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PREFACE

Let A C R. A is Ny-dense if it has no first and no last element, and if
between any two members of A there are exactly 8; members of A. We let

K denote the collection of N;-dense subsets of R.

It is well known that every two countable dense subsets of & without
first and last element are order isomorphic. Baumgartner [B] proved that
it is consistent with ZFC that every two Nj-dense subsets of R are order
isomorphic.

The statement that each two R; dense subsets of R are order isomorphic
is called Baumgartner’s Aziom. This axiom is denoted by BA. In a universe
which satisfies CH, for example, R, and R\Q are two N;-dense sets which are
not order isomorphic, thus BA is independent of ZFC.
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This theorem of Baumgartner called for a variety of other questions con-
cerning the structure of the class of X;-dense subsets of & which were inves-
tigated by Abraham, Rubin and Shelah in [ARS]. Their paper introduced
several techniques which were used to solve consistency questions concerning
the properties of the embeddability relation on K. One of the solved question
by [ARS] is the following.

Definition: An N;-dense set A C R is homogeneous if for every a,b €
A, there is an automorphism f of (A, <) such that f(a) = b. The set of

homogeneous N;-dense sets in R is denoted by K.

Consider the structure <K =3 j>, where the members of K%/ 2 are
the equivalence classes of the relation of order isomorphism, and =< is the
order embeddability relation.

A question is asked whether, given a finite distributive lattice (L, <),
there is a universe in which <K =3 j>, and (L, <) are isomorphic. In
a universe which satisfies BA, for example, <K H /o j> is isomorphic to a
lattice with a single element. The answer, by [ARS], comes in the following
theorem.

Define the following operation on <KH/ = j>:
(4] 2 = {~a|a € A}/ =

Then, * is an automorphism of <K Hj~ j>, and indeed, it is an involution;

that is, an automorphism of order < 2.
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Theorem: Let (L, <,%) be a finite poset with an involution. Then the

following are equivalent:
(A) MAy, + ((K" U{0}/ =, =<, %) = (L, <, %)) is consistent with ZFC.

(B) (L, <, %) is a distributive lattice with an involution.

The proof in [ARS] is very intricate; some of the details are missing, and
some of the claims are without explicit proof. In this thesis I will present
a complete and detailed proof. I will also present some techniques used in
[ARS], The main one is the so-called club method, which is used in a proof

of the consistency of M A+BA.

Outline

Section 1 contains definitions of the structures K and K, and states some
properties of sets in K and K under the assumption of M Ay,. Section 2 is
devoted to the Isomorphism forcings, which is a type of forcings that makes
two sets of K order isomorphic. In this section we will also present some
techniques such as the club-method, which serve as a core to the entire work.
In section 3 we state the main theorem and start its long proof; the iterated
forcing which is used for this proof is outlined in section 4, along to a solution
for a complicity which rises when entwining this forcing with M Ay, iterated
forcing. In this section we use the Explicit Contradiction Method technique.
Finally, section 5 is devoted entirely to the proof of the successor stage of

this forcing.
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1 Preliminaries

In this section we define the collection of Ni-dense subsets of R, known as K,
and discuss important aspects of K and K - the collection of all homogeneous

N;-dense subsets of . We will also show how to find non-isomorphic sets of K.

1.1 Discussing K and K* under the assumption of M Ay,

Let A C R. A is Ny-dense if it has no first and no last element, and between any
two members of A, there are exactly X; members of A.

Let < be the order on . If A, B C R, let A = B mean that the structures
(A, <) and (B, <) are isomorphic.

Let A < B mean that (A, <) is embeddable in (B, <). Let A L B mean that
there is no Ni- dense set, C' C R, such that C < A, and C < B; we will say that
A'is far from B. If this is not the case then we will say that A and B are near.

IfACR, let A*={—al|ac A}.

For A,BC R, let Al Bmean A L B, and A 1 B*; we will say that A is very
far from B.

An order-preserving (OP) function from A to B is a 1-1 function f : A — B
such that for every aj,a2 € A, a1 < a2 = f(a1) < f(a2); it is order-reversing (OR)
if it is 1-1, and for every a1,a2 € A, a1 < ag = f(a2) < f(a1). If f is either OP,
or OR, then f is called a monotonic function. It is easy to see that a composition
of monotonic function with odd number of OR function is an OR function, and a
composition of monotonic functions with even number of OR function is an OP
function. In particular, a composition of OP function gives an OP function.

Let K = {A C R| A is Ny-dense}. In this work we will be interested in this

collection, and even more in the collection K which will be defined later.

For the rest of this work let M Ay, denote Martin’s Axiom for c.c.c posets and



N; dense sets. (see [K] II 2.5)

The following claim will give us a notion of the nature of K.

Claim 1.1. (AC)
Let A C R be of the size of Xy. Then A has a subset which is isomorphic to

some C € K.

Proof. Let A C R, |A| = X;. For every a1, as € A where a; < ag, denote a; =g as
if [AN(a1,a2)| = Ng. Clearly, =p is an equivalent relation on A. As|A/ =g | = Ny,
then taking a representative from every equivalent set will ensure us a set B of
the size of Ny. Take by,bs € B, where by # by, and let B’ def (b1,b2) N B. Every
by < by in B are in different equivalent sets, hence B’ N (b3, by) is of the size of Ry,

and obviously B’ has no first and last element; hence B’ € K. [
In 1973 Baumgartner [B] proved the following.

Theorem 1.2. [t is consistent with ZFC that every two members of K are order

isomorphic.

Let BA be the following axiom: ”Every two members of K are order isomor-
phic”. A proof of the consistency of BA will be denoted here as BA forcing or
the Isomorphism forcing, and in which the club method is used. More on that in

section 2.



We now elaborate a discussion from section 6 in [ARS]. The following lemma

is due to [ARS] 6.1.
Lemma 1.3. Assume M Ay,. Then:

1. Let A,B € K, and let {g;|i € w} be a family of OP functions from A to B,
such that for every a € A and by,by € B, by < ba, there is i € w such that
gi(a) € BN (b1,b2). Then A < B.

2. Let A, B, and {g;|i € w} be as in (1), and suppose in addition that for every
be B andai,as € A, a1 < as, there isi € w such that gi_l(b) € AN(ay,a9).
Then A= B.

Proof. (2) We will define a c.c.c poset P as follows: P = {f: A — B| f is finite,
OP, and for every a € Dom(f) there is g; such that (a, f(a)) € ¢;}. The ordering
on P is defined by f < gif f Cg.

For every (a1,b1),{as,b2) € A x B, we say that {(a1,b1),(a2,be)} is OP if
a1 < ag <> by < by. We will call {(a1,b1), (az,b2)} OR if a1 < ag <> by < by.

First notice, that for every a € A, D, = {f € Pla € Dom(f)} is dense in

P, and for every b € B, D° = {f € P|be Rng(f)} is dense in P. Hence if G
is a P-generic filter which intersects all D,’s and D’s, then | J{f | f € G} is an
isomorphism between (A, <) and (B, <). It remains to show that P is c.c.c.

Let F' C P be such that |F| = X;. We may assume that there is n < w such
that for every f € F, |f| = n. For every a < Xy, and i < n let {a;(«), b;(«)) denote
the ¢’th member of f,.

We can also assume that F' is a A-system with an empty kernel. Hence, and
due to the fact that for every f € F, and a € Dom(f), f(a) € {gi(a) |i < w},

which is a countable collection, and the g;’s are all 1-1, we may assume that for

every o, f < Ry, Dom(fo) N Dom(fs) =0, and that Rng(fa) N Rng(fz) = 0. Hence



faU f3 is finite, 1-1, and for every a € f,U fg there is i < w such that f(a) = g;(a).
It remains only to see that f, U fz is OP.

We can assume that there are py < -+ < pp, o < --- < gn rationals, such
that for every f, € F, p; < ai(a) < piy1, and ¢; < b;j(«) < ¢i+1. Hence, for every
0,8 < Wi, and 7,7 < n, 1 # j, {{ai@), bi(2)) , (a3(8), bi(B)} is OP. As {gi |i € w)
is a countable collection, we can assume that for every i < n there is such g that
for every f € F, (a;,b;) € g. Then for every o < f < Ny, fo U f3 is OP, as for
every i < n, {{(a;(a),bi(a)), (a;i(5),bi(5))} is OP as well.

(1) Is done exactly the same. [

We now turn to look at the collection of homogeneous sets of K.

