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ABSTRACT

Biichi Automata as Specifications for Reactive Systems

by

Seth Fogarty

Computation is employed to incredible success in a massive variety of applications,
and yet it is difficult to formally state what our computations are. Finding a way to
model computations is not only valuable to understanding them, but central to auto-
matic manipulations and formal verification. Often the most interesting computations
are not functions with inputs and outputs, but ongoing systems that continuously react
to user input. In the automata-theoretic approach, computations are modeled as words, a
sequence of letters representing a trace of a computation. Each automaton accepts a set
of words, called its language. To model reactive computation, we use Biichi automata:
automata that operate over infinite words. Although the computations we are modeling
are not infinite, they are unbounded, and we are interested in their ongoing properties.
For thirty years, Biichi automata have been recognized as the right model for reactive
computations.

In order to formally verify computations, however, we must also be able to create
specifications that embody the properties we want to prove these systems possess. To
date, challenging algorithmic problems have prevented Biichi automata from being used
as specifications. I address two challenges to the use of Biichi automata as specifications
in formal verification. The first, complementation, is required to check program adher-
ence to a specification. The second, determination, is used in domains such as synthesis,
probabilistic verification, and module checking. I present both empirical analysis of ex-
isting complementation constructions, and a new theoretical contribution that provides
more deterministic complementation and a full determination construction.
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Chapter 1

Introduction

1.1 Formal Verification for Reactive Systems

Computational systems, both hardware and software, are increasingly pervasive in so-
ciety. The most interesting systems are often not functions with inputs and outputs,
but ongoing systems that continuously react to user input. Because of the increasing
complexity of these systems, we often want to verify their correctness. The traditional
method of ensuring that a system behaves as expected is testing: manually or automat-
ically run the system over a variety of test cases, and look for errors on those particular
cases. For some systems, testing does not provide sufficient assurance that the system is
correct. For instance, hardware systems are expensive to replace if a bug is found after
release, embedded systems can control vehicles, medical devices, and other correctness-
critical devices, and high-assurance software can be responsible for critical business op-
erations [HarO3,RvH93|. In these situations, we can seek a formal method for verifying
that a system adheres to a specification. A proof of such adherence provides increased
assurance that the system is correct.

There are three steps to formally verifying a computational system. First, we must
abstract the system into a model, as proving any interesting property of on the system
directly is undecidable. Second, we must construct a specification that embodies the
properties we wish to prove the system possesses. Finally, we must prove the model
adheres to the specification [VW86]. In the automata-theoretic approach, computations
are modeled as words, a sequence of letters representing a trace of a computation. A
system is thus a set of words, called an language. This approach then reduces checking
adherence to checking language containment. To model reactive computation, we use
infinite words. Although the computations we are modeling are not infinite, they are
unbounded, and we are interested in their ongoing properties, properties like liveness,
fairness, or termination.

To represent a set of words, we use automata: mathematical machines with a finite
number of states. Each word defines a set of possible paths through the automaton,
called the runs of the automaton on the word. Depending on the runs, the automaton
will accept or reject the word. Thus each automaton accepts a set of words, called its
language. Automata that operate over infinite words are classified by their acceptance
condition and transition structure. This work primarily considers nondeterministic Biichi
automata on infinite words (NBW). In an NBW, some of the states are designated as



accepting, a run is accepting if it visits accepting states infinitely often, and a word is
accepted if there exists a possible run that is accepting [Biic62]. For thirty years, Biichi
automata have been recognized as the right model for reactive systems [Kur94].

1.2 Biichi Specifications

This dissertation addresses theoretical and practical limitations to the use of Biichi au-
tomata as specifications for reactive systems. Given a Biichi automaton as a specifica-
tion, we address the manipulations and algorithms necessary to perform verification.
When manipulating automata specifications, there are two canonical operations that
have emerged over the last thirty years. Complementation is used to check that a pro-
gram adheres to a specification, while determinization is employed in domains such as
synthesis, probabilistic verification, and module checking. For automata on finite words,
both complementation and determinization are done via the subset construction [RS59].
For Biichi automata the subset construction is not sufficient, and complementation and
determinization constructions are more complicated [Var(O7a].

1.2.1 Complementation

When employing the automata-theoretic approach to formal verification, we construct
one automaton A that models to the system, and another automaton B that corresponds
to a property [VW86]. This reduces the question of the model adhering to the specifi-
cation to the question of the language of A being contained in the language of B. The
standard approach to checking language containment employs complementation. First,
obtain an automaton that accepts all and only the words that B rejects. We call this
automaton the complement of B, written B. The language of B contains all possible
counterexamples to adherence. To see if any of these counterexamples are valid, we
compute the intersection of A with B, and check to see if there exists a word accepted
by the intersection. If the language of the intersection is empty, then there is no coun-
terexample and the model adheres to the specification. If the language of the intersection
is not empty, then we have a counterexample which can be used to examine the system
for bugs or to revise the model for increased fidelity to the system.

For a nondeterministic automaton B, a word w is rejected by B if all runs of B
on w reject the word. Thus, the complementary automaton has to consider all possi-
ble runs. Efforts to develop simple complementation constructions for Biichi automata
started early in the 60’s, motivated by decision problems of second-order logics. Biichi
suggested a complementation construction for nondeterministic Biichi automata that in-
volved a Ramsey-based combinatorial argument and a doubly-exponential blow-up in
the state space [Biic62]. Thus, complementing an automaton with n states resulted
in an automaton with 22° states. In [SVWS87], Sistla et al. suggested an improved
implementation of Biichi’s construction with only 20("*) states, which is still not opti-
mal. Only in [Saf88] Safra introduced a determinization construction, based on Safra



trees, which also enabled a 2°("1°¢™) complementation construction, matching a lower
bound described by Michel [Mic88]. A careful analysis of the exact blow-up in Safra’s
and Michel’s bounds, however, reveals an exponential gap in the constants hiding in
the O() notations: while the upper bound on the number of states in the complemen-
tary automaton constructed by Safra is n?", Michel’s lower bound involves only an n!
blow up: roughly (n/e)”. In addition, Safra’s construction has been resistant to opti-
mal implementations [ATWO06, THB95]], due to do with the complicated combinatorial
structure of its states and transitions. In 2001, Kupferman and Vardi suggested a new
complementation approach, called the rank-based approach, that circumvented Safra’s
determinization construction and the complicated data structure of Safra trees [KVOI].
The resulting rank-based construction gave rise to a sequence of works improving the
complexity [FKV06,/Sch09a]. In an effort to unify Biichi complementation with other
operations on automata, Kédhler and Wilke introduced yet approach to complementing
nondeterministic Biichi automata, called the slice-based approach [KWOS]].

In 2007, Tabakov and Vardi began investigating rank-based algorithms that checked
language containment directly, without explicitly constructing the complemented au-
tomaton [TVO7]. These algorithm explore the state space of the automaton on the fly,
employing heuristic approaches to improve performance. Doyen and Raskin later intro-
duced a useful subsumption technique for the rank-based approach [DRO9], providing
containment checking algorithms that scaled to problems an order of magnitude larger
than previous approaches.

Despite the numerous approaches to complementation proposed over the years, prac-
tical application has remained elusive. No model checkers perform complementation
for nondeterministic Biichi automata. The SPIN model checker accepts Biichi specifi-
cations, but it requires they be complemented ahead of time, given as a ’Never-Claims’
automaton [Hol97|]. By contrast, COSPAN accepts Biichi specifications only if they
are deterministic [HHK96, Kur94|], which reduces the complexity of complementation
to polynomial [Kur87]]. Some of the difficulty emerges from the nondeterminism inher-
ent to complementation: complementation constructions must produce nondeterministic
automata, which have been shown to perform poorly in practice [STO3|.

1.2.2 Determinization

Determinization of nondeterministic automata is a fundamental problem in automata
theory, going back to [RS59]]. A deterministic automaton has only one run on a given
word, greatly simplifying manipulations of the automaton. To determinize an automa-
ton B, we construct an automaton B’ that accepts the same language as B but is deter-
ministic. Determinization of NBW is employed in many applications, including deci-
sion procedures for branching-time logics [EJ88]|, synthesis of reactive systems [PR89],
verification of probabilistic systems [CY95, Var85]], and module checking [KVWOI].
Determinization of NBW is complicated by the fact that they are not closed under de-
terminization; deterministic Biichi automata are strictly less expressive than their non-



deterministic counterparts [Lan69]]. Thus, a determinization construction for Biichi au-
tomata must result in automata with a more powerful acceptance condition, such as
Muller [McN66], Rabin [Saf88], or parity conditions [KC11, KWO8,Pit06].

The first determinization construction for Biichi automata was presented by Mc-
Naughton, with a doubly-exponential blowup [McN66]]. In 1988, Safra introduced a
singly exponential construction [Saf88|]. Safra’s construction encodes a state of the de-
terministic automaton as a labeled tree, now called a Safra tree, of sets of states of the in-
put Biichi automaton, generalizing the subset construction of [RS59]. In 2006, Piterman
improved Safra trees by simplifying the use of labels [Pit06]. In 2009, Schewe offered a
further improvement by moving the acceptance conditions from states to edges [SchO9b]
(see also [LWO9]). Karmarkar and Chakraborty, building on [Saf92], supply another
take on Safra trees, providing a uniform way of determinizing automata with different
acceptance conditions [KCI11]]. In a separate line of work, Muller and Schupp proposed a
different determinization construction, based on Muller—Schupp trees [MS935]]. In 2008,
Kihler and Wilke proposed a simplification of the Muller—Schupp approach [KWOS]].

Unfortunately, both Safra trees and Muller—Schupp trees are combinatorially com-
plex, and transitions between trees are defined as a sequence of operations on these trees.
While Piterman and Schewe’s improvements to Safra trees, and Kéhler and Wilke’s im-
provements to Muller—Schupp trees help separate the acceptance condition from the
“mechanics” of the trees, they still rely on these trees as the underlying state structure.
Because of this, determinization constructions have proven challenging to implement
efficiently [ATWOS,[THB9S|. In fact, the difficulty of determinization has motivated
attempts to find determinization-free decision procedures [KVO05]. The fundamental
problem is that known determinization constructions lack crisp mathematical descrip-
tions.

1.3 Results

This work attacks the problem of using Biichi automata as specifications on two fronts.
One direction to develop concrete containment checking algorithms and empirically
test their real-world performance. We also develop a new theoretical analysis of Biichi
automata that results in new complementation and determinization constructions.

The empirical analysis focuses on two approaches to complementation: the 20(*1°g7)
rank-based approach, and the 20(n?) Ramsey-based approach. Due to the massive gap
in worst-case complexity, the Ramsey-based approach was discounted in the 1980’s and
neither studied much nor implemented. We perform an empirical comparison of the
two approaches by examining the size of complemented automata. Due to a paucity of
real-world containment problems, we compare the algorithms over a terrain of random
automata [TVO7]]. The results hint that despite the exponential gap, the Ramsey-based
approach may be competitive with the rank-based approach. Far more significantly,
however, the results demonstrate that direct complementation using any approach is not
feasible: we can only scale to automata with at most 10 states.



We therefore expand the Ramsey-based approach to a new on-the-fly containment
checking algorithms. To improve the performance, we develop a subsumption technique
modeled off [BALO7]. By doing so we provide a direct algorithm, derived from the
Ramsey-based complementation construction, for checking the containment of Biichi
automata. We note that subsumption is a heuristic technique and, even with this im-
provement, there is still an exponential gap between the 20(n?) Ramsey-based approach
and the 2°("1°6™) rank-based approach. Therefore, we investigate the empirical per-
formance of the Ramsey-based algorithm and the rank-based containment algorithm of
Doyen and Raskin [DRO7]. Our empirical results indicate that containment checking al-
gorithms can scale to automata orders of magnitude larger than direct complementation.
Further, the two algorithms exhibit significantly different behavior, with each scaling
better on different configurations of problems. These investigations have thus provided
a case study arguing that, while worst-case complexity is a useful metric, it is a poor
predictor of performance and no substitute for empirical analysis.

One drawback of the rank-based approach is that it is inherently very nondeter-
ministic. Restricting nondeterminism is necessary to use Biichi automata in several
areas [CY95], and even when nondeterminism is allowed it can performs poorly in
practice [STO3]. In the rank-based approach, the ranks bound the visits to accepting
states yet to come. Thus, the ranks refer to the future of the run, making the construc-
tion inherently nondeterministic. In contrast, in the slice-based approach of Kéhler and
Wilke, states are partitioned based on previous visits to accepting states. Thus, the par-
tition refers to the past of the run, not the future, and the slice-based approach has the
potential to be less nondeterministic. We realize this potential. To do so, we introduce
a new analysis based on a notion of profiles that unifies the rank and slice-based ap-
proach. In addition to revealing the theoretical connections between the two seemingly
different approaches, profiles lead to a complementation construction with a transition
function that is smaller and deterministic in the limit: every accepting run of the automa-
ton is eventually deterministic. Determinism in the limit is sufficient for verification in
probabilistic settings [CY93].

However, determinism in the limit is not sufficient in all situations, for instance
in decision procedures for branching-time logics [EJ88], synthesis of reactive systems
[PR89], or module checking [KVWOI1]. In these domains we require full determiniza-
tion. We therefore extend the profile-based approach to full determinization. This ap-
proach provides a mathematically crisp Biichi determinization construction, in which
a state of the deterministic automaton is a set of states of the input nondeterministic
automaton, a preorder induced by profiles, a second preorder that encodes information
about shared ancestry of nodes, and the labeling.

The work described in this dissertation has already had significant impact. For thirty
years, the Ramsey-based approach languished. Now, the Ramsey-based approach has
become an area of active research. Abdulla et al. built on the Ramsey-based subsump-
tion relation and implement several heuristics to further improve Ramsey-based con-
tainment checking [ACCT11]. Lange recently extended the Ramsey-based approach



to checking the emptiness of alternating parity automata [Lanl1]. Perhaps most excit-
ingly, Breuers, Loding, and Olschewski just published a variant of the Ramsey-based
complementation construction with 2°("1°8") worst-case bound, matching other con-
structions [BLO12].

1.4 Outline

Chapter 2 contains the preliminaries used throughout this dissertation, including Biichi
automata, the run DAG, complementation, determinization, containment checking, and
related topics. We also introduce two existing complementation constructions: the
Ramsey-based approach of [SVW87|], which has a worst-case complexity of 20("*) and
the rank-based approach of [KVO01], with a worst-case complexity of 20(2logn)

Chapter (3| introduces the Tabakov-Vardi random automata that underlie the empir-
ical analyses of this work. We then perform an empirical comparison of the two ap-
proaches by examining the size of complemented automata. The results demonstrate
that for direct complementation neither approach scales to large problems, but that the
Ramsey-based approach is surprisingly competitive. Chapter 4] presenting work pub-
lished in [FV10], introduces an existing on-the-fly containment checking algorithm for
the rank-based approach that makes heavy use of a subsumption heuristic [DRO7]]. We
then expand the Ramsey-based approach to a new on-the-fly containment checking al-
gorithms. Finally, we investigate the empirical performance of these two algorithms.

Chapter[5] presenting work published in [FKVW10], introduces another existing ap-
proach to complementation, the slice-based approach of Kéhler and Wilke [KWOS]|, and
then defines a new approach to complementation we call the profile-based approach.
Chapter [] extends the techniques of Chapter [3]to full determinization. We first intro-
duce some definitions of relations over sets, and then defines a mathematically crisp
determinization construction based on the notion of profiles. Finally, Chapter [/| con-
cludes with a discussion on the use of Biichi automata as specifications, and presents
future work.



Chapter 2

Preliminaries

This chapter provides the basic structures and notations used throughout this disserta-
tion. We present Biichi automata, finite state machines that operate over infinite words.
To analyze all possible runs of a Biichi automaton on a single word, we present the
notion of a run DAG. We then describe in general terms how to check the containment
of one Biichi automaton in another. Finally, we present two existing complementation
constructions, the rank-based approach and the Ramsey-based approach.

2.1 Biichi Automata

A nondeterministic Biichi automaton on infinite words (NBW) is a five-tuple
A = (2,Q,Q™, p, F), where X is a finite alphabet, @ a finite set of states, Q" C Q
a set of initial states, F' C ( a set of accepting states, and p: Q x ¥ — 29 a non-
deterministic transition relation. For convenience, we assume that no initial states are
accepting: that ' N Q™ = (). We lift the function p to sets R of states in the usual
fashion: p(R,0) =, p(q, o). Further, we lift p to words word oy - - - o; by defining
p(R,00---0;)=p(p(R,00),01 - 0;). For completeness, let p(R, €) = R.

An infinite run of an NBW A on an infinite word w = ogoy - - - € X¥ is an infinite
sequence of states pg, p1,... € Q* such that py € Q™ and, for every i > 0, we have
pir1 € p(ps, 0;). Correspondingly, a finite run of A from pto qonw = og---0,_11s a
finite sequence of states py, . .., p, such that py = p, p, = ¢, and forevery 0 < i < n
we have p;1 € p(p;, 0;). We say there is a finite run of A from p to ¢ when there is a
w € Y¥* and a finite run from p to ¢ on w. Finally, say there is a finite run of A to q on
w when there is a p € Q™ and a finite run from p to ¢ on w. When unspecified, a run
refers to an infinite run. A finite run is accepting when p; € F' for some ¢. An infinite
run is accepting iff p; € F for infinitely many ¢ € N. A word w € Y“ is accepted by
A if there is an accepting run of A on w. The words accepted by A form the language
of A, denoted by L(A). The complement of L(A), denoted L(A), is ¢ \ L(A). To
complement an automaton A is to create an automaton A so that L(A) = L(A).

A state ¢ € @ is deterministic if for every o € 3 it holds that |p(q,0)| < 1. An
automaton is deterministic if every state is deterministic. To determinize an automaton
A is to create a deterministic automaton A’ so that L(A) = L(A’). For NBW, there
is not always a deterministic equivalent, and determinization results in automata with
different acceptance conditions. This is discussed in more detail in Chapter[6] However,




Figure 2.1 : The automaton B, which has five states. B accepts words in which the
letter b occurs a finite, but non-zero, number of times.

there are intermediate levels of determinism. Say an automaton is deterministic in the
limit if every state reachable from an accepting state is deterministic. Converting an
NBW A to an equivalent deterministic in the limit automaton involves an exponential
blowup [CY95, Saf88]. One can simultaneously complement and determinize in the
limit, via co-determinization into a parity automaton [Pit06], and then converting that
parity automaton to a deterministic-in-the-limit Biichi automaton, with a cost of (n?/e)".
Alternately, say an automaton A in unambiguous when, for every w € >, there is at
most one accepting run of A on w.

Example 2.1. In Figure 2.1 we describe an NBW B that accepts words with a finite but
non-zero number of b’s. Intuitively, we wait in p until we guess we have seen the last
b, on which we transition to ¢q. If we guess wrong, we can escape to r and try again,
transitioning to ¢ on the final b.

Run DAG: Central to many of the constructions in this work is the notion of a run DAG.
Consider an NBW A and an infinite word w = ooy ---. The runs of A on w can be
arranged in an infinite DAG (directed acyclic graph) G = (V, E'), where

e V C () x Nissuch that (g, i) € V iff there is a finite run of A to g on wq - - - w;_1.

e £ C U (Qx{i}) x (Qx{i+1})is s.t. E(iq,9), (i +1)) iff (g,9) € V and
q € p(q,m)

The DAG G, called the run DAG of A on w, embodies all possible runs of A on w. We
are primarily concerned with initial paths in G: paths that start in Q™ x {0}. Define



Figure 2.2 : The first seven levels of the rejecting run DAG G for the automaton B, from
Figure on w = babaabaaabaaaa - - - . Nodes are superscripted with the prospective
labels of Chapter 2.2.1]

a node (g, 7) to be an F'-node when ¢ € F', and a path in G to be accepting when it is
both initial and contains infinitely many F'-nodes. An accepting path in GG corresponds
to an accepting run of A on w. When G contains an accepting path, call G' an accepting
run DAG, otherwise call it a rejecting run DAG. We often consider DAGs H that are
subgraphs of G. A node u is a descendant of v in H when u is reachable from v in H.
A node v is finite in H if it has only finitely many descendants in /7. A node v is F'-free
in H if it is not an F'-node, and has no descendants in H that are F-nodes. We say a
node splits when it has at least two children, and conversely that two nodes join when
they share a common child.

Containment Checking: We say that a Biichi automaton A is contained in a Biichi
automaton B iff L(A) C L(B). To check containment, we verifying that the intersection
of A with B is empty: L(A) N L(B) = (. Given A and B, we can compute their
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product: an automaton whose language is L(A)NL(B), which has has a number of states
proportional to the product of the number states of the original automaton [Cho74].
Further, we know that the language of an automaton is non-empty iff there are states
q € Q™, r € F such that there is a path from ¢ to r and a path from r to itself. The
initial path is called the prefix, and the combination of the prefix and cycle is called
a lasso [VarO7b]. Checking for a lasso in an automaton can be done in linear time
[CVWYO92], although if a symbolic or semi-symbolic representation of states is used,
a quadratic algorithm is often preferred [EL86, DRO7]. Thus the most computationally
demanding step is constructing the complement of B. In the formal verification field,
a paucity of real-world containment problems has limited empirical work. Existing
empirical work has focused on the simplest form of containment testing, universality
testing, where A is the universal automaton [DR09, TVO7|]. In universality testing, we
answer if ¥ C L(B) by checking that L(B) = .

In practice, we do not want to explicitly compute the complement of B, none the less
compute the product of A and the complement of B. These automata can be very large,
and it may not be necessary to search the entire automaton to find a counterexample.
Instead, we can construct the automaton on-the-fly and search only a subset of states.
An on the fly algorithm maintains one or more sets of reachable states, and performs
tests on these sets to either search for a lasso or rule out the possibility of a lasso. Often,
these algorithm employ heuristics. One of the most powerful heuristics for algorithms
searching Biichi automata has been the use of a subsumption relation. A subsumption
relation < relates certain states in the automaton being searched, so that if a state ¢
subsumes a state r, written ¢ < 7, then r can be discarded from a set that contains
q. Intuitively, if r is on a lasso, then ¢ must also be on a lasso, and there is no need to
consider 7. Thus a set needs to contain only the minimal elements under the subsumption
relation.

2.2 Complementation Constructions

We present two complementation constructions central to this dissertation. The first
is the rank-based construction from Kupferman and Vardi, proposed in 2001. This
construction is based on mapping the nodes of the run DAG to ranks, where the rank
of a node essentially indicates the progress made towards a suffix of the run with no
accepting states. Further, all the runs of B on w are rejecting iff there is a certain kind
of ranking, called a bounded odd ranking, of the DAG. The second is the Ramsey-based
construction from Sistla, Vardi, and Wolper, proposed in 1987. This construction is
based on encoding the connectivity of the automaton in a set of arc-labeled graphs over
states. Each graph describes a set of finite words that are processed by the automaton
in the same way, and so partitions the infinite set of finite words into a finite set of
equivalence classes.
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2.2.1 Rank-Based Complementation

If an NBW B does not accept a word w, then every run of B on w must eventually
cease visiting accepting states. The notion of rankings, foreshadowed in [Kla90] and
introduced in [KVO1]], uses natural numbers to track the progress of each run in the DAG
towards this point. A ranking for a DAG G = (V, F) is a mapping from V to N, in which
no F'-node is given an odd rank, and in which the ranks along all paths do not increase.
Formally, a ranking is a function r: V' — N such that if w € V' is an F-node then r(u)
is even; and for every u,v € V, if (u,v) € E then r(u) > r(v). Since each path starts
at a finite rank and ranks cannot increase, every path eventually becomes trapped in a
rank. A ranking is called an odd ranking if every path becomes trapped in an odd rank.
Since F'-nodes cannot have odd ranks, if there exists an odd ranking r, then every path
in G must stop visiting accepting nodes when it becomes trapped in its final, odd, rank,
and GG must be a rejecting DAG.

Lemma 2.2. [KVOI1] If a run DAG G has an odd ranking, then G is rejecting.

A ranking is bounded by | when its range is {0, ..., [}, and an NBW B is of rank [
when for every w ¢ L(B), the rejecting DAG G has an odd ranking bounded by [. If we
can prove that an NBW 3B is of rank /, we can use the notion of odd rankings to construct
a complementary automaton. This complementary NBW, denoted C'%(B), tracks the
levels of the run DAG and attempts to guess an odd ranking bounded by [. An [-bounded
level ranking for an NBW 3B is a function f: Q3 — {0,...,l, L}, such thatif ¢ € Fi
then f(q) is even or L. Let R! be the set of all [-bounded level rankings. The state space
of Cf(B) is based on the set of [-bounded level rankings for B. To define transitions of
CE(B), we need the following notion: for ¢ € ¥ and f, f’ € R!, say that f’ follows f
under o when for every ¢ € Qg and ¢ € pg(q,0), if f(q) # L then f'(¢') # L and
f'(¢") < f(q): i.e. no transition between f and f’ on o increases in rank. Finally, to
ensure that the guessed ranking is an odd ranking, we employ the cut-point construction
of Miyano and Hayashi, which maintains an obligation set of nodes along paths obliged
to visit an odd rank [MH84]. For a level ranking f, let even(f) = {q | f(q) is even}

and odd(f) = {q | f(q) is odd}.
Definition 2.3. For an NBW B = (3, Q3, Q, pg, Fi3) and | € N, define C£(B) to be
the NBW (X, R x 295 (i () pp, RE x {0}), where:

e f(q) =1 foreach q € Q%, | otherwise.

o pr(if, 0y, 0) = {tf', ps(O,0)\odd(f")) | f follows f under o} if O # 0,
pRAT: 000 = {¢f', even(f")) | f' follows f under o'} ifO = 0.

Lemma 2.4. [KVO01]| For every | € N, it holds that L(CT(B)) C L(B).

Lemma states that for every [ € N, the NBW C%(‘B) accepts only words rejected
by B — exactly all words for which there exists an odd ranking with maximal rank /.
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In addition, [KVOI]] prove that for every rejecting run DAG there exists a bounded odd
ranking. Below we sketch the derivation of this ranking. Given a rejecting run DAG G,
we inductively define a sequence of subgraphs by eliminating nodes that cannot be part
of accepting runs. At odd steps we remove finite nodes, while in even steps we remove
nodes that are F'-free. Formally, define a sequence of subgraphs as follows:

° Go =G.
® G2i+1 = Ggi \ {’U ‘ v 18 finite in G?z}
o Gyio=Goq \ {v]|vis F-free in Go;y1}.

It is shown in [GKSV03,KVO0I1] that only m = 2|Qs \ Fs| steps are necessary to
remove all nodes from a rejecting run DAG: G, is empty. Nodes can be ranked by
the last graph in which they appear: for every node u € G, the prospective rank of u
is the index ¢ such that u € G; but u € G,;.1. The prospective ranking of G assigns
every node its prospective rank. Paths through G cannot increase in prospective rank,
and no F'-node can be given an odd rank: thus the prospective ranking abides by the
requirements for rankings. We call these rankings prospective because the rank of a
node depends solely on its descendants. By [KVOI], if GG is a rejecting run DAG, then
the prospective ranking of GG is an odd ranking bounded by m. By the above, we thus
have the following.

Theorem 2.5. [KVO1] For every NBW B, it holds that L(CE(B)) = L(B).

Example 2.6. In Figure [2.2] nodes for states s and ¢ are finite in GGy. With these nodes
removed, r-nodes are F-free in GG;. Without r-nodes, g-nodes are finite in (z5. Finally,
p-nodes are F-free in G3.

A number of improvements have been proposed since the initial introduction of
the rank-based construction. The most notable improvements are the introduction of
tight rankings [FKVO06], presented below, and Schewe’s improved cut-point construc-
tion [Sch09a]. These improvements tightened the (6n)" upper bound of [KVO1] to
(0.76n)™. Together with recent work on a tighter lower bound [[Yan06], the gap between
the upper and lower bound is now a quadratic term. Karmarkar and Chakraborty have
derived both theoretical and practical benefits from exploiting properties of this prospec-
tive ranking: they demonstrated an unambiguous complementary automaton that, for
certain classes of problems, is exponentially smaller than C%(B) [KC09].

Tight Rankings: For an odd ranking r and [ € N, let maz_rank(r,[) be the maximum
rank that r assigns a vertex on level [ of the run DAG. We say thatr is tigh if there exists
an 7 € N such that, for every level [ > i, all odd ranks below maz_rank(r,[) appear on
level . It is shown in [FKVO06] that the retrospective ranking is tight. This observation

IThis definition of tightness for an odd ranking is weaker that of [FKV06|, but does not affect the
resulting bounds.
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suggests two improvements to C(B). First, we can postpone, in an unbounded manner,
the level in which it starts to guess the level ranking. Until this point, C(B) may use
sets of states to deterministically track only the levels of the run DAG, with no attempt
to guess the ranks. Second, after this point, C*(B) can restrict attention to tight level
rankings — ones in which all the odd ranks below the maximal rank appear. Formally,
say a level ranking f with a maximum rank mr = max{f(q) | ¢ € Q, f(q) # L} is
tight when, for every odd i < mr, there exists a ¢ € () such that f(q) = i. Let R}
be the subset of R™ that contains only tight level rankings. The size of R’} is at most
(0.76n)™ [FKVO06]. Including the cost of the cut-point construction, this reduces the
state space of C(B) to (0.96n)".

2.2.2 Ramsey-Based Complementation

When Biichi introduced these automata in 1962, he described a complementation con-
struction involving a Ramsey-based combinatorial argument [Biic62]]. We describe an
optimized implementation presented in 1987 [SVWS87]. To construct the complement
of B = (X, Qs,Q%, ps, Fs) we define a set Qg whose elements capture the essential
behavior of ‘B. Each element corresponds to an answer to the following question:

Given a finite nonempty word w, for every two states g, € Qg:

(1) Is there a finite run of B from ¢ to r over w?
(2) 1If so, is some such finite run accepting?

