . . . πk−2

s.t. for everyi ≤ j ≤ k − 1, we have(Zqj−i seq ξ) ∈ Lj , and either
qj−i 6∈ W or ξ 6∈ Lj . If qk−i ∈ W andξ ∈ Lk, then there exists an
accepting runq, q1, q2, . . . qk−i of Zq over πi, πi+1, . . . , πk−1 and the
lemma holds

Otherwise, the definition ofδ implies thatLk contains a formula(Zqk−i seq ξ)
s.t. qk−i ∈ ∆(qk−i−1, πk−1), thus the lemma holds.

Proposition A.0.12 Let ρ = (L0, P0, ), (L1, P1), . . . be a run ofAϕ on π. Let
i ≥ 0 be an index s.t. the formula(Zq seq ξ) is in Pi. Then one of the following
holds:

1. There existsk ≥ i s.t. there exists an accepting runq, q1, q2, . . . qk−i of Zq

overπi, πi+1, . . . , πk−1 s.t. for everyi ≤ j ≤ k, we have(Zqj−i seq ξ) ∈
Pj, andξ ∈ Lk.

2. There exists an infinite runq, q1, q2 . . . of Zq overπi, πi+1, . . . s.t. for every
j ≥ i, we have(Zqj−i seq ξ) ∈ Pj, and eitherqj−i 6∈W or ξ 6∈ Lj .

The proof of this proposition is similar to the proof of Proposition A.0.11, and
thus omitted.

Proposition A.0.13 Let ρ = (L0, P0, ), (L1, P1), . . . be a run ofAϕ on π. Let
i ≥ 0 be an index s.t. the formula(Zq triggers ξ) is in Li. Then for everyj ≥ i

and every runq, q1, q2, . . . qj−i of Z(q) on πi, πi+1, . . . , πj−1, we have that the
formula(Zqj−i triggers ξ) is inLj . Furthermore, ifqj−i ∈W , thenξ ∈ Lj .
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Proof: We prove the proposition by induction onj ≥ i.

• Base case:j = i follows directly from the definition ofδ.

• Assume that the proposition holds forj we prove it forj+1. Letq, q1, q2, . . . qj−i+1

of Z(q) on πi, πi+1, . . . , πj . The induction hypothesis implies that the for-
mula(Zqj−i triggers ξ) is in Lj . Sinceqj−i+1 ∈ ∆(qj−i, πj), δ implies that
the formula(Zqj−i+1 triggers ξ) is in Lj+1. If qj−i+1 ∈ W , thenδ implies
thatξ ∈ Lj+1.

We now prove Lemma A.0.8. Letρ = (L0, P0, ), (L1, P1), . . . be a fair run of
Aϕ onπ. We prove with induction over the structure ofϕ that for everyi ≥ 0 and
every subformulaϕ′ we have thatϕ′ in Li iff π, i |= ϕ′. Since for every initial
state(L, P ) of Aϕ, we haveϕ ∈ L, we have thatπ, 0 |= ϕ.

• Base case: Forp and¬p the definition of the automaton implies that the
lemma holds.

• Induction step: Assume that the lemma holds forϕ1, ϕ2, andξ.

– The consistency of the states of the automaton implies that the lemma
holds for the formulas(ϕ1 ∧ ϕ2) and(ϕ1 ∨ ϕ2).

– Let ( next ϕ1) be a formula inLi. The definition ofδ implies that
ϕ1 ∈ Li+1. The induction hypothesis implies thatπ, i+ 1 |= ϕ1, thus
π, i |= ( next ϕ1).

– Let (ϕ1 until ϕ2) be a formula inLi. Proposition A.0.9 implies that
either there existsk ≥ i s.t.ϕ2 ∈ Lk and for everyi ≤ j < k, we have
ϕ1 ∈ Lj or for everyj ≥ i, we have{(ϕ1 until ϕ2), ϕ1} ⊆ Lj .

In the first case, the induction hypothesis implies that for all i ≤ j < k,
we haveπ, j |= ϕ1 and thatπ, k |= ϕ2. Thusπ, i |= (ϕ1 until ϕ2).

As for the second case letΦl be the fairness set which corresponds to
(ϕ1 until ϕ2). Sinceρ is fair, there existsk ≥ i such thatρk ∈ Φl.
Given that(ϕ1 until ϕ2) ∈ Lk, ρk ∈ Φl implies thatϕ2 ∈ Lk. Thus,
the induction hypothesis implies that for alli ≤ j < k, we have
π, j |= ϕ1 and thatπ, k |= ϕ2. Thusπ, i |= (ϕ1 until ϕ2).

– Let (ϕ1 release ϕ2) be a formula inLi. Proposition A.0.10 implies
that either for everyj ≥ i, we have{(ϕ1 release ϕ2), ϕ2} ⊆ Lj , or
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there existsk ≥ i s.t. ϕ1 ∈ Lk and for everyi ≤ j ≤ k, we have
ϕ2 ∈ Lj .

The induction assumption implies that either for allj ≥ i, we have
π, j |= ϕ2, or there or there existsk ≥ i s.t. for alli ≤ j ≤ k, we have
π, j |= ϕ2 andπ, k |= ϕ1. Thus,π, i |= (ϕ1 release ϕ2).

– Let (Zq seq ξ) be a formula inLi. Proposition A.0.11 implies that
one of the following holds

1. There existsk ≥ i s.t. there exists an accepting runq, q1, q2, . . . qk−i
of Zq overπi, πi+1, . . . , πk−1 s.t. for everyi ≤ j ≤ k, we have
(Zqj−i seq ξ) ∈ Lj , andξ ∈ Lk. In this case the induction hy-
pothesis implies thatπ, k′ |= ξ thusπ, i |= (Zq seq ξ).

2. There exists an infinite runq, q1, q2 . . . of Zq overπi, πi+1, . . . s.t.
for everyj ≥ i, we have(Zqj−i seq ξ) ∈ Lj , and eitherqj−i 6∈W
or ξ 6∈ Lj .
Sinceρ is fair there existsk ≥ i s.t. Pk = ∅. This implies
that (Zqk+1−i seq ξ) ∈ Pk+1. By proposition A.0.12, one of the
following should hold:

(a) There existsk′ ≥ k + 1 s.t. there exists an accepting run
qk+1−i, qk+2−i, . . . qk′−i of Zqk+1−i overπk+1, πk+2, . . . , πk′−1

s.t. for everyk + 1 ≤ j ≤ k′, we have(Zqj−k−1 seq ξ) ∈ Pj ,
andξ ∈ Lk′ . In this case the induction hypothesis implies that
π, k |= ξ. Since the runq, q1, q2, . . . , qk−i, qk+1−i, . . . qk′−i is
accepting, we haveπ, i |= (Zq seq ξ).