Definition 1.4. Let A C R, and let < be the order on R. f : A — A is an
automorphism of (A, <), if f is bijective, and for every a,b € A, a < b« f(a) <
0}

A C R is homogeneous if for every a,b € A there is an automorphism f of (A, <)
such that f(a) =b.

Let KH = {A € K| A is homogeneous}.

Definition 1.5. Let A € K. I C R is an interval of A, if there are a1,a2 € A,
a1 # ag, such that I = (a1,a2) N A.

Note that if A € K, and [ is an interval of A, where A € K, then I € K as

well.

Definition 1.6. For every p < q < r < s € Q, if there are ay,as € A such that
a1 € (p,q), az € (r,s), then let I, 4 o) be an interval of A, such that if a,a’ € A,
and Iy 45y = (a,a")NA, then a € (p,q), and a’ € (r,s). For A€ K, let »* be the

following collection of intervals: ¢* = Uipgrsy | pasm,8 €Q, andp < g <r < s}.



Lemma 1.7. Let 7 be the topology of A which is defined by the collection of all

intervals of A. Then ¢ is a countable base for 7.

Proof. Let A € K, and let x € A. As A has no first and last element, there are
ai,as € A such that a1 < x < as. Let p,q,r,s € Q where p < g < x < r < s,
aj € (p,q), and ag € (r,s). Then there are a,a’ € A, such that a € (p,q), d’ € (r,s)
and I, g1 € $?, where Lip g5} = (a,a") N A. Then x € Iy g -

It is also clear that for any I, I € ¢4, if € I} N Iy, then there is Iy € ¢

such that Iy C I1 N I, and = € I. Hence gbA is a countable base for 7.

It is immediate from this lemma that every member of K is of the size of N;.
It is also easy to see that every A € K is isomorphic to some A’ € K which is
dense in R. This is done by taking a member from every I € ¢ thus forming a

countable subset of A which is dense in itself - thus isomorphic to the rationals.

Lemma 1.8. Let A € K", a c A, and let J be an interval of A. Then there is
an interval I' of A, such that I' € ¢*, a € I', and an automorphism f of (A, <)
such that f(I') C J.

Proof. Let b € J. As A is homogeneous, there is an automorphism f of (A, <)
such that f(a) = b. As J has no first and last element, let by,be € J, by < bo,
such that by < b < by. Then there are a; < a < az € A such that f(a1) = by, and
f(az) = by. Let I = (ay,a2) N A be an interval of A. Then f(I) C J. As ¢ is a
base, there is I' € ¢4, I' C I, a € I', then f(I') C J.

Lemma 1.9. Assume M Ay, , and let A € KH . Then for every two intervals Iy, Jo

OfA, Io = J(].



Proof. Let I, Jy be two intervals of A. For every J € ¢4, J C Jp, let {<sz], g;]> li €
w} be such that I € ¢4, g/ is an automorphism of A, g/ (I7) C J, and Usew I =
A. As ¢? is a countable base of A, then by lemma 1.8, there are such Ii] ’s and
gi’s.

let ¢g = {g/ | J € ¢?, J C Jy, and i € w}. Then Iy, Jy and ¢p satisfy the
conditions of lemma 1.3 part (1). By a symmetric argument there is a family ¢
such that Jy, Iy and ¢; also satisfy the conditions of lemma 1.3 part (1). Hence,
In, Jo, and ¢o U {g~! | g € ¢1} satisfy the conditions of lemma 1.3 part (2), hence

Iy=Jy. U

Let A % gy 11,7 € ¢? and g s is an isomorphism between I, and J}.

We will denote G4 as the set of isomorphisms of (A, <) induced by ¢*.
We will now come to talk about shuffles of members of K, and K.

Definition 1.10. Let {A; |i < a <w} C K, and let B € K. We say that B is a
shuffle of {A; i < a} if there are A}, i < a, such that A} = A;, B =J,_, Al, and
for every i < a and by, bs € B where by < bs, there is a € A% such that by < a < by.

Let A € K; B € K is a mixing of A if for every rational interval I there is
Ar € K such that A; C I, At = A, and B = \J{A1 | is a rational interval}. B

will be denoted as A™.

The following is lemma 6.1 from [ARS]. The proof that we give is a detailed

elaboration of the proof given there.

Theorem 1.11. Assume (M Ay,). Then:

1. IfA,Bc K" A=<B, and B < A, then A = B. (Hence < is a partial
ordering of K/ =),

2. If Ac KH then A is isomorphic to every non-empty open interval of A.



3. Let {A;|i < a < wy C K. Then (a) all shuffles of {A; |i < a} are
isomorphic and belong to K. (b) Suppose C € K, if B is a shuffle of
{A;|i < a}, and for every i < a, A; <X C, then B < C. In particular, if all
the A;’s are isomorphic to some fivred A, then every shuffle of {A; |i < a}

is isomorphic to A.

4. If A € K and By, By are mizing of A, then By = By, and By € KH. If
C e K" and A< C, then By < C. In particular if A€ K" then A= By.

5. If Ac K, and for every B€ K, A=< B, then Ac K.

6. If for every A,B € K A=< B, then BA holds.

N

. If|KT ) = | =1, then BA holds.

Proof. Recall that for A € K, G4 is the set of automorphisms of (A, <) induced
by ¢4.

1. Let f: A— B, and g : B — A be OP functions. Let P ={h: A — B) | h
is finite, OP, and if (a,b) € h, then there is ¢’ € G® such that (f(a),b) € ¢/,
or there is f' € G4 such that (a, g(b)) € f'}. As done before, P is c.c.c and
if G is a generic filter over P then [J{f | f € G} is an onto and OP function
from A to B.

2. Let I be an interval of A. Then there is G’ C G4, such that for every a € A,
and by, by € I where by < bo, there is ¢’ € G’ such that ¢'(a) € AN (b1, b2).
Clearly G’ is countable. So by 1.3 (1), A < I. It is obvious that I < A, so
by 1.3 (1), A~ 1.

3. Let By, By be shuffles of {A; |i < a}. Let b € By, and by, by € By, by < bo.

Then there is ¢ < « such that b € A;. As A; is dense in Bj, there are



a1 < as € A;, such that by < a1 < as < bo, and there is g € G4 such that
g(b) € (a1,a2). So B, B', and |J,., G, meet the conditions of 1.3 (1),
and as the case is symmetrical, the conditions of case 1.3 (2) are met, hence
B~ PpB.

To see that B € K| for every ag,byg € B, Let P = {f : B — B f is finite,
OP, (ag,bo) € f and for every other (a,b) € f there is i < a and g € G4

such that (a,b) € g}. As |J,_, G is a countable collection, P is c.c.c and

<o

if G is a generic filter over P, then |J{f | f € G} is an automorphism of B

which puts ag in by. Hence, B € KH.

Let C € KH be such that for every i < a A; = C. Let f; : A; — C be
OP. Then for every b € B there is i < « such that b € A;, and for every
c1,¢2 € CN(U;<o Bng(fi)) there is g € G such that g(f;(b)) € CN (c1,c2).
So the conditions of 1.3 (1) are met and B < C. Suppose there is A € K
such that for every i < a A; 2 A. Then B < A. As A < A;, then A < B,
hence by (1) A= B.

. Let By, By be mixing of A. for every rational interval I, let A7, A} C I, such
that Ay = A, A} = A, and such that [J{A; | I is a rational interval} = By,

and (J{A | I is a rational interval} = Bs.

For every rational interval I, let fr : A; — A be an OP function, let f} :
Al — A be an OP function, let F = {fr | I is a rational interval} U {f; ' |T
is a rational interval}, and let F' = {f; | I is a rational interval} U {f; ' | I
is a rational interval}. Recall that a composition of OP functions in an OP

function.
Let a € By, and b,b € By, b < b'. Then there is a rational interval I,

such that a € Ay, and there is a rational interval J such that J C (b,0).
Then f, ' (f1(a)) € (b,b'). So conditions 1.3 (1) are met, and because of



symmetric reasons, conditions 1.3 (2) are met, hence B; = Bs.

We will show that By € K. Let ag,by € By, and Let P = {f : By — By | f
is finite, OP, (ag,bo) € f and for every other (a,b) € f there is i < o and
g, h € F such that (a,b) € g~ 1oh}. As before P is c.c.c and if G is a generic
filter over B; then |J{f | f € G} is an automorphism of B; which puts a in
b. Hence, B; € K.

Let C € KM such that A < C. let f: A — C be a 1-1 and OP function.
Let b € B, and let ¢; < c2 € C'N Rng(f). There is a rational interval I, such
that b € Ay, so let fr: Af — A, and let G4 be the set of automorphisms of
A induced by ¢#, then there is g € G4 such that (f o go fr)(a) € (c1,c2).
so conditions 1.3 (1) are met so B < C'N Rng(f), hence B < C.