Define @' = Q3 x {0,1} X Qg, and Qs to be the subset of 29" whose elements,
for every ¢, € ()3, do not contain both (g,0,r) and (g, 1,r). Each element of Qs is
a {0, 1}-arc-labeled graph on Q3. An arc represents a finite run of B, and the label is
1 if the finite run is accepting. Note that there are 3"* such graphs. With each graph
g € Q3 we associate a language L(g), the set of words for which the answer to the
posed question is the graph encoded by g.

Definition 2.7. Let g € ég and w € Xt. Then w € L(g) iff, for all pairs of states
¢, € Qz:

(1) {q,a,7) € g, a € {0, 1}, iff there is a finite run of B from ¢ to r over w.

(2) {(q,1,r) € g iff there is an accepting finite run of B from ¢ to r over w.

Example 2.8. Three graphs from @B are shown in Figure All graphs have a non-
empty language. The word b is in the language of the first graph, the word a is in the
language of the second graph, and the word ba is in the language of the third graph.

Lemma 2.9. [Biic62,SVW87]

(1) {L(g) | g€ @g} is a partition of ¥

(2) Ifu € L(g), v € L(h), and uv € L(k), then L(g) - L(h) C L(k)
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Figure 2.3 : Three graphs from @3, where B is from Figure All graphs have a
non-empty language. The word b is in the language of the first graph, the word « is in
the language of the second graph, and the word ba is in the language of the third graph.
The arcs of ¢, indicate that there is an accepting finite run from ¢ to s on ba, and a finite
run from r to s on ba, but no accepting finite run from r to s on ba.

The languages L(g), for the graphs g € Qs, form a partition of ¥ . With this
partition of X* we can devise a finite family of w-languages that cover X*. For every
g, h € Qg,letY (g, h) bethe w-language L(g) - L(h)“. We can restrict our attention to
a subset of these languages through a notion of properness.

Definition 2.10. A pair of graphs (g, h) is proper if Y (g, h) is non-empty, L(q)- L(h) C

L(3), and L(h) - L(k) C L(h).

We say that Y (g, h) is proper when (g, h) is proper. There are a finite, if exponential,
number of such languages. A Ramsey-based argument shows that every infinite string
belongs to a language of this form, and that L(B) can be expressed as the union of
languages of this form.

Lemma 2.11. [Biic62,SVW87] ¢ = | J{Y(§,h) | Y(§, h) is proper}

Proof. The proof is based on Ramsey’s Theorem. Consider an infinite word w = 0407 ...
By Lemma every prefix of the word w is in the language of a unique graph g;. Let
k = 3" be the number of graphs. Thus w defines a partition of N into & sets Dy, ..., Dy
such that i € D, iff 0¢...0;_1 € L(q;). Clearly there is some m such that D,, is infinite.

Similarly, by Lemma we can use the word w to define a partition of all pairs of
elements (7, j) from D,,, where i < j. This partition consists of k sets (', ...C}, such
that (i, j) € C;iff 0,...0;_1 € L(g;). Ramsey’s Theorem tells us that, given such a
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partition, there exists an infinite subset {1, is, ...} of D,, and a C,, such that for all pairs
of distinct elements i, iy, it holds that (i;, i) € C,,.
This implies that the word w can be partitioned into

Wy = 0¢9...04; -1
W1 = 04y...0459—1

Wy = 04y...045—-1

where wy € L(gm) and w; € L(gy) fori > 0. By construction, 0g...05,_1 € L(gn) for
every i;, and thus we have that wow, € L(g,,). In addition, as oy;...04,_1 € L(g,) for
every pair i;, ix, we have that wyws € L(g,). By Lemma it follows that L(g,,) -
L(gn) € L(gm), and that L(g,) - L(g,) € L(gn), and thus Y (g,,, g») is proper. U

Furthermore, each proper language is entirely contained or entirely disjoint from
L(B). This provides a way to construct the complement of L(B): take the union every
proper language that is disjoint from L(B).

Lemma 2.12. [Buc62,SVW37] B
(1) For g, he Qs, either Y (g, h) NL(B)=0orY(g,h) C L(B)
(2) For a proper Y (3, h), it holds that Y (g, h) C L(B 3) iff there exists q € Qn. re
Qs, a € {0,1} where (q,a,r) € gand (r,1,r) € h.
(3) T(B) = (Y@ h) | Y5, h) is proper and Y (3, 1) 1 L(B) = 0}

To obtain the complementary Biichi automaton B, Sistla et al. construct a family of
deterministic automata on finite words that accept, for each g € Q)5, L(g). From these
automata and Lemma we can construct the complementary automaton B. The
state space of these automata is Q5 U {po }, the set of graphs with the addition of a start
state. A, is then (X, Qs U {po}, 7, po, {q}) where the deterministic transition function

ﬁ:@gU{pQ}XZ—)QBiSZ

p(po,a) = {(¢,0,r) [ ¢ € Qs, v € Qs \ I, r € ps(q,a)}
U {{¢,1,7) | g€ Qs, 7 € Fy, r € ps(q,a)}
p(¢.a) = {{(¢.0,5) [(q,0,7) € ¢, s € pz(r,a)\ F}
U {{¢:1,8) [ {(q,0,r) €q, s € ps(r,a) N Fp}
U {{¢,1,5) (g, 1,r) €4, s € ps(r,a)}

Lemma 2.13. [SVW87] L(A,) = L(q)

Knowing how to construct an automaton for each L(q), one can create the comple-
mentary automaton C**™(B). For each proper Y, create from A, and A, a Biichi
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automaton A, that accepts Y,,. Simply find all Y, disjoint from L(A) and construct
the union automaton of the corresponding A, .

We pause to note that we can avoid an explicit lasso search over the complementary
automaton by employing the rich structure of the graphs in Q5. For every two graphs
g, h € Qg, determine if Y (g, h) is proper. If Y (g, h) is proper, test if it is contained in
L(B). In order to test if a proper language Y (g, h) is contained in L(B), search for a
q € QR re s, ac 0,1} such that the arc (g, a,r) € g and the arc (r, 1,7) € h. We
call this test of a pair of graphs the two-arc test. B is universal if every proper Y (g, E)
is so contained.

Lemma 2.14. [SVW87] A Biichi automaton B is universal iff every proper pair (g, h)
of graphs from Q3 passes the two-arc test.

Lemma [2.14] yields a PSPACE algorithm to determine universality [SVW87]]. Sim-
ply check each g, h € Qz. If Y (g, h) is both proper and not contained in L(B), then the

pair (g, h) provide a counterexample to the universality of B. If no such pair exists, the
automaton must be universal.
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Chapter 3

Complementation Experiments

This chapter performs some experiments on the rank and Ramsey-based complemen-
tation constructions. Because Biichi specifications are not used in practice, there is a
paucity of real-world problems on which to evaluate approaches. When specifications
are given as logical formulas, Biichi automata are used as an intermediate step. How-
ever, because formulas have a constant-size negation, automata derived from formulas
often have a linear-sized complement. This makes them a poor suite on which to test
complementation problems. Therefore we employ a random model of automata that has
seen significant use in the literature. We first present the model of random automata.

3.1 Preliminaries: Tabakov-Vardi Random Automata

Random automata were first proposed by Tabakov and Vardi as a method for testing
tools over automata on finite words, and later for tools over automata on infinite words
[TVO05,[WDHRO06, TV07,[DRO7]. This model fixes the input alphabet as ¥ = {0, 1}.
Each automaton B = (X, Q, Q™, p, F) is constructed according to three parameters: a
size n, the transition density r, and the acceptance density f. The set of states () is the
set {0...n — 1}. Only the first state is initial, and thus Q" = {0}. For each letter o € %,
we choose [n * r] pairs of states (s, s') € Q? uniformly at random and add the transi-
tion (s, 0, s') are included in p. Thus the transition density reflects the expected number
of transitions from each state on each letter, and is related to Karp’s model of random
directed graphs [Kar90]. Karp shows that when the transition density is greater than
1, it is very likely that a graph contains a strongly connected component: a necessary
condition for a Biichi automaton to accept a word. We impose one exception to avoid
trivial cases of non-universality: the initial node must have at least one outgoing transi-
tion for each letter of the alphabet. The set of accepting states is likewise constructed as
a linear function of the number of states: F' comprises [n * f| states chosen uniformly
at random.

When devising a random model, we want to know that the parameters can generate
a variety of interesting problems. Figure [3.1] taken from [TV07], demonstrates that the
chance of a random automaton of size 6 being universal. The behavior indicates that
the parameters do generate an interesting space of problems, and that universality is

This chapter contains unpublished work, building on that published in [TFVT11].
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highly correlated with the parameters. Automata with a high transition density tend to
be universal, while automata with low transition density tend to be non-universal. With
a transition density of 3, nearly all automata are universal. Correspondingly, with a
transition density of 1, nearly all automata are non-universal. Acceptance density has a
smaller, but still noticeable, affect on universality [TVO7].

o o o
IS = o R

Probability of universality

Ny

" .1 04
Transition density (r) o o2 pensity of final states (f)

Figure 3.1 : Probability that a random automaton of size 6 is universal, varying by
transition density and acceptance density.

Experiments using the Tabakov-Vardi model can be broadly classes into two cate-
gories. Terrain experiments hold the size of the automata constant, and vary the accep-
tance and transition densities. These produce results like Figure [3.1] that demonstrate
behavior over a variety of configurations. Terrain experiments are good for discover-
ing which configurations of problems are hard for a given approach. They provide an
empirical description of how transition and acceptance density might affect the perfor-
mance of an approach. However, terrain experiments are not a good way to judge how
well an approach performs, as they give no indication of the scalability of the approach.
Thus when comparing the suitability of two approaches, it is inappropriate to use terrain
experiments.

To test scalability, we use scaling experiments. In a scaling experiment, we pick an
interesting configuration of transition and acceptance densities, and only use automata
with that configuration. We then examine how an approach performs as we increase the
size of the automata. By plotting the results, we can estimate the real-world scalability
of the approach. In many cases, algorithms with exponential worst cast demonstrate
less-than-exponential real world performance. Thus scaling experiments allow us to
directly compare two approaches on a single configuration of random automata.
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3.2 Empirical Comparisons: Size of Complemented Automata

We compare the size of complemented automata using both the rank and Ramsey-based
complementation constructions. Complemented automata are derived from the GOAL
tool. The rank-based construction employs several optimizations, including the use of
the tight level rankings described in Chapter[2.2.T|and Schewe’s turn-wise cut-point con-
struction. Further, we note that the number of accepting states serves to both limit the
maximum rank, and to reduce the number of legal level rankings. Thus we heuristically
attempt to increase the number of accepting states. If all paths from a state must lead
to an accepting state, then that state can be marked as accepting. There are no effective
heuristics for the Ramsey-based approach: in fact, maximizing the size of the accept-
ing set ends up generating larger automata using the Ramsey-based construction. The
results are not minimized, but the GOAL tool only computes the reachable states in a
construction [TFVT11].

Data points are derived from 100 or more random automata with the given n, , and
f. All experiments were performed on the Shared University Grid at Rice (SUG@Rﬂ a
cluster of Sunfire x4150 nodes, each with two 2.83GHz Intel Xeon quad-core processors
and 16GB of RAM. Each tool is given a dedicated node.

The first experiments were terrain experiments, on automata of size 6. As stated
above, randomly generated automata of a given size can be configured by transition and
acceptance density. To map out the behavior of the two approaches over the terrain of
configurations, we hold size constant at n = 6, and examined a variety of configurations.
We generate data points for each combination of transition density r» € {1, 1.5,2,2.5, 3}
and acceptance density f € {0.1,0.3,0.5,0.7,0.9}. We attempted to run the tool to
completion on all problems. When this was not possible, we discarded the case. Out of
2500 cases, only eight had to be discarded.

Figure displays the median size for rank-based complementation. As ex-
pected, the rank-based complementation is very sensitive to the number of accepting
states. This illustrates the utility of maximizing the accepting set of the input automaton.
However, it remains to be seen if this heuristic is equally effective on more structured,
human-generated, problems. Figure displays the median size for Ramsey-based
complementation. Ramsey-based complementation is very sensitive to the transition
density. A higher transition density results in denser graphs, and seems to reduce the
number of different graphs required to describe all words.

Simply glancing at the terrain graphs, it appears that Ramsey-based complementa-
tion is competitive with rank-based complementation for automata of size 6. Despite
the massive gap in worst-case complexity, when the transition density is high and the
acceptance density is low the Ramsey-based approach produces smaller automata for
this input size. In other cases, the rank-based approach produces smaller automata. We

'http://rcsg.rice.edu/sugar/, funded by NSF under Grant EIA-0216467, and a part-
nership between Rice University, Sun Microsystems, and Sigma Solutions, Inc.


http://rcsg.rice.edu/sugar/

20

0.1
0 03

ejewoiny pajuswaldwo) jo azig
@
8

ejewoiny pajuswadwo) jo azig

e
o%’% 05 15
Co 07
2., !
5%, LI
” 2

(U]

’ i ’ ity (1)
Transitio® pensity fransition pensity

(a) Rank-based Complementation (b) Ramsey-based Complementation

Figure 3.2 : Differences in behavior between Rank and Ramsey-based complementa-
tion constructions over a terrain of random automata, measured as the median number
of states of the resulting automata, when size n = 6.

also see that neither construction approaches the worst case behavior. This provides the
first hint that the two approaches are not directly comparable, a fact that we will explore
in more depth in the next chapter. We did observe a higher variance in the Ramsey-
based approach, and the worst-case for Ramsey can be very bad indeed. The largest
rank-based complementary automaton had less than 1500 states, while there were 117
Ramsey-based complementary automata with over 10,000 states.

We hasten to note that these results should not be used to indicate that one approach
scales better than the other. We can only conclude that the traits that make a problem
hard in the Ramsey-based approach are different from those traits that make a prob-
lem hard in the rank-based approach. To compare the scalability of the approaches,
we would have to test the complementation constructions on automata of increasing
size and compare the number of states in each construction as a function of the num-
ber of states in the input. However, such a scaling experiment is not feasible here.
Smaller automata are already uninteresting, and in experiments on automata of size 10
the Ramsey-based approach was so slow to complement it had to be removed from the
study entirely [TFVTI1]]. Thus we cannot generate enough data points to make a scaling
experiment worthwhile.

The real conclusion of these experiments is then that, when checking if a Biichi au-
tomaton A is contained in a Biichi automaton 3B, it is not feasible to explicitly construct
the complement of B. With input automata of six states, are are already seeing results
with hundreds to thousands of states. If we wish to scale to input automata with fifty or
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a hundred states, the cost of direct complementation is prohibitive. To develop a system
that allows Biichi specifications, we must instead develop algorithms that explore the
complemented automata on the fly, and that avoid searching as much of the state space
as possible.
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Chapter 4

Rank and Ramsey-Based Containment

As we saw in Chapter [3.2] no approach to complementation scaled well: we could
handle around ten states. By avoiding direct complementation, we can scale orders of
magnitude larger. To do so, we develop algorithms that explore complemented automata
on-the-fly, often using heuristics to trim the search space. In this chapter, we present a
rank-based algorithm from Doyen and Raskin, which uses the Emerson-Lei fixpoint and
a subsumption heuristic. We then develop a new Ramsey-based algorithm and subsump-
tion heuristic.

4.1 Preliminaries: Rank-Based Containment Checking

The simplest form of containment checking is universality. An algorithm seeking to re-
fute the universality of B can look for a lasso in the state-space of the rank-based com-
plement of B. A classical approach is Emerson-Lei backward-traversal nested fixpoint.
Given a set of states X C s, we define the predecessor operation as Preg(X) =
{y|lze X, aeX, z€pg(y,a)}. The Emerson-Lei universality testing fixpoint is
vY.uX.(Preg(X)U (Preg(Y) N Fg)) [EL86]. This nested fixpoint employs the obser-
vation that a state in a lasso can reach an arbitrary number of accepting states. The outer
fixpoint iteratively computes sets Yy, Y7, ... such that Y; contains all states with a path to
1 accepting states. Universality is checked by testing if Y, the set of all states with a
path to arbitrarily many accepting states, intersects Q%'. The running time of this algo-
rithm is O(n?), based on the nested fix points. While theoretically quicker algorithms
exist, the Emerson-Lei approach is popular because it requires few operations: intersec-
tion, union, and the predecessor operation. The strongest algorithm implementing this
approach, from Doyen and Raskin, takes advantage of the presence of a subsumption
relation in the rank-based construction.

Definition 4.1. For an NBW B and its rank-based complement C*(B), define the rela-
tion < C (R™ x 292) x (R™ x 29%) so that (f’, o) < (f, 0y iff:

(1) Forevery q € Qs, if f(q) # L, then f'(q) # L and f'(¢) < f(q)

2) o Co

B) o=0iff o' =0

This chapter contains work published in [FV10].
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When computing sets in the Emerson-Lei approach, it is sufficient to store only
the minimal elements under this relation. Let Min be an function that removes all
non-minimal elements from a set. Furthermore, the predecessor operation for a single
state and letter results in at most two incomparable elements. For details, see [DRO7].
With this predecessor operation Pre in hand, we can define a universality testing algo-
rithm. This algorithm has scaled to automata an order of magnitude larger than other
approaches [DRO7].

Algorithm 4.1: RankUniversality (B)
(3, Qr, Q% pr, Fr) < (CF(B))
Y < Fr
X<0
repeat
if Y N Q% = () then return Universal
X< Mll’l(Y N FR)
repeat
Preds <= U ;5 ex Uaes Pre((f; 0),a)
X < Min(X U Preds)
until X reaches fixpoint
Y<X
until Y reaches fixpoint
if Y N Q% = () then return Universal
return Not Universal

Algorithm 4.1 can terminate early on some universal cases, when we have already
computed that no state can reach k accepting states. To lift this algorithm to check the
containment of A in B, we operate over pairs (g, (f,0)) where ¢ € Q4 and (f,0) is
a state in C2(B). These pairs correspond to states in the product of A and CZ(B).
Lifting subsumption to these pairs is simple: say that (¢, (f’,0")) = (q, (f,0)) when
¢ = qand (f', 0y < (f,0). The predecessor operation is similar. For a pair (g, (f, 0)), let
Pre({(q, (f,0),a) = {r | q € pa(r,a)} x Pre((f,o0),a). Finally, we define two sets of
pairs corresponding to accepting states of A and CX(B). Let F 4 = {(q, (f,0) | ¢ € Fa},
and Fr = {{(q,(f,?))}. We can now define Algorithm which checks containment
by using the rank-based construction. This algorithm has three fixpoints, but two are run
in parallel, and thus the running time is still quadratic in the number of states of A and
the complement of B. Like Algorithm Algorithm [4.2] can terminate early in cases
where containment can already be shown.

Theorem 4.2. For every two Biichi automata A and B, it holds that L(A) C L(B) iff
RankContainment(A,B) returns Contained.
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Algorithm 4.2: RankContainment (A, B)

(%, Qn Q- s Fr) < (CE(B))

Y <= QaxQr

Xi <0

Xy <=0

repeat

if Y N (Q% x Q%) = () then return Contained
X, < Mil’l(Y N ?A)

repeat

Preds < Uyex, Uues Pre(q, a)

X; <= Min(X; U Preds)

until X; reaches fixpoint

Xg <~ Mln(Y N StR)

repeat

Preds < (J ex, Uaex Pre(a, a)

Xy <= Min(X, U Preds)

until X, reaches fixpoint

Y « X1 N X2

until Y reaches fixpoint

if Y N (Q% x Q%) = () then return Contained
return Not Contained

4.2 Ramsey-Based Algorithms

To test the containment of a Biichi automaton A in a Biichi automaton B, we could
construct the Ramsey-based complement of B, compute the intersection automaton of A
and ‘B, and search this intersection automaton for a lasso. With universality, however, we
avoided directly constructing B by exploiting the structure of states in the Ramsey-based
construction (see Lemma[2.14). We demonstrate a similar test for containment. We then
introduce an on-the-fly approach to containment checking, that avoids searching graphs
with empty languages. Finally, we define a subsumption relation, similar that that used
for rank-based containment checking.

4.2.1 Ramsey-Based Containment Checking

Consider two automata, A = (%, Q4, QT pa, Fa) and B = (X, Qz, Q' p3, F).
When testing the universality of B, any word not in L(B) is a sufficient counterex-
ample. To test L(A) C L(B) we must restrict our search to the subset of > accepted
by A. In Section we defined a set Qg of 0-1 arc-labeled graphs, whose elements
provide a family of w-languages that covers ¢ (see Lemma[2.11])). We now define a set,
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@ 4,3, which provides a family of w-languages covering L(A).

We first define Q4 = Q4 x Q4 to capture the connectivity in Q4. An element
G = (q,7) € Qg is a single arc asserting the existence of a finite run of A from ¢ to .
With each arc we associate a language, L(g).

Definition 4.3. Given w € X", say that w € L((q, r)) iff there is a finite run of A from
q to r over w.

Define (:2\ AB as Qau X @3. The elements of @ 4,8, called supergraphs, are pairs
consisting of an arc from Q4 and a graph from @B. Each element simultaneously cap-
tures all finite runs of B and a single finite run of A. The language L((g, g)) is then
L(g) N L(g). For convenience, we implicitly take g = (g, ), and say (g, a,r) € g when
(q,a,r) € g. Since the language of each graph consists of finite words, we employ
the concatenation of languages to characterize infinite runs. To do so, we first prove
Lemma .4} which simplifies the concatenation of entire languages by demonstrating an
equivalence to the concatenation of arbitrary words from these languages.

Lemma 44. If u € L(G), v € L(h), w € L(k), and L(g) - L(h) € L(k), then
L(g) - L(h) € L(k)

Proof. Assume we have such an u and v. We demonstrate every word w € L(g) - L(ﬁ)

must be in L(k). If we expand the premise, we obtain w € (L(7) N L(7)) - (L(h) N
L(R)). This implies w must be in L(g) - L(h) and in L() - L(R). Next we know that
uw € L(G), v € L(h), and wv € L(k). Thus by Lemma | L(3) - L(h) C L(k),
and w € L(k) Along with the premise L(g) - L(h) C L(k), we can now conclude

w € L(k) N L(k), which is L(k) O

The languages L(g), g € Q 4,3, cover all finite subwords of L(A). A subword of
L(A) has at least one finite run between two states in () 4, and thus is in the language of
an arc in Q4. Furthermore, by Lemma this word is described by some graph, and
the pair of the arc and the graph makes a supergraph. Unlike the case of graphs and 3T,
the languages of supergraphs do not form a partition of L(A): a word might have finite
runs between multiple pairs of states in A, and so be described by more than one arc in
Q a- With them we construct the finite family of w- languages that cover L(A). Given
G, he QA s, let Z(3, h) be the w-language L(3) - L(h)“. In analogy to Section
we define a notion of properness for supergraphs.

Definition 4.5. Say a pair of supergraphs (g, ﬁ) is proper when (1) Z (g, ﬁ) is non-empty;
(2) g = (g, and h = (r,r) where ¢ € Q% and r € Fy; (3) L(g) - L(h) C L(g) and

L(h) - L(h) c L(R).

Call a language Z (g, ﬁ) proper when (g, ﬁ> is proper. We note that Z (’g\,ﬁ) is non-
empty if L(g) and L(h) are non-empty, and that, by the second condition, every proper
Z(g, h) is contained in L(A).
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Lemma 4.6. L(A) = U{Z(3.h) |.§.h € Quz, Z(§,h) is proper}.

Proof. We extend the Ramsey argument of Lemma [2.11]to supergraphs.

Consider an infinite word w = o0yo;... with an accepting run p = pgp;... in A. As
p is accepting, we know that py € Q%' and p; € F)4 for infinitely many i. Since Fy is
finite, at least one accepting state ¢ must appear infinitely often. Let D C N be the set
of indices ¢ such that p; = q.

We pause to observe that, by the definition of the languages of arcs, for every ¢ € D
the word 0y...0;_1 is in L((po, q)), and for every i, j € D, i < j, the word 0;...0;_1 €

~

L(q,q)). Every language Z(g, h) where g = (po,q) and g = (q, ¢) also satisfies the
second requirement of properness.

In addition to restricting our attention the subset of nodes where p; = ¢, we further
partition D into k = 3" sets Dy, ..., Dy, based on the prefix of w until that point, where
there is a D; associated with each possible graph g;. By Lemma every finite word
is in the language of some graph g. Say thati € D iff 0¢...0;_1 € L(q;). As k is finite,
for some m the D,, must be infinite. Let g = g,,,.

Similarly, by Lemma[2.9|we can use the word w to define a partition of all unordered
pairs of elements from D,,,. This partition consists of k sets C1, ...Cy, such that (i, j) €
C, iff 0;...0j_1 € L(g;). Without loss of generality, for (i,j) € C), assume i < j.
Ramsey’s Theorem tells us that, given such a partition, there exists an infinite subset
{i1,12,...} of D,, and a C,, such that (i;, ;) € C, for all pairs of distinct elements i, iy.

This is precisely to say there is a graph A so that, for every (i;,4;) € C,, it holds that
0i;..-04,—1 € L(h). C,, thus partitions the word w into

Wy = 00...041—1, W1 = 041...045—1, Wy = 04y...043-1, ceey

such that wy € L(g) and w; € L(E) fori > 0. Let g = ((po, q), g) and leth = (q,q), h).

-~

By the above partition of w, we know that w € Z(g, h).

We now show that Z (g, /ﬁ) is proper. First, as w € Z(g, ﬁ), we know Z(g, ﬁ) is non-
empty. Second, as noted above, the second requirement is satisfied by the arcs (py, ¢)
and (q, ¢). Finally, we demonstrate the third condition holds. As oy...0;,_1 € L(g) for
every i € C,, we have that wow; € L(g). Both wy and wyw; are in L((po, q)) and so
wp, wowy € L(g). By the definition of the language of arcs, L((po, ) - L((q,q)) C
L((po, q)). Thus by Lemma we can conclude that L(§) - L(h) C L(§j). Next observe
that as o;...0j_1 € L(h) for every pair i,j € C,, we have that wywy € L(h). As
w1, wiwsy are both in (q, ¢), it holds that wq, wiwy € L(/f;) By the definition of the
lanAguagegf arcs, £(<q7 Q) - L, q) j= L(iq,q)). By Lemma .4 we can now conclude

L(h) - L(h) € L(h). Therefore Z(g, h) is a proper language containing w. 0

Lemma 4.7. R R R
(1) Forall Z(g,h), either Z(g,h) N L(B) =0 or Z(g,h) C L(B).
(2) L(A) C L(B) iff every proper language Z(g,h) C L(B).
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(3) Lety, 1 be a proper pair of supergraphs such that. Z(g, h) C L(B) iff there exists
q € Q. reQgp, ac{0,1} suchthat (g,a,r) € gand (r,1,r) € h.

Proof. Given two supergraphs g = (g, ) and h = (h, h> recall that Y (g, h) is the w-
language L(g) - L(h) Further note that L(3) C L() and L() C L(h), and therefore
Z(G,h) C Y (G, h). R
(1) Consider two supergraphs g, h. By Lemma either Y(§,h) N L(B) = 0 or
Y (g, h) € L(B). Since Z(g, h) C Y (g, h), it holds that Z(g, ) N L(B) = () or
Z(G,h) C L(B).
(2) Immediate from Lemma.6/and clause [(T)]
(3) By Lemmaelther Y(3.h) C L(B) or Y(§, h) N L(B) = 0. By Lemma[2.1
Y (g, h) C L(B) iff a ¢, 7 and a exist such that (q,a,r)y € gand (r,1,r) € h.
Since Z(g, /ﬁ) CY(G,h), Z@G h) C L(B) iff such a ¢, 7 and a exist.

!

U

In an analogous fashion to Section[2.2.2] we can use supergraphs to test the contain-
ment of two automata, A and B. Search all pairs of supergraphs Zj, h € Qa s for a pair
that is both proper and for which there does not exist a g € , 7 € Qp,a € {0,1}
such that (g, a,r) € gand (r,1,r) € h. Such a pairis a counterexample to containment.
If no such pair exists, then L(A) C L(B).

4.2.2 Composition of Supergraphs

Employing supergraphs to test containment faces difficulty on two fronts. First, the
number of supergraphs is very large: |Q4|23/9® ”. Second, verifying properness requires
checking language nonemptiness and containment: PSPACE-hard problems. To address
these problems we construct only supergraphs with non-empty languages. Borrowing
a notion of composition from [LJBAO1] allows us to use exponential space to compute
exactly the needed supergraphs. Along the way we develop a polynomial-time test for
the containment of supergraph languages. Our plan is to start with graphs corresponding
to single letters and compose them until we reach closure. The resulting subset of ()4 5,
written @fw, contains exactly the supergraphs with non-empty languages. In addition
to removing the need to check for emptiness, composition allows us to test the sole
remaining aspect of properness, language containment, in time polynomial in the size
of the supergraphs. We begin by defining the composition of simple graphs.

Definition 4.8. Given g and 1 define their composition, written g; h, as the graph

{{g, 1,7) | q,r,s € Qsz, (q,b,5) €9, (s,¢,7) eh,b=1lorc= 1}
U {{(q,0,7) ]| q,7, s € Qs, {q,0,s) €7, (s,0,7) € h, and
forall t € Qg, b,c € {0,1}if (g, a,t) € Gand (t,b,r) € hthena = b =0}
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Figure 4.1 : The composition of a graph with itself.

Example 4.9. Figure shows the composition of a graph with itself. These graphs do
not describe the automaton from Figure but demonstrate new behavior. Note that
there are ways to compose an arc from p to s: by following either (p,0,r) and (r, 0, s),
or by following (p, 1, ¢) and (g, 0, s). Since the second pair of arcs contains a 1-labeled
arc, the arc from p to s in the composition is 1-labeled. However, note there is only
one pair of arcs linking ¢ to s: (g,0,r) and (r,0, s). Therefore the arc from ¢ to s in
the composition is not 0 labeled. Figure is also illustrative, as the third graph is the
composition of the first two.