(b) There exists an infinite runqk+1−i, qk+2−i, . . . ofZq overπk+1, πk+2, . . .

s.t. for everyj > k + 1, we have(Zqj−k−1 seq ξ) ∈ Pj , and
eitherqj−k 6∈ W or ξ 6∈ Lj . In this casePj is empty only
finitely many time inρ, thusρ is not fair, contradiction.

– Let (Zq triggers ξ) be a formula inLi. Proposition A.0.13 implies that
for everyj ≥ i, if Zq has an accepting run overπi, πi+1, . . . πj−1, then
ξ ∈ Lj . In this case the induction hypothesis implies thatπ, j |= ξ.
This implies thatπ, i |= (Zq triggers ξ).
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Appendix B

The Correctness of the Construction
for QALTL

Theorem B.0.14L(Aϕ) = L((∃y)ϕ).

First Direction: L((∃yϕ)) ⊆ L(Aϕ)

We start by extending the definition ofmsi to obligations. We say that an
obligationo = ((Zq seq ξ),Υ) is possiblefor π, i, β if there exists an indexj ≥ i

s.t.π, j, β |= Υ and for someq′ ∈ ∆(q, y), we haveπ, j, β |= (Zq′ seq ξ).

Definition B.0.15 Letπ be a word,i an index,β an interval set, and(Zq seq ξ)
a formula inseq(ϕ) s.t. π, i, β |= (Zq seq ξ). Thenmsi(π, i, β, (Zq seq ξ)) =
min({j|π, i, j, β|≡ L(Zq) ∧ π, j, β |= ξ}). Let o = ((Zq seq ξ),Υ) be an obli-
gation that is possible forπ, i, β. We definemsi(π, i, β, o) = min({j|∃q′ ∈
∆(q, y)∃k ≥ i s.t.π, k, β |= Υ ∧ j = msi(π, k, (Zq′ seq ξ))}).

We now present a lemma, which defines the conditions for tightsatisfaction of
L(Zq) in terms of states ofZq.

Lemma B.0.16 LetZq be NFW, letπ be an infinite word, letj ≥ i ≥ 0, and let
β ⊆ I be an interval assignment. Thenπ, i, j, β|≡ L(Zq) iff at least one of the
following holds:

1. j = i andq ∈W .

2. j > i and there existsq′ ∈ ∆(q, πi) s.t.π, i+ 1, j, β|≡ L(Zq′).
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3. There exists somek, i ≤ k ≤ j and a stateq′ ∈ ∆(q, y) s.t. (i, k) ∈ β and
π, k, j, β|≡ L(Zq′).

Proof:π, i, j, β|≡ L(Zq) iff there isw ∈ L(Zq), w = x0, x1, . . . , xn and there is a
sequence of integersi0, i1, . . . , in, in+1, such thati0 = i andin+1 = j. Moreover,
for every0 ≤ k ≤ n the following conditions hold:

• If xk ∈ 2AP thenxk = πik andik+1 = ik + 1.

• If xk = y then(ik, ik+1) ∈ β.

We partition this condition into three cases:

1. The case wherew = ǫ. In this casej = i. Sincew = ǫ ∈ L(Zq), we have
q ∈W . Thus the first condition of the lemma holds.

2. The case where|w| > 0 andx0 ∈ 2AP . In this casex0 = πi thus, for some
q′ ∈ ∆(q, πi) we have thatx1, x2, . . . xn ∈ L(Zq′). Furthermore, for every
1 ≤ k ≤ n we have that the following conditions hold:

• If xk ∈ 2AP thenxk = πik andik+1 = ik + 1.

• If xk = y then(ik, ik+1) ∈ β.

Thus,π, i+ 1, j, β|≡ L(Zq′) and the second condition holds.

3. The case where|w| > 0 andx0 = y. Fork = i1, we have that(i, k) ∈ β,
and for someq′ ∈ ∆(q, y), we havex1, x2, . . . xn ∈ L(Zq′). Furthermore,
for the sequencei1, i2, . . . , in+1 and for every1 ≤ l ≤ n we have that the
following conditions hold:

• If xl ∈ 2AP thenxl = πil andil+1 = il + 1.

• If xl = y then(il, il+1) ∈ β.

Thusπ, k, j, β|≡ L(Zq′) and the third condition holds.

Lemma B.0.17 Letπ be inL((∃y)ϕ), thenπ ∈ L(Aϕ).

Proof: We construct a fair runρ of Aϕ on π. Let β be an interval set such that
π, 0, β|≡ ϕ. For everyi ≥ 0 we defineLi = {ϕ′|π, i, β |= ϕ′}∪{o|o is possible forπ, i, β}.
We definePi to be a subset ofLi. The subsetsPi are inductively defined. For
i = 0, P0 = ∅. For i > 0 we distinguish between two cases:

77



1. If Pi−1 = ∅ , thenPi = Li ∩ (seq(ϕ) ∪ obl(ϕ)).

2. Otherwise,Pi contains a formula(Zq′ seq ξ) iff it is in Li and
msi(π, i, β, (Zq′ seq ξ)) ≤ max{msi(π, i − 1, β, x)|x ∈ Pi−1}. Pi con-
tains an obligation formulao = ((Zq seq ξ),Υ) iff it is in Li andmsi(π, i, β, o) ≤
max{msi(π, i− 1, β, x)|x ∈ Pi−1}.

The following two propositions complete the proof of Lemma B.0.17.

Proposition B.0.18 For everyi, we have that(Li, Pi) is in δ((Li−1, Pi−1), πi−1).

Proof: We need to show that all the conditions for the transition relation are ful-
filled. The conditions forp,¬p,∧,∨, until , release , and triggers are identical
to the condition for the automaton defined in the Section 5, and thus, can be proved
similarly to Proposition A.0.6. Next, we prove that the other conditions hold as
well.

1. If (Zq seq ξ) ∈ Li−1, then for somej ≥ i− 1, we have thatπ, i− 1, j, β|≡
L(Zq) and π, j, β |= ξ. Lemma B.0.16 implies that at least one of the
following holds:

(a) j = i− 1 andq ∈ W . In this case condition6a of δ is satisfied.