Suppose C' = A, then B < A, and as B = |J A, where A = Ay, then A < B;
thus, by (1), A= B.

. Let A € K be such that for every B € K A < B.

For every I € ¢4, as I € K, then A < I and every two intervals of A are
isomorphic, so G4 is defined well. Now for ag, by € A, let P = {f : A — A)|f
is finite, OP, (ag,by) € f and for every (a,b) € f there is g € G* such that
(a,b) € g}. Then as before P is c.c.c. Hence if G is a generic filter over
A, then |U{f | f € G} is an automorphism of A which puts a in b. Hence,
Ae Kt

. If for every A,B € K, A < B, then by (5) A,B € K", and then by (1)
A= B. Thus for every A, B € K, A= B so BA holds.

. Suppose |[KH/ = | = 1. We will see that for every A,B € K, A < B; then
by (6), BA holds.
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For every A € K let A™ be a mixing of A. Let A, B € K, and let B; be a
non empty interval of B. Then by (4) Am,Bgn € K7, As |[KH7) = | =1,
Am = Bm,
By definition of B, let BY* = |J

and A < A™. So there is an OP function gp, : A — BJ".
icw B;-, where for every i, B' & B;. Let
gi : B' — Bj; be the isomorphism between the two sets. Let hp, ; = g?logBj.
Then hp, ;: A — Bjis an OP function. As A, B, and {hp, ;|i,j < w} meet

case 1.3 (1), A < B, as required. [1.11

We will end this section with a surprising result of lemma 1.3 given by [ARS]

Definition 1.12. For A € K", we say that A is n-homogeneous if for every
a1, ,Qp,b1, -, by € A such that a1 < -+ < ap, and by < --- < b, , there is an
automorphism f of (A, <) such that f(a1) =b1,---, f(an) = by.

Note that, if A € K is 2-homogeneous, then every two intervals of A are

isomorphic.

Theorem 1.13. Assume MAy,, and let n < w. Then every A € K" is n-

homogeneous.

Proof. For every a1 < -+ < an,b1 < --- < b, € A, let P be the following poset:
P={f:A— B|fis finite, OP, (a1,b1), -, {an,bn) € f, and for every other
(a,a’) € f there is g € G’ such that (a,d’) € G}.

As in lemma 1.3, P is c.c.c, and for every a € A, D, = {f | a € Dom(f)}, and
D® = {f|a € Rng(f)} are dense. Hence, assuming M Ay,, there is generic filter
over P, G, such that | J{f | f € G} is an automorphism on A, that puts a; in b; ,

ceeap in b, O
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1.2 Finding non-isomorphic sets of K

We use lemma 9.9 from [ARS] as an example of a way to find sets of K which are
not necessarily isomorphic. This lemma is presented in a way that will suit the

needs of this work.

Lemma 1.14. (CH) For k < Ny let {AL|i < K} be a collection of sets of K
(not necessarily disjoint), and let X < 280, For every i < X let A; € K, where
A; = {ali,a) |a < N} is a 1-1 standard enumeration of A;. Then there are

pairwise disjoint {B}|i < k} C K such that:
1. For every i <k, B, C A, and B, is dense in Al.
2. For everyi <k, B L (B;)*, and for every i # j, B 1L B’.

3. There is a club C' C Ny, such that for every i < X, let B; = {a(i,a) | a € C'}
be a subset of A;; then for each i < A, B; € K and is dense in A;, and for

every i < X, j < w, BiiLBé.

Proof. For every i < k let {a(A+1i,a) | @ < X;} be a 1-1 standard enumeration
of AL, let h : (A + k) x Xy — Ry be defined as h(i,o) = a(i,a). Let R =
{(i,a,B) | a(i,a) < a(i,B)}, and let M = (A + k, <,h, R). We can also assume,
for later use, that M contains an enumeration of the rational intervals.

For any N < M, if [N|NX; = a, denote N as N,. Let Oy < {a | N,y < M}
Cyy is closed unbounded, and will be denoted through the entire work as the club
of the elementary substructures of M. For every a, 3 € Cy; where a < 3, [a, )
will be denoted as a Cjy-slice. Note that Cj; forms a partition over Xy, which is
the collection of Cps-slices denoted as EC; let {ES | a < R} be its enumeration
in an increasing order, where {a | @ < min(C)} is regarded as EY .

Let D C Xy be a club such that [®;\D| = R;. Let {D} |7 < } be a partition of
INy\D|, where |D!| = Xy for every i < k. Let C = |J{ES | a € D}, and for every
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i < A, let B = {a(i,a) | « € C}. Clearly, C is a club. We will see that B; is a

member of K and dense in A;.

For every aj,as € B; where a1 < asg, let a; = a(i, 1), as = a(i,az), and let
No < M be a model such that h(i,a1), h(i,a2) € Ny (meaning aj,as € Ny). Let
v = NoNN;. As A € K, the following sentence is valid in M:

o = (Vzdy > z)(h(i,on) < h(i,y) < h(i,a2)).

Let j : wi — w; be an increasing function. For every CM slice Eg, let Nja)
denote the elementary substructure of M such that ES is the last CM slice in
it. so  is valid in every Nj(,), where a > 7. As such, in every Nj(,), there are
unbounded many (’s, that for each 5 h(i,«1) < h(i, ) < h(i,a2). Hence there is
B € ES, such that a(i, 3) € B;, and a; < a(i,3) < as. As there are uncountable
many such cM slices, (a1,a2) contains 8; members of B;. Same argument also
holds to show that B; has no first or last element, hence B; € K, and as this

argument holds for any a; < as in A, B; is dense in A; as well.

Now for each i < k, we will find B C A such that the B.’s are members of

K, pairwise disjoint, and have the following properties:
1. If a(A+ K, a) € B, then aw € [ J{EY | v € D]}

2. If a(A + k,a),a(\ + k,3) € B} and are distinct, then E(a()\ + k,q)) #
EC(a(A + K, B)).

3. For every i < k, B, € K and dense in A.
We define { B/ |i < k} by induction on 8. Let ¢ be the countable base for the

topology on |J,,, A} (see Definition 1.6). Suppose ¢ = {I;|j < w}. For i < x and
a limit ordinal §, let Bj(6) = (J,5B;i(®). Suppose we have defined Bj(«a), and
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Bj(a+1) for every | < i. For Bl(aw+ 1) we pick an element a; from every interval
I, j < w, where I; N A, # (), such that a; has not been picked before, and such
that if a; = a(A + 14, 3), then § € E,?, where v € D}, and no other element from
E$ was yet picked. As so far we have picked only a countable elements from every
I;, and as D} is unbounded, we are free to pick such a;. For every i < k we define
B} = Uqen, Bi(a). Then the Bj’s are pairwise disjoint and satisfy the required

conditions.

Suppose by contradiction that for ¢ < A, j < k, f C B§~ X B; is an uncountable
monotonic function (either OP or OR). Let F' be the closure of f. For simplicity
we will treat B§, B; as elements of Ny, where < will be the ordinal order on Ny,
and =< will denote the linear order on X; induced by the reals. We will see that
for every a,b < Ny, |F(a)| <3, and |[F~1(b)| < 3. Let (a,b) € f, and suppose that
for some b < by, there is (a,bg) € F. We will see that there is no (a,b;) € F such
that b < by < b1.

Suppose there was such (a,b;) € F. Then as (a,by) € F, there is (ay, b)) € f
such that b < b, < by, and as f is OP then a < af,. Now as (a,b;) € F, there is a
series {(a’,b") € f|i < w} that converges to (a,b1); So start with a certain i < w,
for j >, by < b. so as f is OP, then it is also that ap < a’, a contradiction, as
then {(a’,b") € f|i < w} does not converge to (a,by).

Hence there is only one point in F' of the type (a,by) such that b < byg. From
symmetrical reasons, there is only one point in F' of the type (a,b;) such that
b1 < b. So |F(a)| < 3. In the same way it shows that |F~!(b)| < 3 for any b < R;.

If f is an OR function then it is shown in the very same way.