We can then define the composition of two supergraphs g = ((¢,7),g) and h =
((r, s>,ﬁ>, written g; h, as the supergraph ((q, s),ﬁ;ﬁ). To generate exactly the set of
supergraphs with non-empty languages, we start with supergraphs describing single let-
ters. For a containment problem L(A) C L(B), define the subset of Q 4,3 corresponding
to single letters to be @il,ﬂ ={g]g¢€ Q\A’g, a € X, a€ L(g)}. For completeness, we
present a constructive definition of @}LB.

Definition 4.10.

Q\}Q,B = {<(q,7’)7§> | ac Z? q € Q.Av T e pA(q7 CL),
g={{d,0,7") | ¢ € Qs \ Fs, " € (ps(q’,a) \ Fp)} U
{<q/7 17T,> | q/ € Us, e pg(q’,a), (]/ orr' € FB)}}

We then define @fw to be the closure of @hﬁ under composition. Algorithm
RamseyContainment, which we prove correct below, employs composition to check
the containment of two automata. It first generates the set of initial supergraphs, and then
computes the closure of this set under composition. Along the way it tests properness by
using composition. Every time it encounters a proper pair of supergraphs, it either ver-
ifies that a satisfying pair of arcs exist, or halts with a counterexample to containment.
For convenience, we define the two-arc test for supergraphs.
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Definition 4.11. A proper pair (g, h) of supergraphs passes the two-arc test when there
existsaq € Q™,r € Q,and a € {0,1} such that (¢, a,r) € gand (r,1,r) € h.

Algorithm 4.3: RamseyContainment (A, B)
Data: Two Biichi automata, A and B.
Result: Whether L(A) is contained in L(B).
Initialize Q7 < @}qyg
repeat
for all pairs §,h € Q/ where § = (¢,7) and h = (r, s) do
Add G: h to Qf
ifqeQp,reFys=r, G:h =gand h;h = h then
L if (g, ﬁ) fails the two-arc test then

L return Not Contained

until Q' reaches closure
return Contained

To begin proving our algorithm correct, we link composition and the concatenation
of languages, first for simple graphs and then for supergraphs.

Lemma 4.12. For every two graphs § and h, it holds that L(§) - L(h) C L(§; h).

Proof. Consider two words wy € L(3), wy € L(h). By Deﬁnition to prove wiwy €
L(g; l~1) we must show that for every ¢, € Q: both (1) (g, a,r) € g; h iff there is a finite
run of B from ¢ to r over wywy, and (2) that a = 1 iff there is an accepting finite run.

If an arc (q,a,r) € g;h exists, then there is an s € @ such that {(g,b,s) € g and
(s,c,r)y € h. By Definition this implies the existence of a finite run ;s from ¢ to s
over wy, and a finite run sz, from s to r over wy. Thus x5z is a finite run from ¢ to r
OVer wiws.

If a is 1, then either b or ¢ must be 1. By Definition b (resp., c¢) is 1 iff there is
an accepting finite run x| s (resp., sz’ over w; (resp.,ws) from g to s (resp., s to r). In
this case 2| sz (resp., 1sz5) is an accepting finite run of B from ¢ to r over w;ws.

Symmetrically, if there is a finite run = from ¢ to r over w;ws, then after reading w;
we are in some state s and have split x into 1579, s0 that ;s is a finite run from g to s
and sz, a finite run from s to r. Thus by Deﬁnition (q,b,8) €3, (s,c,r) € h, and
<Q7 a, S> € g; h.

Furthermore, if there is an accepting finite run from ¢ to r over w;ws,, then after
reading w; we are in some state s and have split the finite run into x;sx, so that z;s
is a finite run from ¢ to s, and sxs a finite run from s to r. Either z;s or sz must be
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accepting, and thus by Definition (g,b,s) €7, (s,c,r) € 1, and either b or ¢ must
be 1. Therefore a must be 1. U

Lemma 4.13. Let fq\:f;,g be supergraphs in thﬁ such that G = (q,7), h = (r,s), and
k=g s). ThenG;h =k iff L(§) - L(h) C L(k).
Proof. Assume §; h = k as a premise. This implies k = («q,$),7; ﬁ)) If either L(9g) or
L(h) are empty, then L(3) - L(h) is empty and this direction holds trivially. Otherwise,
take two words u € L(g), v € L(/ﬁ) By construction, u € L((g,r)) and v € L((r, s)).
The definition of the languages of arcs therefore implies the existence of a finite run
of B from ¢ to r over u and a finite run from r to s over v. Thus uv € L((g, s)).
Similarly, v € L(g), v € L(h), and Lemmalmphes that wv € L(k). Thus v is in
L({(g, ™, k)) and by Lemmaﬁ L) - L(h) C L(k).

_In the other direction, if L(g ) L(ﬁ) C L(k), we show that §; h = k. By definition,
7 B is («q,$),7; h>. As g, h e QAB, they are the composition of a finite number of
graphs from @\hyg. The above direction then demonstrates that they are non-empty, and
thereisaword w € L(g)- -L(h). This expands to w € (L(g )NL(g))- (L(R)NL(h)), which
implies w € L(§) - L(h). By Lemma , w is then in L(g; h) Since, by Lemr/r\1a

w is the language of exactly one graph, we have that g; h = k, which proves g; h = k.
[]

Lemma provides the polynomial time test for properness employed in Algo-
rithm RamseyContalnment Namely, given two supergraphs g = («,r),q) and
h = (@,r), h> from QAB, the pair (g, h> is proper exactly when ¢ € Q%, r € Fy,
g; h = g and h h = h. We now provide the final piece of our puzzle: proving that the
closure of Q 4.5 under composition contains every non-empty supergraph.

Lemma 4.14. For two NBW A and B, every h € Qﬂg, where L( )£, isin QAB

Proof. Let h = (ig,7),h) where L(h) # (. Then there is at least one word w =
00..0n_1 € L(Rh), which is to say w € L((g,m) N L(h). By the definition of the
languages of arcs, there is a finite run p = py...p, in A over w such that p, = ¢ and
Pn =T. ~

Define g, to be the graph in Q containing ;. Let g,, be ((p;, pir1), 9o, ), and let
Jw b€ Goo; Gy -3 Go, .- Note that each g,, € Q}LB. By Lemma 4.13|w € g,. By

Lemma , w is in only one graph and g, = h. By construction, g, = (¢, 7). Therefore
(Gw» Gw) = ((q,7), k) = h, and h is in the closure of Q} 5 under composition. U

We can now show the correctness of Algorithm RamseyContainment, using
Lemma to justify testing properness with composition, and Lemma below
to justify the correctness and completeness of our search for a counterexample.
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Lemma 4.15. Let A and B be two Biichi automata. L(A) is not contained in L(B) iff
Qﬁﬁ contains a pair of supergraphs g, h such that (g, h) is proper and there do not exist

arcs {q,a,r) € gand (r,1,r) € h, q € Q.

Proof. As all proper graphs are non-empty, this follows Lemma [4.7] parts (2) and (3)
and Lemma [4.14 O

Theorem 4.16. For every two Biichi automata A and B, it holds that L(A) C L(B) iff
RamseyContainment (A, B) returns Contained.

Proof. By Lemma [4.13] testing for composition is equivalent to testing for language
containment, and the outer conditional in Algorithm RamseyContainment holds
only for proper pairs of supergraphs. By Lemma[.15] the inner conditional checks if a
proper pair of supergraphs is a counterexample, and if no such proper pair in Q W isa
counterexample then containment must hold. [

4.2.3 Subsumption in Ramsey-Based Containment Checking

Subsumption has proven to be very effective in the rank-based approach [DRO9]. In
[FVO9], we demonstrated that the Lee, Jones, and Ben-Amram algorithm for size-
change termination is a specialized realization of the Ramsey-based containment test.
In [BALO7]], Ben-Amram and Lee demonstrated the effectiveness of subsumption for
this specialized algorithm. We now show how to employ Ben-Amram and Lee’s sub-
sumption relation for the general case of Biichi universality. Doing so allows us to
ignore graphs when they are approximated by other graphs.

In the special case of size-change termination, Ben-Amram and Lee replaced a test
for an arc in idempotent graphs with a test for strongly-connected components in all
graphs. To use subsumption in the general Ramsey-based approach, we need to replace
the two-arc test over proper pairs of supergraphs. We simplify Algorithm[.3|by relaxing
the requirement that pairs of supergraphs be proper. First, we introduce the subsumption
relation. Then, we demonstrate how to change the algorithm to allow for discarding
subsumed supergraphs. Finally, we present a proof of correctness.

Intuitively, a graph g approximates another graph i when the arcs of g are a subset
of, or less strict than, the arcs of h. In this case, finding an arc in g is strictly harder than
finding one in than h. When the right arc can be found in g, then it also occurs in h.
When g does not have a satisfying arc, then we already have a counterexample. Thus
we need not consider h.

Definition 4.17. B _
(1) Fortwo g, h € Qg, say that g approximates h, written g < h, when for every arc
(q,a,r) € g there is an arc <q, a',r) € h where a < d'.
(2) For two supergraphs g, he QA 5, say that g = h when g=handg < h.
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We note that approximation is a transitive relation. Using the notion of approxima-
tion, we can compute a subset of wa, called Q=, that contains only minimal elements

under the < relation. A set Q of supergraphs is <-closed under composition when for
every g, h € (), there exists k € ) such thatk X g;h.

However, once we limit our search to supergraphs inAQj the two-arc test is no longer
sufficient. Since we are now removing elements from Q=, it is possibly that the proper
pair of supergraphs in wa that fails the two-arc test may never be computed: a graph in
the pair may be approximated by another graph, one that does not satisfy the conditions
of properness. As an example, consider the set containing the single supergraph g =
(ts,9),{(¢,0,9),{q,0,7),(r,0,q)}) when s € Q% and s € F,. This set is <-closed
under composition, but (g, g) is not proper. We must relax our notion of properness.

Recall that a pair (g, ﬁ> of supergraphs is proper when three conditions hold. First,
L(g) and L(ﬁ) must be nonempty, Second, it must hold that § = (¢, 7) and h = (r,7)
where ¢ € Q' and r € F. Finally, it must hold that ﬁ;/f; = g and /ﬁ,/ﬁ = h. Ttis this
third requirement that we remove.

Definition 4.18. A pair (7, E) of supergraphs is weakly proper when L(g) # (), L(ﬁ) +#
0, and g = (q,r) and h = (r,r) where ¢ € Q7" and r € Fj.

When examining a proper pair of supergraphs, we used the two-arc test: search for
aqge Q™ re@, aec{0,1}suchthat {(q,a,r) € gand (r,1,7) € h. When examining
a weakly proper pair of supergraphs, we cannot limit our search to single arcs. Consider
the supergraph g = ((s, s), {{q, 1, 7), (r, 1, q) }): while this supergraph does represent an
accepting finite run in B, note that (g, g) fails the two-arc test We must search the graph
for a path from ¢ to r, and a path from r to itself. We test for this path by computing the
strongly connected components of /, and testing if some strongly connected component
of h both contains a 1-labeled arc and is reachable from a start state in g.

A strongly connected component (SCC) of a graph g is a maximal set S of nodes, so
that for every ¢, € S there is a path from ¢ to r, and a path from r to g. Computing the
strongly connected components of a graph can be done in linear time with a depth-first
search [CLR90]. An SCC S in a graph g is 1-labeled when there are ¢,r € S with an
arc (q,1,7) € g. We say there is a path from a state ¢ to an SCC .S when there is a path
from ¢ to an element of S. Say that S is an SCC of a supergraph g = (g, g) when S is
an SCC of g. Once we partition the nodes into strongly connected components, we can
simply search for a reachable 1-labeled SCC. We codify this as the lasso-finding test.
Lemma [4.20]is proven correct later.

-~

Definition 4.19. A weakly proper pair (g, h) of supergraphs passes the lasso-finding test
when there exists: ¢ € Q%, r € Qg, a € {0,1}, and S C Qg such that, (g,a,r) € 7,
there is a path from r to S in A, and S is a 1-labeled SCC of h.

Lemma 4.20. L(A) € L(B) iff @fhﬁ contains a weakly proper pair (g, ﬁ) that fails the
lasso-finding test.



33

We now have the machinery for Algorithm{.4] This algorlthm extends Algorithm4.3]
to exploit subsumption and avoid computing the entirety of QB Along the way, we look
for a counterexample to containment by checking every weakly proper pair of super-
graphs with the lasso-finding test. To make the algorithm more concrete, a worklist
is used to keep track of which graphs have yet to be considered. Further, instead of
composing arbitrary pairs of graphs, we compose each graph only with graphs from
Q% Since every composition can be phrased as a sequence of compositions of graphs
from QB, this is sufficient to generate the entirety of QB while reducing the size of the
worklist considerably.

Algorithm 4.4: RamseySubsumptionContainment (B)

Construct the set Q}LB of all single-letter graphs
Initialize the worklist W <« @}473
Initialize the set Q= < {)
while W # () do
Remove an element g = ((g,7), g) from W
for 1 € Q= where h = (g, ) do
1 ith =< g then Discard g and exit for
2 else if § < / then Remove £ from Q=
if g has not been discarded then
if ¢ € Q% and r € F4 then
for h € Q= where h = (r, 1) do
L if @,}Az) fails the lasso-finding test then return Not Contained

if g =rand r € F4 then
for h € Q= where h = (s,r) and s € Q7' do
L if (h,g) fails the lasso-finding test then return Not Contained

Add G to ( Q=
forheQAEwhereh ,5) do
| AddG:htoW

return Contained

To achieve reasonable performance, our implementation utilizes two optimizations
not detailed in Algorithm First, we memoize the strongly connected components
of graphs. More explicitly, we associate each graph with the set of states that lead to
1-labeled SCCs, and the set of states reachable from a state in Q%'. This allows us to
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implement the lasso-finding test by checking for an intersection between the sets. While
both computing SCCs and testing intersection are linear-time operations, we found the
constant-time speedup to be an order of magnitude. Second, note that we iterate through
supergraphs based on their arcs. Thus an effective further optimization is to index su-
pergraphs by the two elements of their arcs. This can improve the running time by a
factor of |.A|?, much smaller than 32 *, but still significan |

Proof of Correctness: To Algorithm [4.4] correct, we begin with Lemma [4.20] We first
prove that for every weakly proper pair (g, H) of supergraphs it holds that the lasso-
finding test determines if Z (g, Z) C L(B), and that the languages of weakly proper
pairs of supergraphs covers L(A).

Lemma 4.21. For a pair (g, > of supergraphs, Z (g, h) L(B) iff (g, /f;> passes the
lasso-finding test.

Proof. Recall that, By Lemma|4.7l(1)|, either Z A,ﬁ
f. y g

Thus it suffices to consider a single word w = ogoy--- € Z ( ,h). As Z ( h) =
L(g) - L(h)¥, w can be partitioned by indices i1, i, . . . into

0.

Wy = 0¢9...04; -1
Wy, = 04;...045—1

W = 04y...045—1

where wy € L(g) and fori > 0, w; € L(/f;)

In one direction, assume (g. h> passes the lasso-finding test. This implies there is a
qgeEQRR, reRp ac{0,1},and S C Qs such that: (q,a,r) € g, there is a path from r
to Sinh, and S is a 1-labeled SCCof h. First, since there is a path from r to S in h, and
since s is a 1-labeled SCC of h we can constructing a sequence of states r1,72,73, . ..
so that: r = rq; forevery i > 0: (r;, a;,ri11) € h; and for infinitely many 7 > 0, it holds
that a; = 1. Second, since wy € L(9), there is a finite run py of B from ¢ to r, over
wp. Third, for every 7 > 0, since w; € L(ﬁ) there is a finite run p; of B from r; to r;
over w;. If a; = 1, then there is an accepting finite run. By concatenating the finite runs
Po, P1, - - -, we form an accepting infinite run of B on w.

In the other direction, assume Z (g, h) C L(B). This implies there is an accepting
run p of w on B. Since the run is accepting, py € Q. Since there is a finite run between
po and p;, on wy, there is an arc (pg, ag, p;,) € g. Similarly, for every k > 0, there is a

'Neither the algorithm nor our implementation prunes @hﬁ for subsumed graphs. As our alphabet
consists of two letters, this is acceptable for our use. For larger alphabets, pruning the set of initial
supergraphs is suggested.
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finite run between p;, and p;,,, on wy, and therefore an arc (p;, , ax, p;,.,) € h. Since
there are a finite number of states, there is some state ¢ € ()3 so that for infinite many
k > 0, p;,, =t. Let? and " be the first two indices such that p; = p;» = t. The arcs
(pir,a' pirs1), .., (pin_1,a”, pin) are a path in h from ¢ to itself, and thus ¢ is part of
an SCC S. Further, the arcs (p;,, a1,p4,),- -, (pir—1,d , pir) are a path in h from pi, to
the SCC S. Further, as the run is accepting, for an infinite number of %k, a; = 1. Thus
some arc in a path from ¢ to itself is labeled 1, and S is a 1-labeled SCC. These are the
conditions for (g, h> to pass the lasso-finding test. [

Lemma 4.22. L(A) = J{Z(G,h) | Z(3,h) is weakly proper}.

Proof. Since every proper pair of supergraphs is also weakly proper, Lemmal4.6)implies
L(A) CU{Z(g,h) | Z(g, h) is weakly proper}. Note that the second property of weak
properness is that § = (g,7) and h = (r,r) where ¢ € Q%" and r € F4. By the definition
of the languages of arcs, we thus have that every weakly proper Z (g, 71) CLA). O

Lemmal4.20. L(A) Z L(B) zﬁQA . contains a weakly proper pair (g, ) that fails the
lasso-finding test.

Proof. This follows from Lemma .22, Lemma[.7)(1)| and Lemma O

We have now shown that it is sufficient to search @fhg for pairs of graphs that fail
the lasso finding test. In the final step of proving Algorithm @ correct, we show that
it 1s safe to restrict our search to graphs in Q< that when using the lasso finding test
Q .5 contains a counterexample if and only if Q< contains a counterexample. We do so

by showing that if Q3 contains a pair of graphs that fails the lasso-finding test, then Q<
contains a pair of graphs approximating the pair in Qfm- This pair of graphs also fails
the lasso-finding test. Recall that we say g < . when, for every arc (q,a,r) € g, there

is an arc (g, d’,r) € h, where if a = 1 then o/ = 1. We first state some basic properties
of approximation.

Lemma 4.23. Let g, h be two supergraphs where g = h:
(1) For q,r € Q, if g has a path from q to r then h has a path from q to r
(2) If S is a 1-labeled SCC in g, then there is 1-labeled SCC T of h where S C'T

Proof.
(1) Every arc in g has a corresponding arc in h, so a path in g remains a path in h.
(2) Let S be a 1-labeled SCC in g. By part (1) above, all nodes in S are in the same
SCC T of g. Furthermore, there must be ¢, € S with an arc <q, 1,7y € g. This

arc must also appear in h. Therefore T is a 1-labeled SCC of h.
[

~

Lemma 4.24. Let g, /f\L, /k\, 1 be four supergraphs. If g < handk =1, then g k= /f;,lA
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Proof. Take an arc (q,a,s) € g; k. First assume a is 0. This arc exists because there
1s state 7, an arc <q,0 r) € g, and an arc (r,0,s) € k. As g = h, there is an arc
(q,a1,7) € h. As k < 1, there is an arc (r,as, s). Therefore the arc (q, as, s) € ﬁ,lA,
asz > max(ay, as).

If a is 1, there is state 7, an arc (g, a;,7) € g and an arc (r, as, s) € % where a; = 1
oras = 1. As§ = h, there is an arc (g, d},r) € h. As k < [, there is an arc (r, d), s) € 1.
Ifa; =1, then a} must be 1 and (g, 1 s) € ﬁ,lA If a; = 1, then a), = 1 and the arc
(q,1,s) € h;1. We can conclude thatg,k < hil [

Recall that a set, Q A3 of supergraphs is =X-closed under composmon when, for
every two supergraphs g, h e Q A3, there is a supergraph ke Q A3 SO that K <7 h.
Given a set Q 4. Of supergraphs we show that it is sufficient to test a <-closed subset
of @JJ;’B, its closure under composition, so long as the subset still contains @}473. Let

@h’g be a set of supergraphs, @% the closure of @h’g under composition, and @5 a set
computed during Algorithm §.4]

Lemma 4.25.
(1) Q< is <-closed
(2) Q% C Qs
(3) For every g, € C/Q\h’g, at every point in the computation of Algorithm there is
ah e Q3 UW such that h =< G,.

Proof.

(1) Note that the composition of two elements is only omitted from @f on lines
or [2| when it is approximated by an element already in Q<. Thus Q= is indeed
<-closed. R R

(2) Asevery element in Q= is the composition of a finite number of elements of Qh,g,

= is indeed a subset of @fl B

(3) At the beginning of the computation, g, is in the worklist W. Since the worklist
is empty at the end of the computation, at some point we know g, was removed
from the worklist. In order for g, to be discarded on line[T]or removed on line 2] of
Algonthm | there must be a ho included in Q such that ho < Gy. Similarly, hg
can only be removed if a supergraph h1 that approximates it is included, and so on.
This allows us to conclude that at every point in the computation of Algorithm[{4 4|
there will be a supergraph h; € Q= such that:

By <hig <o =

=)
S
Q)

As approximation is transitive, it holds that ﬁl <9
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Lemma 4.26. For every g € @fhﬁ’ there is § € Q= such that §' < §.

Proof. The supergraph g is the finite composition gy; g1; ...; gn_1 Of n elements of @hﬁ.
Let go...; be the sequence of compositions go; ...; gi. We prove by induction that, for each
i, there is a supergraph h; € Q= so that h; < Gy, ;. Since § = 91...(n—1)» this implies
?L _1 = g. The base case follows immediately from the third clause of Lemmam and
the fact that the worklist is empty at the end of the computation.

Inductively, assume there is a supergraph h € Qf SO that h =< Qo..;. First, as gZH €
Q 4 5» the third clause of Lemma {4.25|implies a gz 41 € Q exists so that g/, =< Giq1.

Second, note that by Lemma [4.24| it holds that 7;; g i1 =2 o.ds :Giv1. Finally, as Q%
is =-closed under composition, either hZ7 gZ 41 1sin Q or it is discarded/removed on

line when it is approximated by some ke Q< In the former case, take hzﬂ to be
h;; g, . In the later case, recall that approximation is transitive and take hz+1 to be k.

U

Lemma 4.27. @qu’g contains a pair of supergraphs that fails the lasso-finding test iff
@5 contains a pair of supergraphs that fails the lasso-finding test.

Proof. In one direction, assume @< contains a pair (9, h) of supergraphs that fails the
lasso-finding test. By Lemma @4.25| Q< - Q - Therefore (9, h) is such a pair of

supergraphs in @ﬁ,%'

In the other direction, assume CAQ "3 contains a pair (g, E} of supergraphs that fails
the lasso-finding test. By Lemma there must be a ;q” R= Q< suchthat g < ¢
and &' < h. We show by way of contradlctlon that (¢’, h’) must fail the lasso-finding
test. Presume that (g, % ) passes the lasso-finding test. This implies the existence of
qeQ™ re@, abe {0,1}and S C Q such that {(q,a,r) € ¢, there is a path from r
to Sin A/, and S is a 1-labeled SCC of E’. As ¢’ < g, there must be an arc (q,a,r) € g.
Further, by the second half of Lemma {4.23| there must be a 7" O S that is a 1-labeled
SCC of h By the first half of Lemma there must be a path from r to .S, and thus

to T, in h. However, as (g, h> fails the lasso-ﬁnding test, there can be no such ¢, r, and
T. U

Theorem 4.28. For every two Biichi automata A and B, it holds that L(A) C L(B) iff
RamseySubsumptionContainment (A, B) returns Contained.

Proof. This follows Lemmas and [

4.3 Empirical Comparisons: Universality Experiments

The subsumption technique employed in Algorithm is purely a heuristic improve-
ment: the worst-case complexity of the algorithm does not change. Thus the Ramsey-
based algorithm has a worst-case running time exponentially slower than that of the
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rank-based algorithm. Motivated by the strong performance of Ramsey-based algo-
rithms on SCT problems [FV09] and the competitive sizes of complemented automata
in Chapter [3] we compare Ramsey and rank based solvers on a terrain of random au-
tomata.

To evaluate the performance of various tools on Biichi universality problems, we
employ the random model describe in Chapter Data points are derived from 100 or
moreE] random automata with the given n, r, and f. When possible, we compute the me-
dian running time [DR09, TVO07]. This allows us to plot the data on a logarithmic scale
and easily judge exponential behavior. However, in many cases interesting behavior
emerges after a significant percentage of the runs time out. In these cases we measure
the timeout percentage instead of median running time.

Our rank-based tool, simply called RANK, is our modified version of the mh tool
developed by Doyen and Raskin [DR09]. Our Ramsey-based tool, called RAMSEY, is
based on the sct/scp program— an optimized C implementation of the SCT algorithm
from Ben-Amram and Lee [BALO7|]. We have rewritten the RAMSEY tool to solve
arbitrary Biichi universality problems by implementing Algorithm Both tools can
be configured to not employ their subsumption techniques. In this case, we append (ns)
to the program name.

All experiments were performed on the Shared University Grid at Rice (SUG@R), a
cluster of Sunfire x4150 nodes, each with two 2.83GHz Intel Xeon quad-core processors
and 16GB of RAM. Each run is given a dedicated node, and each tool is given one hour
to solve each problem.

4.3.1 Subsumption

We know that subsumption is vital to the performance of rank-based solvers [DR09].
Further, we have observed subsumption’s utility on the domain of SCT problems [FV09].
This motivates us to extend the subsumption technique of [BALO7] to the case of gen-
eral Biichi universality, resulting in Algorithm [4.4] Employing observations from Sec-
tion {.3.2] below, we check the practical utility of subsumption on the most difficult
terrain point for RAMSEY, where transition density » = 1.5 and acceptance density
f = 0.5. Figure[d.2]displays RAMSEY’s performance as size increases, on a logarithmic
scale. If more than 50% of the problems timed out, the median is displayed at 3600
seconds, which flattens the RAMSEY (ns) line at the last data point. We observe that
the RAMSEY (ns) line has a higher slope than the RAMSEY line. As this graph uses a
logarithmic scale, this difference in the slope indicates an exponential improvement in
scalability when subsumption is used. Similar results held for every terrain point we
measured, demonstrating that although a heuristic technique, subsumption is required
for the scalability of our Ramsey-based approach. We also note that the curves appear

2When the results from 100 automata appear anomalous, additional automata are generated and tested
to improve the fidelity of the results. No data are ever excluded.
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to be linear on the logarithmic scale, suggesting that the median running time for this
terrain point is 20", rather than the 20(**) of the worst-case complexity bound.

1000 ol

100 o

Median Running Time (s) (log scale)
\]
¥\
\\
N\

0.01 ./I' -#-Ramsey

-¢-Ramsey (ns)

0.001

Automaton Size (states)

Figure 4.2 : Subsumption exponentially improves RAMSEY median running times (r =
1.5, f = 0.5) Note that when more than 50% of the problems timed out, the median is
displayed at 3600 seconds, which flattens the RAMSEY (ns) line at the last data point.

4.3.2 Terrain Experiments

As stated above, randomly generated automata of a given size can configured in two
parameters. To map out the behavior of the two tools over this terrain, we hold size con-
stant at n = 100, and examined a variety of terrain points. We generate data points for
each combination of transition density ~ € {0.02,0.26, 0.50, 0.74,0.98} and acceptance
density f € {0.5,1.5,2.0,2.5,3.0}.

Figure displays the percentage of cases in which the RANK tool timed out
in each terrain point. As observed in [DRO9Y], there is a sharp spike in timeouts at
transitions density » = 1.5, acceptance density of 0.26. This spike trails off quickly
as transition density changes, and only slightly more gradually as acceptance density
changes. There is a subtler high point at » = 2.0, f = 0.02, where the timeouts rise
to 50%. This is consistent with other rank-based tools, even those using different lasso-
finding algorithms [TVO07]. Figure displays the percentage of cases in which the
RAMSEY tool timed out in each terrain point. Like RANK, r = 1.5, f = 0.26 is a
difficult terrain point for RAMSEY. However, RAMSEY continues to time out frequently
along all terrain points with transition density » = 1.5, and has no significant timeouts
at other terrain points.
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Figure 4.3 : Differences in behavior between RANK and RAMSEY over problem terrain,
measured as percentage of problems that timeout when size n = 100

Simply glancing at the terrain graphs, it appears that RANK may perform better than
RAMSEY in most terrain points. On the other hand, RAMSEY does not exhibit a second
high point at » = 2.0, f = 0.02, and at least for this size of automata RAMSEY beats
RANK at the hardest point for RANK. What these graphs clearly show is that those
attributes that make a problem hard for RANK to handle are not necessarily the same as
those attributes of a problem that cause difficulty for RAMSEY.

4.3.3 Scaling Experiments

We explore some interesting terrain points by measuring the scalability of each algo-
rithm: we hold the transition and acceptance densities constant, and increase size. We
choose to investigate three terrain points: a point r = 1.5, f = 0.5, where RANK seems
to perform better than RAMSEY; the main spike » = 1.5, f = 0.26, where both tools
exhibited difficulty solving problems; and a final point r = 2.0, f = 0.05 near RANK’s
second high point, where RAMSEY seems to perform better.

Figure {.4] displays the median running time for problems with the transition den-
sity at = 1.5 and the acceptance density at f = 0.5, on a logarithmic scale. If more
than 50% of the problems timed out, the median is displayed at 3600 seconds, cutting
off RAMSEY’s line. As the scale is logarithmic, the difference in the slope between
RANK’s line and RAMSEY’s indicates that, on this terrain point, RANK clearly scales
exponentially better than RAMSEY. The third line, labeled “Parallel”, displays the be-
havior of running both tools in parallel on separate machines, and terminating as soon
as either tool gives an answer. Is is notable that this line, while having the same slope as
RANK’s, is lower; indicating there are a number of cases even at this terrain point where
RAMSEY terminates before RANK.
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Figure 4.4 : RANK scales exponentially better than RAMSEY atr = 1.5, f = 0.5.