(b) j ≥ i and there existsq′ ∈ ∆(q, πi−1) s.t.π, i, j, β|≡ L(Zq′). This im-
plies thatπ, i, β |= (Zq′ seq ξ), thus,(Zq′ seq ξ) ∈ Li, and condition
6b of δ is satisfied.

(c) There exists an indexi − 1 ≤ k ≤ j and a stateq′ ∈ ∆(q, y) s.t.
(i, k) ∈ β andπ, k, j, β|≡ L(Zq′). Sincei − 1 ≤ k andπ, k, β |= ξ,
we have thato = ((Zq seq ξ),wait(Li−1)) is possible inπ, i − 1, β.
Thuso ∈ Li−1 and condition6c of δ is satisfied.

2. If (Zq seq ξ) ∈ Pi−1, then it is also inLi. Let j ≥ i − 1 be the minimal
index s.t.π, i− 1, j, β|≡ L(Zq) andπ, j, β |= ξ. Lemma B.0.16 implies at
least one of the following holds:

(a) j = i− 1 andq ∈ W . In this case condition8a of δ is satisfied.

(b) j ≥ i and there existsq′ ∈ ∆(q, πi−1) s.t.π, i, j, β|≡ L(Zq′). This im-
plies thatπ, i, β |= (Zq′ seq ξ), and thatmsi(π, i− 1, β, (Zq seq ξ)) =
msi(π, i, β, (Zq′ seq ξ)) = j. Thus,(Zq′ seq ξ) ∈ Pi, and condition
8b of δ is satisfied.
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(c) There exists an indexi−1 ≤ k ≤ j and a stateq′ ∈ ∆(q, y) s.t. (i, k) ∈
β andπ, k, j, β|≡ L(Zq′). Sinceπ, k, j, β|≡ L(Zq′) andπ, j, β |= ξ,
we have that the obligationo = ((Zq seq ξ),wait(Li−1)) is possible
in π, i−1, β. Furthermore,msi(π, i−1, β, o) ≤ msi(π, i− 1, β, (Zq seq ξ)) =
j. Thuso ∈ Pi−1 and condition8c of δ is satisfied.

3. If o = ((Zq seq ξ),Υ) ∈ Li−1, theno is possible forπ, i − 1, β. This
implies that there exists an indexj ≥ i − 1 s.t. π, j, β |= Υ and for some
q′ ∈ ∆(q, y), we haveπ, j, β |= (Zq′ seq ξ). If j = i−1, then condition9a
of δ is satisfied. Otherwise,j ≥ i. This implies thato is possible forπ, i, β.
Thus,o ∈ Li and condition9b of δ is satisfied.

4.

5. If o = ((y seq ξ),Υ) ∈ Pi−1, theno ∈ Li−1 , thus,o is possible forπ, i −
1, β. This implies thatj′ = msi(π, i − 1, β, o) is defined. Thus, there
exists an indexj ≥ i s.t. π, j, β |= Υ, and for someq′ ∈ ∆(q, y), we have
π, j, β |= (Zq′ seq ξ), andmsi(π, j, β, (Zq′ seq ξ)) = j′. We distinguish
between two cases:

(a) If j = i − 1, thenπ, j, β |= (Zq′ seq ξ) implies that(Zq′ seq ξ) ∈
Li−1. Sincemsi(π, i − 1, β, (Zq′ seq ξ)) = msi(π, i − 1, β, o), we
have that(Zq′ seq ξ) ∈ Pi−1, thus, condition10a of δ is satisfied.

(b) Otherwise,j ≥ i. This implies thato is possible forπ, i, β. Further-
more,msi(π, i−1, β, o) = msi(π, i, β, o). Thus,o ∈ Li and condition
10b of δ is satisfied.

6. The definitions ofPi implies that ifPi−1 = ∅, thenPi = Li ∩ (seq(ϕ) ∪
obl(ϕ)).

7. (Condition12) Suppose thatwait(Li−1) ⊆ Li−1. Let (Zq seq ξ) be in
Li−1. Then,π, i − 1, β |= (Zq seq ξ). This implies that for somej we
have thatπ, i − 1, j, β|≡ L(Zq) andπ, j, β |= ξ. Then, the definition of
tight satisfaction implies that there isw ∈ L, w = x0, x1, . . . , xn and there
is a sequence of integersi0, i1, . . . , in, in+1, such thati0 = i andin+1 = j.
Moreover, for every0 ≤ k ≤ n the following conditions hold:

• If xk ∈ 2AP thenxk = πik andik+1 = ik + 1.

• If xk = y then(ik, ik+1) ∈ β.
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Let q, q1, qn, . . . qn+1 be an accepting run ofZq on w. We distinguish be-
tween three cases:

(a) If w = ǫ, thenq ∈ W , andj = i − 1 thus condition6a of delta is
satisfied and(Zq seq ξ) is strong inLi−1.

(b) If j = in+1 = i − 1, thenw = yn and for everyk ≤ n + 1 we
have thatπ, i − 1, β |= (Zqk seq ξ), and sincewait(Li−1) ⊆ Li−1,
ok = ((Zqk seq ξ),wait(Li−1)) is possible inπ, i− 1, β. This implies
that for everyk ≤ n + 1 we have that(Zqk seq ξ) ∈ Li−1, andok ∈
Li−1. This implies for everyk ≤ n there exists ay transition from
(Zqk seq ξ) to ok and fromok to (Zqk+1 seq ξ). Furthermore,qn+1 ∈
W , thus(Zqn+1 seq ξ) is strong inLi−1 and the condition holds.

(c) If j > i − 1, then letl be the maximal index s.t.il = i0 = i − 1.
Then, for everyk ≤ l we have thatπ, i − 1, β |= (Zqk seq ξ), and
sincewait(Li−1) ⊆ Li−1, ok = ((Zqk seq ξ),wait(Li−1)) is possi-
ble in π, i − 1, β. This implies that for everyk ≤ l we have that
(Zqk seq ξ) ∈ Li−1, andok ∈ Li−1. This implies for everyk <

l there exists ay transition from(Zqk seq ξ) to ok and fromok to
(Zqk+1 seq ξ). It is left to show that the path ends at a strong element
of Li−1. We distinguish between two cases:

i. If xl = y, theno = ((Zql seq ξ),wait(Li−1)) ∈ Li−1. Since
il+1 > i− 1, o is strong inLi−1.

ii. If xl ∈ 2AP , then(Zql seq ξ) is strong inLi−1.

8. The proof that condition13 of δ holds is similar to the proof for condition
12, and thus omitted.

Proposition B.0.19 ρ is a fair run ofAϕ.