Now ,assuming M contains all rational intervals as well, let d € |M| be such
that F' is definable from d. Let v9 < R; be such that for every v > ~q, if v € C,
then there is N < M such that d € |[N| and |[N|NR; = +. Let (a,b) € f, where
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a=h(i,a), b =h(A+j,0), and 79 < a, . We can assume that o < g as it will
not matter. By the definition of B;- and C, o and § are in different EC slices,
so there is v € C such that « < v < 3. Let N < M be such that d € |[N| and
IN| NNy = . Hence a € |N|, where 8 ¢ |N|, and F is definable from d in |N]|.
Now, as |F'(a)| < 3, then all the elements b < R; for which F'(a) = b are in |N|, a
contradiction; as [ is such an element and § ¢ |N|. Thus for every ¢ < A, j < k,
B! 1 B;.

As for every i,j € k, i # j, and for every a € B;., b € B] where a = h(A+ j, @)
and b = h(\+1,3), a and 3 are in separated EC slices, the same argument shows
that B; I B’. Last, as for every i € x, and a,b € B] where a = h(\A +i,a) and
b = h(A+i,3), o and (3 are also in a separated EC slices, we use the same argument

to show that B L (B))*. O
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2 Isomorphism forcings

The following is mostly chapter 9 from [ARS] In which the Isomorphism forcing
(also known as the BA-forcing) is discussed. The intricate details of the Isomor-
phism forcing are essential for this work. The theorems which are discussed here
are theorems 9.1, 9.2, and lemma 9.6, all from [ARS].

The axiom BA is ”"Every two members of K are order isomorphic”. Baum-
gartner [B] showed that BA is consistent with ZFC, and the way of proof in [B]
also showed that BA is consistent with M Ay,. This suggested that maybe M Ay,
already implies BA. The negative answer to this question was found by Shelah.
Using two techniques he invented: the club method, which is explained in this sec-
tion, and the explicit contradiction method (see section 4.2), Shelah [AS] proved
that M Ay, is consistent with an entangled set (as defined in [AS]), thus showing
that M Ay, does not imply BA. Abraham [AS] then found another way to refute
BA, by using the club method to construct a universe which satisfies M Ay,, and
in which there is a set A € K, such that A is not isomorphic to A*.

In this section we will use the club method to prove that BA is consistent with
ZFC. The proof is the same proof of Theorem 9.1 from [ARS], to which we have
added an elaborated explanation of the club method. Theorem 2.3 (Theorem 9.2
from [ARS]) is a variation of 2.1, dealing with order isomorphism between shuffles
of sets of K. Lemma 2.4 (lemma 9.6 from [ARS]), denoted as the Isomorphism-
Farness Lemma, is another variation of 2.1, and it shows how to force two members
of K to become isomorphic, while keeping other members of K far from each other.
This lemma will be followed by a discussion which will show some results which
are developed from the Isomorphism-Farness Lemma.

Note that in the following, C'H is assumed, and as a result of that, the contin-

uum is Ng in a universe which satisfies BA. However section 5 of [ARS] shows how



16

to satisfy BA with the continuum enlarged beyond N5. A different axiom, denoted
as Al, is assumed as a substitute of CH. In this work I have chosen to stay with

the assumption of CH.

2.1 The Isomorphism forcing

The Isomorphism forcing, or the BA-forcing, is an No-stages finite support iteration
of c.c.c forcing sets. We will focus on the successor stage of the BA-forcing, without
explaining the whole Ny iteration; these are well known, and done by the method
of Solovey and Tenenbaum [ST|. Hence, given A, B € K, we construct a forcing

set P4 g which makes A, and B isomorphic.

Let &€ be a partition of X1, and 0 C Ny x ;. We define the graph Gg. The set
of vertices of the graph V€ is {F € £ | (3a,b)({a,b) € 0, and (a € E or b € E))}.
The set of edges is o, and Ey, Ey which belong to V¢ are connected by (a,b) € o,
ifa € Fhy,and b€ Eyorb € Ep, and a € F. When £ is fixed and o varies, we
denote G¢, and V€ by G, and V, respectively.

We say that a graph G is cycle free if it does not contain cycles, i.e. it does
not contain a sequence of vertices aq, - - -, a, and a set of distinct edges ey, - -, e,
such that e; connects a; and a;+1, and e, connects a, and a;. Let C' C Xy be a
club, let £ denote the set of C-slices (that is, the partition induced by C on Xy),
and let {EC |i < Ry} be an enumeration of £ in an increasing order. We regard
the set E = {a| a < min(C)} as a C-slice, hence E = E§. EY, and EJC are near,
if for some n € w, i +n=j,or j+n=r1.

Let o € ®;. EY(a) denotes the member of £ to which a belongs. E¢(a) is
abbreviated by E(a) when C' is fixed.
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Let < be a linear ordering of a subset of Ry, C' C Ny be a club, and A, B C Nj.
We define P = P(C, <, A, B):

P={f:A— B|fisa finite OP function with respect to <, G]q is cycle free,
and if f(a) = b then E¢(a), and E¢(b) are near}.

f<gif fCyg.

Theorem 2.1. (CH)

Let A,B € K, and M be a model such that |M| D Ry. Assume that there is a
linear ordering < on X1 definable in M such that (N1, <) is embeddable in (R, <),
and (AU B, <) is embeddable in (Xi,<). We can assume that A,B C X;, and
Ny and the usual linear ordering < of Xy are definable in M. Let C be the club
of elementary substructures of M, and suppose further that for every C-slice, E,
(ANE,=<) and (BN E, <) are dense in (A, <) and (B, <) respectively. Then: (a)
P=P(C,<,A,B) is c.c.c; and (b) IFp A= B.

Proof. (b) Let f € P and let a € A\Dom(f). We show that there is g > f such
that a € Dom(g).

V; is finite, hence there is a C-slice E such that £ ¢ V¢, E # E(a), and E
and E(a) are near. Since B is dense in itself and B N E is dense in B, there is
b € BN E such that g = fU{{a,b)} is OP. By the choice of E, g € P, hence g is
as required. Similarly if b € B\ Rng(f), then there is g € P such that b € Rng(g).
Now let G be a P-generic filter. Then |JG is an onto, and OP function from A
into B. That proves (b).

(a) If V and W are sets of pairs of real numbers we say that (V, W) is OP if for
every (vg,v1) € V, and (wg,w1) € W, {{vo,v1), (wo, w1)} is OP, that is vp < wgy <
v; < wi. Analogously we define the notion (V,W) is order reversing (OR). Note

that if U;, i = 0,---, 3, are pairwise disjoint intervals, then (Uy x Uy, Us x Us) is
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either OP or OR.

Let {fo | @ < N1} = Fy C P. We uniformize Fy as much as possible. We thus
assume that there is n € w such that for every f € Fy, |f| = n. We can assume
that Fy is a A-system, and that it suffices to deal with the case when the kernel

of Fy is empty. Hence let us assume that
fa = {(CL(CM,O), a(aa 1)> T <CL(O[, 2n — 2)7 CL(O(, 2n — 1)>}

where the a(a, 2i)’s are distinct, and if a« < 3, ¢ € Dom(f) U Rng(fa) and
d € Dom(fg)URng(fs), then E(c) # E(d). This condition assures us that if f,U f3
is OP, then f, U fz € P.

Last, we can assume that there are qg,- -, qn,70, -, € Q, such that ¢y <
gy < Gy T <, ¢+, < Ty, and for every f, € Fy, and i < n, ¢; < a(w,2i) < giy1,
and 7; < a(,2i 4+ 1) < riy1. This condition assures us that for every f,, fg €
Fo, if i,j < n, i # j, then {{a(c,2i),a(a,2i+ 1)), (a(5,2)),a(F,2j + 1))} is OP,
hence we need only to find two conditions fg, f, € Fp, such that for every ¢ < n,

{{a(B,2i),a(B,2i + 1)), (a(v,27),a(y,2i + 1))} is OP; then fz U f, is OP.

Let a(a) = (a(,0),---,a(a,2n — 1)), F1 = {a(a) | @ < N1}, and let F' be
the topological closure of Fy in ({1, <))?". It will be convenient (however not
necessary) to assume that all the a(«,i)’s are distinct, hence we assume that
ANB=10.

Let D € |M| be such that F' is definable from D in M, and there is some
countable open base of (X, <) consisting of intervals whose elements are definable
from D in M. Let vo € C be such that C'N[yo,N1) C {a| (AN < M)(D € |[N| and
IN| NNy = a}. Let fo = f be such that for every i < 2n, v < a(«,7). We denote
a(a, i) by a(i), a(a) = a, and W = Dom(fa) U Rng(fa).

Let Ep, -, Er_1 be the set of C-slices which intersect W, arranged in an
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increasing order. Let x = (x(0),---,z(2n — 1)) be a sequence of variables. For
every s < k, let Ry = {i|a(i) € Es}, as = a | Rs and 5 = = [ Rg. Hence
User @s = a and | J, 25 = .