The most difficult terrain points for both tools lie near r = 1.5, f = 0.26. Fig-
ure 4.5(a) shows the median running time for each size n at this terrain point. Up to
n = 50, RAMSEY performs better than RANK only by a constant factor . Past this this
size, the percentage of timeouts is too high for median measurements to be meaningful.
However, a gap in the timeout percentage appears as the automata grow larger than 50
states. Figure[4.5(b)|displays the percentage of runs that timed out for each size n at this
terrain point. It does appear that, past n = 50, RAMSEY begins to scale significantly
better than RANK. The behavior of running both tools in parallel on separate machines
is shown using the third line, labeled “Parallel.” We again find that even at a terrain
point that favors one tool, RAMSEY, we benefit from running both tools simultaneously.
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(a) Up to inputs of 50 states, RAMSEY performs a constant factor better than RANK
(median running time, log scale).
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(b) As inputs grow past 50 states, RAMSEY scales better than RANK (timeout percent-
age).

Figure 4.5 : RAMSEY and RANK on the most difficult terrain point (r = 1.5, f = 0.26)
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At size n = 100, RANK exhibited difficulty when the transition density was 2.0 and
the acceptance density was low. We measured the scalability of RAMSEY and RANK on
problems with » = 2.0 and f = 0.05. At this terrain point the median running times do
not increase exponentially for either RANK or RAMSEY. As a large number of problems
still did not complete, Figure 4.6|displays the timeout percentages as size grows. At this
terrain point, RAMSEY does appear to scale better than RANK. However the gap is not
the exponential improvement we observed when RANK performed better than RAMSEY.
At this configuration, running the tools in parallel was only a slight improvement over
running RAMSEY alone.
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Figure 4.6 : RAMSEY scales much better than RANK when » = 2 and f = 0.05

4.3.4 Universal vs. Non-Universal Automata

When we reviewed the algorithms used by RANK and RAMSEY to explore the state
space of the complemented automaton, we noted that in certain cases each tools can
terminate before computing the entirety of their fixpoints: RANK on universal automata,
and RAMSEY on non-universal automata. This suggests that RANK may perform better
on universal automata, and RAMSEY may perform better on non-universal automata.
To confirm this hypothesis, we compare RANK and RAMSEY on a corpus of univer-
sal and non-universal automata. Our corpus is derived from 1000 automata with size
n = 50, transition density » = 1.8, and acceptance density f = 0.2. This point was cho-
sen because of the relatively equal proportion of universal and non-universal automata.
Table 4.1 summarizes the results. RANK does indeed perform better on universal au-
tomata. Universal automata were solved in a median time of 108.3 seconds, while on
non-universal automata, the median running time was 177.8 seconds. We observe the
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inverse behavior in RAMSEY: on non-universal automata RAMSEY had a median run-
ning time of only 33.1 seconds, while on universal automata the median running time
was 253.4 seconds. The universality or non-universality of a problem does affect the
performance of each approach.

Count | RANK | RAMSEY
Universal 460 108.3 253.4
Non-Universal | 527 177.8 33.1
Unknown 13

Table 4.1 : RANK performs better on universal problems, RAMSEY on non-universal
problems, measured by median running time (n = 50,7 = 1.8, f = 0.2)

The question naturally arises: does the difference in performance on universal vs.
non-universal automata fully explain the different behaviors of RAMSEY and RANK.
This is not the case. As previously noted in Figure B.4] RANK performs exponentially
better than RAMSEY on automata with a transition density of 1.5 and an acceptance
density of 0.5. More than 80% of the solved automata at this terrain point are non-
universal: a distribution that should favor RAMSEY. Further, Figure shows a terrain
point where RAMSEY scales significantly better than RANK. At this terrain point, more
than two-thirds of solved automata with n > 50 were universal, and should have favored
RANK. Therefore we cannot conclude that the difference in behavior between RANK
and RAMSEY is truly attributed to the gap in performance between universal and non-
universal automata.

4.3.5 Discussion

These experiments tell two stories. The first story is about subsumption. In general,
subsumption is a trade off: there is a benefit to reducing the working sets of the al-
gorithms, but checking for subsumed states can be computationally expensive. In the
domain of CNF satisfiability solvers, subsumption is generally regarded as an ineffective
technique: the overhead of checking for subsumed clauses outweighs any benefit gained
from removing them. For checking Biichi automata universality, it has previously been
shown that subsumption is not only useful, but vital for the scalability of the rank-based
approach [DR09]. Here, we demonstrate that this also holds for the Ramsey-based ap-
proach, which use not only a different construction but also a different algorithm to
explore the state space of this construction.

The second story is that neither the rank-based approach nor the Ramsey-based ap-
proach to Biichi universality testing is clearly superior. This is true despite the massive
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gap in worst-case complexity between the two approaches. Each approach exhibits dis-
tinct behavior on the terrain of random universality problems. Due to these differences,
we do not believe a winner takes all approach is best for universality checking. The cur-
rent best approach is to run both tools in parallel, and see which terminates first. Doing
so improves performance by a constant factor, relative to the best tool for a given terrain
point.

One point that is well demonstrated in our investigation is that theoretical worst-case
analysis often yields little information on actual algorithmic performance; an algorithm
running in 20("*) can perform better in practice than an algorithm running in 20(*10gm)
We do note RAMSEY, the program running in 20("*) time and space, sometimes con-
sumed on the order of 20 GB of memory, where RANK rarely consumed more than 300
megabytes.
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Chapter 5

Profile-Based Complementation

In an effort to unify Biichi complementation with other operations on automata, Kéihler
and Wilke introduced yet another analysis of runs of nondeterministic Biichi automata
[KWOS]. The analysis is based on reduced split trees, which are related to the Miiller-
Schupp trees used for determinization [MS95]]. A reduced split tree is a binary tree
whose nodes are sets of states as follows: the root is the set of initial states; and given a
node associated with a set of states, its left child is the set of successors that are accept-
ing, while the right child is the set of successors that are not accepting. In addition, each
state of the automaton appears at most once in each level of the binary tree: if it would
appear in more than one set, it occurs only in the leftmost one. The construction that
follows from the analysis, termed the slice-based construction, is simpler than Safra’s
determinization, but its implementation suffers from similar difficulties: the need to re-
fer to leftmost children requires encoding of a preorder, and working with reduced split
trees makes the transition relation between states awkward. Thus, as has been the case
with Safra’s construction, it is not clear how the slice-based approach can be imple-
mented symbolically. This is unfortunate, as the slice-based approach does offer a very
clean and intuitive analysis, suggesting that a better construction is hidden in it.

In this chapter we reveal such a hidden, elegant, construction, and we do so by
unifying the rank-based and the slice-based approaches. Before we turn to describe our
construction, let us point to a key conceptual difference between the two approaches.
This difference has made their relation of special interest and challenge. In the rank-
based approach, the ranks assigned to a node bound the visits to accepting states yet to
come. Thus, the ranks refer to the future of the run, making the rank-based approach
inherently nondeterministic. In contrast, in the slice-based approach, the partition of
the states of the automaton to the different sets in the tree is based on previous visits to
accepting states. Thus, the partition refers to the past of the run, and does not depend
on its future.

In order to draw parallels between the two approaches, we present a formulation of
the slice-based approach in terms of run DAGs. A careful analysis of the slice-based
approach then enables us to reduce the nondeterminism in the construction. We can then
employ this improved slice-based approach in order to define a particular odd ranking of
rejecting run DAGs, called a retrospective ranking. In addition to revealing the theoreti-

This chapter contains work published in [FKVW10].
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cal connections between the two seemingly different approaches, the new ranks lead to
a complementation construction with a transition function that is smaller and determin-
istic in the limit: every accepting run of the automaton is eventually deterministic. This
presents the first deterministic-in-the-limit complementation construction that does not
use determinization. Determinism in the limit is central to verification in probabilistic
settings [CY95] and has proven useful in experimental results [STO3|]. Phrasing slice-
based complementation as an odd ranking also immediately affords us the improved
cut-point of Schewe, the subsumption operation of Doyen and Raskin, and provides an
easy symbolic encoding.

5.1 Preliminaries: The Slice-Based Approach

The paper of Kéhler et al. introduces the notion of the split tree, reduced split tree, and
skeleton tree for a run of an automaton B on a word w. A binary tree is a prefix-closed
non-empty subsets of {0...1}". The elements v € V are called nodes. The root is e.
For a node v € V/, the node v0 is called the left child of v, and v1 the right child of v.
The node v is said to be on level ¢ when |v| = i. For a set L, an L-labeled tree is a pair
(V,1) where V isatree and [ : V' — L is a label function. By abuse of notation, for an
L-labeled tree T = (V) and vertex v, say v € T'when v € V, and let T'(v) = [(v).
For two nodes v and v/, say that v’ > v when |v| = |v/| and ¢’ is to the right of, i.e.
lexicographically larger than, v. A tree is of bounded width when there is a constant [
such that for every 7 there are at most [ nodes on level .

The split tree, written TP, is the 2@ labeled tree defined inductively as follow
As a base case, € € TP and T*(¢) = Q™. Inductively, given a node v on level i, let
P = T%(v). If pg(P,w;) \ Fp # () then v0 € T* and T*"(v0) = pg(P,w;) \ Fp.
Similarly, if pg(P,w;) N Fg # 0, then v1 € T and T*?(v1) = pg(P,w;) N Fy. As
argued in [KWO8], branches in 7P correspond to runs of B on w.

Lemma 5.1. w € L(B) iff T (B, w) has a branch that goes right infinitely often.

The reduced split tree, written T"*, keeps only the rightmost instance of each state at
each level of the tree. This bounds the width of 7"* to n. Formally, we define 7" induc-
tively as follows. As a base case, the root ¢ € 7"%, and 7T7*(¢) = Q™. Inductively, given
anodev € T™ onleveli,let P = T"(v) andlet P’ = | J{ps (T (V') | v' € T" and v' < v}.
If (ps(P,w;) \ Fg) \ P’ # () then v0 € T"* and T"(v0) = (pz(P,w;) \ Fg) \ P’. Simi-
larly, if (pz(P,w;) N Fy)\ P’' # (), then vl € T" and T"%(v1) = (ps (P, w;) N Fg) \ P

Lemma 5.2. T"° has a branch that goes right infinitely often iff T°P has a branch that
goes right infinitely often.

!Compared to [KWOS8], these definitions reverse the left and right children. This was done to match
below.
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Finally, the skeleton TP is obtained by removing from the reduced split tree all
nodes that are finite. The slice automaton of Kéhler and Wilke proceeds by tracking the
levels of 77* and guessing which nodes occur in 77, Each level 7 of 77° is encoded as
a slice, a sequence (P, . .., P,,) of pairwise disjoint subsets of ().

5.2 Analyzing DAGs With Profiles

In this section we present an alternate formulation of the slice-based complementation
construction of Kéhler and Wilke [KWO08]. Whereas Kéhler and Wilke approached the
problem through reduced split trees, we derive the slice-based construction directly from
an analysis of the run DAG. This analysis proceeds by pruning G in two steps: the first
removes edges, and the second removes vertices.

5.2.1 Profiles

Consider a run DAG G = (V, E). Letl: V — {0,1} be such that I((g,7)) = 1 if
q € F and l((q,7)) = 0 otherwise. Thus, [ labels F'-nodes by 1 and all other nodes
by 0. The profile of a path in G is the sequence of labels of nodes in the path. The
profile of a node is then the lexicographically maximal profile of all initial paths to that
node. Formally, let < be the lexicographic ordering on {0,1}" U {0,1}*. The profile
of a finite path b = vy, vy, ..., v, in G, written hy, is [(vg)l(vy) - - - {(v,), and the profile
of an infinite path b = vy, vy, ... is hy, = [(vy)l(vy) - - - . Finally, the profile of a node v,
written h,, is the lexicographically maximal element of {h; | b is an initial path to v}.
The lexicographic order of profiles induces a preorder over nodes.

We define the sequence of preorders <; over the nodes on each level of the run DAG
as followﬂ For every two nodes v and v on a level i, we have that u <; v if h, < h,,
and v ~; v if h,, = h,. For convenience, we conflate nodes on the ith level of the run
DAG with their states when employing this preorder, and say ¢ <; » when (g, i) =<; (r, ).
Note that ~; is an equivalence relation. Since the final element of a node’s profile is 1
iff the node is an F'-node, all nodes in an equivalence class must agree on membership
in F'. We call an equivalence class an F'-class when all its members are F'-nodes, and a
non-F'-class when none of its members is an F'-node.

We now use profiles in order to remove from G edges that are not on lexicographi-
cally maximal paths. Let G’ be the subgraph of GG obtained by removing all edges (u, v)
for which there is another edge (', v) such that u <, «'. Formally, G' = (V, E) where
E' = E\ {(u,v) | there exists v’ € V such that (', v) € E and u <, u'}.

Lemma 5.3. For every two nodes u and v, if (u,v) € E', then h, € {h,0, h,1}.

Proof. Assume by way of contradiction that h, ¢ {h,0, h,1}. Recall that h, is the lex-
icographically maximal element of {h; | b is an initial path to v}. Thus our assumption

’In this and the following chapter, < is not a subsumption relation.



49

entails an initial path b to v so that h; > h, 1. Let v be bj,: the node on the same level
of G as u. Since b is a path to v, it holds that (v/,v) € E. Further, h;, > h,1, it must be
that h,, > h,. By definition of E’, the presence of (v, v) where h,, > h, precludes the
edge (u,v) from being in E’ — a contradiction. U

Note that while it is possible for two nodes with different profiles to share a child in
G, Lemma [5.3] precludes this possibility in G'. If two nodes join in G, they must have
the same profile and be in the same equivalence class.

Lemma 5.4. Consider nodes u and v on level i and nodes u' and v' on level i + 1. If
(u,u') € E', (v,0") € F, and v =; 1 V', then u ~; v.

Proof. We have that u' ~;,, v iff h, = h,. If ¥/ is an F-node, then v' must also be
an F'-node, and then the last letter in both h,, and A, is 1. Thus by Lemma we
have h,1 = hy = hy = h,1. If ¥/ is a non-F-node, then by Lemma we have
h,0 = h, = h, = h,0. In either case, h, = h, and u ~; v. ]

Lemma allows us to conflate nodes and equivalence classes, and for every edge
(u,v) € E', consider [v] to be the child of [u]. Lemma 5.3]then entails that the class [u]
can have at most two children: the class of ['-nodes with profile /1, and the class of
non- F-nodes with profile h,,0. We call the first class the F'-child of [u], and the second
class the non- F-child of [u].

By using lexicographic ordering we can derive the preorder for each level 7 +1 of
the run DAG solely from the preorder for the previous level 7. To determine the relation
between two nodes, we need only know whether the nodes are F'-nodes and the relation
between the parents of those nodes. Formally, we have the following.

Lemma 5.5. For all nodes u, v on level i, and nodes u',v' where E'(u,u') and E'(v,v’):
o Ifu=<;v, thenu' <; 1.

If u =; v and both v’ and V' are F-nodes, then u' ~; 1 v'.

If u =; v and neither u' nor v' are F-nodes, then v’ ~; 1 v'.

If u =; v and v' is an F-node while u' is not, then u' <;,1 v'.

Proof. If u <; v, then h, < h, and, by Lemma we know that h,, € {h,0,h,1}
must be smaller than b, € {h,0, h,1}, implying that v’ <, v'. If u ~; v, we have
three sub-cases. If v’ is an F'-node and «/ is not, then h,, = h,0 = h,0 < h,1 = hy
and v’ <; 1 v'. If both v’ and v’ are F'-nodes, then h,, = h,1 = h,1 = h, and v’ =; v'.
Finally, if neither v’ nor v’ are F'-nodes, then h,, = h,0 = h,0 = hy and v/ ~; v'. []

We now demonstrate that by keeping only edges associated with lexicographically
maximal profiles, G’ captures an accepting path from G.

Lemma 5.6. G’ has an accepting path iff G has an accepting path.
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Proof. 1f G’ has an accepting path, then its superset GG has the same path.

In the other direction, assume G has an accepting path. Consider the set P of ac-
cepting paths in G. We prove that there is a lexicographically maximal element 7 € P.
To begin, we construct an infinite sequence, I, P, ..., of subsets of P such that the
elements of P; are lexicographically maximal in the first ¢ + 1 positions. Since no
initial states are accepting, no nodes on level 0 on G will be F' nodes. Therefore let
Py = P. Inductively, if P; contains an element b such that b;,; is an F-node, then
Py ={b|be€ P, by, isan F-node}. Otherwise P,;; = P;. Note that since GG has an
accepting path, P is non-empty. Further, every set P; is not equal to its predecessor P’
only when there is a path in P’ with an F'-node in the ith position. In this case, that path
is in F;. Thus every P, is non-empty.

First, we prove that there is a path m € (), F;. Consider the sequence Uy, Uy, Us, . . .
where Uj is the set of nodes that occur at position i in runs in P;. Formally, U; =
{u|uwe G, be P, u=b;}. Each node in U;; has a parent in U;, although it may not
have a child in U;,,. We can thus connect the nodes in | J,_, U; to their parents, forming
a sub-DAG of GG. As every F; is non-empty, every U; is non-empty, and this DAG has
infinitely many nodes. Since each node has at most n children, by Koiiig’s Lemma there
is an initial path 7 through this DAG, and thus through G. We now show by induction
that 7 € P, for every i. As a base case, m € P = F,. Inductively, assume 7w € P;. The
set P,y is either P;, in which case m € P,,4, orthe set {b | b € P;, b;;1 is an F-node}.
In this latter case, as U, consists only of /'-nodes, the node 7;; must be an F'-node,
and 7 € Pyq.

Second, having established that there must be an element 7 € (), F;, we prove 7
is lexicographically maximal in P. Assume by way of contradiction that there exists an
accepting path 7’ so that h,» > h,. Let k be the first point where h. differs from A . At
this point, it must be that 7y, is not an F' node, while 7, is an F' node. Therefore it must
be that &£ > 0. Further, 7’ is an accepting path that shares a profile with 7 up until this
point. As w € P,_; it must also be that 7’ is in P,_;. By definition, P, then would be
{b| b€ Py_1, by is an F-node}. This would imply 7 ¢ P, a contradiction.

Finally, we demonstrate that every edge in 7w occurs in G. Assume by way of con-
tradiction that some edge (7;, 7;41) is in F but not in £’. This implies there is a node
u on level i such that (u,m;;1) is in F and m; <; u. Since u € G, there is an initial
path b to u. Thus, the path b, u, 7,11, m; 12 . .. is an accepting path in G. This path would
be lexicographically larger than 7, contradicting the second claim above. Hence, we
conclude 7 is an accepting path in G'. [

In the next stage, we remove from G’ finite nodes. Let G” = G’ \{v | v is finite in G'}.
Note there may be nodes that are not finite in G, but are finite in G’. It is not hard to
see that G may have infinitely many F'-nodes and still not contain a path with infinitely
many F-nodes. Indeed, G may have infinitely many paths each with finitely many F'-
nodes. We now show that the transition from G via G’ to G” removes this possibility,
and the presence of infinitely many F-nodes in G” does imply the existence of a path
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with infinitely many F'-nodes.
Lemma 5.7. G has an accepting path iff G" has infinitely many F-nodes.

Proof. If G has an accepting path, then by Lemma5.6]the DAG G’ contains an accepting
path. Every node in this path is infinite in G/, and thus this path is preserved in G”. This
path contains infinitely many F'-nodes, and thus G” contains infinitely many F'-nodes.

In the other direction, we consider the DAG over equivalence classes induced by G”.
Given a node u in G”, recall that its equivalence class in G” contains all states v such
that v € G” and h, = h,. Given two equivalence classes U and V/, recall that V is a
child of U when there are u € U, v € V, and E”(u,v). As mentioned above, once we
have pruned edges not in GG/, two nodes of different classes cannot join. Thus this DAG
is a tree. Further, as every node u in G” is infinite and has a child, its equivalence class
must also have a child. Thus the DAG of classes in G” is a leafless tree. The width of
this tree must monotonically increase and is bounded by n. It follows that at some level
7 the tree reaches a stable width. We call this level j the stabilization level of G.

After the stabilization level, each class U has exactly one child: as noted above,
U cannot have zero children, and if U had two children the width of the tree would
increase. Therefore, we identify each equivalence class on level j of G” with its unique
branch of children in G”, which we term its pipe. These pipes form a partition of nodes
in G” after j. Every node in these pipes has an ancestor, or it would not be in the DAG,
and has a child, or it would not be infinite and in G”. Therefore each node is part of an
infinite path in this pipe. Thus, the pipe with infinitely many F'-classes contains only
accepting paths. These paths are accepting in G. [

In the proof above we demonstrated there is a stabilization level j at which the

number of equivalence classes in G” stabilized, and discussed the pipes of G”: the
single chain of descendants from each equivalence class on the stabilization level j of
G".
Example 5.8. Figure displays G” for the example of Figure Edges removed
from G’ are dotted: at levels 2 and 5 where both ¢ and r transition to . When both r
and s transition to ¢, they have the same profile and both edges remain. The removed
edges render all but the first two ¢-node finite in G'. The stabilization level is 1.

5.2.2 Complementing With Profiles

We now complement B by constructing an NBW, C'*(B), that employs Lemma
to determine if a word is in L(B). This construction is a reformulation of the slice-
based approach of [KWO08] in the framework of run DAGs. The NBW C(B) tracks
the levels of G’ and guesses which nodes are finite in G’ and therefore do not occur in
G". To track &/, the automaton C*°(B) stores at each point in time a set S of states that
occurs on each level. The sets .S are labeled with a guess of which nodes are finite and
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{p,7}
b
{a,t} =1 {p,7}
{Q7 t} 2 {p7 r, S}
b
{r} =s{q,t} =3 {p}
{r.s} =a{q,t} =4 {p}
{r,s} =5 {q, t} =5 {p}
b
{t} =6 {r} =6 {a} =6 {p}

Figure 5.1 : The first seven levels of G”, where dashed edges were removed from G and
dashed states were removed from G’. Nodes are superscripted with their /-labels. Bold
lines denote the pipes of G”. The lexicographic order of equivalence classes for each
level of G’ is to the right. Edges are removed from G’ at levels 2 and 5 where both ¢
and r transition to . When both 7 and s transition to the same state, they have the same
profile and both edges remain. The removed edges render all but the first two g-node
finite in G’. The stabilization level is 1.
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which are infinite. States that are guessed to be infinite, and thus correspond to nodes
in G”, are labeled T, and states that are guessed to be finite, and thus omitted from
G", are labeled L. In order to track the edges of G, and thus maintain this labeling,
C®(‘B) needs to know the lexicographic order of nodes. Thus C*(B) also maintains the
preorder =<; over states on the corresponding level of the run DAG. To enforce that states
labeled L are indeed finite, C'°(B) employs the cut-point construction of Miyano and
Hayashi [MH84], keeping an “obligation set” of states currently being verified as finite.
Finally, to ensure the word is rejected, C'°(B) must enforce that there are finitely many
F-nodes in G”. To do so, S4 uses a bit b to guess the level from which no more F-nodes
appear in G”. After this point, F-nodes must be labeled L.

Before we define C*(‘B), we formalize preordered subsets and operations over them.
For a set Q3 of states, define Q = {(S5, <) | S C @5 and = is a preorder over S} to be
the set of preordered subsets of Q5. Let (.S, <) be an element in Q. When considering
the successors of a state, we want to consider edges that remain in G’. For every state
g € S and o € ¥, define

ps~<(q,0) ={r € ps(q,0) | forevery ¢ € S,if r € pzs(¢, o) then ¢’ < ¢}

Now define the o-successor of (S, <) as the tuple (p5 (S, ), =), where for every ¢,r €
S, q € ps<(q,0),and 1’ € ps(r,0):

e If g <r, thenq < 1.

o Ifg~randq,r € Fg, thenq =" r'.

o Ifg~rand (¢, & Fz,then ¢ =" 1.

e Ifgrr,¢ & Fz,andr’ € Fy, thenq <1’

We can now define C¥(B). The states of C°(B) are tuples (S, <, X, 0, b) where:
(S, <) € Q is preordered subset of Q5; A: S — {T, L} is alabeling indicating which
states are guessed to be finite (L) or infinite (T); O C S is the obligation set; and
b € {0,1} is a bit indicating whether we have seen the last F'-node in G”. To transition
between states of C°(B), say that ¢ = (S’, =<', X, 0", V) follows t = (S, =, )\, O,b)
under o when:

(1) (S, =’} is the o-successor of (S, <).

(2) X is such that for every g € S:
e If \(¢) = T, then there exists r € ps (g, o) such that \'(r) = T,
e If \(q) = L, then for every r € ps(q,0), it holds that \'(r) = L.

(3) O = quo ps=(q;0) O #0,
{glqe Sand N(q) =1} O=0.
4 v >b.
We want to ensure that runs of Ag reach a suffix where all F-nodes are labeled finite.
To this end, given a state of C*(B) (S, =, \, 0, b), we say that \ is F-free if for every

q € SN F wehave \(q) = L.
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Definition 5.9. For an NBW B = (X, Qg, Q% pg, i), define C°(B) be the NBW
<E, Qs, an, pPs, F5> where:

e Qs ={(S,X,\,0,b) | if b =1 then X is F-free},

o Q' ={(Q%F, =, \,0,0) | forall g,r € Q™, q < riff g€ Fporr € Fg},

e ps(t,o) = {t' | t' follows t under ¢}, and

o Fg={(S,=,\0,1)}.

We divide runs of C°(B) into two parts. The prefix of a run is the initial sequence
of states in which 0; is 0, and the suffix is the remaining sequence states, in which b; is
1. A run without a suffix, where 0 stays 0 for the entire run, has no accepting states.

Lemma 5.10. Consider a word w € Y%, the run DAG G, and an infinite run tg, tq, . ..
of C%(B) on w. For everyi, lett; = (S;, =i, \i, O;, b;) and let 8; = (S;, <;).

(1) The states in S; are precisely {q | («q,1) € G}.

(2) The preorder =; is the projection of =< onto states occurring at level 1.

(3) Foreveryp € S, q € Si1, it holds that q € ps,(p, ;) iff E'((p, 1), (g, +1)).

(4) O; is empty for infinitely many i’s iff every state labeled 1 is not in G".

(5) Every state labeled T is in G".
This follows from the definition of transitions between states: every T -labeled

state must have a T -labeled child, and thus is infinite in G' and in G".

Proof.
(1) This follows from the definition of o-successors.
(2) This follows from Lemma 5.5/ and the definition of one state in C**(‘B) following
another.
(3) This follows from the definitions of £’ and ps.
(4) This follows from the cut-point construction of Miyano and Hayashi. [MH84].
[

Theorem 5.11. For every NBW ‘B, it holds that L(C*°(B)) = L(B).

Proof. Consider a word w € >* and the run DAG GG. We first make the following claims
about every infinite run to, tq, ..., where t; = (S;, <;, \;, O;, b;). For convenience, de-
fine 8; = (S;, =<;). We exploit Lemma [5.10[(T)| to conflate a state ¢ in the ith state with
the node (q, i), and speak of states in S; being in, being finite in, and being infinite in a
graph G.

We can now prove the theorem. In one direction, assume there is an accepting run
to, t1, . ... As this run is accepting, infinitely often O; = ). By Lemma/[5.10[(4)| and [(5)]
this implies the states in .S; are correctly labeled T when and only when they occur in
G". Further, for this run to be accepting we must be able to divide the run into a prefix,
and suffix as specified above. In the suffix no state in /' can be labeled T, and thus no
F-nodes occur in G past this point. As only finitely many F’-nodes can occur before
this point, by Lemma G does not have an accepting path and w ¢ L(B).
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In the other direction, assume w ¢ L(B). This implies there are finitely many F-
nodes in G, and thus a level j where the last F-node occurs. We construct an accepting
run tg, t1, ..., demonstrating along the way that we satisfy the requirements for t; | to
be in pg(t;, 0;). Given w, the sequence (Sy, <o), (S1, <1),. .. of preordered subsets is
uniquely defined by ps. There are many possible labelings A. For every i, select \; so
that a state ¢ € S; is labeled with T when (g, 9) € G”, and L when it is not. Since every
node in G” has a child, by Lemma for every p € S; where )\;(p) = T, there
existaq € ps,(p, 0;) sothat \;11(q) = T. Further, every node labeled L has only finitely
many descendants, and so for every p € S; where \;(p) = L and ¢q € ps,(p, 0;), it holds
that \;,1(¢) = L. Therefore the transition from \; to \;;; satisfies the requirements of
ps. The set Oy = (), and given the sets .S; and labelings );, the sets O, 1, 7 > 0 are again
uniquely defined by pg. Finally, we choose b; = 0 when ¢ < 7, and b; = 1 for ¢ > j.
Since there are no F-nodes in G” past j, no F'-node will be labeled T and all states past
7 will be F-free. We have satisfied the last requirement for the transitions from every t;
to t;,1 to be valid, rendering this sequence a run. By Lemma |5.10[(4)} infinitely often
O; = (), including infinitely often after j, thus there are infinitely many states t; where
b; = 1 and O; = (), and this run is accepting. [

If n = |Qs], the number of preordered subsets is roughly (0.53n)" [Var80]. As
there are 2" labelings, and a further 2" obligation sets, the state space of B is at most
(2n)™. The slice-based automaton obtained in [KWO08] coincides with C**(‘B), modulo
the details of labeling states and the cut-point construction. Whereas the correctness
proof in [KWOS]| is given by means of reduced split trees, here we proceed directly on
the run DAG.

5.3 Retrospection

Consider an NBW B. So far, we presented two complementation constructions for B,
generating the NBWs C(B) and C¥(B). In this section we present a third construction,
generating an NBW that combines the benefits of the two constructions above. Both
constructions refer to the run DAG of B. In the rank-based approach applied in CZ(B),
the ranks assigned to a node bound the visits in accepting states yet to come. Thus, the
ranks refer to the future, making Cf(B) inherently nondeterministic. On the other hand,
the NBW C?(B) refers to both the past, using profiles to prune edges from G, as well
as to the future, by keeping in G” only nodes that are infinite in G’. Guessing which
nodes are infinite and labeling them T inherently introduces nondeterminism into the
automaton.