Proof: The proof thatΦ1,Φ2, . . . ,Φm are satisfied is similar to the proof In Sec-
tion 5. ForΦ seq we prove that for everyi there existsj ≥ i s.t. Pj = ∅. We
distinguish between two cases:

1. If Pi = ∅, then we are done.

2. Otherwise, letk = max{l|l = msi(π, i, β, x) wherex ∈ Pi}. Intuitively,
we show that the maximum msik does not grow untilP is empty, and that
P is eventually empty. We prove by induction onj that for everyj ≥ i one
of the following holds:
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(a) There existsi ≤ j′ ≤ j s.t.Pj′ = ∅.

(b) max{l|l = msi(π, j, β, x) for some element inPj} ≤ k.

• Base case:j = i, thus (b) holds trivially.

• Assume that the induction proposition holds forj. We distinguish
between two cases:

(a) There existsi ≤ j′ ≤ j s.t. Pj′ = ∅, then the induction proposi-
tion holds forj + 1 as well.

(b) k′ = max{l|l = msi(π, j, β, x) for some element inPj} ≤ k. If
Pj+1 = ∅, then the induction holds. Otherwise, by construction
of ρ, for every elementx in Pj+1, we havemsi(π, j + 1, β, x) ≤
k′ ≤ k.

Sincemsi of indexj is greater or equal toj, for somei < j ≤ k + 1, we
have thatPj = ∅.

Second Direction:Aϕ ⊆ L((∃y)ϕ)

Lemma B.0.20 Letπ be inL(Aϕ), thenπ ∈ L((∃y)ϕ).

In the rest of this section, we prove Lemma B.0.20. Letρ = (L0, P0), (L1, P1), . . .
be a fair run ofAϕ onπ. First we construct an interval setβ according toρ. Then,
we prove with induction over the structure ofϕ that for everyi ≥ 0 and every
subformulaϕ′ in Li we have thatπ, i, β |= ϕ′. For the rest of this section, we fix
π andρ.

We defineβ as follows: An interval(i, j) is in β iff the following conditions
hold:

1. There exists a formula(Zq seq ξ) ∈ Li, for which condition6c holds.

2. For someq′ ∈ ∆(q, y) we have that(Zq′ seq ξ) ∈ Lj , andwait(Li) ⊆ Lj .

Lemma B.0.21 For every formula(Zq seq ξ) ∈ Li for which conditions6c of δ
holds, there exists an indexj ≥ i s.t. wait(Li) ⊆ Lj and for someq′ ∈ ∆(q, y)
we have that(Zq′ seq ξ) ∈ Lj .

Proof: Since condition6c of δ holds, we haveo = ((Zq seq ξ),wait(Li)) ∈
Li. First we prove that for everyj ≥ i one of the following conditions holds:
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1. There existsi ≤ j′ ≤ j s.t. j′ satisfies the conditions of the lemma.

2. o ∈ Lj .

• Base case:j = i holds trivially.

• Assume that the induction proposition holds forj. Then, if here existsi ≤
j′ ≤ j s.t. j′ satisfies the conditions of the lemma, then the induction holds
for j + 1 as well. Otherwise, condition9a of δ does not hold foro ∈ Lj .
This implies that condition9b does, thus,o ∈ Lj+1.

This implies that either there exists an indexj that satisfies the conditions of the
lemma, in which case the lemma holds, or for everyj ≥ i, we haveo ∈ Lj . Since
ρ is fair, there existsk ≥ i s.t. Pk = ∅. Then, sinceo ∈ Lk+1, we have that
o ∈ Pk+1. By the same induction we can prove that either there exists an index
j ≥ k + 1 that satisfies the conditions of the lemma, in which case the lemma
holds, or for everyj ≥ k + 1, we haveo ∈ Pj, this case however, contradicts the
fairness ofρ, thus the lemma holds.

Lemma B.0.21 implies thatβ is well defined.

Proposition B.0.22 Let (Zq seq ξ) be a formula inLi. Then, for everyj ≥ i,
one of the following conditions holds:

1. There existsj′ ≤ j s.t.π, i, j′, β|≡ L(Zq), ξ ∈ Lj′ .

2. There exists a wordw = x0, x1, . . . xn over2AP ∪{y}, a runq, q1, . . . , qn+1

of Zq on w, and a sequencei0, i1, . . . in+1 s.t. i0 = i, in+1 = j, and for
every0 ≤ k ≤ n, we have the following:

(a) If xk ∈ 2AP , thenxk = πik , ik+1 = ik + 1, (Zqk seq ξ) ∈ Lik , and
(Zqk+1 seq ξ) ∈ Lik+1

.

(b) If xk = y, thenqk+1 ∈ ∆(qk, y), and for everyik ≤ l ≤ ik+1, we have
o = ((Zqk seq ξ),wait(Lik)) ∈ Ll.

Proof: we prove the proposition by induction onj.

• Base case:j = i. Condition6 of δ implies that one of the following should
hold:

1. q ∈ W andξ ∈ Li. In this case the first condition of the proposition
holds forj′ = i.
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2. (Zq′ seq ξ) ∈ Li+1 for someq′ ∈ ∆(q, πi). In this case second condi-
tion holds forw = πi, the runq, q′ and the sequencei, i+ 1.

3. If ∆(q, y) 6= ∅, and ((Zq seq ξ),wait(Li)) ∈ Li, then the second
condition holds forw = y, the runq, q′ (for someq′ ∈ ∆(q, y)), and
the sequencei, i.

• Induction step: Assume that the proposition holds forj. If condition1 of
proposition holds forj, then it holds forj + 1 as well. Otherwise, there
exists a wordw = x0, x1, . . . xn over2AP ∪ {y} a runq, q1, . . . , qn+1 of Zq

on w, and a sequencei0, i1, . . . in+1 s.t. i0 = i, in+1 = j, and for every
0 ≤ k ≤ n, we have the following:

1. If xk ∈ 2AP , thenqk+1 ∈ ∆(qk, πik), ik+1 = ik+1, (Zqk seq ξ) ∈ Lik ,
and(Zqk+1 seq ξ) ∈ Lik+1

.

2. If xk = y, thenqk+1 ∈ ∆(qk, y), and for everyik ≤ l ≤ ik+1, we have
o = ((Zqk seq ξ),wait(Lik)) ∈ Ll.

We distinguish between four cases:

1. If xn ∈ 2AP , and(Zqn+1 seq ξ) ∈ Lj is strong inLj . Condition6 of δ
implies that one of the following should hold:

(a) qn+1 ∈ W andξ ∈ Lj . In this case condition1 of the proposition
is satisfied withj′ = j.