We are now ready for the duplication argument. We define by a downward in-

duction on s = k, - -+, 0 formulas ps(zg, -+, zs—1) such that M | pslag, -, as—1].
Let

YL = U.Z‘SEF.
s<k

Then M = ¢ilag, - -, ak—1].

Suppose @s11 has been defined, and we define ;.

Let Qz¢(x) mean: ”there are unboundedly many pairwise disjoint z’s satisfying
©(x)”. For a set S, and an element ¢, let B(S,t) mean: "for every s € S, t < s”.

Using the fact that Ey,---, Ex_1 are arranged in an increasing order, there is
d € C such that for every i € Rs_1, and j € Rs, a(i) < 6 < a(j). Let N5 < M be
such that |Ns| N Ry = §. Then for every b € N,

M }Z (Ele)B(xS7 b) A @S-ﬁ-l(aOa cr,As—1, xs)'

As Ns < M, then for every b € N

N5 ': (EwS)B('xSv b) A @s—&-l(aO, crr, 051, xs)~

Hence,

N5 ': Q($S)908+1(a07 crry 051, xs)a
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and again, as N5y < M

M ': Q("BS)SOS-F].(CLO) crr, 051, xs)

So the set As = {as | M E ¢s+1(ag,---,as—1,as)} is unbounded, hence there

are a,al € A, such that a? Nal =0, and

CREa]

1
M [ (33, ;) (Rng(ﬂfg) N Rag(zy) =0 A [\ @sralao, - ,as_l,ﬂ:’s)>
=0

For every i € Ry and [ = 0,1 let Ul-l be an interval definable in D such that:
(1) the Ul’s are pairwise disjoint; (2) if s’ > s, i’ € Ry, and I’ € {0,1}, then
Ul nUY = 0; and (3)

1

1
e ey (A (st TT08) A svrton )
=0

=0 1€ERs

Let ¢ be the following formula:

1 1
ws = (329, 2}) (/\ (a:ls € H Uf) A /\<p8+1(a0,---,a5_1,xls)> .
=0

=0 1ER;

We thus proved M = ¢ for every s < k.

We prove that we can find for every s < k, I(s) € {0,1} such that for every
i <niif 2 € Ry, and 2i + 1 € Ry, then <U§§s> x Upt) Up 1) Uzl;ll(t)> is OP.
Recall that: (1) The graph Gy has vertices Ep,---,Er—1. (2) The edges

of Gy are (a(0),a(1)),---,(a(2n —2),a(2n —1)). (3) Es is connected to E; by
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(a(2i),a(2i 4+ 1)) if a(2i) € Es, and a(2i+1) € Ey, or a(2i) € E, and a(2i+1) € E;.
(4) Gy is cycle free.

Let S C k be such that for every component 1" of Gy there is a unique s € S
such that E; € T. Let Sj = {s € k| thereis t € S and a 1-1 path in Gy of length
Jj connecting Es with E,}.

Since Gy is cycle free, the S;’s are pairwise disjoint and moreover for every
5 € Sjy1 there is a unique edge in Gy which connects E; with some element of
{Es|s €S}

For every s € Sp define I(s) = 0. Suppose [(s) has been defined for every
$ € UpzjSm- Let t € Sji1; let (a(2i),a(2i+ 1)) be the unique edge connect-
ing E; to an element of {E;|s € S;}, and without loss of generality suppose
that s € Sj, a(2i) € E,, and a(2i + 1) € E;. Define I(t) in such a way that
<U£§s) X Uégl, U;i_l(s) X U;;ll(t)> will be OP. We have defined [(s) for every s € k,

and it is easy to check that {l(s)|s € k} is as required.

Using the ¢;’s we will now construct two members of F. Since M E ¢y,
there is b) such that M = (b) € [Licr, Uil(o) A ¢1(B9)). Suppose b9, ---, b0 | have
been defined in such way that M = @s[b), - - -, b2_;]; hence by the definition of 5,

there is b2 such that M = (8 € [] AR ©s11(09,--+,02)). According to this

i€Rs Vi

definition we obtain b)), --,b)_; such that | J,_, b0 € F (this is assured by ¢},) and
for every s < k, b € [Licr. U;(S). Similarly we can define b}, s < k, such that
User bt € F and b} € [Ticn, U ',

For | = 0,1, let o' = |J,_, bl. So suppose b’ = (b'(0),---,b'(2n — 1)). By the
construction of the I(s)’s, for every i < n, {(b°(23),6%(2i + 1)), (b'(2i),b* (20 + 1))}
is OP.

Since F' = cl({a(a) | o < R1}), there are (3,7 such that for every s < k,

a(B) | Rs € [er, Uil(s) and a(y) | Rs € [Ticp, Uil—l(s).
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Thus for every ¢ < n, {{a(8,2i),a(3,2i + 1)), {a(v,2i),a(y,2i + 1))} is OP.
Hence fgUf, is OP, and by the uniformization its graph is cycle free, so fgUf, € P,

so Pisc.cc. U

We now turn to discuss isomorphism between shuffles of sets of K. We will
concentrate only on the finite cases, although the following can be easily expanded

to Vg, and even Ny cases.

Definition 2.2. Let {A; |i < n}, and {B; |i < n} be collections of sets of K ,

such that, for every i < mn, A; is dense in Ui<n A;, and B; is dense in UK” B;.
We say that \J;, Ai, and |, Bi are shuffle-isomorphic if there is an onto

OP function f : J;.,, Ai — U;<,, Bi, such that for every i <n, f(A;) = B;. Let

fi def f I A; be the order isomorphism from A; to B; induced by f.

We will prove the following

Theorem 2.3. (CH)
Let A= {A;|i<n}, and B={B;|i <n} be as in Definition 2.2. Then there

is an Ny c.c.c forcing set P, such that I-p (A and B are shuffle isomorphic).

Proof. This proof is very similar to the proof of Theorem 2.1. We start from
a model M which universe is Nq, and which encodes A, B, and all the relevant
information. As before, we let C' be the club of elementary substructures of M.
We define P = {f : A — B|f is a finite OP function with respect to <, G’? is cycle
free, if f(a) = b then EY(a), and E¢(b) are near, and for every i < n, f(A;) C B;,
and f1(B;) C Ai}. f<gif fCy.

The proof that P is c.c.c is identical to the proof of Theorem 2.1. It is left to

see that forcing with P make A and B shuffle isomorphic.
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For every b € A the set Dy = {f € P|be€ Dom(f)} is dense, as for every
i < mn, A; is dense in A; and so is D? def {f € P|b € Rng(f)}. Hence, if G is
a P-generic filter, then |J G is an onto OP function from A to B where for every

2.2 The Isomorphism-Farness Lemma

Suppose there are A, B,G,H € K where G L H, and we want to find a forcing
set which will make A and B isomorphic, but G and H will continue to remain
far from each other. Lemma 2.4 states certain conditions which will insure that
G, and H remain far. We denote this lemma as the Isomorphism-Farness Lemma.
The discussion continues at section 2.3. We use Theorem 2.1 to define the required
forcing set; however, we will have to work harder in order to show the farness is
kept.

The following is a slightly less powerful version of lemma 9.6 from [ARS] (see

remark 2.5).

Lemma 2.4. (CH) Let v < 2% . For every i < v, let G;, H; € K such that
G; L H;. Let A, B € K be such that for every i < §, AL G;, and B H;. Then

there is a c.c.c forcing set P of power Ry such thatl-p A = B, and for every i < 7,
Fp G; L Hj.

Remark 2.5. A set A € K is increasing if there is no uncountable OR function
g with no fized points such that Dom(g), Rng(g) C A. A is 2-entangled if there is
no such uncountable OP function as well.

The original lemma 9.6 from [ARS] also claimed that if G; is increasing then

lFp” G; is increasing”, and if G; is 2-entangled then IFp” G; is 2-entangled”. These
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claims are proved in a very similar way, as the following proof of this lemma.
Another difference from lemma 9.6 from [ARS] is that assuming a certain
ariom Ay instead of CH, one can obtain the lemma for v < 28 (see [ARS] section

5 for more about Ay ).

Proof. First we construct a model which encodes all the information we need. Let
h: AUB — N; be a 1-1 function, and for every ¢ < A, let h; : AUBUG;UH; — Xy be
a 1-1 onto function containing h. Let M be the following model: (1)|M]| =N U A.
(2) M has a three-place relation R = {(i,, 8) | hy ' (a) < h;'(B)}. We denote
a <; [ to mean that (i,«,3) € R. (3) M has unary predicates which represent
h(A), and h(B). (4) Finally, M has the binary relations S = {(i,a) |« € G;},
and Sy = {(i,a) | a € H;}.