Our first goal in the combined construction is to reduce this latter nondeterminism.
Recall that a labeling is F'-free if all the states in F' are labeled L. Observe that the fewer
labels of L (finite nodes) we have, the more difficult it is for a labeling to be F'-free and,
consequently, the more difficult it is for a run of C'°(B) to proceed to the F-free suffix in
which b = 1. It is therefore safe for C°(B) to underestimate which nodes to label L, as
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long as the requirement to reach an F'-free suffix is maintained. We use this observation
in order to introduce a purely retrospective construction.

For a run DAG G, say that a level k is an F'-finite level of G when all F'-nodes after
level & (i.e. on a level &’ where k' > k) are finite in G’. By Lemmal[5.7} G is rejecting iff
there is a level after which G” has no F-nodes. As finite nodes in G’ are removed from
G", we have:

Corollary 5.12. A run DAG G is rejecting iff it has an F-finite level.

5.3.1 Retrospective Labeling

The labeling function \ used in the construction of C*(B) labels nodes by { T, 1}, with
L standing for “finite” and T standing for “infinite”. In this section we introduce a vari-
ant of \ that again maps nodes to {T, L} except that now T stands for “unrestricted”,
allowing us to underestimate which nodes to label L. To capture the relaxed require-
ments on labelings, say that a labeling A is legal when every | -labeled node is finite in
G'. This enables the automaton to track the labeling and its effect on F-nodes only after
it guesses that an F'-finite level k& has been reached: all nodes at or before level k (i.e.
on a level k¥’ where k' < k) are unrestricted, whereas F'-nodes after level k and their
descendants are required to be finite. The only nondeterminism in the automaton lies in
guessing when the F'-finite level has been reached. This reduces the branching degree
of the automaton to 2, and renders it deterministic in the limit.

The suggested new labeling is parametrized by the F-finite level k. The labeling \*
is defined inductively over the levels of G. Let S; be the set of nodes on level i of G.
For i > 0, the function A*: S; — {T, L} is defined as follows:

e If i < k, then for every u € S; we define \¥(u) = T.

e If s > k, then for every u € 5;:

— If u is an F-node, then \¥(u) = L.
— Otherwise, \¥(u) = A\*(v), for a node v where E' (v, u).

For \* to be well defined when i > k and w is not an F-node, we need to show that \*(u)
does not depend on the choice of the node v where E’(v, u) holds. By Lemma all
parents of a node in GG’ belong to the same equivalence class. Therefore, it suffices to
prove that all nodes in the same class share a label: for all nodes v and «’, if u' ~,| u
then \¥(u) = M¥(u/). The proof proceeds by an induction on i = |u|. Consider two
nodes © and v’ on level ¢ where v/ ~; u. As a base case, if 7 < k, then v and v’ are
labeled T. For i > k, if u is an F-node, then «/ is also an F-node and \*(u) = \*(u') =
L. Finally, if u and u’ are both non- F-nodes, recall that all parents of u are in the same
equivalence class V. As u ~; v/, Lemma [5.3|implies that all parents of v’ are also in V'
By the induction hypothesis, all nodes in V' share a label, and thus \*(u) = \*(u).

Lemma 5.13. For a run DAG G and k € N, the labeling \* is legal iff k is an F-finite
level for G.
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Proof. If N\ is legal, then every L -labeled node is finite in G’. Every F'-node after level
k (i.e. on a level ¢ where ¢ > k) is labeled _L, and thus k is an F-finite level for G. If \*
is not legal, then there is a | -labeled node « that is infinite in G'. Every ancestor of u is
also infinite. Let u’ be the earliest ancestor of u (possibly u itself) so that \*(u’) = L.
Observe that only nodes after level k can be |-labeled, and so «' is on a level i > k.
It must be that »' is an F-node: otherwise it would inherit its parents’ label, and by
assumption the parents of v’ are T-labeled. Thus, v’ is an F-node after level & that is
infinite in G’, and k is not an F'-finite level for G. 0]

Corollary 5.14. A run DAG G is rejecting iff, for some k, the labeling \* is legal.

5.3.2 From Labelings to Rankings

In this section we derive an odd ranking for G from the function \*, thus unifying the
retrospective analysis behind \* with the rank-based analysis of [KV01]]. Consider again
the DAG (i’ and the function \*. Recall that every equivalence class U has at most two
child equivalence classes, one F'-class and one non-F'-class. After the F'-finite level £k,
only non- F'-classes can be labeled T. Hence, after level &, every T-labeled equivalence
class U can only have a one child that is T-labeled. For every class U on level k, we
consider this possibly infinite sequence of T-labeled non-F'-children. The odd ranking
we are going to define, termed the retrospective ranking, gives these sequences of T-
labeled children odd ranks. The | -labeled classes, which lie between these sequences of
T-labeled classes, are assigned even ranks. The ranks increase in inverse lexicographic
order, i.e. the maximal T-labeled class in a level is given rank 1. As with ¢, the
retrospective ranking is parametrized by k. The primary insight that allows this ranking
is that there is no need to distinguish between two adjacent | -labeled classes. Formally,
we have the following.

Definition 5.15 (k-retrospective ranking). Consider a run DAG G, k € N, and a label-
ing \*: G — {T,L}. Let m = 2|Qg \ Fp|. For a node u on level i of G, define
a(u) to be the number of T-labeled classes on level i lexicographically larger than w:
a(u) = [{[v] | \¥(v) = T and u <; v}|. The k-retrospective ranking of G’ is the func-
tion r*: V' — {0..m} defined for every node u on level i as follows.

m ifi <k,
r*(u) = < 2a(u) ifi > kand M (u) = L,
20(u) +1 ifi > kand \¥(u) = T.

Note that r* is tight. As defined in Section a ranking is tight if there exists an
i € N such that, for every level [ > 4, all odd ranks below maz_rank(r,l) appear on
level . For r” this level is k + 1, after which each T-labeled class is given the odd rank
greater by two than the rank of the next lexicographically larger T -labeled class.
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Lemma 5.16. For every k € N, the following hold:
(1) If u <, v thenr®(u) > rk(u).
(2) If (u,v) € E', then r*(u) > rk(v).

Proof. As both claims are trivial when w is at or before level k, assume u is on level
i > k. To prove the first claim, note that o(u) > «(u'): every class, T-labeled or
not, that is larger than «/ must also be larger than u. If a(u) > «a(u’'), then (1) follows
immediately. Otherwise o(u) = a(u’), which implies that \¥(v/) = L: otherwise [u/]
would be a T-labeled equivalence class larger than u, but not larger than itself. Thus
r*(u') = 2a(u), and r*(u) € {2a(u), 2a(u)+1} is at least r* (/).

As a step towards proving the second claim, we show that a(u) > a(v). Consider
every T-labeled class [v'] where v <;;1 v'. The class [v'] must have a T -labeled parent
[w/]. Since v <;41 v/, the contrapositive of Lemma|[5.5] part 1, entails that u <; u. By
the definition of ¥, the class [u’] can only have one T-labeled child class: [v']. We have
thus established that for every T-labeled class larger than v, there is a unique T -labeled
class larger than u, and can conclude that a(u) > «(v). We now show by contradiction
that r*(u) > r*(v). For r*(u) < r*(v), it must be that a(u) = a(v), that r* (u) = 2a(u),
and that r*(v) = 2a(u) +1. In this case, \*(u) = L and \¥(v) = T. Since a L-labeled
node cannot have a T-labeled child in GG/, this is impossible. []

When £ is an F-finite level of GG, the k-retrospective ranking is an m-bounded odd
ranking.

Lemma 5.17. For a run DAG G and k € N, the function r* is a ranking bounded by m.
Further, if the labeling \* is legal then r* is an odd ranking.

Proof. There are three requirements for r* to be a ranking bounded by m:

(1) Every F-node must have an even rank. At or before level k, every node has rank
m, which is even. After k£ only T-labeled nodes are given odd ranks, and every
F-node is labeled L.

(2) For every (u,v) € E, it must hold that r*(u) > r*(v). If u is at or before level
k, then it has the maximal rank of m. If u is after level k, we consider two cases:
edges in £, and edges in E'\ E'. For edges in E’, this follows from Lemma [5.16]
(2). For edges (u,v) € E\ E', we know there exists a v’ where u <, v’ and
(u',v) € E'. By Lemmal5.16| r*(u) > r*(u/) > r¥(v).

(3) The rank is bounded by m. No F'-node can be T-labeled. Thus the maximum
number of T-labeled classes on every level is |5 \ F'z|. The largest possible rank
is given to a node smaller than all T-labeled classes, which must be be a F'-node
and 1 -labeled. Thus, this node is given a rank of at most m = 2|Q5 \ Fi|.

It remains to show that if \* is legal, then r* is an odd ranking. Consider an in-
finite path ug, uy,... in G. We demonstrate that for every i > k such that r¥(u;) is
an even rank e, there exists i’ > i such that r*(uy) # e. Since a path cannot in-
crease in rank, this implies r*(uy) < e. To do so, define the sequence U;, U; 41, . . ., of
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sets of nodes inductively as follows. Let U; = {v | r*(v) = e¢}. For every j > i, let
Uiyr = {v | v €Uj, (v',v) € E'}. AsrF(v) is even only when \*(v) = L, if A\¥ is
legal then every node given an even rank (such as e¢) must be finite in G’. Therefore
every element of U; is finite in GG’, and thus at some " > 7, the set U;s is empty. Since
Uy is empty, to establish that r*(uy) # e, it is sufficient to prove that for every j, if
r*(u;) = e, then u; € U;.

To show that r*(u;) = e entails u; € U;, we prove a stronger claim: for every j > i
and v on level j, if u; <; v and r*(v) = e, then v € U;. We proceed by induction over j.
For the base case of j = 4, this follows from the definition of U;. For the inductive step,
take a node v on level j +1 where r¥(v) = e and Uj+1 =j+1 v. We consider two cases. If
r*(u;11) # e then the path from u; to u;; entails that r*(u;, ) < e, and this case of the
subclaim follows from Lemma (1). Otherwise, it holds that rk(ujH) = e, and thus
r®(u;) = e. Let v/ and v’ be nodes on level j so that (v/,ujy1) € £ and (v',v) € E'.
As w1 =j41 v, the contrapositive of Lemma part 1, entails that " <; v’. Further,
since (v, uj41) € £ and (uj, u;j41) € E, we know u; <; «'. By transitivity we can thus
conclude that u; <; v/, which along with Lemma 5.16] (1) entails r*(u/) = e > r*(v').
As (v/,v) € E, Lemma[5.16)(2) entails that r*(v') > r¥(v) = e. Thus r*(v') = e, and
by the inductive hypothesis v' € U;. As E'(v', v) holds, by definition v € U;, and our
subclaim is proven. O

The ranking of Definition [5.13] is termed retrospective as it relies on the relative
lexicographic order of equivalence classes; this order is determined purely by the history
of nodes in the run DAG, not by looking forward to see which descendants are infinite
or F-free in some subgraph of G.

Example 5.18. Figure displays A\? and the 2-retrospective ranking of our running
example. In the prospective ranking (Figure [2.2)), the nodes for state ¢ on levels 3 and
4 are given rank 0, like other ¢-nodes. In the absence of a path forcing this rank, their
retrospective rank is 2.

We are now ready to define a new construction, generating an NBW CY(‘B), which
combines the benefits of the previous two constructions. The automaton CV (B) guesses
the F'-finite level k, and uses level rankings to check if the k-retrospective ranking is an
odd ranking. We partition the operation of C(‘B) into two stages. Until the level k, the
NBW CVY(B) is in the first stage, where it deterministically tracks preordered subsets.
After level k, the NBW CY(B) moves to the second stage, where it tracks ranks. This
stage is also deterministic. Consequently, the only nondeterminism in CY(B) is indeed
the guess of k. Before defining CY(B), we need some definitions and notations.

Lemma gives us an alternative odd ranking to the one of [KVO1]. We now
provide an NBW that uses level rankings to guess this retrospective ranking. In com-
parison to the slice-based construction in Definition[5.9] employing level rankings gives
us a tighter bound and affords further improvements, discussed later. In comparison to
the rank-based construction in Definition [2.3] this automaton needs make only a single
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Figure 5.2 : The run DAG G’, where 2 is an F'-finite level. Dashed edges were removed
from G’. The labels of \? and ranks in r? are displayed as superscripts and subscripts,
respectively. The bold lines display the sequences of T-labeled classes in G'. The
lexicographic order of states is repeated on the right.
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guess on each accepting run: what is the F'-finite level k. Before and after this guess
we proceed deterministically. Before %k, our automaton tracks preordered subsets. At
level k our automaton moves to ranks, and these ranks proceed stably. We thus obtain
an automaton with a linear-sized transition relation. We now introduce the machinery to
define the automaton.

Recall that QQ denotes the set of preordered subsets of ()3, and R’} the set of tight
level rankings bounded by m. We distinguish between three types of transitions of
CY(B): transitions within the first stage, transitions from the first stage to the second,
and transitions within the second stage. The first type of transition is similar to the
one taken in C°(B), by means of the o-successor relation between preordered subsets.
Below we explain in detail the other two types of transitions. Recall that in the retro-
spective ranking r*, each class in G’ labeled T by A* is given a unique odd rank. Thus
the rank of a node u depends on the number of T-labeled classes larger than it, denoted
au).

We begin with transitions where CY(B) moves between the stages: from a pre-
ordered subset (S, < ) to a level ranking. On level k£ + 1, a node is labeled T iff it
is an non-F-node. Thus for every ¢ € S, let S(q) = [{[v] |v € S\ Fg,u < v}| be
the number of non-F'-classes larger than g. We now define torank: Q — R7'. Let
torank((S, X)) be the tight level ranking f where for every ¢:

il ifqg&s,
fla) = {28(q) if g €. SN F,
26(q) +1 ifqge S\ Fs.

We now turn to transitions within the second stage, between level rankings. The rank
of anode v is inherited from its predecessor v in G’. However, \¥ may label a finite class
T. If a T-labeled class larger than u has no children, then a(u) > «(v). In this case
the rank of v decreases. Given a level ranking f, for every ¢ € Q3 where f(q) # L,
let v(q) = {f(¢) | ¢ € Qs, f(¢')isodd, f(¢') < f(q)}| be the number of odd ranks
in the range of f lower than f(q). We define the function tighten: R™ — R}, Let
tighten(f) be the tight level ranking f’ where for every ¢:

€L if f(¢) = L,
(@) =4 2v(q) if f(q) # L and ¢ € Fj,
2v(¢) +1 if f(q) # Land q & Fy.

Note that if f is tight, then f' = f, and that while tighten may merge two even
ranks, it cannot merge two odd ranks.

For a level ranking f, letter 0 € X, and state ¢ € Qg, define pred(¢, o, f) =
{q| f(q) # L, ¢ € ps(q, o)} be the predecessors of ¢’ given a non-_L rank by f. The
lowest ranked element in this set corresponds to the predecessor in G with the maximal
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profile. With two exceptions, ¢’ will inherit this lowest rank. First, t ighten might
shift the rank down. Second, if ¢’ is in F, it cannot be given an odd rank. For n € N, let
|7 | even be: n when n is even; and n— 1 when n is odd. Define the o-successor of f to
be tighten(f’) where for every ¢’ € Qg:

1L ifpred(q,o, f) =0,
f(q") = { Imin({f(q) | ¢ € pred(d, o, [)})]even ifpred(d,o,f)#Pandq € F,
min({f(q) | ¢ € pred(d,o, f)}) if pred(q,o,f) #0and ¢’ & F.

Definition 5.19. For an NBW B = (3, Qg, Q% p3, Fi), let CY(B) be the NBW
(3, QU (R x 29), Q% py, R% x {0}), where
e Q" = {(Q%, =™} where <" is such that for all ¢,r € Q%, ¢ < riffq &
Fgorr € Fg.
e p(8,0)={8}U{(torank(8), D}, where 8 is the o-successor of 8.
e pr((f,0),0) ={(f',O"} where f’is the o-successor of f

and O' = ps(0,0) \ odd(f") if O # 0,
even(f") O =0

Lemma 5.20. Consider a word w € ¥, the run TG of B on w, and an infinite run
(S0, =0)s -5 (Sky =)y (frtts Oks1), (frvas Opra), ... of OV (B) onw. Fori > k, define
S; =A{q| fi(q) # L}. The following hold:
(1) The states in S; are precisely {q | («q,1) € G}.
(2) The preorder =; is the projection of = onto states occurring at level i.
(3) For every i < k, state ¢ € S;, and s € Siyy, it holds that s € ps, <,y(q,0:) iff
E'((g.), {51 +1)).
(4) Foreveryi > kandq,s € S,, if fi(q) > fi(s), then (q,1) <; (s,1).
(5) For everyi > kand q,s € S;, if fi(s) is odd and (q,i) <; (s,i), then fi(q) >
fi(s).
(6) Foreveryi > kand q € S,, it holds that f;(q) is even iff \*({q, 1)) = L.

Proof.

[(T)] This follows by the definitions of o-successors of preordered subsets and o-successors
of level rankings.

This follows from Lemma /5.5 and the definition of o-successors.

This follows from the definitions of £ and p(g, <,)-

We simultaneously prove [(4)] and [(5)] by induction. As a base case, both hold
from the definition of torank. As the inductive step, assume both hold for
level i. To prove step take two states ¢, s € S;41 where fi1(q) > fira1(s).
Each state has a parent in G, i.e. a ¢’ and s’ so that F'(¢/,q) and E'(¢', s). By
the inductive hypothesis, this implies f;(¢') = min({f;(¢’) | ¢ € pz(¢’,0:)}) and
fi(¢) = min({fi(s') | s € pa(s’,04)}). We analyze two cases. When f;(¢') >
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fi(s'), by the inductive hypothesis we have (¢’,i) <; (s’,4). Since E'(¢’,q) and
E'(s',s), by Lemma|5.3[ this implies (q,7 +1) <;11 (s,7 +1). Alternately, when
fi(¢") = fi(s'), then for f;11(q) > fir1(s) to hold, it must be that f;(¢’) is odd,
s € F,and q¢ ¢ F. Since f;(¢') = fi(s') is odd, by the inductive hypothesis
we have that (¢/,7) = (s',i). By Lemma [5.3| we then have hg 1y = hiy 0 <
hsivy = hys 1.
To prove step consider when f;;1(s) is odd and (q,7 +1) < (s,i+1). This
implies that hs;11y = h(s 0. Thus in order for (¢, +1) <;11 (s,7 +1) to hold,
(¢',i) <; (8',i) must hold. By the inductive hypothesis, this implies f;(¢') >
fi(s"). Before the t i ghten function reduces ranks, since fi11(q) = | fi(¢') | evens
and f;11(s) is odd, it must be that f;11(q¢) > fi+1(s). The tighten function
can shift f;,1(q) down more than f;,(s) only when an odd rank between f;1(s)
and f;,1(q) becomes empty. Since this odd rank must be two greater than f;(s),
reducing fi;11(q) by 2 cannot change that f;1(q) > fir1(s). We now proceed
with the proof of Theorem [5.21]

[(6)] This follows from the definition of \*. which assigns _L to F-nodes and their de-
scendants in G’, and f;, which assigns even ranks to states in F'. By|[(4)] the parent
of a node in G’ will be the parent with the lowest rank. Thus the descendants of

F-nodes in G’ will inherit the even rank of their parent.
[

The proof of Theorem [5.21] is based on from Lemmas [2.2] [5.20| and Corol-
lary[5.14]

Theorem 5.21. For every NBW ‘B, it holds that L(CY(B)) = L(B).

Proof. Consider a word w € ¥“ and the run DAG (. In one direction, assume there
exists an accepting infinite run (Sp, <o), ..., (Sk, =k), (fe+1, Or+1), (fr+2, Ok+2), . .. of
CY(B) on w. For every i > k, define S; = {q | fi(q) # L}. We construct a ranking r
of G as follows. For all nodes u on level ¢ < k, r(u) = m. For all nodes (g, 7) where
i >k, r({q,i)) = fi(q). We note that each state is given at most the minimum rank of
all its parents, and that no state in F' is given an odd rank, thus r is in fact a ranking.
That r is an odd ranking follows from the cut-point construction.

In the other direction, assume G is a rejecting run DAG. By Lemma there exists

a k so that r* is an odd ranking. We constructarun 8y, . .., 8k, (fur1, Ors1), (fer2, Opya), - . -

which is uniquely defined by the transition relation of Definition Further, the tran-
sition relation of Definition [5.19]is total, so this run is infinite. To demonstrate that this
run is accepting, we will prove below that for every ¢ > k and ¢ € §;, it holds that
fi(q) = v*({g,1)). Since r* is an odd ranking and the cut-point construction is identical
to that of Definition [2.3] this is sufficient to show the run is accepting.

Recall that if A\((g,i)) = L, then r*((g,i)) = 2a({(q, 1)), and otherwise r*({q,i)) =
20((s,i)) +1. We can thus use Lemma to simplify our claim. It suffices to
show that for every ¢ > k and ¢ € S;, we have a({(q,7)) = | fi(¢)/2]. We proceed by



64

induction over i > k. As the base case, consider a node (g, k). Recall that a((gq, k)) =
{[v] | Ne(v) = T, {q, k) <i v}|. By the definition of \*, a node on level k is labeled |
only when it is an F'-node. All other nodes inherit the label of their parents, and every
node on level k is T-labeled. From Lemma|[5.20[(2)| we then have that «((¢, k + 1)) =
{[v] |v € S\ F,u < v}|, which is the definition of 5(q) = | fi(q)/2].

Inductively, assume the claim holds for every g € S;. We show for every s € 541, it
holds that a((s,i+1)) = | fi+1(s)/2]. Let g be s’s parent in G’, i.e. E'(q,s). Take
the set P = {[v] | \¥(v) = T,{q,i) <; v} of T-labeled equivalence classes greater
than ¢, By the inductive hypothesis, | f;(¢)/2] = «({q,7)) = |P|. By the defini-
tion of r*, each [v] € P has a unique odd rank assigned to each of its elements. By
Lemma for each [v] this odd rank is smaller than f;(q). Consider P’s subset
P, = {[v] | [v] € P, [v] has T-labeled child class on level i +1}. Define P, = P \ P;
to be the complementary set: pipes that die on level i. By Lemma [5.20][(5) before the
tighten operation is applied, every element of P. has a corresponding odd rank that
is unoccupied on level 7 +1. Since q is clearly not in an element of P, this odd rank
must be less than | f;(¢)|cven. Thus the final rank assigned to s, after tighten, is ei-
ther £,(g) — 2\P,| o |fi(4) — 2|P.| even. In both cases | fie1(s)/2] = |/:(2)/2] — |P.|.
By the inductive hypothesis this is equivalent to «({q,i)) — | P.| = |P| — | P.|. By the
definition of P; and P., |P| — |P.| = |Ps|. By Lemma every T-labeled child of
a class in P; is lexicographically larger than (s,i +1). As every T-labeled child must
have a unique parent in Py, we conclude that |Ps| = a((s,i +1)). O

Analysis: Like the tight-ranking construction in Section 2.2.1} the automaton CV(‘B)
operates in two stages. In both, the second stage is the set of tight level rankings and
obligation sets. The tight-ranking construction uses sets of states in the first stage, and
is bounded by the size of the second stage: (0.96n)" [FKV06]. The automaton CY(B)
replaces the first stage with preordered subsets. As the number of preordered subsets is
O((5)") =~ (0.53n)" [Var80], the size of CV(B) remains bounded by (0.96n)". This
can be improved to (0.76n)": see below. Further, CV(B) has a very restricted transition
relation: states in the first stage only guess whether to remain in the first stage or move
to the second, and have nondeterminism of degree 2. States in the second stage are
deterministic. Thus the transition relation is linear in the number of states and size of

the alphabet, and CY(B) is deterministic in the limit.

5.4 Variations on the Retrospective Construction

In this section we present two variations of CY(‘B): one based on Schewe’s variant
of the rank-based construction that achieves a tighter bound, and one the is amenable to
Tabakov and Vardi’s symbolic implementation of the rank-based construction. Schewe’s
construction alters the cut-point of the rank-based construction to check only one even
rank at a time. Doing so drastically reduces the size of the cut-point: intuitively, we can
avoid carrying the obligation set explicitly. Instead we could carry the current rank : we
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are checking, and add to the domain of our ranking function a single extra symbol c that
indicates the state is currently being checked, and thus is of rank 7. For an analysis of the
resulting state space, please see [Sch09a]]. For clarity , we do not remove the obligation
set from the construction. Instead, states in this variant of the automaton carry with them
the index 4, and in a state (f, O, 1), it holds that O C {q | f(¢) = i}. For a level ranking
f,letmr(f) be the largest rank in f. Note that mr( f), for a tight ranking, is always odd.

Definition 5.22. For an NBW B = (3, Qs, Q', p3, I's), let C§ye,o(B) be the NBW
<E, Q U (:Rm X 2Q3 X N), QZL, PSchs FSch>’ where
e psen(8,0) = {(torank(§’),0,0)} U {8}, where §' is the o-successor of 8.
° pSah((fa 07 Z>7 U) = {(f/a 0/7 Z/>} where
f' is the o-successor of f
o[ ifO £ 0,
(i 4+2) mod (mr(f’)+1) ifO =10,
N
and O/ = PB (07/0) \ Od/d(f ) lfO 7é @7
lal o= ifO=0.
o [gy = R™ x {@} X {0}
Theorem 5.23. For every NBW B, it holds that L(CE,,..(B)) = L(B).

chewe

Proof. Given a word w, we relate the runs of CY,...(B) and CY(B). As both au-
tomata are comprised of two internally deterministic stages, with a nondeterministic
transition, each index &k defines a unique run for each automaton. As the first stage of
both automata are identical, and the second stage is deterministic, given a fixed k let
prL = <S(), jo), RN <Sk, jk>, (fk+1> Ok+1>a <f/€+27 Ok+2>, ... be the run of CU(g) on w
that moves to the second stage on the kth transition, and let the corresponding run of
Cilnewe(B) be pscn(So, Z0), - -+ Sk Zk)s Frrns Oy 1 et 15 (Fioyas Okgr Miy2), - - We
show that p; is accepting iff pg.;, is accepting, or more precisely that py, is rejecting iff
Psen is rejecting. First, we note that the level rankings fi1, fit2,. .. and fi 1, fiio, -
in both automata are defined by torank((Sk, <x)) and the o-successor relation, and
thus for every j > k, it holds f; = f;.

In one direction, assume that pg., is rejecting. This implies there is some j > £ so
that for every j° > j, O}, is non-empty. In turn, this implies that there is a sequence
Qj, Qj+1, - - - Of states so that, for every j' > j, we have that g5 € O, that fj(q;) = ny,
and that ¢ 1 € ps(g;, w; ). If there is no I > j where O; = (), then we have that p, is
rejecting. Alternately, if there is such a [ > 7, then q; 11 € O, and for every I’ > [ we
have g € Op. Again, this implies py, is rejecting.

In the other direction, assume that py, is rejecting. This implies there is some j > k
so that for every j' > j the set O; is non-empty. In turn, this implies that there is an
even rank ¢ and sequence ¢;, gj11, . .. of states so that, for every j° > j, we have that
gy € Oy, that f;(qy) = 4, and that ¢;11 € ps(gj, w; ). We now consider the indexes
nj in pge,. If there is some j° > j where ny = 1, then for every [ > 5, it will hold
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that ¢, € O}, and pg.;, will be rejecting. Alternately, if there is no j' > j where n; = 1,
then it must be that the indexes nj stops cycling through the even ranks. This implies
the obligation set stops emptying, and therefore that pg., must be rejecting. [

To symbolically encode a deterministic-in-the-limit automaton, we avoid storing the
preorders. To encode the preorder in a BDD as a relation would require a quadratic
number of variables, increasing the size unacceptably. Alternately, we could associate
each state with its index in the preorder. Unfortunately, calculating the index of each
state in the succeeding preorder would require a global compacting step, to remove
indices that had become empty. To handle this difficulty, we simply store only the subset
in the first stage, and transition to an arbitrary level ranking when we move to the second
stage. This maintains determinism in the limit, and cannot result in false accepting
run: we can always construct an odd ranking from the sequence of level rankings. The
construction and a small example encoding are provided below.

Definition 5.24. For an NBW B = (%, Q3, Q%', ps, F), let C§), (B) be the NBW
(3,292 U (R™ x 292) Q% pgymp, R™ x {0}), where
b pSymb(57 0) = {pB(Sa 0>} U
{(f,0) | f € R™and forall ¢ € Qs, f(q) # Liffq € ps(S,0)}.
b pSymb(<f; O>7 U) = pL(<fv O>a g)

Theorem 5.25. For every NBW B, it holds that L(Cg,,(B)) = L(B).

Proof. In one direction, assume w € L(B). This implies w € L(CY(B)), and thus there
exists an accepting run {Sp, <o), - - -, (Sk, =k}, frr1, Ors1), (frr2, Orta), . .. of CYV(B)
on w. We show that Sy, ..., Sk, (fea1, Oks1), (frr2, Okso), ... 1S an accepting run of
C’SUymb(B) on w. We note that in the second stage transitions and accepting states in
Cymp(B) are identical to CV(B). Thus to show that this is an accepting run Cg, , (B),
we only need show that the run is valid from 0 to k£ + 1,

By definition, Sy = Qf is the initial state of Cg ,(B). For every i, 0 < i <
k, it holds that S;11 = ps(S;, w;) € psyms(Si, w;). Finally, consider the transition
from Sg to (fri1, Ogs1). Let (Ski1, <k+1) be the o-successor of (Si, <x). By def-
inition, Spy1 = ps(Sk,ws). By the transition relation of CY(B), we have f ., =
torank({Ski1, <g+1)) and O, = (. By the definition of torank, for every ¢ €
Qs it holds that fr11(q) = L iff ¢ € Sky1. Thus (frr1, Orr1) € psyms(Sk), and
Soy -y Sky (i1, Oga1)s (frre, Ogaa), . . . is an accepting run of C’gymb(B) on w.