(b) (Zq′ seq ξ) ∈ Lj+1 for someq′ ∈ ∆(qn+1, πj). In this case
condition 2 of the proposition holds forw′ = w · πj , the run
q, q1, . . . , qn+1, q

′, and the sequencei0, i1, . . . , in+1, j + 1.

2. If xn = y, ando = ((Zqn seq ξ),wait(Lin)) ∈ Lj is strong inLj .
Then, Condition9 of δ implies thato ∈ Lj+1. In this case the second
condition holds forw′ = w, the runq, q1, . . . , qn+1, and the sequence
i0, i1, . . . , in, in+1 = j + 1 (note that we remove the oldin+1).

3. If xn ∈ 2AP , and(Zqn+1 seq ξ)) ∈ Lj is not strong inLj . Condition6
of δ implies the following should hold: There existsq′ ∈ ∆(qn+1, y),
ando = ((Zqn seq ξ),wait(Lj)) ∈ Lj . We distinguish between two
cases:

(a) If wait(Lj) 6⊆ Lj , condition9a of δ does not hold foro. This
implies that condition9b of δ does hold foro. In this case the
second condition holds forw′ = w · y, the runq, q1, . . . qn+1, q

′

(for someq′ ∈ ∆(q, y)) and the sequencei0, i1, . . . , in+1, j + 1.
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(b) If wait(Lj) ⊆ Lj , then condition12 of δ implies that there ex-
ists a path ofy transitions from(Zqn+1 seq ξ) to a strong ele-
ment inLj . Note that if there is ay transition from(Zq seq ξ) to
o = ((Zq seq ξ),Υ), and ay transition fromo to (Zq′ seq ξ),
then q′ ∈ ∆(q, y). This implies that there exists a sequence
qn+1, qn+2, . . . qn+m s.t. for everyn + 1 ≤ l < n + m, ql+1 ∈
∆(ql, y), and either(Zqn+m seq ξ) is strong, oro = ((Zqn+m seq ξ),wait(Lj))
is strong. If(Zqn+m seq ξ) is strong, then we have the same proof
as in item1 with w · ym, the runq, q1 . . . qn+m and the sequence
i0, i1, . . . , in+1, j, j, . . . , j, j+1. If o = ((Zqn+m seq ξ),wait(Lj))
is strong, we have the same proof as in item2 with w · ym, the run
q, q1 . . . qn+m, and the sequencei0, i1, . . . , in+1, j, j, . . . , j, j + 1.

4. If xn = y, ando = ((Zqn seq ξ),wait(Lin)) ∈ Lj is not strong in
Lj . Then, Condition9 of δ implies the following should hold: For
someq′ ∈ ∆(qn, y), we have that(Zq′ seq ξ) ∈ Lj andΥ ⊆ Lj . If
(Zq′ seq ξ) is strong, then the proof is as in item1, otherwise it is as
in item3.

Proposition B.0.23 Let (Zq seq ξ) be a formula inLi, and letl ≥ i be an index
s.t.Pl = ∅. Then, for everyj ≥ l + 1, one of the following conditions holds:

1. There existsi ≤ j′ ≤ j s.t.π, i, j′, β|≡ L(Zq), ξ ∈ L′
j .

2. There exists a wordw = x0, x1, . . . xn over2AP ∪{y}, a runq, q1, . . . , qn+1

of Zq on w, and a sequencei0, i1, . . . in+1 s.t. i0 = i, in+1 = j, and for
every0 ≤ k ≤ n, we have the following:

(a) If xk ∈ 2AP , thenqk+1 ∈ ∆(qk, πik), ik+1 = ik+1, (Zqk seq ξ) ∈ Lik ,
(Zqk+1 seq ξ) ∈ Lik+1

, and if ik ≥ l + 1, then
(Zqk seq ξ) ∈ Pik , (Zqk+1 seq ξ) ∈ Pik+1

.

(b) If xk = y, thenqk+1 ∈ ∆(qk, y), and for everyik ≤ l ≤ ik+1, we have
o = ((Zqk seq ξ),wait(Lik)) ∈ Ll, and if ik ≥ l + 1, theno ∈ Pik .

The proof of Proposition B.0.23 is similar to the proof of Proposition B.0.22, and
thus omitted. Proposition B.0.23 implies the following Corollary.

Corollary B.0.24 Let (Zq seq ξ) be a formula inLi, and letl ≥ i be an index
s.t.Pl = ∅. Then, one of the following conditions holds:
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1. There existsj ≥ i s.t.π, i, j, β|≡ L(Zq), ξ ∈ Lj .

2. There exists an infinite sequencei0, i1, . . . s.t. i0 = i, and for everyk ≥ 0,
we have the following:

(a) If xk ∈ 2AP andik ≥ l + 1, then(Zqk seq ξ) ∈ Pik , (Zqk+1 seq ξ) ∈
Pik+1

.

(b) If xk = y andik ≥ l + 1, theno ∈ Pik .

(c) For everyj ≥ l there existsj′ s.t. ij′ ≥ j.

We now complete the proof of Lemma B.0.20. We prove by induction over the
structure ofϕ that for everyi ≥ 0 and every subformulaϕ′ in Li we have that
π, i, β |= ϕ′.

• Base case: Forp and¬p the definition of the automaton implies that the
lemma holds.

• Induction step: The induction step for the operators∧,∨, until , release , next
is identical to the proof of Lemma A.0.8. We prove the induction step for
the seq , and triggers operators.

– Let (Zq seq ξ) be a formula inLi. Sinceρ is fair, there existsl ≥ i

s.t. Pl = ∅. Then, Corollary B.0.24 implies that one of the following
conditions holds:

1. There existsj ≥ i s.t. π, i, j, β|≡ L(Zq), ξ ∈ Lj . In this case
π, i, β |= (Zq seq ξ).

2. There exists an infinite sequencei0, i1, . . . s.t. i0 = i, and for
everyk ≥ 0, we have the following:

(a) If xk ∈ 2AP andik ≥ l+1, then(Zqk seq ξ) ∈ Pik , (Zqk+1 seq ξ) ∈
Pik+1

.

(b) If xk = y andik ≥ l + 1, theno ∈ Pik .

(c) For everyj ≥ l there existsj′ s.t. ij′ ≥ j.