Let a <% 3 denote that h~!(a) < h™1(83), hence <? is definable in M. Let C
be the club of the elementary substructures of M, and let P = P(C, <%, A, B) be

defined as in 2.1. By 2.1, P is c.c.c, and it isomorphizes A and B.

We next show that for every ¢ < A, IFp G; 1L H;. Suppose by contradiction
there is i < A, and p € P, such that p IFp =(G; L H;).

We denote G = G;, H = H;, and <==;. By abuse of notation we assume
AUBUGUH =X;. Let 7 be a P-name such that p IFp”7 is an uncountable OP
function and 7 C G x H”. We can assume that p = 0.

Let {(fa, (@a,ba)) | @ < 1} be such that for every «, fu IFp (aq,ba) € T, and
if @ # B then (aqa,ba) # (ag, bs).

We will reach a contradiction if we find o and 8 such that f, U fg € P,
but {(aqa,ba), (ag,bs)} is not OP. We uniformize {(fa, (¢a,ba)) | & < R1} as in
2.1, hence we denote f, = {{a(a,0),a(a,1)), -, {a(a,2n — 2),a(a,2n — 1)) }. We
can assume that all the a(«,i)’s are distinct. We also denote a, = a(a,2n) and

bo = a(a,2n + 1).
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Let a(a) = (a(a,0), -+, a(a,2n + 1)), F1 = {a(a) | @ < ¥y} and let F' be the
closure of Fy in ({Xy, <))?"*2. We define D, 7o, a(i), a, W, etc, as in 2.1.

In the duplication argument we distinguish between two cases.

case 1. E(a(2n)) = E(a(2n + 1)). Let v be such that E(a(2n)) = E,. We
define ¢, inductively as in 2.1, except for the case where s = v. Suppose ¢, 41 has
been defined. Recall that Q,p(x) mean: "there are unboundedly many pairwise

disjoint x’s satisfying ¢”.

M = Q(zy) ((z(2n) € G)A(x(2n + 1) € H)Apyt1(ao, -, Gy—1,Ty)) -

Since G 1. H,
M = (3a, &) (Rng(29) N Rng(w)) = 0 A \j_g(@h, € G) A Nj_o(zh, sy € H)
/\({<x(2)n7 xgn-l—l? > ) <x%n7 wén—l—l’ >} is OR) A /\11:0 90U+1<a07 T Ay—1, xi}))

For every i € R, and [ = 0,1, let Uil be an interval definable from D such that

all the Ul’s so far defined are pairwise disjoint and

1
M = (329, 23) (A= xl € [Licr, Uin
. 1
{<x(2)n7 x8n+17 > ) <$L'%n, $%n+1; >} is OR A /\Z:O 90U+1(a07 cry Gu—1, xi}))

Let ¢y (xo, -+, xy—1) be the formula obtained from the above formula by sub-

stituting as by x5 for every s < v.

As in 2.1, we can find for every s < k, I(s) € {0,1} such that for every i < n:
if 20 € Ry, and 20 +1 € Ry, then (U5 x U5, U5 x U3 1{7) s OP. We
continue as in 2.1 and find 3, ~ such that for every s < k

a(B) I Rs € [;cr, Uil(s) and a(y) | Rs € [L;er, Uil_l(S)'

n

UQIn_l(U) X U;;fr(f), it follows that {(ag,bg) , (ay,by)} is OR. A contradiction.

It follows that fg U f, € P. Since (ag,bg) € Ué(v) X Uégf_)ﬂ, and (a,b,) €
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case 2. F(a(2n)) # E(a(2n+1)). Let E(a(2n)) = E,, and E(a(2n+1)) = E,,.

case 2.1: E, and E, are not in the same component of G . In this case we
define ¢, s < k, exactly as in 2.1. Let Sy C k be a set such that v,w € Sy, and
for every component L of G¢, [SoN{s|Es € L}| = 1. We define S;, as in 2.1. Next
we define [(s) for every s € Sy. For every s € Sp\{w}, let I(s) = 0. We define [(w)
to be equal to 0 or 1 according to whether <U§n X U§n+1, Us, X U21n+1> is OR or
OP. We now define [(s) for s € S; by induction on ¢ as in 2.1. Let 3,7 < N; be

such that for every s < k

a(B) | Ry € [Ticn, U™ and a() | Ry € [Tiep, U~

It it easy to see that fg U f, € P, and that {(ag,bg),(a,,by)} is OR. A

contradiction.

case 2.2: E, and E,, are in the same component of Gy. Let v = vg, vy, -+, v, =
w be such that E,,,- -, £, , is the unique path in Gy connecting £, and E,,. By
the symmetry between the roles of A and B we can assume that E,, and E,, are
connected by (a(27),a(2j + 1)) where a(2j) € E,, and a(2j + 1) € E,,. We define
ps for s < k inductively. ¢y is defined as in 2.1. If s # v, then ¢; is defined from

Ys+1 as in 2.1. Suppose ¢,+1 has been defined, and we define ¢,; then

M E Q(zy)(pvti(ag, - -+, av—1,2y) Nz2j € AN T2, € G).

Since A1 G,

M ): (El‘rv 11}7P)(/\11:0§0v+1(a07 te aav—l7mﬁp) A ({<xgjp’xgnp> <x2j ’xZn >} is
OP )), and

M ): (Elx%RvxilfR)(/\ll:OQOv-i-l(aOa te aav—laxa’R) A ({<$8JR7ng> 7< 2] ’x2n >} is
OR)).
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Let UZ-I’P, UZ’R, l=0,1, and 7 € R, be pairwise disjoint open intervals, disjoint
from previously defined I’s, definable from D such that: (1) <U§ ]’.P X U;’@P, UQIJ’-P X U21;LP>
is OP, and (U™ x UG, UL < UL) is OR; and (2)

L,P [ 1P 1P 1P
M = A\ 3 (ffv’ € [Licr, Ui A wvt1(ao, -+ ap-1, 29 ))

1 LR( LR LR L,R
A Ni—o F3 (xv € HieRU U7 N ppgi(ag, -, ap—1, 29 ))

Let ¢, be the formula obtained from the above formula by replacing each as,

s < v, by xs. This concludes the definition of the p’s.

Our next goal is to define [(s) for every s < k. In fact we also have to decide
whether to use the Uil’P’s or the U;’R’s. Let T = {s| Es and E, are connected
in G¢}. We define i(s) for s € k\T as in 2.1. Let Z be defined as follows. If
(U] > U3 Uy ) < U, ) s OP, then Z = R, and if the above pair of
sets is OR, then Z = P. We denote each U,L.l Z by Uil and proceed in the definition

of I(s) as in 2.1. Let § and  be such that for every s < k

a(B) | Rs € [1er, UZ,l(S) and a(y) | Rs € [Ticp, Uil_l(S)'

By the proof of 2.1, fgU f, € P. We check that {{ag,bs) , (a,,by)} is OR.
By the construction of I(s), <U£§U> X Uéyﬂ, U21j_l(v) X U;;ngl)> is OP.

<Ué§y) X Uégf),Uzlj_l(v) X UQIn_l(U)> was chosen to be OR or OP according to
whether <Ué§$% X Uég’i)l, U;;g”l) X U;;i(f” )> was OP or OR respectively. Since
the composition of an OP and an OR function is an OR function, it follows that
(U89 e 03 w316 s Om
Since (ag, bg) € UL x UL and (a,,by) € Up '™ x UL it follows th
5,98 2n ant1s A0d (ay,by) € Uy, =7 X U,y it follows that

{(ag, bs) , (ay,by)} is OR. Hence we reach a contradiction again. [
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2.3 More about the Isomorphism-Farness Lemma

Lemma 2.4 has presented tools which can be used to handle questions regarding
keeping farness of sets, while making other sets isomorphic. In this section we will
look more closely at these tools, and try to present them in a way which will be
easy to use later on. We will end this section with lemma 2.9 which is an example
of how these tools can be used to elaborate the Isomorphism-Farness lemma. We

start with a generalization of case 1 in lemma 2.4

Claim 2.6. (CH) Suppose that there are B,C € K, where B L C, and there
are A, A" € K, that we use BA-forcing (see theorem 2.1) to make A, and A’
isomorphic. Suppose that in the process of the proof of theorem 2.1, Es is an
E-slice such that there are a(i),a(j) € Es, where a(i) € B, and a(j) € C.