In the other direction, if w € L(C§,,(B)), this implies the existence of an accept-
ing run Sy, . .., Sk, (fer1, Oks1)s (frs2, Orga), - .. of C§p (B) on w. From this run we

construct an odd ranking of GG, which implies w € L(B). Define the ranking function
f so that for every (q,i) € G: if i < k thenr((q,3) = m = 2|Qg \ Fz|; and if i > k
then r((q, 7)) = fi(q). As demonstrated in the proof of Theorem the definition of
o-successors and G implies that when 7 > £, it holds that f;(¢) # L. Similarly, by the
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definition of o-successors no path in GG can increase in rank under r. We conclude that
r is a valid ranking function.

To demonstrate that r is an odd ranking, assume by way of contradiction that there
is a path (g0, 0), (g1, 1), ... in G that gets trapped in an even rank. Let j be the point at
which this path gets trapped, or k£ + 1, whichever is later. If there is no j' > j such that
O; = 0, then there is no accepting state after j, and the run would not be accepting. If
there is such a j’, then O, would contain g,/ 11, as fj4+1(gj+1) is even. At every point
j" > j'+ 1, the obligation set will contain ¢;~, and thus there will be no accepting state
after 5/, and the run would not be accepting. However, we have that the run is accepting

as a premise. Therefore no path in G gets trapped in an even rank, r is an odd ranking,
and by Lemmaw € L(B). O

As an example, Figure is the SMV encoding of the complement of a two-state
automaton.

5.5 Discussion

We have unified the slice-based and rank-based approaches by phrasing the former in
the language of run DAGs. This enables us to define and exploit a retrospective ranking,
providing a deterministic-in-the-limit complementation construction that does not em-
ploy determinization. Experiments show that the more deterministic automata are, the
better they perform in practice [STO03]]. By avoiding determinization, we reduce the cost
of such a construction from (n?/e)™ to (0.76n)" [Pit06].

In addition, our transition generates a transition relation that is linear in the number
of states and size of the alphabet. Schewe demonstrated how to achieve a similar linear
bound on the transition relation, but the resulting relation is larger and is not determin-
istic in the limit [Sch09al].

The use of level rankings affords several improvements from existing research on the
rank-based approach. First, the cut-point construction of Miyano and Hayashi [MH84]
can be improved. Schewe’s construction only checks one even rank at a time, reducing
the size of the state space to (0.76n)", only an n? factor from the lower bound [Sch09a].
As Schewe’s approach does not alter the progression of the level rankings, it could be
applied directly to the second stage of Definition[5.19] The resulting construction inher-
its the asymptotic state-space complexity of [Sch09a]. Second, symbolically encoding
a preorder is complicated. In contrast, ranks are easily encoded, and the transition be-
tween ranks is nearly trivial to implement in SMV [TV07]. By changing the states in first
stage of CV(B) from preordered subsets to simple subsets, and guessing the appropriate
transition to the second stage, we obtain a symbolic representation while maintaining
determinism in the limit. This approach sacrifices the linear-sized transition relation,
but this is less important in a symbolic encoding. Finally, the subsumption relations of
Doyen and Raskin [DR09] could be applied to the second stage of the automaton, while
it is unclear if it could be applied at all to the slice-based construction.
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typedef STATE 0..1; /% Size for complemented automaton: 2, maximum allowed rank = 2x/
module main () {

letter: {a,b}; /+ The transition letter =x/

rank: array STATE of 0..3; /* The value 3 represents bottom =*/

phase : 0..1; /+ The automaton phase, ranks 2 or 3 in phase 0%/
subset: array STATE of boolean; /+ The obligation set vector x/

init (rank) := [2,2,2,2]; /+* 2 to initial states, 3 to others x/

init (subset) := [1,1,1,1]; /* initially rejecting =/

init (phase) = 0;

next (phase) := {i : i=0..1, i >= phase};

/+ Define the rank of states in the next time step. Cases fall through. */
/* state 0 has transition from 0 on a and b */
next (rank[0]) := case {
rank[0]=3 : 3;
next (phase)=0 : 2;
phase=0 & next (phase)=1 : {i : i=0..2, i <= rank[0]};
phase=1 : rank[0];
bi

/+ 1 has transition from 1 on a and from O on b. 1 is accepting =*/
next (rank[1l]) := case {
letter=a & rank[1l]=3 : 3;
letter=a & next (phase)=0 : 2;
letter=a & phase=0 & next (phase)=1 : {i : i=0..2, i <= rank[1l] & i in {0,2}};
letter=a & phase=1 : {i : i=0..2, i in {rank[1l], rank[1l]-1} & i in {0,2}};
letter=b & rank[0]=3 : 3;
letter=b & next (phase)=0 : 2;
letter=b & phase=0 & next (phase)=1 : {i : i=0..2, 1 <= rank[0] & i in {0,2}};
letter=b & phase=1 : {i : i=0..2, i in {rank[0], rank[0]-1} & i in {0,2}};
bi

/+ Defining the transitions of the P-set =/
if (next (phase)=0) {

forall (i in STATE) next (subset[i]) := 1;
} else {
if (subset=[0,0,0,0]) { /» The P-set is empty =/
forall (i in STATE) next (subset[i1]) := next (rank[i]) in {0,2};
} else { /» The P-set is non-empty */

if (letter=a) {
next (subset[0]) (subset[0]) & next (rank([0]) in {0,2};
next (subset[1]) = (subset[1l]) & next(rank[1l]) in {0,2};
} else { /x letter=b x/
next (subset [0]) (subset [0]) & next (rank[0]) in {0,2};
next (subset[1]) (subset [0]) & next(rank[1l]) in {0,2};

P}
SPEC 0;

FAIRNESS subset=[0,0,0,0];
}

Figure 5.3 : The SMV encoding of the C’gfymb(B), for the two-state automaton consisting
of states p and ¢ of Figure @
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From a broader perspective, we find it very interesting that the prospective and
retrospective approaches are so strongly related. Odd rankings seem to be inherently
“prospective,” depending on the descendants of nodes in the run DAG. By investigat-
ing the slice-based approach, we are able to pinpoint the dependency on the future to a
single component: the F'-free level.
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Chapter 6

Profile-Based Determinization

This chapter presents a mathematically crisp determinization construction, based on the
notion of profiles from the previous chapter. In this chapter , we consider the equiva-
lence classes of nodes induced by profiles, in which two nodes are in the same class if
they have the same profile. We show that profiles turn the run DAG into a binary tree,
with bounded width, over the equivalence classes. (In contrast to Safra trees, this is not
a sequence of trees, each encoding the nodes of a single level of the run DAG. Rather,
this is a single tree that captures the accepting or rejecting nature of the run DAG.) We
introduce a labeling, in which labels follow lexicographically minimal infinite branches
of this binary tree. This labeling provides a Biichi determinization construction, where
a state of the deterministic automaton is a set of states of the input nondeterministic au-
tomaton, the lexicographic preorder induced by profiles, a second preorder that encodes
information about shared ancestry of nodes, and the labeling. This yields a mathemati-
cally crisp description of the deterministic automaton.

We first present some additional background material. We then describe how to
describe GG’ as a tree of equivalence classes. The tree is then labeled in a way that we
can deterministically track acceptance. Finally, we demonstrate how to construct this
labeling with a bounded amount of space.

6.1 Preliminaries
6.1.1 Relations on Sets

Given a set R, a binary relation < over R is a preorder if < is reflexive and transitive.
If for every r1,7o € R either r; < 19 or ro < 71y, then < is a linear preorder. 1If a
preorder < is antisymmetric, that is, ;1 < 7 and o < 71 implies 7 = 79, then itis a
partial order. A linear partial order is a total order. Consider a partial order <. If for
every 7 € R, the set {r' | v’ < r} is totally ordered by <, then we say that < is a tree
order. The equivalence class of € R under <, written [r], is {7’ | 7 < randr < 1'}.
The equivalence classes under a linear preorder form a totally ordered partition of R.
Given a set R and linear preorder < over R, define the minimal elements of R as
min<(R) = {r € R| ry <rgforallry € R}. Note that min<(R) is either empty

This chapter contains unpublished work done with Orna Kupferman, Moshe Y. Vardi, and Thomas
Wilke.
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or an equivalence class under <. Given a set R and a total order <, we instead define
minc as the partial function that maps R to its unique minimal element, if exists.

Given two sets R and R’ where |R| < |R'|, a linear preorder < over R, and a total
order <’ over R, define the (<, <’)-minjection from R to R’ to be the function mj that
maps all the elements in the k-th equivalence class of R to the k-th element of R'. The
number of equivalence classes is at most | R|, and thus at most |R’|. If < is also a total
order, than the (<, <’)-minjection is also an injection.

Example 6.1. Let R = Q and R' = N be the sets of rational numbers and integers,
respectively. Define the linear preorder <; over Q by x <; 2/ iff [z] < |2/], and the
total order <, over N by z <o a’ if < 2’. Then, the (<, <,)-minjection from Q to N
maps a rational number z to |x].

6.1.2 Non-Biichi w-Automata

While nondeterministic Biichi automata are w-regular, their deterministic counterparts
are not. We thus introduce more powerful acceptance conditions that generalize Biichi
automata. A nondeterministic w-automaton is a tuple B = (X, Qz, Q% ps, ), where
3] is a finite alphabet, (Q3 is a finite set of states, Q% C @g is a set of initial states,
ps: Qn X ¥ — 29% is a nondeterministic transition relation, and « is an acceptance
condition defined below.

The acceptance condition s determines if a run is accepting. Recall that for a
Biichi automaton, the acceptance condition is a set of states Fiz C ()3, and a run
Qo q1, - - - 1s accepting iff ¢; € Fp for infinitely many ¢’s. For a Rabin-edge automa-
ton, the acceptance condition is a set (Gg, By), .. ., (G, Bg) of pairs of sets of tran-
sitions: thus G;, B; € Q3 for 0 < j < k. A run is accepting iff there exists 0 <
Jj < k so that (¢;,q;+1) € G, for infinitely many i’s, while (¢;,¢;+1) € B; for only
finitely many ¢’s. For a parity-edge automaton, the acceptance condition is a par-
ity function v: Q% — {0,...,k}, and a run is accepting if the smallest element of
{j | 7 = 7(qi, gi+1) for infinitely many i’s} is even. We are particularly interested in
nondeterministic Biichi automata (NBW), deterministic Rabin-edge automata (DREW)
and deterministic parity-edge automata (DPEW).

6.1.3 Safra’s Determinization Construction

This section presents a short description of Safra’s determinization construction, mod-
eled after the exposition in [P1t06]]. This construction takes a nondeterministic Biichi au-
tomaton B and constructions an equivalent deterministic Rabin automaton D%%/7%(B)i.
Safra’s construction is based on Safra trees. Each Safra tree store one level of the run
DAG G of B on a word w, along with additional information encoding a finite amount of
the history of GG. Because nodes are moved and shifted frequently in Safra trees, we will
not define them as prefix-closed sets of strings. Instead, we define V' = {1...|Q|s} and
use V' to label nodes.
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Definition 6.2. A Safra tree is atuple T = (N, r, p, <, 1) where:
e N C V is a set of nodes.
e 7 € N is the root node.
e p: (N\r)— N is the parent function.
e < is a partial order representing ’older than’ over siblings: for v,v' € N, v # v/,
it holds that p(v) = p(v') iff either v < v or v < v'.
e [: N — 292 is a labeling function from nodes to sets of states.
Further, the following three conditions hold:
(1) The label of every v € N is non-empty: [(v) # (.
(2) The label of every v € N is a strict superset of the union of labels of its children:
1(v) > U{l(w) | plw) = v}.
(3) The labels of the siblings are disjoint: for v,v" € N, if v # v" and p(v) = p(v')
then [(v) N I(v") = 0.

Let T denote the set of Safra trees. Since every run begins in the initial set of states,
define the initial Safra tree to be 7" = ({1},1,0,0,1(1) = Q™). Given a Safra tree T
and a character o, we define the unique o-successor of 7', written 7" = (N’ v/, p/, <', 1),
operationally. Intuitively, we first change the label of each node to the successors of
the current label under pg. Then, for every node with ['-states in its label, we create a
new, youngest, child of that node labeled with those F'-states. Finally, we restore the
three conditions of Safra trees stated above: if the labels of two siblings share a state, we
remove the state from the label of the younger sibling; if the label of a node is no longer
a strict superset of the labels of its children, we remove all children; and if the label of a
node is empty, we remove the node. During intermediate steps, there may be more than
|| nodes. Thus we temporarily allow additional nodes from a set '/ disjoint from V.
Formally, define 7" as the result of the following sequence of operations:

(1) Initially, let N' = N, p’ = p, and <'=<.

(2) Forevery v € N, initially let I'(v) = pg(l(v), o)

(3) For every v € N’ where I'(v) N F' # (), create a new node w € V' where:
P (w) = v I'(w) = I'(v) N F; and for every w’ € N’ where p(w') = v, w <" w'.

(4) For every node v € N’ and state s € ['(v), if there exists v € N’, s € I'(v')
where v < v/, then remove s from !’(v) and, for every descendant w of v under p/,
remove s from ' (w).

(5) For every node v € N',if I'(v) = [J{lI'(w) | p'(w) = v} then remove all descen-
dants of v.

(6) For every node v € N/, if I'(v) = (), then remove v.

(7) Change all nodes in V"’ to nodes in V.

We do not formally prove that the o-successor of a Safra tree is a Safra tree. Intu-
itively, we note that the first three steps define the elements, and the second three steps
restore the properties we demand of a Safra tree. To see that the final step is allowable,
we note that since every node must be labeled with a strict superset of the labels of its
children, there are at most n nodes. Thus we can fit all the new nodes into the set V.



73

Safra’s construction allows us to check the sequence of Safra trees for properties that
are necessary and sufficient for acceptance. Given a Safra tree 7" and it’s o-successor
T’, say anode v € N’ is successful in T" if the descendants of v were removed in step
(5). If a node is successful infinitely often, then there is an accepting path through the
states that label that node. However, because node names are reused, we have to take
care not to consider successes on nodes that share a name, but represent different paths.
Thus say anode v € V dies in T" if v ¢ N’. We use success and death to define a Rabin
condition in our deterministic automaton.

Definition 6.3. Define the DREW automaton D*%/7(B) to be:
(2,7 x{1,...,1Q|5Y°, (T 0.{2,...1Q|5}), pr, o), where:
e For (T',G,B) and o € X, let pr((T, G, B)o) = (T",G', B") where:
— T" is the o-successor of T
- G'={v € N' | vissuccessful in 7"}
- B ={veV|vdiesinT"}
o a=(G1,B),...,(G|gy: Bios|), where forevery i € {1,...,|Qs|}:
- G ={(I,G,B) |iecG}.
- B,={(I'G,B) | I € B}.

Theorem 6.4. [Saf88] For a Biichi automaton B with n states, L(D%%"%(B)) = L(B)
and D5*7(B) has n°™ states.

6.2 Equivalence Classes Under Profiles

In this section we define 7¢", a binary tree of bounded width that captures the accepting
or rejecting nature of G. Nodes of this tree are equivalence classes of nodes in the run
DAG under the profiles of Chapter[5.2] We then present a method of deterministically
labeling the classes in T, so we can determine if G is accepting by examining the
labels. The labels are integers, and we first allow the use of an unbounded number of
labels. Finally, we show how to determine the labeling using bounded information, and
how to use a fixed set of labels.

6.2.1 The Tree of Equivalence Classes

The nodes of T¢" are the equivalence classes {[u] | u € G’} of G'. To reduce confusion,
we refer to the nodes of T¢" as classes, and use u and v for nodes in G, and U and V'
for classes in 7. As all members of a class share a profile, we define the profile hyr of
a class U to be h, for some u € U. Recall that by Lemma a class U can have at
most two children: the F'-child with profile A1, and the non-F'-child with profile /0.
A class V' is a descendant of a class U if there is a, possibly empty, path from U to V' in
T,

Lemma 6.5. T is a binary tree of bounded width of degree |Qs|.
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Proof. That TS has bounded width follows from the fact that a class on level i contains
at least one node on level i of GG, and G is of bounded width of degree |Q)|. To show
that T¢ is a tree, note that as Q%“ N Fz = (), all nodes on the first level of G have
profile 0, and every class descends from this class of nodes with profile 0. For a class
V,letU = {u| thereisv € V such that (u,v) € E'}. Lemma/[5.4]implies that U is an
equivalence class, and is the sole parent of V. Finally, Lemma entails that a class
U can have at most two children: the class with profile h;;1, and the class with profile
hi0. Thus T is binary. O

A branch of T is a finite or infinite initial path in T¢". Since T is a tree, two
branches share a prefix until they split. An infinite branch is accepting if it contains
infinitely many F'-classes, and is rejecting otherwise. An infinite rejecting branch must
reach a suffix consisting only of non-F'-classes. Note that if U’ is a descendant of both
U and V, either U is a descendant of V', or V' is a descendant of U. A class U is called
finite if it has finitely many descendants, and a finite class U dies out on level k if it has
a descendant on level £ — 1, but none on level k.

We extend the function f to classes, so that f(U) = 1 if U is an F'-class, and
f(U) = 0 otherwise. We define the profile of an infinite branch b = Uy, Uy, ... to be
hy = f(Uo), f(Uy),.... For two classes U and V' on level i, we say that U <; V if
hy < hy. For two infinite branches b and ', we say that b < b if h, < hy. Note that
~<; 1s a total order over the classes on level 7, and that < is a total order over infinite
branches. We now show that while G’ can have infinitely many infinite branches, this is
not possible for a tree.

Lemma 6.6. TS has a finite number of infinite branches.

Proof. As T has bounded width |Q3|, there are at most || infinite branches. (]

Theorem 6.7. G has an accepting path iff TS has an accepting branch.

Proof. If GG is accepting, then by Lemma we have that G’ contains an accepting
path g, uy, . . .. This path gives rise to an accepting branch, [ug], [u1], ... in T, In the
other direction, if 7" has an accepting branch Uy, Uy, . . ., consider the infinite subgraph
of G’ consisting only of the nodes in U;, for ¢ > 0. For every i, there exists u; € U;
and u;41 € U4y so that E'(u;, u;41). Because no node is orphaned in G’, Lemma [5.4]
implies that every node in U;;; has a parent in U;, thus this subgraph is connected. As
each node has degree of as most n, Koiiig’s Lemma implies that there is an initial path
Ug, U1, - . . through this subgraph. Further, at every level ¢ where Uj; is an F'-class, we
have that u; € U;, and thus this path is accepting in G’ and in G. [

6.2.2 Labeling 7¢

We first present a labeling that uses an unbounded number of labels and global informa-
tion about 7¢". We call this labeling the global labeling, and denote it with gl. For a
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class U on level i of T¢', and a class V, we say that V is before U if V is on level j < i
or V' <; U. For each label m, we refer to the first class labeled m as £irst(m). That
is, U = first(m)if U islabeled m and for all classes V' before U, the label of V' is not
m. For a label m and level i, let the lexicographical minimal descendant of m on level i,
written 1md(m, i), be min<({V | V is a descendant of £irst(m) on level i.}). That
is, 1md(m, 7) is the class with the minimal profile among all the descendants of £irst(m)
on level i. For a class U on level i, we define 1labels(U) = {m | U = 1md(m,1)},
and define m1(U) = max({gl(V) | V is before U}) as the maximum label occurring
in 7" before U. We define the labeling function gl as follows. For the initial class
Uo = {(q,0) | ¢ € Q'} with profile 0, let gl(Uy) = 0. Inductively, we proceed lexico-
graphically through each level of T¢".

min(labels(U)) if labels(U) # 0,

Definition 6.8. ¢/(U) =
it 9l(U) {ml(U) +1 if labels(U) =

Lemma|(6.9|demonstrates that the labeling has some very nice properties:

Lemma 6.9. For classes U and V on level i of T, it holds that:
(1) IfU # V then gl(U) # gl(V').
(2) U is a descendant of £irst(gl(U)).
(3) If U is a descendant of £irst(gl(V)), then V =<; U. Consequently, if U <; V,
then U is not a descendant of £irst(gl(V)).
(4) £irst(gl(U)) is an F-class with a sibling.
(5) If gl(U) < gl(V') then £irst(gl(U)) is before £irst(gl(V)).
(6) IfU # £irst(gl(U)), then there is a class V on level i — 1 that has label m.

Intuitively, the label m is going to follow the lexicographical minimal child of
first(m)onevery level. Consider the lexicographically minimal branch from £irst(m).
Recall that if this branch is infinite and visits infinitely many F-classes, then 7" is ac-
cepting. The label m stands for the proposition that the lexicographically minimal infi-
nite branch going through first(m) is accepting. If a class U with label m is on the
lexicographical minimal infinite branch from first(m), then in order for m to “sur-
vive”, it is waiting for the branch to reach an F'-class. If U is not on the lexicographically
minimal infinite branch from £irst(m), then we know that in 7¢" all the paths from
U are going to be finite, Accordingly, in order for m to survive, it is waiting for U to die
out. Note that when a path leaves the lexicographically minimal infinite branch, it must
go to a non-F'-child, which implies that the lexicographically minimal infinite branch,
does go through an ['-child. Thus, when the non-/'-child dies out, this is a supporting
evidence to the fact that the lexicographically minimal infinite branch from first(m)
is accepting.

Formally, we say that a label m is gl-successful on level i if there is a class U on level
i — 1 and a class U’ on level i such that g/(U) = gl(U’) = m, and either U’ is the F-
child of U or U’ is not a child U. Recall that the label m represents the proposition that
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h=0
labels = {}

h =00 h =01
labels = {0} labels = {}
gl=0
h =011
a b labels = {0,1} labels = {}
a gl =
start e' h = 0111
b labels = {0,1,2} labels = {}
gl = gl =
[ )
[ ]
[ )
(a) An automaton (b) T¢" for automaton (a) on ab®.

Figure 6.1 : An automaton and tree of classes. Each class is a singleton set, brackets
are omitted for brevity. Each class is labeled with its profile A, the set 1abels, and its
label under gl. F'-classes are circled twice.

the lexicographically minimal infinite branch going through f£irst(m) is accepting.
When a class with label m has two children, we are not certain which, if either, is part
of an infinite branch. We are thus conservative, and follow the non-f'-child. If the
non-F'-child dies out, we revise our guess and move to a descendant of the F'-child.
Consider for example the NBW in Figure[6.1](a), and the tree of equivalence classes
that corresponds to a run of it in the word ab”. There is only one infinite branch,
{{q,0)}, {{p, 1)}, {{p,2)}, ..., which is accepting. At level 0 this branch is labeled
with 0. At a level ¢« > 0, we conservatively assume that an infinite branch that starts
in (g,0) goes through {(g, %)}, and we thus label {(g,7)} by 0. As {(g,)} is proven
finite on level 7 4+ 1, we revise our assumption and continue to follow the path through
{(p,1)}. Since {(q,7 + 1)} is a non-F'-class, the label 0 is gl-successful on every level
1+ 1. Although the infinite branch is not labeled 0 after the first level, the label 0 asymp-
totically approaches the infinite branch, checking along the way that the branch is in fact
lexicographically minimal among the infinite branches through the root.

Theorem 6.10. T has an accepting branch iff there is a label m that is gl-successful
infinitely often.

Proof. In one direction, let m be a label that is gl-successful infinitely often. As m can
be successful only when it occurs, m occurs infinitely often. This implies first(m)
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has infinitely many descendants and there is at least one infinite branch through £irst(m).
Let b = Uy, Uy, ... be the lexicographically minimal infinite branch that goes through
first(m). We demonstrate that b cannot have a suffix consisting solely of non-F'-
classes, and therefore is an accepting branch. By way of contradiction, assume there is
an index j so that for every k > j, the class Uy is a non-F'-class. By Lemma [6.9}[(4)]
first(m) isan F-class, and thus occurs before level j.

LetU={V |V <, U;, Visadescendant of first(m)} be the set of descendants
of first(m) on level j that are lexicographically smaller than U,. Since b is the lex-
icographically minimal infinite branch through first(m), every class in U must be
finite. Let j° > j be the level at which the last class in U dies out. At this point, Uj
is the lexicographically minimal descendant of £irst(m). Since m occurs infinitely
often, it must be that g/(U;) = m. Indeed, otherwise there is no class on level ;" with
label m, and, by Lemma [6.9(6), m would not occur after level j'. Further, for every
k > j', the class Uy, is the lexicographically minimal descendant of U;s on level k, and
so gl(Ux) = m. This implies that m is not successful after level j’, a contradiction.
Therefore, there is no such suffix of b, and b must be an accepting branch.

For the other direction, if there is an infinite accepting branch, then letb = Uy, Uy, . . .
be the lexicographically minimal infinite accepting branch. Let B’ be the set of infinite
branches that are lexicographically smaller than b. As b is the minimal infinite accepting
branch, every branch in B’ must be rejecting. Let j be the first index after which the last
branch in B’ splits from b. Note that either j = 0, or U,_ is part of an infinite rejecting
branch Uy, ...,U;_1,V}, Vji1, ... smaller than b. In both cases, we show that U; is the
candidate class for a new label m that occurs on every level k > j of T¢".

In the first case, where j = 0, let m = 0. Since m is the smallest label, and there
is a descendant of U; on every level of TC, it holds that m will occur on every level of
T . In the second case, where J > 0, then V; must be the non-F'-child of U;_;, and
so Uj; is the F-child. Thus, U, is given a new label m where U; = £irst(m). For a
label m’ < m and level k£ > j, it cannot be that 1md(m/, k) is a descendant of U, as
V. will be a descendant of £irst(m'), and for every descendant U’ of Uj, it holds that
Vi =i U'. Thus, on every level k > j, the lexicographically minimal descendant of U;
will be labeled m, and m occurs on every level of T¢ .

We show that m is gl-successful infinitely often by defining an infinite sequence of
levels, jo, J1,J2,- - -, 0O that m is gl-successful on j; for all ¢ > (0. As a base case, let
jo = j. Inductively, at level j;, let U’ be the class on level j; labeled with m. We have
two cases. If U’ # U;,, then as all infinite branches smaller than b have already split
from b, U’ must be finite in 7. Let j;, be the level at which U’ dies out. At level j; 1,

m will return to a descendant of Uj,, and m will be gl-successful. In the second case,
U' = Uj,. Take the first k > j; so that Uy, is an F'-class. As b is an accepting branch, such
k must exist. If Uy, is the only child of Uy_; then let j;; = k: since gl(Uy) = m and Uy
is not the non- F'-child of Uj._4, it holds that m is gl-successful on level k. Otherwise let
U,. be the non-F'-child of Uy_1, so that g{(U}) = m. Again, U], is finite. Let j;;1 be the
level at which Uj, dies out. At level j;;1, the label m will return to a descendant of U,
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and m will be gl-successful. L]

Determining the Lexicographically Minimal Descendant

Recall that the definition of the labeling gl involves the computation of the call 1md(m, i),
which is the class with the minimal profile among all the descendants of £irst(m) on

level i. Finding 1md(m, i) requires knowing the descendants of first(m) on level

1. We show how to store this information with a partial order over classes. Using

this partial order, we can determine, for every label m that occurs on level 7, the class

1md(m, i + 1) using only information about levels i and i + 1 of T Lemma

implies that we can safely restrict ourselves to labels that occur on level 2. The partial

order is denoted <; and is defined below.

Definition 6.11. For two classes U and V on level i of T¢", we have that U < Viftv
is a descendant of first(gl(U)). Also, U <;V when U <; V and U # V.

Lemma 6.12. For a class U on level 1,

1md(gl(U),i+ 1) =ming

i1

({V" | for some V, U <; V, V'is a child of V'}).

Proof. We prove that the set {V’ | V' is a child of V, U <; V'} contains every descendant
of first(gl(U)) onlevel i+ 1, and thus that its minimal element is 1md(gl(U), i+ 1).
Let V' be a class on level i+ 1, with parent V on level i. If U <; V, then V' is a descendant
of first(gl(U)) and V' is likewise a descendant of £irst(gl(U)). Conversely, as
gl(U) exists on level 4, if V' is a descendant of £irst(gl(U)), then its parent V' must
also be a descendant of first(gl(U))and U <; V. O

We have thus shown that for a label m and level 7, we can determine 1md(m,i + 1)
given only the classes on levels ¢ and 7+ 1 and the partial order <;. We now demonstrate
how to determine the partial order <;,; from the same information.

Lemma 6.13. Let U’ and V' be two classes on level i + 1, so that U' # V'. Let V be
the parent of V'. We have that U’ <, .1 V' iff there exists a class U on level i so that
gl(U) =gl(U") and U <; V.

Proof. If there is no class U on level i so that gl(U) = gl(U’), then U’ = £irst(gl(U’)).
Since V"’ is not a descendant of U’, this would preclude U’ <;,1 V'. Therefore such a
class U must exist, and U <; V' iff V' is a descendant of £irst(gl(U)), which is true iff
V' is a descendant of £irst(gl(U’)): the definition of U’ <; 1 V. O

Using A Fixed Set of Labels

As defined, the labeling function [ uses an unbounded number of labels. We here induc-
tively define a sequence of labelings, /;, each from the ith level of 7% to {0, ..., 2|Qz|}.
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We thus demonstrate how to use a bounded number of labels, each defined with respect
to a bounded amount of information about 7. Formally, we define a sequence of func-
tions [; from the classes on level i of ¢ to {0,...,2|Qz|}, exploiting the relation <;
between classes. As a base case, there is only one equivalence class U on level 0 of ¢,
and define [y (U) = 0.