In this case for everyj ≥ l + 1, we havePj 6= ∅, thusρ is not fair,
contradiction.

– Let (Zq triggers ξ) ∈ Li. We need to prove that for everyj ≥ i s.t.
π, i, j, β|≡ L(Zq), we haveξ ∈ Lj . Suppose that forj ≥ i we have
thatπ, i, j, β|≡ L(Zq), then there isw ∈ L(Zq), w = x0, x1, . . . , xn
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and there is a sequence of integersi0, i1, . . . , in, in+1, such thati0 = i

andin+1 = j. Moreover, for every0 ≤ k ≤ n the following conditions
hold:

∗ If xk ∈ 2AP thenxk = πik andik+1 = ik + 1.

∗ If xk = y then(ik, ik+1) ∈ β.

Let q, q1, q2, . . . , qn+1 be an accepting run ofZq onw. We prove with
induction on0 ≤ k ≤ n that(Zqk triggers ξ) ∈ Lik . Furthermore, if
qk ∈W , thenξ ∈ Lik .

∗ Base casek = 0, theni0 = i. By definition(Zq triggers ξ) ∈ Li.
If q ∈ W , condition7a of δ implies thatξ ∈ Li0 .

∗ Assume that the lemma holds fork, then(Zqk triggers ξ) ∈ Lik .
we distinguish between two cases:

1. If xk = y, then the definition ofβ implies that for everyj ≥ ik
s.t. (ik, j) ∈ β, in particularik+1, we have(Zqk+1 triggers ξ) ∈
Lik+1

. Condition7a of δ implies that if qk+1 ∈ W , then
ξ ∈ Lik+1

.

2. If xk ∈ 2AP , then condition6b of δ implies that(Zqk+1 triggers ξ) ∈
Lik+1

and condition7a of δ implies that ifq + k + 1 ∈ W ,
thenξ ∈ Lik+1

.
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Appendix C

Deciding does not affects is
co-NP-hard

Lemma C.0.25 For ϕ in LTL, a subformulaψ of ϕ and a structureM , the prob-
lem of deciding whetherψ does not affects ϕ inM is co-NP-complete with respect
to the structureM .

Proof: We show co-NP-hardness. We consider the complementary problem of
deciding affects. We give a reduction from 3CNF satisfiability. For every 3CNF

formulaθ we construct a structureMθ. We give a (fixed) LTL formulaϕ such that
Mθ |= ϕ and the propositionq affectss ϕ in Mθ iff θ is satisfiable. Consider the
formulaϕ′ = ∀xϕ [q ← x]. By definition,Mθ 6|= ∀xϕ

′ iff there exists an assign-
mentσ such thatM,σ 6|= ϕ′. We constructMθ so that the setσ(x) represents a
satisfying assignment toθ.

For every propositionpi in θ we have a set of states that represent the assign-
mentpi = false and a set of states that represent the assignmentpi = true. The
formulaϕ is constructed so thatM,σ |= ϕ [q ← x] wheneverσ chooses forx a
set of states that cannot represent a valid assignment to thepropositions ofθ. For
example, ifσ chooses forx only some of the states that representpi = false (or
pi = true) or if σ chooses forx some states that representpi = false and some
states that representpi = true for some propositionpi.

For every clauseci of θ we add one path toMθ. If the clauseci uses propo-
sitionspa, pb, andpc we create a path linking a state representing propositionpa
to a state representing propositionpb to a state representing propositionpc. If pa
appears inci positively, we choose a state that representspa = true, otherwise
we choose a state that representspa = false. Similarly for pb andpc. This way, if
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σ(x) is a valid assignment that does not satisfy the clauseci then all the states on
the path ofci in Mθ are not inσ(x).

Let θ =
∧n
i=1

∨3
j=1 αi,j whereαi,j is a literal in{p1, . . . , pk}∪{¬p1, . . . ,¬pk}.

For every propositionpi the structureMθ contains2n states. The firstn states rep-
resent the assignmentpi = true and the othern states represent the assignment
pi = false. Then for every clauseci = αi,1 ∨ αi,2 ∨ αi,3, we create a path that
connects the literals inci.

LetMθ = 〈{c, pos, neg, q}, S, {s0}, R, L〉. The set of statesS is the union of
the following sets.

• {s0} - the initial state.

• {ci,1, ci,2 | 1 ≤ i ≤ n} - two clausal states per clause. These states are
used in the path that represents clausei to separate the different proposition
states.

• {p+
l,i, p

−
l,i | 1 ≤ l ≤ k and1 ≤ i ≤ n} - 2n propositional states per proposi-

tion,n positive andn negative.

The transition relation is the union of the following sets.

• R1 = {(s0, p
+
l,1) | 1 ≤ l ≤ k} - the initial states0 is connected to every first

positive propositional statep+
l,1.

• R2 = {(p+
l,i, p

+
l,i+1), (p

−
l,i, p

−
l,i+1) | 1 ≤ l ≤ k and1 ≤ i ≤ n − 1} - the

positive states related to propositionpl and the negative states related to
propositionpl form chains.

• R3 = {(p+
l,n, p

−
l,1), (p

−
l,n, p

−
l,n) | 1 ≤ l ≤ k} - The last positive state ofpl is

connected to the first negative state. The last negative state ofpl is connected
to itself.

• For every clauseθi = β1 · pa ∨ β2 · pb ∨ β3 · pc whereβo ∈ {+,−} for o ∈
{1, 2, 3}we add the transitionsR4,i = {(s0, p

β1

a,i), (p
β1

a,i, ci,1), (ci,1, p
β2

b,i), (p
β2

b,i, ci,2), (ci,2, p
β3

c,i)}
- there is a path connecting the literals of clauseci according to their polar-
ities. Between every two propositional states there is a clausal state. We
refer to this path as a clausal path. The only way to get from one proposi-
tion state to another proposition state in one step is by taking transitions in
R2 ∪ R3. Notice that the paths that correspond to different clausesdo not
share transitions.
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The labeling isL(c) = {ci,j}, L(pos) = {p+
i,l}, L(neg) = {p−i,l}, andL(q) = ∅.

In Figure C we have the ‘propositional’ part ofMθ without the clausal states and
transitions. The structureMθ can be constructed in polynomial time.

p−1,1

p−2,np+
2,n

p+
k,1 p+

k,n p−k,1 p−k,n

s0

p+
1,1

p+
2,1

p+
1,n

p−2,1

p−1,n

Figure C.1: The structureMθ

The formulaϕ is the disjunction of the following formulas.