Then we can make the conditions fg, fy € Fi, that were found as a result of

Theorem 2.1, and such that fz U fy € P, to have the ability that
{(F(8,0), £(8,3)), (f(7,9), F(7,4))} is OR.

Note that, as Gy is cycle free, and a(i),a(j) € E, then (a(i),(a(j)), and
(a(j), (a(i)) are NOT edges in Gy.

Proof. We start making A and A’ isomorphic by 2.1. Suppose we are in the dupli-
cation process, had just defined psy1, and are about to define ¢,. As a(i),a(j) €

Es, it follows that i,j € Rs. Suppose a(i) € B, and a(j) € C, then
M = Q(zs)(pst1(ao, -, av—1,2s) Nz € BAzj € C).

As B 1 C, there is no uncountable OP function between B and C, so

M= (Elx(s), x;) /\ ws+1(ag, -, as—1, xls) A ({<x?,x9> , <le,x;>} is OR)
1=0,1
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Hence we choose {U} |1 € {0,1}, t € R,} pairwise disjoint open intervals,
disjoint from the previously defined I’s, definable from D, such that for the specific
i,j € Ry: <U,.0 x U9, U} x Ujl> is OR.

Then let @5 be the following formula:

Vs = /\ Jak (:Ui IS H Ul Apsi1(ag, - - ,aw_l,a:ls)> i
1=0,1 teRs

When we define [(t) for every t < k, it does not matter whether I(s) = 0, or

I(s) =1, as <Uil(8) X Ujl-(s), Uil_l(s) X Ujl_l(s)> is OR. Hence when choosing 8 and

~ such that for every t < k

a(B) | Ree [T UM and a(y) 1 Ree T] U7,

1€ER: 1€ER;
and picking fg, fy € F1 close to a(3), a(7y) respectively, then fzU f, € P, and

{83, 0), £(B,9)), (f(v:0), f(7,5)) } 1s OR. [0,

If indeed we follow the above claim and choose such {U} |1 € {0,1}, t € R,},
such that for the specific i, j € Ry: <UZ~0 X U]O, Ul x Uj1> is OR, we say that {U}|l €
{0,1} , t € Rs} is {3, j}-OR.

Suppose now that B,C € K, B L C*, and we want to make some A, A" € K
isomorphic. Suppose that a(i) € B, a(j) € C, and a(i),a(j) € E;. We follow
the above claim, using the fact that B 1 C*, and we can choose {U} |1 € {0,1} ,
t € Rs}, such that for the specific i, € Rs: <U? X U]-O, UZ-1 X Uj1> is OP. So we can
find f3, f, € F1, such that f5U f, € P, and {(f(8.1), £(8,5)) (f(7.), f(7,5))} is
OP. In this case we will say that {U} |l € {0,1}, t € Rs} is {i,7}-OP.

Now suppose that there are B,C € K, Bl C, and we want to make some
A, A" € K isomorphic. Suppose that a(i) € B, a(j) € C, and a(i),a(j) € Es.

Then, as in case 2.2 of lemma 2.4, we can choose two sets of such open intervals. one
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set, {UPF|1 € {0,1}, t € Ry} is {i, j}-OP, and another set {U;""|1 € {0,1},t € R}
which is {4, j}-OR. Then we can choose conditions f3, f, € Fi in which fgUf, € P,
and {(f(8,1), f(8,4)),{f(7,4), f(7,5))} is OP, and conditions fs, fc € F1 in which
fs U fe € P,and {(f(6,4), f(6,7)), (f(e,i), f(e,5))} is OR.

Note that there are cases when we can make fg, f, € Fy such that fgU f, € P,
and such that for some 4, j, {{(f(5,7), f(5,7)),{f(7,i), f(,7)) } is OR, and for some
9,0, {{f(8,9), (B, 1)), (f(7,9), f(7,h))} is OP (or OR as well). For example, if
E; is another E-slice, different from FEj, then there might be some a(g), a(h) € E;
such that there are G, H € K, where G L H, and a(g) € G, a(h) € H. Then we
can choose a set of open intervals {U! |1 € {0,1}, e € R} which is {i, j}-OR, and
a set of open intervals {U! |l € {0,1}, e € R;} which is {g, h}-OR; then such fg, f,

can be created.

Suppose now that there are j, k, that are not necessarily in the same FE-slice.

We want to see when {(f(8,7), f(8,k)), (f(7,7), f(7,k))} is OP.

Claim 2.7. Let (ag,bo), (a1,b1), and (co,c1) be pairs of elements of R. Then
{{ap, o), (a1,¢c1)} is OP if and only if {{ao,bo),{a1,b1)} is of the same nature
(either OP, or OR) as {(bo, co) , (b1,c1)}-

Proof. Obvious.

We will say that {(ao, o), (a1,c1)} is a composition of {{ao, bo) , (a1, b1)}, and
{(bo, co), (b1,c1)}. It is easy to see that a composition of an odd number of OR
pairs yields an OR pair, and a composition of an even number of OR pairs yields
an OP pair.

Suppose now, we want to make some A, A’ € K isomorphic via Theorem 2.1.
In the proof, let E,,---, E, be the unique path in Gy, such that a(j) € Ey,
and a(k) € E,,. For every i <, let (a(n;),a(pi+1)) denote the edge in Gy which
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connects E(v;) with E(v;11). Suppose a(j) = a(no), and a(k) = a(py,).

Theorem 2.8. 1. Let S be a subset of {1,---,7 — 1}. Suppose that for every
i € 8, in creating ¢y, we can construct a set of intervals {U} |1 € {0,1},
t € Ry, } which is {n;, pi}-OR, and for every i ¢ S, we can construct a set
of intervals {U} |1 € {0,1}, t € Ry, } which is {n;, p;}-OP.
Then if |S| is even, we can make the conditions fg, f, € F1, that were found

as a result of Theorem 2.1, and such that fgU f, € P, to be such that

{(F(8,9), (B, k), (F(7,3), f (v, K))} is OP,

and if |S| is odd, we can make these conditions to be such that
{(F(8,9), (B, k), (F(7,3), F (v, k) } is OR.

2. Suppose there isi € {1,---,r—1} such that in creating p,,, we can construct
a set of intervals {UZ’P |l =€ {0,1}, t € Ry, } which is {n;, u;}-OP, and a
set of intervals {UtZ’R |1 €{0,1}, t € R,,} which is {n;, p;}-OR.

Then we can choose conditions fg, fr € F1 that were found as a result of

Theorem 2.1, in which fgU f, € P, and

{f(B,9), F(B )Y, (f(7,7), f(7, k) } is OP, and we can choose such condi-
tions fs, fe € Fy in which fsUfe € P, and {(f(0,7), f(0,k)), (f(e,4), f(e; k))}
is OR.

Proof. 1) Suppose f3, and f, were found by the above conditions. As the com-
position of even number of OR pairs is an OP pair, and the composition of odd
number of OR pairs is an OR pair, then {(f(8,7), f(B,k)),{(f(v,7), f(7,k))} can
be OP, if there is an even number of OR pairs which compose them.

Suppose | S| is even, then as fgUf, are OP, then for every i < r, {{a(3,m:), a(5, pi+1)),
{a(y,mi), a(v, pit1))} is OP.
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Then the only pairs that can be OR are those of the sort {(a(3,m;), a(S, i),
(a(y,m), a(y, pi))}; and {i | {{a(B,m), a(B, i), (alv,m),aly, i)} is OR } = S,
which is even, so {(f(8,7), f(B8,k)), (f(7,]), f(7,k))} is OP.

The case were |S| is odd is proved in the same way.

2) Let f3, fy, be the conditions that were found using the set of intervals
which is {4, j}-OP, and let fs, fc be the conditions that were found using the set
of intervals which is {7, j}-OR; we can make this to be the only difference in their
construction.

Then {(a(83,10), a(B, pi)), (a(v,n0), a(v, i)} is OP, if and only if {(a(d,m0), a(d, 1)),
(a(e,mo), ale, pi))} is OP; same, {(a(B,n:), a(B, ur)), {a(v,ni), a(y, pr))} is OP, if
and only if {{a(0,m:),a(d, ur)), (ale,m:), ale, ur))} is OP.