Inductively, given the set of classes U; on level , the function /;, and the set of classes
U;+1 on level © + 1, we define [;,; as follows. Since labels can be reused, we can no
longer simply rely on numerical order among labels. For U € U, define the <; -nephew
of U asneph;(U) = minx, 1 ({V’ | forsome V, U <; V, and V' is a child of V'}). Note
that, by Lemma [6.12] it holds that 1md(gl(U),i 4+ 1) = neph,(U). For U" € U1,
we define the <;-uncles of U’ as unc;(U’) = {U | U’ = neph;(U)}. As we prove
below, unc; corresponds to labels. Recall that the set of unused labels FL(/;) is
{m | m is not in the range of /;}. As T has bounded width |Q3|, we have that |Qg| <
|[FL(l;)|. Letm7,, be the (<;,1, <)-minjection from {U’ on level i+1 | unc;(U’) = 0}
to FL(l;). Finally, define the labeling /;; as

) li(minzg (uncy(U")))  if unc;(U”) # 0,
li+1(U) - {mji+1(U/) if UDCi(U/) _ @

Say that a label m dies in I; if m ¢ FL(l;_1), but m € FL(l;). Adjusting the
definition of success to the new labeling, we say that a label m succeeds in [; if there is
aclass U on level i — 1 and a class U’ on level ¢ such that [;_(U) = [;(U’) = m and U’
is either the F'-child of U or is not a child of U.

To show a correlation between the labeling in Section [6.2.2] and the labeling here,
we define a mapping, g, from the labels of [ to {0,...,2|Qsz|}. For a label m, where
first(m) occurs on level i, let g(m) = [;(£irst(m)).

Lemma 6.14. Consider a class U’ on level i + 1. The following hold:
(1) labels(U)N{gl(V) |V onleveli} = {gl(U) | U € unc;(U")}.
(2) labels(U’') =0 iff unc;(U") = 0.

Proof. (1) Let U be a class on level i. By definition, gl(U) € labels(U’)iff U' =
1md(gl(U), + 1). By Lemma[6.12] it holds that 1md(gl(U),% + 1) = neph;(U). By
the definition of unc;, we have that U’ = neph;(U) iff U € unc,;(U’). Thus every
label in 1abels(U’) that occurs on level i labels some node in unc;(U’).

(2) If unc;(U’) # (), then (1) implies 1abels(U’) # 0. In other direction, let
m =min(labels(U’)). By Lemmal6.9(6)] there is a U on level i so that gl(U) = m,
and by part (1) U € unc,;(U’). O

Lemma 6.15. For classes U on level i and U’ on level i + 1, if gl(U) = gl(U’), then
L(U) = L (U') = g(gl(U)).

Proof. Let k be the number of levels between U and first(gl(U)). We prove this
lemma by induction over k. As a base case, if k = 0, then U = first(gl(U)) and by
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definition ¢g(g/(U)) = [;(U). Inductively, assume £ > 0, and assume this lemma holds
for every V' at most k£ — 1 steps removed from first(gl{(V')). Since k > 0, then U #
first(gl(U)). Let V be the node on level i — 1 such that gl(V') = gl(U). By the in-
ductive hypothesis, {;_1 (V) = [;(U). Further, since first(gl(V)) = first(gl(U)),
we have [;(U) = ¢g(gl(U)). We now show that U = minx, (unc;(U’)).

As gl(U) = gl(U’), we have that g{(U) € labels(U’). By Lemma|[6.14] this
implies U € unc;(U’). To prove that U = min,(unc;(U’)), let V€ unc;(U’) be
another class on level i. By Lemma [6.14] this implies gl(V) € labels(U’), and thus
gl(U) < gl(V). As U’ is a descendant of both first(gl(U)) and first(gl(V)),
one is a descendant of the other. Since gl(U) < ¢l(V'), by Lemma [6.9}(5)| it must
be that first(gl(V)) is a descendant of £irst(gl(U)). Thus V is a descendant of
first(gl(U)), and by Lemma6.9}(3)|we have U < V. Therefore U = minz, (unc;(U’)),
and ;11 (U") = ;(U). U

Corollary 6.16. For every class U on level i, it holds that 1;(U) = g(gl(U)).

Theorem 6.17. T has an accepting branch iff there is a label m where {i | m dies in l;}
is finite, and {i | m succeeds in in l;} is infinite.

Proof. We prove a relation with Theorem For the first direction, let m be a label
that is gl-successful infinitely often. We prove that g(m) dies in only finitely many /;,
and succeeds in infinitely many ;. Let U on level j be £irst(m). First, as m occurs
on every level k > j, Lemma[6.15|implies g(m) occurs on k, and thus g(m) does not
die in ;. Second, let £ > j be a level on which m is gl-successful. This implies there
exist classes U on level £ — 1 and U’ on level k, so that gl(U) = ¢gl(U’) = m and U’ is
not the non-F-child of U. Lemma [6.15]implies that [;,_; (U) = {;,(U’) = g(m), and thus
that g(m) succeeds in /. We thus conclude g(m) succeeds in infinitely many .

For the other direction, let m’ be a label that dies in [; for finitely many ¢, and suc-
ceeds in /; for infinitely many 7. Since m’ dies only finitely often, there is some level
after which m’ does not die. Let j be the first level after which m’ ceases dying, on
which m’ occurs. This implies m’ occurs on ever level k£ > j. Let U on level j be such
that [;(U) = m/. Since m’ does not occur on j — 1, it must be that unc;(U) = (. Thus
labels(U) = 0, and there is a label m in [ so that U = first(m), and g(m) = m/.
By assumption, there are infinitely many k& > j so that m’ succeeds in l;. On each of
these k’s, there is a class U on level £k — 1 and U’ on level k so that [;,_(U) = m/,
11.(U") = m/, and U’ is not the non-F-child of U. By Corollary m = gl(U) is
gl-successful on level k, and m is gl-successful infinitely often. L]

6.3 The Determinization Construction

We now demonstrate a determinization construction for Biichi automata. Let B =
(3, Qp, Q% py, F) be an NBW. For clarity, we call the states of our deterministic au-
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tomaton macrostates. Each macrostate encodes one level of 7¢". Macrostates are four-
tuples (S, <, [, <), where (S, <) is a preordered subset of @3, [: S — {0,...,2|Qs|}is
a labeling, and < C < is another preorder over S. For two states ¢ and 7 in ()5, we say
that ¢ =~ r if ¢ < r and r < ¢. We constrain the labeling [ so that it characterizes the
equivalence classes of S under <. That is, ¢ ~ r iff [(q) = I(r). Further, we constrain
< to be a partial order over the equivalence classes of <. Thatis, if ¢ = r, s = ¢, and
q<s,thenr<t.

Transitions: Recall that we define transitions with respect to preordered subsets as
follows: ps~(q,0) = {r € ps(q,0) | forevery ¢ € S,if r € pz(¢’,0) then ¢ < ¢}.
When a state has multiple incoming o-transitions from .S, the relation ps - keeps only
the transition from states maximal under the < relation. For every ¢ € p3(S,0),
the set {¢ € S| ¢’ € ps<(q,0)} is an equivalence class under <. Further, p3(S,0) =
ps=(S,0) = U,es ps<(q,0); thus, for every ¢’ € p3(S, o), there exist ¢ € S such that
¢ € ps=(q,0).

For o € 3, we define the o-successor of (S, <, [, <) to be (S', <’ I', <), as follows.
First, let (S, =) be the o-successor of (S, =), as defined in Second, define
the labeling !’ as follows. For ¢ € S, define the <-nephews of q to be neph(q,o) =
min ({r' | exists r € S such that g<r and ' € ps-(r,0)}). Conversely, for ' € S’
let the <-uncles of r' be unc(r’,0) = min<({q | " € neph(q,0)}). Intuitively, we
want to give the label of a state in S to its nephews, so a state in S’ inherits the label
from its uncles. If a state in S’ does not have uncles, it should get a fresh label. Let
FL(l) = {m | m not in the range of [} be the free labels in [, and let mj be the (=’ <)-
minjection from {r’ € S" | unc(r’,0) = 0} to FL({), where < is the standard order on
{0,...,2|@Qs|}. Forar € 5, let

/) [(q), ¢ € unc(r’,o) ifunc(r’,o) #0,
T =
m7(r') ifunc(r’,o) = 0.

Third, define the preorder <" as follows. For states ¢/, " € S, define ¢’ <’ ' iff ¢ &'
r’ or there exists ¢, € S so that ' € ps<(r,0), ¢ € unc(¢), and g <r. Intuitively,
the labeling I’ depends on recalling which states descend from the first equivalence class
with a given label, and <’ keeps track of these descendants.

Lemmal6.18] proven in Section[6.3.1] demonstrates that o-successors of macrostates
are macrostates.

Lemma 6.18. For a macrostate (S,=,1,<) and 0 € X, the o-successor (S', =<', l', <"
of (S, 3,1, <) is a macrostate.

Acceptance Condition: Let Q be the set of macrostates. For o € X, label m €
{0,...,2|@Qs|}, macrostate q = (S, =X, [, <) € Q, and its o-successorq' = (S’, X', I/, <),
let R={reS|i(r)=m}and R = {r' € S"|I'(+") = m}. We say that m dies in
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(q,q’) when R # () but R’ = (). We say that m succeeds in (q,q’) when R # (), R’ # (),
and either R’ C Fy or ps<(R,0) N R = (. Intuitively, m succeeds either when the
branch it is following visits F'-states, or the branch dies and it moves to another branch.

Definition 6.19. Define the DREW automaton D¥(B) to be (X, Q, Q™, pq, ), where:
e Q" = {{Q™, =0, o, <o)}, where:
- =o= < = Q" X Qm
- lp(q) = O forall g € Q™.
e Forq € Qand o € %, let pg(q,0) = {q'}, where ' is the o-successor of q.
o o= (Go,By),...,(G2qs|, B2jgs|), where for alabel m € {0,...,2|Qs|}:
- G = {{q,q’) | m succeeds in (q,q’) }.
= By ={{q,d') [ mdiesin (q,q)}.

6.3.1 Correctness and Blow-up

We now prove the correctness of the construction and demonstrate its blowup is com-
parable with known determinization constructions. First, we demonstrate that the o-
successors of macrostates are macrostates.

Lemma For every macrostate (S, =, 1, <), its o-successor (S', =", ', <') is also a
macrostate.

Proof. As (S,=,1,<) is a macrostate, we have < is a linear preorder, < C=, and for
every q,r,s,t € S: q = riff i(q) = l(r); ¢ = riff g<r and r<q; and if ¢ = r,
s ~ t, and g < s, then r <¢. We must prove this also holds for </, <’, and [’ over states in
S’. Below, let ¢/, ', ', ' be states in S’, and ¢, 7, s,t € S be such that ¢ € ps-(q,0),
"€ ps<(r,0), s € ps<(s,0),and t’ € ps~(t,0).

To demonstrate that <’ is a linear preorder, we show it is reflexive, relates every two
elements, and is transitive. That <’ is reflexive follows from the definition. To show that
=<’ relates every two elements, note that as < is a linear preorder, either ¢ < r, r < ¢,
or ¢ ~ r. By the definition of <, either ¢’ <" 1/, ¢’ &' v/, or ' <’ ¢q. To show that <’
is transitive, assume ¢’ =’ ' <’ §’. By definition of <’ we then have ¢ < r and r < s.
Since < is transitive, we have ¢ < s. In order for ¢’ A’ ¢, it would need to be that ¢ ~ s,
q € Fg,and s’ & Fp. If ¢ = s, then ¢ =~ r and r = s. Thus if ' € Fjz, we would have
s’ < 1/, a contradiction. If 7' & Fy, we would have ' < ¢/, a contradiction. Thus it
cannot be the case that ¢ = s, ¢’ € F3, and s’ € F3, and either ¢/ &' s/, or ¢’ <" &', and
=<’ is transitive and a linear preorder.

Next, we prove the labeling must give unique labels to the equivalence classes of
S" under =<’: that ¢ =" " iff I'(¢/) = I'(+"). By the above properties, if ¢ ~ r, then
neph(q, o) = neph(r,o). Further, neph(q, o) is an equivalence class under <’ or is
empty. In one direction, let ¢’ ~’' " and let m = [’(¢’). That ¢’ ~ r’ implies for every
q € unc(q, o) that ¢ ~' v/, and thus unc(q’, o) = unc(r’, o). If unc(q, o) = 0, then
unc(r’,0) = (). As a minjection maps equivalent elements to the same value, we have
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I(¢) = mi(¢") = m3(r") = I(r'). Alternately, if unc(¢’,0) # () then m = I(q) for
q € unc(q,0),and q¢ € unc(r’,0), and I(") = m.

Finally, we must demonstrate two things about <’: that < C=<’, and that < is a partial
order over the equivalence classes of <. Assume ¢’ <'r'. If ¢ =" 7/, then ¢’ =<' 1.
Otherwise there exists a go € unc(q’) so that I(¢2) = I(¢') and g2 <7. This implies
both r’, ¢’ € neph(ge, o). Since I(¢') = I(go), it must be that ¢; € unc(q’, o) and thus
¢ € neph(q, o). Thus ¢ =’ 7/, and € C=’. This implies ¢’ &' 1" iff ¢ <'r" and r' <’ ¢/
It remains to show if ¢/ &' r’, & ~ t/,and ¢/ <’ ¢/, then ' <'t'. If ¢/ =’ &/, then ' &' 1/
and r’ <’ t'. Otherwise there exists a g, so that [(¢2) = I(¢’) and ¢o < s. Since ' &' ¢/, it
holds that [(r’) = [(g2). Since s & t/, it holds that s ~ t and ¢, <t. Thus 7’ <'#/, and
we have satisfied all requirements for (S’, <, ', <’) to be a macrostate. L]

We now link the macrostates of D(B) to the various relations over classes of 7"
We can already use Lemma to assert that, in a macrostate, the set of states S and
the linear preorder < correspond to the nodes on a level i of G’ and the preorder <;.
Further, the edges in G’ correspond to transitions in ps <.

Lemma 6.20. Let G be the run DAG of B on w and let q; = (S, =,1,<) be the i-th
macrostate in the run of DT(B) on w:

(1) S={qlwieG}

(2) For q,r € S, it holds that q =< r iff (q,1) =; (r, 7).

(3) Forq € Sand q € Qs, it holds that ¢ € ps<(q,0;) iff («q,0), (', i +1)) € E".

Proof. These follow from, and actually simply restate, Lemma[5.10(1)} [2)} and[3)] [

Lemma |(1), shows that the partial order <; over classes corresponds to the preorder
< in macrostates of D?(B), and the labeling [ over classes corresponds to the labeling /;
in macrostates of D(B).

Lemma 6.21. Let G be the run DAG of B on w and q; = (S,=,l,<) be the ith
macrostate in the run of D(B) on w.

(1) For q,r € S it holds that q <r iff [(q, )] < [, ©)]

(2) Forq € S, it holds that l(q) = 1;([q, ©)])-

Proof. We prove this by induction over i. As a base case, for i = 0, we have S = Q¥,
< = Q% x QF, and I(q) = 0 for every ¢ € S. By definition, the Oth level of G’ is
{10y | ¢ € Q5}. As Q4 N Fy = 0, for every u, v on level 0 of G’ h, = 0 = h, and
u <o v. Since there is only one equivalence class U, we have U <, U, and [(U) = 0.

Inductively, assume this holds for q; = (S, <,[, <), and let ¢, 41 = (S, </, I', <') be
the o-successor of g;. Note by Lemmal6.18]that " gives unique labels to the equivalence
classes of <’, and <’ is a partial order over the equivalence classes of <.

Proof of |(2) For ¢ € S’, we prove I'(¢') = li11([«¢,i +1)]) as follows. First, by
definition for ¢ € S and ' € S’, ' € neph(q, o) if there exists r € S so that ¢ <r and
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" € ps<(r,0;). By Lemma the inductive hypothesis, and the definition of 7¢",
this holds if there is a V' so that [(r’, i+1)] is a child of V" and [(g, 7)] <; V: the definition of
[, i+1)] € neph;([(g,9)]). Thus neph;([«,3)]) = {[¢’,i +1)] | v’ € neph(q,o)}. By
Lemma/(2)|this implies for every ' € S’, unc;([¢’,i+1)]) = {[(g, %] | ¢ € unc(r’,o)}.
We have two cases. If unc(q’, o) # 0, then unc;([(¢,i +1)]) # 0, and I'(¢') = I(q) for
g € unc(q, o). By the inductive hypothesis and Lemma [6.20{2)| this implies [(g, i)] =
ming, (unc;([«¢’,7 +1)])) and ;11 ([, i + 1)) = Li([ig,9]) = (g). Alternately, if
unc(q’,0) = 0, then unc,([(¢,7 +1)]) = 0. The inductive hypothesis implies that
FL(l;), the set of unused labels in [;, is identical to FL(l), the set of unused labels
in [. Thus the (<; 1, <)-minjection from the classes on level i +1 of T¢ to FL(I;)
corresponds to the (=’, <)-minjection from S’ to FL(l), and mj(¢’) = m7, 1 ([tg, i +1)]).

Proof of|(1) There are two cases in which ¢’ <’ 7. First, if ¢ &’ 1/, then by Lemma|6.20(2)
[ i+1)] = [¢',i+1)] and, as <; 41 is reflexive, [(¢/,i +1)] <11 [¢', @ +1)]. Otherwise
q ' r" and ¢’ <'r’ iff there exists r, g2 € S so that ¢, € unc(q'), ' € ps<(r,0;), and
¢2 < 7. By Lemmal6.20[(2)| and [(3)| this entails ¢’ <’ " iff there exists U and V' so that V/
is the parent of [¢’,i +1)], [;(U) = l;x1([(¢',i +1)]), and U <; V. By Lemmas and
this is precisely the condition under which [(¢’,i +1)] <41 [/, +1)]. O

Lemma demonstrate the correlation between /; and the labelings in macrostates
of DF(B), and show that success of a label in /; corresponds to success of that label in
the run of D?(B).

Lemma 6.22. Let G be the run DAG of B on w and let q; and q;,1 be two consecutive
macrostates in the run of D(B) on w. For every label m, we have that m dies in l;
iff m dies in (q;, d;), and m succeeds in l; 11 iff m succeeds in (q;, q;).

Proof. Let q; = (S, =,1,<) and q;41 = (', X', I/, <). Recall that, with respect to ¢,
R={reS|l(r)y=m}and R = {©' € S"|I'(+") =m}. By Lemmal6.18] we have
that R is an equivalence class under < and R’ is an equivalence class under <’. By
definition, m dies in /; when m is in the range of /;, but not in the range of /;,,. By
Lemma [6.21[2)] this is true iff R # (), but R’ = (): the definition of m dies in (q;, g;+1)-

Similarly, m succeeds in [, if there are classes U on level i — 1 and U’ on level ¢
so that [;(U) = l;41(U’) = m, and U’ is not the non-F'-child of U. By Lemmas [6.20}(1)|
and[6.21[2)] a U and U’ exist so that [;(U) = l;11(U') = m,iff U = {(r, i) | r € R} and
U ={¢’',i+ 1) | € R'}. This entails that m succeeds in l;, iff R # () and R’ # (),
and either U’ is an F'-class, or U’ is not a child of U. If U’ is an F'-class then R’ C F. If
U’ is not a child of U, then by the definition of 7¢" and Lemmas there isnor € R,
r" € R where 1’ € ps~(r,0;). This entails {ps<(r,0) | » € R} N R’ = (). We conclude
that m succeeds in /; 1 iff m succeeds in (q;, q;41)- ]

The correctness of D%(B) can now be proven with existing machinery, but we must
first bound the number of preorders < to bound the size of the automaton.
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Lemma 6.23. For a level i, the preorder <; is a tree order over the classes on level i of
T¢.

Proof. Let U be the set of classes on level ¢ of T¢ . By definition, <; is a tree or-
der if for every V' € U, the {U | U < V'} is totally ordered by <,. Consider two
classes U <; V and W ; V. By definition, V' is a descendant of both £irst(gl(U))
and first(gl(W)). Since T is a tree, one of first(gl(U)) or first(gl(W))isa
descendant of the other. Without loss of generality, assume £irst(gl(U)) is a descen-
dant of £irst(gl(WW)). In this case, IV is a descendant of £irst(gl(U)), so U <; W.

0

Theorem 6.24. For a Biichi automaton B with n states, L(D?(B)) = L(B) and D¥(B)
has n°™ states.

Proof. That L(D%(B)) = L(B) follows from Theorem and Lemma To
bound the number of macrostates (S, <, [, <), we observe that the number of subsets S
and linear orders < is n°( [Var80]. The number of labelings is likewise n®™. By
Lemma [6.23] and Lemma [6.21[T)] < is a tree-order over the equivalence classes of S
under <. By Cayley’s formula, the number of tree orders is bounded by n"~2. Thus the

number of macrostates is bounded by n°. [

6.3.2 Compact Determinization Constructions

We here present two variants of Definition [6.19] both of which only use a variation of
macrostates where labels are restricted to {0, ..., |Qs| — 1}. The first still uses a Rabin
condition, the second a parity condition. Define the sight of tight macrostates to be four-
tuples (S, <, [, <), where S, <, and < are defined as for normal macrostates, and where
1:S—{0,...,|Qs| — 1} is a tighter labeling. Let Q' be the set of tight macrostates.

Tight Rabin Variant: Given a tight macrostate q € Qf and o € X, define the Rabin
o-successor of qtobe ' = (S', <X’ I', <') where S’, <, and <’ are defined as in Section
and [’ is defined as follows:

(1) For ¢ € S, let neph(q,0) = minx({r' |existsr € S, g<r, v’ € ps<(r,0)}),

as in Section [6.3]

(2) Forr' € 8, letunc(r’,0) =min<({¢ | v’ € neph(q,o)}), as in Section[6.3]

(3) FL(I) = {m | m not in the range of I} U {l(q) | forevery r’' € S’,q & unc(r’,0)}.

(4) mj is the (=’, <)-minjection from {r' € S’ | unc(r’, 0 = (1} to FL(I).

mi(r’) if unc(r’,o) = 0.
Foro € Y andlabelm € {0,...,|Qz| — 1}, given a tight macrostate q = (S, =, [, <) €

Q" and its Rabin o-successor ' = (5", <, I', <Y let R = (r € S| I(r) =m) and R’ =
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(r' e S"| U'(r") = m). Say that m Rabin-dies in (q,q’) when R # () and m € FL(I).
Say that m Rabin-succeeds in {q,q’) when it does not die in {(q,q’), R # 0, R’ # 0,
and either R’ C Fy or ps<(R,0) N R = 0.

Definition 6.25. Define the DREW automaton D7 (B) to be (3, Q!, Q™, pq, o) where:
e Q™ is as defined in Definition[6.19]
e Forq € Q'and o € ¥, pq(q,0) = {q'} where ¢’ is the Rabin o-successor of q.
o a = (Go, By), ..., (Ggu|-1, Bajos|-1) Where for alabel m € {0,...,2|Qs|}:
- Gy, = {{(q,q') | m Rabin-succeeds in (q,q’) }.
- B,, = {{q,q') | m Rabin-dies in (q,q’)}

Theorem 6.26. For a Biichi automaton B, L(DT(B)) = L(B)).

Proof. For every word w, we show that the run qg, qi, . .. of D®(B) on w is accept-
ing iff the run qf,qf,... of D(B) on w is accepting. For convenience, let q; =
(Si, =i, li, <;). We first note that for every 4, it holds that 7 == (S;, =;, ¥, <;): that
that is to say q; and g} match on S;, <;, and <;. For S and =, this is easy to see: the
definitions of S” and <’ are identical in o-successors and Rabin-o-successors. For <,
this follows from the fact that <’ is defined solely with respect to ps < and unc, which do
not change from o-successors to Rabin-o-successors. We pause to note that, for every ¢
and g € S;, ¢ € S;11, we have that [, 1(¢') = l;(q), iff ¢ € unc(q’, 0;), which holds iff
both I7,,(¢') = I (q) and I} (q) ¢€ FL(I}).

In one direction, assume there is a label m that dies in finitely many (q;, q;+1), and
succeeds in infinitely many (q;,q;;+1). We pause to note that, for every i and ¢ € S;,
q¢ € Si1, we have that [;11(¢') = l;(q), iff ¢ € unc(¢,0;), which holds iff both
12..(¢) = 1¥(¢q) and I£(¢q) ¢€ FL(I). Let j be the first index so that m occurs in q;,
but for every k£ > j, m does not die in (qy, qx+1). Let ¢ € S; be such that ;(¢) =
m, and let m" = [%(q). For k > j, define Ry = {r € Si | lx(r) = m}, and R} =
{r € Sk | .(r) = m’}. Since m does not die in (qx, gx+1), Rk and Ry, are both non-
empty, and by our above observations m' does not Rabin-die in (qy, qj ). Further,
R} = Ry, and R}, = Ryy1. This implies that if m succeeds in (q, qx41), then m/
Rabin-succeeds (qy, q_ ;). Thus m' Rabin-dies in finitely many (q/,q}, ), and Rabin-
succeeds in infinitely many (q!, g, ), and D" (B) accepts w.

In the other direction if DT (B) accepts w, this implies is a label m that Rabin-dies
in finitely many (q}, q},,), and Rabin-succeeds in infinitely many (q, g, ;). Let j be
the first index so that m occurs in q? , but for every £ > j, m does not Rabin-die in
(dj, dpyr)- Let g € S; be such that I¥(q) = m, and let m’ = [;(q). For k > j, define
R} ={r e Sy | [(r)=m},and R, = {r € Sy | lx(r) = m'}, Since m does not Rabin-
diein (qy, qp. ), m & Fpp and Ry, Ry are both non-empty. By our above observations
m’ does not die in (q, qr+1). Further, R = Ry, and R}, = Rj1. This implies that if
m Rabin-succeeds in (qj, qj ), then m' succeeds (q, qr+1). Thus m/ dies in finitely
many (q;, q;41), and succeeds in infinitely many (q;, q;;1), and DT(B) accepts w. [
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Parity Variant The parity variation simply shifts labels down, instead of giving arbitrary
free labels to new nodes. This means labels in the automaton are no longer consistent
with with the labels ; over T . To simplify this, we use an intermediate labeling that
keeps labels consistent between two levels, but can use the labels {|@Qsz|,...2|Q5|}.
Given a tight macrostate q € Q' and o € X, define the parity o-successor of q to be
q = (5, =<1, <) where ', <, and <’ are defined as in Section and !’ is defined
as follows:
(1) Forq € S,letneph(q,0) =min<({r' |existsr € S, g<r, 1’ € ps<(r,0)})
(2) Forr’' € 8’ letunc(r’,0) =min<({q | " € neph(q,0)})
(3) mjisthe (=/, <)-minjection from {r' € S" | unc(r’,0 = 0} to {|Qs], ..., 2|Qz|}
(4) Forr’ € 5, define the intermediate labeling
[(q), g € unc(r',o) ifunc(r’,o) # 0,
mj(r’) if unc(r’,0) = 0.
(5) Forr’ € ', define the final labeling I'(r’) = [{I"(¢) | I"*(¢) < " (+")}]

lint (7“/) _

Foro € Y andlabelm € {0,...,|Qz| — 1}, given a tight macrostate q = (S, <, [, <)
and its parity o-successor ' = (S, <',I’, <) let " be the intermediate labeling defined
above. Let R = (r € S |Il(r)=m) and R = (r' € S"| I"(r') = m). Note that R’
is defined with respect to the intermediate labeling. Say that a label m parity-dies in
(q,q) if m € R, but m ¢ R'. Say that m parity-succeeds in (q,q’) when R # (),
R' # (), and either R' C Fy or ps<(R,0) N R = (). Define the priority function
7: QP x Q= {1,...,2|Qs|} so that v({q,q')) is:

min({2m + 2 | m parity-succeeds in (q,q’)} U {2m + 1 | m parity-dies in {(q,q)})

Definition 6.27. Define the DPEW automaton D (B) to be (X, Qf, Q™", pq, ) where:
e Q™ is as defined Definition [6.19]
e Forq € Qand o € ¥, pq(q,0) = {d'} where ¢’ is the parity o-successor of g.

Theorem 6.28. For a Biichi automaton B, L(DF(B)) = L(B)).

Proof. As above, for every word w, we show that the run qg, qy, ... of D(B) on w
is accepting iff the run f, qf, ... of DP(B) on w is accepting. For convenience, let
a; = (Si, =i, l;, <;). Again, it holds that for every i ¥ == (S;, <;, ¥, <;): q; and ¢
match on S;, <;, and <;. For every 17, let lf”t be the intermediate labeling defined above.
However, it is no longer that case that the labels of a branch will be consistent from g to
q’,,. Instead, we must look for consistency in the intermediate labeling. For every ¢ and
q € Si,q € Siy1, wehave that [;1(¢") = I;(q) iff 117 (¢') = (q). I, (¢) # 1% (¢),
this implies there was a label n < [ (q) that occurs in the range of 7, but not in the range
of I!.

In one direction, assume there is a label m that dies in finitely many (q;, q;+1), and
succeeds in infinitely many (q;, q;+1). Let j be the first index so that m occurs in q;,
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but for every k > j, m does not die in (qy, qr+1). For every j' > j, let ¢; € §; be such
that [;(q;/) = m. Note that the values of I, (g;/) can only decrease: new labels are only
introduced above |Qsg|, and 17(g;) < |Qs|. Thus at some point the labels of ¢;: cease
decreasing, and reach a stable point. Let k be this point, and let m’ = [}(g). For a level
k' > k,define Ry = {r € Sy | lis(r) = m},and R}, = {r € Sy | }*(r) = m’}. Since
the labels of ¢; have stopped decreasing, we have that R}, = Ry. For every k' > k, it
holds that m/ does not parity-die in (q},, q, ;). Further, every label n < m' must occur
onevery level k' > k: otherwise [%,(g;) would not equal [}7*(g;). Thus for every k&' > F,
there is no label n < m/ that parity-dies in (qj,,q}, ;). Therefore v(qj,q;. ) >
2m’ + 1. Now consider a level &/ > k where m succeeds in (qx, qy11). By the note
above, R}, = Ry, and m’ parity-succeeds in (q},, q}.,), and y(q},, q}, ;) = 2m/ + 2.
We have thus shown that the smallest priority occurring infinitely often in 2m’ + 2, and
thus w is accepted by D (B).