• ϕ1 = F (pos ∧Xpos ∧ ((q ∧X¬q) ∨ (¬q ∧Xq))) - there are two positive
states associated with the same proposition (reachable in one step) assigned
with different values ofq.

• ϕ2 = F (neg ∧Xneg ∧ ((q ∧X¬q) ∨ (¬q ∧Xq))) - there are two negative
states associated with the same proposition (reachable in one step) assigned
with different values ofq.

• ϕ3 = F (pos ∧Xneg ∧ ((q ∧Xq) ∨ (¬q ∧X¬q))) - the last positive state
and the first negative state agree on the assignment ofq.

• ϕ4 = X(¬q ∧ X(c ∧ X(¬q ∧ X(c ∧ X¬q)))) - all three literals are not
satisfied on a clausal path.

As L(q) = ∅ the formulaϕ3 holds inM andMθ |= ϕ. We claim that
Mθ 6|= ∀xϕ [q ← x] iff θ is satisfiable. Indeed, every assignment tox that does
not satisfyϕ [q ← x] must include either all the positive states associated with
one proposition or all the negative states associated with one proposition (and not
both). Furthermore, as the assignment falsifiesϕ [q ← x] every path associated
with some clause must have at least one literal satisfied. Similarly, a satisfying
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assignment toθ translates to a subset of the statesS ′ assigningσ(x) = S ′ falsifies
ϕ [q ← x].

In [KV03] Kupferman and Vardi show that deciding affectsf for CTL formulas
is NP-complete. They give a reduction from SAT to deciding affectsf . In their
proof both the structure and the CTL formula depend on the SATformula. Our
proof above can be used to show that for CTL formulas, deciding affectsf is NP-
hard in the structure even for a constant formula.
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Appendix D

Regular Vacuity Lower Bound

In theexponential bounded-tilingproblem we are given a fixed setT of tiles, two
relationsH, V ⊆ T × T , two tilestinit , tfin ∈ T , and an integern. The goal is to
tile a(2n×2n)-square so that horizontal neighbors belong toH, vertical neighbors
belong toV , the first tile in the first row istinit , and the first tile in the last row is
tfin . Thus, formally, a legal tiling is a functiont : {0, . . . , 2n− 1}2 → T such that
the following hold:

• for all 0 ≤ i ≤ 2n−2 and0 ≤ j ≤ 2n−1, we have thatH(t(i, j), t(i+1, j)),

• for all 0 ≤ i ≤ 2n−1 and0 ≤ j ≤ 2n−2, we have thatV (t(i, j), t(i, j+1)),

• t(0, 0) = tinit , andt(0, 2n − 1) = tfin .

The exponential bounded tiling problem is known to be NEXPTIME-hard [SveB84].

Theorem D.0.26 The regular vacuity problem for RELTL is NEXPTIME-hard.

Proof: We do a reduction from the exponential bounded tiling problem. Given a
tiling systemT = 〈T,H, V, n, tinit , tfin〉, we construct a modelMT of a fixed size
and an RELTL formulaϕ of lengthO(n) such that¬ϕ is not regularly vacuous in
MT iff there is a legal tilingt for T .

We encode the tiles inT by a setAP (T ) = {p1, . . . , pm} of atomic proposi-
tions. We define the formulaϕ over the setAP = AP (T ) ∪ {b, c, d, r} of atomic
propositions. The task of the last four atoms will be explained shortly. SinceT is
fixed, so isAP .

Consider an infinite wordπ over2AP . For an atomic propositionp ∈ AP and
a pointu in π, we usep(u) to denote the truth value ofp atu. That is,p(u) is 1 if p
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holds atu and is0 if p does not hold atu. We divide the wordπ to blocks of length
2n. Every block corresponds to a single location in the(2n×2n)-square. Consider
a blocku1, . . . , u2n that corresponds to location[i, j] of the square. We use the
pointu1 to encode the tile in location[i, j]. Thus, the bit vectorp1(u1), . . . , pm(u1)
encodes the tilet(i, j). We use the atomic propositionb to mark the beginning of
the block; that is,b holds onu1 and fails onu2, . . . , u2n. This is enforced by the
formulaϕ. Thus,ϕ contains a conjunct1

b ∧ (
∧

1≤k≤2n−1

next k¬b) ∧ globally (b↔ next 2nb).

The blocku1, . . . , u2n also encodes the location of the tile in the square. Since
the square is of dimensions2n × 2n, this location is a pair〈i, j〉, for 0 ≤ i, j ≤
2n − 1, wherei is the column of the tile andj is its row. Encoding the location
eliminates the need for exponentially manynext operators when we attempt to
relate tiles that are vertical neighbors. Encoding is done by the atomic proposition
c, calledcounter. Let c(un), . . . , c(u1) encodei, andc(u2n), . . . , c(un+1) encode
j. Note that, for technical convenience, the least significant bits of the counters are
in u1 andun+1, andi is encoded beforej. A sequence of2n blocks corresponds
to 2n tiles and, when starts withi = 0, encodes some rowj in the square. The
values of the counters along this sequence go from〈0, j〉 to 〈2n − 1, j〉, and then
start again withi = 0, but with an increasedj. Thus, the next sequence goes
from 〈0, j + 1〉 to 〈2n − 1, j + 1〉. The way we encode the counters guarantees
that an increase of the counter by one corresponds to either atransition from〈i, j〉
to 〈i+ 1, j〉, in casei 6= 2n − 1, or to a transition from〈2n − 1, j〉 to 〈0, j + 1〉,
otherwise. A proper behavior of the counters is enforced byϕ. Since we want the
length ofϕ to beO(n), we need also an atomic propositiond that acts as a “carry”
bit. Note thatb ∨ d holds in a pointui iff c(ui) 6= c(u′i), whereu′ is the successor
block ofu. Formally,ϕ contains the following conjuncts.

1. The counter starts at0:
∧

0≤k≤2n−1 next k¬c.

2. The counter is increased properly. Note that as we always want to increase
the counter by1 we taked as a carry to the least significant bit:

• globally (((b ∨ d) ∧ ¬c)→ ( next (¬d) ∧ next 2nc)).

1Note that the formula is of quadratic length. An equivalent formula of a linear length replaces
conjuncts like

∧
1≤k≤2n−1

Xkp byX(p∧X(p∧ · · · ∧Xp) · · ·). In order to keep the reference to
indices clear, we describe here and in the sequel the quadratic version.
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• globally ((¬(b ∨ d) ∧ ¬c)→ ( next (¬d) ∧ next 2n¬c)).