In the other direction if D¥(B) accepts w, this implies is a label m and level j so
that for every k& > j, it holds v(q}, q;,,) > 2m + 2, and for infinitely many & > j it
holds v(q}, g +1) = 2m + 2. As noted above, this implies for every k£ > j and n < m,
n does not parity-die in (q},qj ), and for infinitely many & > j, m parity-succeeds
in (qy,qy.,). Thus we conclude that for every k > j and ¢ € Sk, [}(q) = m iff
1i"(q) = m. Let ¢ € S; be such that I¥(q) = m, and let m’ = [;(q). For every k > j, let
R} = {r e Sy | (r) =m}, and let R, = {r € Si | lx(r) = m’}. Again, we have that
Ri = Ry, thus for every k& > j, m’ does not die in (qy, qx+1), and for infinitely many
k > j we have m/ succeeds in (qx, qx+1). Thus w is accepted by and D?(B). U
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Chapter 7

Conclusion and Future Work

Reactive systems are increasingly pervasive, and their correctness is of increasing im-
portance. Formal verification for reactive systems is a vigorous field of research in com-
puter science. Central to this is the creation of specifications that describe the properties
we wish to verify. This work addresses the algorithmic limitations to using nondeter-
ministic Biichi automata as specifications. In Chapter [3, we demonstrated the necessity
of specializing complementation constructions into containment checking algorithms.
Direct complementation is not viable. However, optimizations for the constructions do
significantly reduce both the size of the complemented automaton and the time required
to compute it. For the rank-based approach, the naive approach, which lacked tight
rankings or Schewe’s improved cut-point, is orders of magnitude larger on automata of
size 6. Ramsey-based complementation does not have the same history of optimization.
Only very recently did work begin on improving Ramsey-based complementation, in-
stead of the containment checking procedure [BLO12]]. Further investigations into the
scalability of complementation constructions may provide surprising results.

In Chapter 4}, we showed that neither the rank nor Ramsey-approach dominates on
all problem configurations. Given the cheap availability of processing power, the best
way to solve a problem would thus be to run both algorithms simultaneously. Prefer-
able to running the algorithms in parallel would be to employ a portfolio approach. A
portfolio approach attempts to predict which algorithm would perform better on a given
problem [LBNAT03]. To do this, we would have to examine the space of containment
problems and discover significant attributes of problems. Transition and acceptance den-
sity are not the only observable attributes of an automaton, or even necessarily the most
important ones. While they are significant for randomly generated problems, there is no
reason to expect that transition and acceptance density are good indicators of difficulty
for real-world problems. In the case of SAT solvers, over ninety pertinent attributes were
found [NLBD™04]. Machine-learning techniques were used to identify which features
suggest which approach to SAT solving. The challenge that now faces us is discover-
ing a similar body of features with which to characterize Biichi automata, and to create
a corpus of automata to characterize. In addition to transition and acceptance density,
attributes could include the density of initial states, the number of strongly connected
components in the automata, and the density of strongly connecting components con-
taining an accepting state.

Both Chapter [3] and [ provide strong evidence that both worst-case complexity and
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examinations of the size of complemented automata are poor predictors of an algorithms
performance, and no substitute for empirical analysis of derived algorithms. The mas-
sive gap in complexity between the rank and Ramsey-based approach did not manifest
in any experiment. Further, complementation and universality testing exhibiting differ-
ent behaviors over the terrain. While Ramsey-based complementation found transition
densities of 1 to be the most difficult, Ramsey-based universality testing found transi-
tion densities of 1.5 to be harder, and had no problem with transition densities of 1.
Similarly, rank-based complementation was more sensitive to acceptance density, and
less sensitive to transition density, than rank-based universality checking. When dealing
with problems where heuristics and optimizations are necessary for scalability, worst-
case analysis simply does not provide a good metric on which to compare algorithms.
Experimental analysis must be performed. To further the validity of the experimental
analysis, we must develop better models on which to perform experiments. Random
examples provide only so much insight, especially when we start considering advanced
heuristics based on simulations relations in the input automata [ACC™ 11]]. These sim-
ulations relations reflect structure in the input automata, and it is known in the case
of SAT problems that far more structure can be exploited in real-world than random
problems [NLBD™04].

The profile-based complementation construction of Chapter [ provides exciting the-
oretical results and restricted nondeterminism. The ability to unify these two seem-
ingly disparate approaches suggests it may be possible to use odd rankings for deter-
minization, automata with other accepting conditions, and automata on infinite trees.
Further, [BLO12] suggest that the Ramsey-based approach might also be unified with
the rank and slice-based approaches. Doing so might yield further insights into what
makes the Ramsey-based approach so surprisingly competitive. Profile-based comple-
mentation must also be extended into more concrete algorithms. As we demonstrated
on the Ramsey and rank based approaches, explicit complementation does not scale
as well as heuristically-improved containment-checking algorithms. Thus the reduced
determinism of the profile-based approach can only be exploited by developing contain-
ment checking algorithms based on the profile-based complementation constructions.
Heuristics then need to be develop for these containment checking algorithms, includ-
ing perhaps a subsumption relation extending the work of Doyen and Raskin [DRO7].
Further, our empirical analysis demonstrate that theoretical results, such as worst-case
complexity, are not always reflected in real-world performance. Thus to truly evalu-
ate the real-world effects of restricting nondeterminism, we must empirically test the
algorithms we derive from the profile-based complementation construction.

Despite decades of improvement on Safra’s original construction, every existing
Biichi determinization construction employs trees to encode macrostates. Chapter [
describes a relational approach to determinization, using labeled preorders to encode
macrostates. There is a connection between our macrostates and Safra trees. A step in
the transition between Safra trees is to remove states if they appear in more than one
node. This is analogous to the pruned transition relation pg <. We also identified what
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additional information, namely the relation <, is encoded in Safra trees. This provides us
with a mathematically crisp determinization construction that can be seen as an augmen-
tation of the subset construction for automata on finite words. However, this approach
is still nascent, and the bounds on the resulting deterministic automata are still loose.
In the future, a more thorough analysis, perhaps leveraging recent work on Safra-tree
based determinization [Sch09b|], could likely improve the upper bound on the size of
our construction. Although the current use of profiles for determinization does not ad-
mit the same relation with odd rankings that we employed for complementation, further
work may yet permit the use of odd rankings for determinization. More practically, de-
spite their combinatorial complexity, complementation based on Safra trees has proven
very for automata with a small number of states [TEVT11]. It remains to be seen if the
approach taken here will provide benefits in practice.

One limiting factor for research in this area is the paucity of real-world examples.
Most existing systems use logical, instead of Biichi, specifications. These specifica-
tions are negated and then translated into Biichi automata, avoiding the necessity of
complementation. Even systems that allow automata as specifications do not allow
nondeterministic Biichi automata, requiring either pre-complemented automata or de-
terministic automata. Thus the generation of Biichi specifications remains an outstand-
ing problem, both for practical use and to provide a better experimental base. Such
specifications could be written by hand or automatically extracted. In Size-Change
Termination, proofs of termination are derived from programs in the form of Biichi
automata [LJBAO1]. This technique has been extended from first-order functional pro-
grams to imperative programs [ZGSV11] and even the untyped lambda calculus [JBO4].
One could also imagine using Biichi specifications to prove variants of a system equiv-
alent, for instance sequential and concurrent interpretations of the same program, or a
model and it’s refinement. However, until we have tools that can handle Biichi specifi-
cations, we are stuck in a chicken-and-egg paradox, and Biichi specifications will not be
generated.
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Appendix A

Symbolic Subsumption

For the explicit approach, subsumption has proven to be very effective. It remains an
open question as to whether subsumption would also benefit the symbolic approach.
Recall that automata-theoretic algorithms, such as Algorithms and .4} often con-
struct and manipulate sets of states. In the explicit approach, these sets are stored as a
collection of the individual states. With subsumption, only the minimal elements under
the subsumption relation are stored. Since these sets can be exponentially sized, in the
90’s attention turned towards alternatives to the explicit approach to representing sets.
When humans represent sets, we avoid explicitly listing all the elements. Instead, we
use symbolic representations like set comprehensions, which use a characteristic func-
tion to define a set. In [BCM792]], Burch et al. defined a similar method of using a
characteristic function to symbolically represent a set. The function is represented using
ordered binary decision diagrams (BDDs) [Ake78]]. While in the worst case BDDs are
as large as explicit representations, in many cases they are exponentially smaller. The
size of a BDD is not necessarily related to the number of elements in the represented
set: intuitively, it is related to the number of bits that must be checked to determine if an
element is in the set. Thus it is not at all obvious that removing subsumed elements from
a set results in a BDD with smaller size. None the less, in many cases the size of a BDD
is related to the number of elements in the represented set, and it is worth investigating
subsumption’s effect on symbolic algorithms.

Symbolic algorithms have never found much traction in the realm of w-automata.
However, for automata over finite words, symbolic algorithms have proven very effec-
tive [TVOS]. In these experiments, we check the universality of an automaton over
finite words. This chapter investigates the effectiveness of subsumption on universality-
checking algorithms for classical automata over finite words. We discover that, in initial
experiments, subsumption did not improve the running time of symbolic approaches,
and that in fact improvements in BDD-based packages have rendered them faster than
explicit approaches.

A.1 Symbolic Subsumption for NFAs

A nondeterministic finite automaton (NFA) is a tuple B = (3, Q, Q™, p, F'), where ¥
is a finite nonempty alphabet, () a finite nonempty set of states, Q" C (@ a set of initial
states, F© C () a set of accepting states, and p : Q x ¥ — 29 a nondeterministic



100

transition function. In a deterministic finite automaton (DFA), the transition function is
deterministic: p : QQ X X — Q.

Much like automata on infinite words, a run of an NFA B on a word w € >* is a
sequence of states qq...q, € Q* such that ¢y € Q™ and, forevery i, 0 <i < (n—1), we
have ¢;11 € p(qi, w;). A run is accepting iff ¢, € F. A word w € ¥* is accepted by B
if there is an accepting run of B on w. The words accepted by B form the language of
B, denoted by L(B). We generalize the notion of a run to a path: we say there is a path
from a sate ¢ to a state r if there is a sequence of states qy...q, € Q* such that ¢y = ¢,
qn = 1, and for every i, 0 < ¢ < (n — 1) there is a w; € ¥ so that ¢;11 € p(g;, w;).
Say that a state 7 in an automaton is reachable where there is a state ¢ € Q™ and a path
from ¢ to r. We know that the language of an automaton on finite words is non-empty
iff there is a reachable accepting state: there are states ¢ € Q™, r € F such that there is
a path from g to r.

To determine the universality of an NFA, we must first complement it. We use the
Rabin-Scott subset construction [RS59]]. Given an NFA B = (3, Q, Q™ p, F'), define
the subset complement of B to be the DFA B = (X, Q,, Q™™, p, F,) where Q, = 29
is the set of subsets of @, Q%" is the singleton set {Q™}, ps(R,0) = J,cp p(r,0), and
F={ReQs| FNR=10}.

Lemma A.1. [RS59] L(B) = L(B)
Given an automaton B, define ()7, to be the set of all reachable states in B.
Lemma A.2. B is universal iff Q)" does not include an element R such that F N R = ().

Proof. If such a set exists, then there is a path from the start state of B to this set. Thus
L(B) is non-empty, and L(B) is non-universal. If no such set exists, then there is no
reachable accepting state in B, L(B) is empty, and L(B) is universal. 0

For the subset construction, the subset relation is a subsumption relation [WDHRO06].
Thus we now discuss minimal elements in a set, under the subset relation. Given a set
of sets S, say that an element s € S is minimal in S if there does not exist an s’ € S
such that s C s. We now us define QS = {R | R € @7, R is minimal in Q)% } to be the
set of all minimal elements of (J%. Say that a set S is subset-minimal if every s € S is
minimal in S.

Lemma A.3. B is universal iff QS does not include an element R such that F N R = ().

Proof. In one direction, assume B is not universal. Lemma implies there exists an
R € Q" such that F N R = (). This set can only fail to occur in Q¢ if there is some
R € Q., R C R. However, if F N R = (), then surely F N R’ = (), and in fact every
subset of R is disjoint from F'. Since C is transitive, some such subset of 12 is minimal
in @)%, and occurs in QS .

In the other direction, assume such an R such that FNR = () exists. Since QS C @,
Lemmal[A.2]implies B is not universal. [
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We now present an algorithm that checks universality by computing the set Q< and
checking for an element that is disjoint from /. For convenience, given a set S C (',
of states in the subset construction, define Post(S) = {R' | R€ S, R € Q, 0 €
Y, R = ps(R,0)} and Min(S) = {R | R is minimal in S}

Algorithm A.1: SubsumptiveUniversality (B)

Data: ANFA B = (X,Q, Q™ p, F)

Result: Whether L(B) = X*.

Frontier « {Q™}

Reachable < {Q™}

while Frontier # () do

AlreadyReachable < Reachable

Image < post (Frontier)

Reachable < Reachable U Image

Reachable < Min (Reachable)

Frontier <= Reachable \ AlreadyReachable

if There exists R € Reachable such that ' N R = () then
| return Not Universal

e e N N BT R W N -

=
(=]

return Universal

[S=Y
[

Lemma A.4. At every point, Frontier = Min (Frontier).

Proof. When initially assigned, Frontier is a singleton. On line 8] Frontier is assigned
a subset of Reachable, which by line[7|contains only elements minimal in Reachable.
A subset of a subset-minimal set is also subset-minimal. [

Lemma A.5. If an element R is ever added to Reachable, when Algorithm termi-
nates there is an element R' € Reachable, R’ C R.

Proof. Note that Reachable is changed only on lines [f] and [7] Line [6] only adds el-
ements to Reachable. By the definition of Min, an element R can only be removed
from Reachable on line[7]if another element R’, R’ C R, is added to Reachable. [

Lemma A.6. When Algorithm[A. 1| terminates, Reachable = Q<

Proof. Normally this would be proven by demonstrating that every R € Reachable
is also in )5, and the converse. Instead, we relax this claim and show that for every
element R € Reachable (resp. %), there is an element R’ € QS (resp. Reachable)
where R' C R. After this is proven in both directions, we demonstrate that for subset-
minimal sets, this claim is sufficient to prove equality.
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In one direction, assume a state R € Reachable. R is reachable, as it was added
to Reachable by some sequence of Post operations, and so R € 7. Either there
exists an R’ € QS such that R* C R, or there does not. If such an R’ exists, we have
satisfied our claim. If such an R’ does not exist, then R must be minimal in Q)$ and, by
the definition of ), it holds that R € Q¢.

In the other direction, assume a state R € ()$. The fact that R € S implies R can
be reached by some path Qy...Q,, € Q* where Qy = {Q™}, Q,, = R and, for every
i, 0 < i < n — 1 there exists a o; such that Q;;1 = ps(Q;,0;). We demonstrate by
induction that for every ¢, 0 < i < n there must exist a (); € Reachable, @, C Q;. As
@, = R, this implies there exists an R’ € Reachable, R’ C R.

As a base case, Qp = {Q™}. At the beginning of the algorithm, the only ele-
ment in Reachable is {Q™}. By Lemma at the end of the algorithm there is
a @, € Reachable, Q; C Qo. As the inductive step, we assume there exists a
Q; € Reachable, Q; C @Q;. By the definition of ps, Qiy1 = U,q, p(r,0:). De-
fine Qeqr to be ps(QL, o) = UTGQ; p(r,0;). Note that Qe C Q;11. In the iteration of
the loop where ()} was first added to Reachable, line [§|includes ()} in Frontier. Thus
in the following iteration, line [6] adds @Q,,..; to Reachable. By Lemma|[A.5] at the end
of the algorithm there exists a (;,.,, € Reachable, Q),..; C Qnest € Qit1. Take Q)
to be this Q).

We have now established that for every R € Reachable, there is an R’ € Q%
such that " C R, and the converse. We also note that both Reachable and QS are
subset-minimal. We can now prove equality. For every R € Reachable (resp. Q%),
there is a R’ € QS (resp. Reachable) and an R” € Reachable (resp. QS), such that
R” C R’ C R. However, as Reachable (resp. Q$) contains only minimal elements,
R" C R implies R” = R, and thus R' = R. Therefore every element in Reachable
(resp. Q%) is also in QS (resp. Reachable), and the two sets are equal. ]

Theorem A.7. B is universal iff SubsumptiveUniversality (B) returns Univer-
sal.

Proof. Immediate from Lemma Lemma and lines [9] through [TT] of Algorithm
O

A.2 Implementation and Experimentation

To test the effectiveness of Algorithm|A.1, we implemented the algorithm symbolically
in NuSMYV and ran some experiments. This required modifying the NuSMV algorithms
for checking safety properties to use the Min function. Upon reading in the specifica-
tion, we have NuSMYV define and store a strict superset relation over states symbolically.
The strict superset relation is be defined as Superset(R, R') = (A ,cqq € R = q €
RN (Ve € RAq € RY). If we then have a set S of states of the subset construc-
tion, the image of S under the Superset relation are all states in .S that are strict supersets
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of another state in S. Call this image of S under the Superset relation S;,,,. The set
Min(9S) is then S\ S;,. We compared the default NuSMV on-the-fly invariant check-
ing algorithm, our symbolic implementation of Algorithm[A.T] and the semi-symbolic
approach of Wulf et al. [WDHRO6]]. We note that the semi-symbolic approach, which
does use subsumption, was built on NuSMV 2.3, while our implementations were built
on NuSMV 2.5.

The automata are derived from the random model of Chapter [3| However, instead
of viewing the resulting five-tuples as Biichi automata, we view them as automata over
finite words. This model was used in [TV05]] and [WDHRO6|]. We initially performed
terrain experiments over automata of of size 200. Note that both emptiness checking and
complementation is easier for NFA than for Biichi automata, and thus we can scale to
larger universality problems. Figure displays the behavior of our three algorithms.
Since the timeout is 3600 seconds, the picture is flattened for Algorithm[A.T] The overall
hardest configuration seems to be at transition density 2 and acceptance density 0.9.
However, with more moderate acceptance densities, all approaches also have difficulty
with transition density 2.25. While we cannot draw conclusions about scalability from
terrain experiments, these experiments are at the least not promising for subsumption.

To compare the scalability of these three approaches, we chose two configurations.
The most difficult point was with transition density 2.0 and acceptance density 0.9.
Figure displays the running time for the default NuSMYV algorithm and Algo-
rithm [A.T] at the first configuration. Unfortunately, data for the semi-symbolic approach
is not available at this configuration. Because a huge number of problems timed out
for Algorithm |A.1} we measure the timeout percentage. At this configuration, it is clear
that subsumption is a dramatically poor choice of optimization. Figure [A.2(b)| shows
the scalability of all three approaches at an easier configuration with transition density
1.75 and acceptance density 0.3. Here we see that, again, subsumption does not improve
the symbolic approach. Perhaps more surprisingly, the semi-symbolic approach scales
much worse than either symbolic approach. This may be due to updates in the NuSMV
code base between versions 2.3 and 2.5. However, conclusions gained from this data
must be tempered by the fact that this configuration is not very difficult: median run-
ning times never topped eight seconds. Paired with the other scalability results, we can
still conclude that subsumption does not improve scalability for symbolic algorithms for
NFA universality.
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Figure A.1 : Differences in behavior between universality checking algorithms for non-

deterministic finite automata, over a terrain of random automata with 200 states, mea-
sured as the median running time. Times are cut off at 3600 seconds.
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Appendix B

Experimental Documentation

A key element of science is repeatability. Repeatability poses a particular challenge
in computer science: our experiments rely on underlying architectures and frameworks
that are constantly changing. This appendix documents all of the software tools em-
ployed. Copies of all software can be found at http://www.cs.rice.edu/CS/
Verification//under the "Theses’ link.

B.1 Framework for Experiments

As mentioned above, All experiments were performed on the Shared University Grid at
Rice (SUG@R), a cluster of Sunfire x4150 nodes, each with two 2.83GHz Intel Xeon
quad-core processors and 16GB of RAM. As of 6/13/2012, SUG@R nodes are running
Red Hat Enterprise Linux Server release 5.6. Each experiment partitions the set of
experimental cases, and hands each partition to a compute node in the cluster. The node
then runs each tool on each case in turn, devoting the full resources of the compute
node to the task for 3500 seconds. Timeouts were handled using the custom-written and
very simple t imedrun tool, with the invocation t imedrun -g -csv -t 3500.
The bash builtin t ime is used to calculate the elapsed wall time of each run. We use
wall time to equalize memory-intensive and memory-sparing approaches, so that tools
that thrash on disk or suffer many page faults are appropriately penalized. Since each
node is dedicated to the job currently running on it, we are not worries about other
tasks consuming CPU time that our experiment could be using. Of course, on a modern
operating systems there are dozens of background processes running at all times, but
we expect their impact to be vanishingly small. In addition to median running time and
timeout status, we collect the output of each tool, to ensure consistency between results,
as well as the CPU and memory usage profiles derived from the t op command at 30-
second intervals. These profiles give us some insight into the memory or CPU-bound
nature of each tool and problem.

To generate automata in the Tabakov-Vardi model, which can be viewed either as
Biichi automata (as in the bulk of this work) or as NFA (as in Appendix [A), we use
the tool dk, written by Deian Tabakov. To generate automata, edit the create.sh
file in the extra directory. This file defines the starting, ending, and step size in the
parameters size n, transition density r, and acceptance density f. When generating
Biichi automata, the initTrans” option is selected, which ensures that the initial state has
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outgoing transitions on all characters. This avoids trivial cases of non-universality. For
NFA, we also select the “initAcpt” option, which ensures the initial state is accepting.
This ensures the empty word is accepted, avoiding a trivial case of non-universality for
NFA. The resulting automata are in the . aut file format, defined below.

B.2 Complementation of Automata

To complement automata, we used the 2012-04-03 version of the GOAL tool. Docu-
mentation, downloads, and a description of the gf f file format can be found at http:
//goal.im.ntu.edu.tw. We used the flags ~tr —cp —-ro -macc for rank-based
complementation, and —macc for Ramsey-based complementation.

B.3 Biichi Universality and Containment Checking

There are two tools we used to check the universality and containment in Chapter
The first is RANK, our modified version of the mh tool developed by Doyen and Raskin
[DROY]]. The mh tool can be found at http://www.lsv.ens—cachan.fr/~doyen/
antichains/antichains.html. The RANK tool supports the one-way catch-them-
young modification to the Emerson-Lei algorithms, but this modification was not used
in our experiments, as it proved ineffective. Unfortunately, the RANK tool does not
generate counterexamples. Input, in the . aut format, can either be given as a file name
or piped through stdin. Finally, the maximum rank can be set artificially. If the rank is
set too low, RANK may incorrectly report containment or universality.

The second tool, RAMSEY, is based on the sct/scp program— an optimized C imple-
mentation of the SCT algorithm from Ben-Amram and Lee [BALO7]. We have rewritten
the RAMSEY tool to solve arbitrary Biichi universality problems by implementing Al-
gorithm 4.4} By default, RAMSEY does output counterexamples. However, these coun-
terexamples are very difficult to interpret. The RAMSEY tool accepts input in the . svw
format.

B.4 NFA Universality

In Appendix |A] we modified NuSMV 2.5.0 to implement symbolic subsumption. The
modified code is available at http://www.cs.rice.edu/CS/Verification/. To
activate the symbolic subsumption, invoke NuSMV with the —sub flag. The automaton
is fully complemented and symbolically represented in the subset construction before
being given to NuSMV. For details of the encoding, see the section on file formats be-
low. Symbolic subsumption may only be used with two kinds of specifications. The first
are CTL specifications of the form AG: safety properties. It is necessary to use the —AG
flag for these properties, or they will be checked using the quadratic CTL algorithm.
With the —AG flag, NuSMV instead computes the reachable states and checks to ensure
they satisfy the safety property. Note, however, that by computing the reachable states


http://goal.im.ntu.edu.tw
http://goal.im.ntu.edu.tw
http://www.lsv.ens-cachan.fr/~doyen/antichains/antichains.html
http://www.lsv.ens-cachan.fr/~doyen/antichains/antichains.html
http://www.cs.rice.edu/CS/Verification/
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NuSMV is not operating on the fly, and thus is not fully implementing Algorithm |A.1
To search on the fly, we must use the INVARSPEC specification format provided in
NuSMYV to enforce an invariant. This invokes a separate NuSMV function that searches
for a counterexample as the set of reachable states grows. Subsumption has been imple-
mented in both functions.

B.5 File Formats

This section describes the file formats used for each tool, and presents the trivial au-
tomaton over an alphabet of two characters, consisting of one initial, accepting, state
that transitions to itself on each character. For formats that only support containment,
we look at the containment of this automaton in itself.

To translate between these formats, we use the sctp tool, which is written in
Haskell. While this tool does perform Ramsey-based containment checking, the im-
plementation is not written with an eye towards efficiency. However, it is very flexible
in file formats, and has become a general-purpose conversion and sanity checking tool.

B.5.1 aut

The .aut file format is used by dk and rank. To translate automata to the .aut
format with sctp, use the —oa flag. This format uses newlines and spaces for delim-
iters and # to begin comment lines. Empty lines and comments are ignored, and do not
matter for the count below. The first line is a sentinel: 2 for for a single automaton, suit-
able for universality checking; 3 for two automata representing a containment problem.
The second line delineates the number of letters in the alphabet: for the Tabakov-Vardi
model, this is always 2. With k characters, the characters are always {0...k — 1}. The
third line denotes the number of states in the first (and perhaps only) automaton. As
with characters, with n states the states are always {0...n — 1}. The fourth line is a
list of initial states, separated by spaces. After the fourth line begins a list of transitions.
Each transition is of the form state character state, with the transition being
from the first state to the second on the character. The list of transitions is ended with
the single line containing —. The final line describing the first automaton is the list of
accepting states, which is separated by spaces like the list of initial states. If the sentinel
was 3, then a second automaton is described, identical to lines three and below from the
first automaton. The two automata share the same alphabet size. An example of this
format can be found in Figure

B.5.2 svw

The . svw format directly represents supergraphs, hiding which characters are respon-
sible for which supergraphs. To translate automata to the .svw format with sctp,
use the —oasn flag. Note that the number of supergraphs for a containment problem
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#Arc List Universality
2

#Language size

2

#Automaton size

1

#Initial states:

0

#Transitions

000

010

#Accepting states:
0

Figure B.1 : Example Automaton in the aut format

L(A) C L(B) is equal to the number of transitions in A. However, the number of
unique graphs is equal to the size of the alphabet. Since this format does not easily al-
low for memory-sharing between supergraphs, it is unsuitable for containment problems
with large left-hand automata. The format does not allow comments. The svw format
has three sections: the states of A, the states of B, and the supergraphs. Each section
is enclosed in curly brackets and separated by a newline. Other than this requirement,
newlines are ignored. The states of A are given as a space-separated list, in which each
state is given as a space-separated triple enclosed in parens. The first word is the state
name, the second is a bit indicating the state is initial, and the third is a bit indicating if
the state is accepting. The states of B are likewise given as a space-separated list, where
each state is a space-separated tuple enclosed in parens. The first word is the state name,
and the second is a bit indicating if the state is initial. Since tests on supergraphs do
not rely on checking if states in Bare accepting, this information is not encoded. Fi-
nally, the last section describes supergraphs. Each supergraph is contained in parens,
and comprises of three parts: the source state from A, the second state from A, and the
graph over states in B. The graph is surrounded by curly braces, and consists of a list of
space-separated arcs. Each arc is a space-separated triple enclosed in parents. The first
word in the triple is the source state of B. The second word the label of the arc, either 0
or 1. The third bit is the destination state of B. Figure displays the encoding of our
sample automaton, which results in a file with two supergraphs.

B.5.3 gff

The gff file format, used in the GOAL tool The format uses XML to verbosely describe
an automaton. We will not describe the format in detail here, simply provide an example
in Figure A detailed description is available at http://goal.im.ntu.edu.tw.
To translate automata to the . gf f format with sctp, use the —oagff flag.


http://goal.im.ntu.edu.tw
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{

(astate 1 1)

}

{

(bstate 1)

}

{

(astate astate {(bstate 1 bstate) })
(astate astate {(bstate 1 bstate) })
}

Figure B.2 : Example Automaton in the svw format

<?xml version="1.0" encoding="UTF-8" standalone="no"?>
<structure label-on="transition" type="fa">
<alphabet type="classical">
<symbol> 0</symbol>
<symbol> 1</symbol>
</alphabet>
<stateSet>
<state sid="0"></state>
</stateSet>
<transitionSet>
<transition tid="0">
<from>0</from>
<to>0</to>
<read>0</read>
</transition>
<transition tid="1">
<from>0</from>
<to>0</to>
<read>1</read>
</transition>
</transitionSet>
<initialStateSet>
<stateID>0</stateID>
</initialStateSet>
<acc type="buchi">
<stateID>0</stateID>
</acc>
</structure>

Figure B.3 : Example Automaton in the gf £ format

B.5.4 NuSMV

sctp supports three different encodings of NFA as NuSMV files. In all cases the
NuSMV file encodes the subset construction. The three formats differ in how the ac-
ceptance condition is encoded. Thus all three formats begin the same, as shown in
Figure [B.4

The simplest encoding, using an AG spec, uses the —osmv flag in sctp. This
encodes the acceptance condition as a CTL specification.
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MODULE main
VAR
state: array 0..0 of boolean;

IVAR
input: boolean;

ASSIGN
init (state[0]) := 1;

next (state[0]) := (
( state[0] & (! input) )|
( state[0] & (input) ) );

Figure B.4 : The automaton encoding, without acceptance condition, in the NuSMV
format.

SPEC
AG (state[0]);

In order to perform on-the-fly universality checking, we must encode the automaton
with the —ofsmv flag in sctp. This encodes the acceptance condition as an invariant
specification.

INVARSPEC
(state[0]);

Finally, the semi-symbolic approach of [WDHRO06] required the acceptance condi-
tion to be given as an invariant. Note that this does not line up with the normal NuSMV
meaning of an invariant, and only works with the semi-symbolic approach of Wulf et al.
To encode automata in this way, use the —oismv flag in sctp.

INVAR
(state[0]1);
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