• globally (((b ∨ d) ∧ c)→ ( next d ∧ next 2n¬c)).

• globally ((¬(b ∨ d) ∧ c)→ (( next ¬d) ∧ next 2nc)).

Since each location is encoded by a block of length2n, the whole tiling is en-
coded in a finite prefix ofπ, namelyπ0, . . . π2n(2n)2−1. We use the atomic propo-
sition r in order to label this “relevant prefix.” More precisely,r holds exactly in
this prefix. Thus,ϕ contains a conjunct

(r until (b∧(
∧

0≤k≤2n−1

next k(r∧c))))∧ globally (b∧(
∧

0≤k≤2n−1

next kc))→ next 2n globally ¬r).

Let t0 . . . t2n−1, t
′
0 . . . t

′
2n−1 be two successive rows of the tilingt. For eachi,

0 ≤ i ≤ 2n − 1, we know, giventi, the possible values forti+1 (these for which
H(ti, ti+1), in casei < 2n − 1) and the possible values fort′i (these for which
V (ti, t

′
i)). Consistency withH andV gives us a necessary condition for a word to

encode a legal tiling. In addition, the tiling should satisfy the edge conditions; it
should start withtinit and hastfin in position[0, 2n − 1]. For a tilet ∈ T , let ρ(t)
be the propositional formula overAP that encodest. That is,ρ(t) holds in point
u1 of exactly all blocks that encode the tilet. In order to make sure that the edge
conditions hold,ϕ contains the conjunct

ρ(tinit) ∧ globally ((b ∧ (
∧

0≤k≤n−1

next k¬c) ∧ (
∧

n+1≤k≤2n

next kc))→ ρ(tfin)).

Since the distance between the point whereti is encoded to the one whereti+1

is encoded is exactly2n, it is also easy to specify the conditions for horizontal
neighbors. Note that the conditions are imposed only wheni 6= 2n − 1:

globally ((b ∧ (
∨

0≤k≤n−1

next k¬c) ∧ ρ(t))→ next 2n
∨

t′:H(t,t′)

ρ(t′)).

The difficult part in the reduction is in guaranteeing that the condition for
vertical neighbors hold. This is where regular vacuity comes into the picture.
They enable us to relatet[i, j] with t[i, j + 1], for all i andj. Let e be a regular
expression. Consider the formulaξ1 below. The formula says that whenever we
are in a beginning of a blocku corresponding to position[i, j], for somei andj,
then the regular expressionse is tightly satisfied only in intervals that end when
the blocku′ that corresponds to position[i, j + 1] starts. To see this, recall that
b ∨ d holds in a pointui iff c(ui) 6= c(u′i), and note that the formula requires the
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value of the counter inu′2n, . . . , u
′
n+1 (that is, thej-coordinate ofu′) to be greater

by 1 than the value inu2n, . . . , un+1 (thej-coordinate ofu), and requires the value
of the counter inu′n, . . . , u

′
1 (thei-coordinate ofu′) to be equal to the value of the

counter inun, . . . , u1 (thei-coordinate ofu). Note that the requirement is imposed
only whenu is not in the last row, thusj 6= 2n − 1:

ξ1 = globally ((b∧ next n
∨

0≤k≤n−1

next k¬c)→
∧

1≤k≤n

θk1∧θ
k
2∧ next n(θk3∧θ

k
4)), where

• θk1 = ( next kc)→ e TRIGGERS next kc,

• θk2 = ( next k¬c)→ e TRIGGERS next k¬c,

• θk3 = ( next k((c ∧ ¬(b ∨ d)) ∨ (¬c ∧ (b ∨ d))))→ e TRIGGERS next kc,
and

• θk4 = ( next k((¬c∧¬(b∨ d))∨ (c∧ (b∨ d))))→ e TRIGGERS next k¬c.

Consider now the formulaξ2 below. The formula says that whenever a block
u, not in the last row, starts, there is a blocku′ in the relevant prefix ofπ that starts
when an interval satisfyinge ends, and the blocksu andu′ encode tiles that are
related byV .

ξ2 =
∧

t∈T

globally ((r∧b∧(
∨

1≤k≤n

next n+k¬c)∧ρ(t))→ e SEQ(r∧
∨

t′:V (t,t′)

ρ(t′))).

The formulaϕ contains a conjunctξ1 ∧ ξ2, with e = b (in fact anye 6= true
2n2n

will do). Note that fore = b, the formulaξ1 does not hold in a path in which the
counters are increased properly.

Let MT be a Kripke structure that generates all the computations overAP .
Thus,MT = 〈AP, 2AP , 2AP , 2AP × 2AP , L〉 with L(σ) = σ. We prove that¬ϕ is
not regularly vacuous inMT iff there is a legal tilingt for T .

Assume first that there is a legal tilingt for T . Recall thatξ1 does not hold in a
path in which the counters are increased properly. Therefore,ϕ is not satisfiable,
and all the paths ofMT satisfy¬ϕ. We show that all the regular expressions in¬ϕ
affect it, thus¬ϕ is not regularly vacuous inMT . The single regular expression is
¬ϕ is e = b. By the definition ofϕ, the pathπ that describest satisfies(∃y).ϕ[e←
y]. Indeed, sinceπ describes a legal tiling and since the distance between points
where successive points start is2n2n, the interval setβ that contains all intervals
of length2n2n is such thatπ, 0, β |= ϕ. It follows thate affects¬ϕ in MT , thus
¬ϕ is not regularly vacuous inMT .
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For the other direction, assume that¬ϕ is not regularly vacuous inMT . Since
e is the only regular expression inϕ, it follows thatMT |= (∃y)ϕ[e← y]. Letβ be
an interval set such thatMT has a pathπ for whichπ, 0, β |= ϕ. The conjuncts of
ϕ that are independent ofe (that is, all conjuncts except forξ1∧ ξ2) guarantee that
the pathπ describes a tiling that satisfies the edge conditions and theconditions
for horizontal neighbors. By the definition ofξ1, the pathπ is such that whenever
we are in a beginning of a blocku corresponding to position[i, j], for somei and
j, then the regular expressionse is tightly satisfied only in intervals that end when
the blocku′ that corresponds to position[i, j + 1] starts. Therefore,β contains
only intervals of length2n2n. Hence,ξ2 guarantees thatπ describes a tiling that
also satisfies the conditions for vertical neighbors. Thus,π describes a legal tiling
for T , and we are done.
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