Hence, as the type of {{a(8,m0),a(0, i), (a(v,m0),a(v, i)} depends on the
composition of {(a(B,m0), a(B, pi)), (a(v,m0), alv, mi)) }, {{a(B, pi), a(Bsmi)), (alvy, i), aly, m)) }
and {(a(B3,m:), a(B, ur)), (aly,mi), (v, ur))},

and same goes for {(a(d,no), a(d, pir)), {(a(e; o), a(e, pir))},

then {{(a(8,m0), a(B, ur)), (a(v,n0), a(7, pr)) } is OP if and only if {({a(d, no), a(d, ur)),
(a(e;m0),ale, pr))} is OR. O

(
(

We can now expand lemma 2.4 and receive the following:

Lemma 2.9. Let A < 28'; for every i < X let G;, H; € K such that G; L H;. Let
A, B € K such that for every i < A\, one of the following cases happens:
case 1: Al G; and B G;.

case 2: A1l A*, B1 B*, A 1 B,
ALl H;, B1lH;,Al(G;)* and B L (G;)*.

Then there is an Ny c.c.c forcing set P, such that Fp A = B, and such that
for everyi < A\, IFp G; L H;.



33

Proof. As this lemma is supplemental to lemma 2.4, we set the conditions as in
2.4, and define the same model M, and the same forcing set P = P(C, <", A, B),
which is mentioned there.

Then, as in 2.4, IFp (A = B).

Suppose that there is i < A\, and p € P such that p IFp =(G; L H;). We denote
G; as G, H; as H,and < as <;. By abuse notation we assume AUBUGUH = N;.
If G, H meet case 1 of the lemma, that is, AL G and BIA G, or Al H and
B 1l H, then, by lemma 2.4, we reach a contradiction.

Then let us assume that GG, and H meet case 2 of the lemma. Let 7 be a
P-name such that p IFp”7 is an uncountable OP function and 7 C G x H”. We
can assume that p = 0. Let {(fa, (aa,ba)) | @ < ¥;} be such that for every «,
fa IFp (aa,ba) € 7, and if a # B then (aq,ba) # (ag,bg). If we find o, 3 < Ny
such that f, U fg € P, but (aq,ba), (ag,bs) is not OP, we reach a contradiction.
We uniformize {(fa, (aa,ba)) | @ < Ri} as in 2.4, hence we denote

fa ={{a(a,0),a(a, 1)), -, (a(a,2n — 2),a(a,2n — 1)) }. We can assume that
all the a(a,1)’s are distinct. We also denote a, = a(e,2n) and b, = a(w,2n + 1).
Let a(a) = (a(a,0),---,a(e,2n+ 1)), F1 = {a(a) | a < N;} and let F' be the
closure of Fy in ((Xy, <))?"*2. We define D, vy, a(i), a, W, etc, as in 2.4.

We now continue to follow the proof of 2.4. Only case 2.2 requires special
attention, as case 1, and case 2.1 are done exactly as in 2.4. Therefore we skip to

case 2.2:

Suppose E(a(2n)) # E(a(2n+1)). Let E(a(2n)) = E,, and E(a(2n+1)) = E,,.
Suppose E(a(2n)) # E(a(2n+ 1)), but E, and E,, are in the same component of
the graph Gy. Let v = vg,v1,--+,v, = w be such that E,,,---, E,, is the unique
path in Gy connecting E, and E,,. For every i < r, let (a(7;),a(i4+1)) denote the
edge in G which connects E(v;) with E(vj41).

We define ¢, for s < k inductively. ¢y is defined as in 2.1. If, for any i < r,
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s # v;, then @, is defined from @gy1 as in 2.1.
If s = v, for any 1 < ¢ < r — 1, we define the following: Suppose ¢s11 has
been defined, and we are ready to define 5. Recall that (a(n;—1),a(u;)) connects

E,, , and E,,, and (a(n;),a(piy1)) connects E,, and E, We are interested in

i1
a(pi), a(n;), although (a(u;),a(n;)) is not an edge in G . Note that it can be that
no such s = v;’s exist (when r = 1).

If a(pi) = a(n;), we continue as usual, and define @, as before.

Suppose a(u;) # a(n;). Then {(a(u;),a(n;)) belongs to one of A x A, A x B,
or BxB. As A1 A*, AL B* and B 1L B*, by claim 2.6 we can construct, on
either of the cases, a set of intervals {U} |1 € {0,1}, t € R,,} which is {n;, u; }-OP.

We do that for every s = v;.

For s = v, suppose that ¢,+1 has been defined. Recall that a(2n),a(ny) € E,.
As both A L G*, and B L G*, it is not important whether a(rng) is a member of
A or of B, and we can construct, by claim 2.6, a set of intervals {U} |1 € {0,1},
t € R,} which is {2n, no}-OP.

For s = w, suppose that ¢,,+1 has been defined. Recall that a(2n+1),a(u,) €
E,, and, again, as A | H, and B L H, It is not important whether a(u,—1) is
a member of A, or of B, and we can construct a set of intervals {U} |1 € {0,1},

t € Ry} which is {2n + 1, u, }-OR.

After we are done with the definitions of ¢ for s < k we can choose, as in

Theorem 2.1, I(s) for s < k. Now let 3 and 7 be such that for every s < k

a(B) | Rye J[ U/ and a(y) | Ry € [ U}

1€ER; i€ERs
By the proof of 2.1, fgU f, € P. Note that {(a(f,2n),a(8,2n + 1)),

(a(y,2n),a(v,2n + 1))} is a composition of {(a(3,2n),a(B,1m0)), {(a(v,2n),a(vy,n0))}
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which is OP, of {(a(5,m0), a(5, r)), (a(v,m0), a(y, r))} which is OP (as a compo-
sition of OP pairs), and of

{{a(B, pr),a(B,2n + 1)), (a(y, pr),a(y,2n + 1))} which is OR. Hence there is an
odd number of OR pairs which compose {(a(53,2n),a(8,2n + 1)),
(a(7,2n),a(v,2n + 1))}, so its type is OR. Hence, by theorem 2.8, it means that
{(ag, bs) , (ay,by)} is OR, and we reach a contradiction. [
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3  The possible structure of K under the assumption of M Ay,

We will characterize the possible structure of K/ =, when K / 2 is finite, under
the assumption of M Ay,. Lemma 1.11 (1) shows that < induces a partial ordering
on K/ = hence we regard < as partial ordering on K/ = We will denote
K2 U{0} as K12,

In this work will show that when K%/ 2 is finite, then under the assumption
of MAy,, we can make K HZ | >~ with an involution function, isomorphic to any
finite distributive lattice with involution. In this section we will state the main
theorem, prove its easy side, and start proving the more complicated side, which

will occupy us through the entire work.

3.1 Stating the main theorem and proving its easy direction

We start with several definitions.

Definition 3.1. Let g : K — K be the following function: for every A € K,
g(A) ={—al|a € A}. g will be denoted as *, and g(A) will be denoted as A*.

Note that for every A,B € K, A* € K and (A*)* = A, if A < B then
A* < B* and if A = B, then A* = B*. Hence, on (K/ = <), the operation
x can be considered as an automorphism of order 2. We will denote * as the

involution automorphism. g will be denoted as the involution function.

Definition 3.2. Let (L, <) be a finite lattice. We define * as an automorphism

of order 2 of (L,=). Again, we denote * as an involution on (L, <).

Note that for every a,b € L (a*)* = a, (aAb)* = a* Ab*, and (aVb)* = a* Vb*.
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We now state our main theorem through the entire work:

Theorem 3.3. Let (L, <,x) be a finite poset with an involution. Then the follow-

g are equivalent:
(A) (MAy, + (K17 =, < x) = (L,<,%))) is consistent with ZFC.
(B) (L,<,%) is a distributive lattice with an involution.

We make an abuse of notation by denoting K%/ = by K, and K%/ = by
K1z,

For example, in a universe which satisfies BA, <K HZ < *> is isomorphic to a
lattice with a single element. We want to find a way, in which <K HZ < >|<> will be

isomorphic to any given finite distributive lattice with involution.

We start with the easy direction of the theorem, that is (A) — (B). Given a fi-

nite poset with an involution (L, <, %), assume M Ay, , and suppose that <KHZ/ = <, *>

(L, <,*). We wish to see that (L, <, ) is a distributive lattice with an involution.

Definition 3.4. Let A C K A generates K if every element of K is a shuffle
of a countable subset of A. K™ is countably generated if there is A C K" such
that |A| < Rg and A generates K.

The following is lemma 10.3 from [ARS], which basically states all we need for
the proof.

Lemma 3.5. Assume (M Ay,). Then:

(a) K is a least o-complete upper-semi-lattice, that is, every countable

subset of K™ has a least upper bound.

(b) If K is countably generated, then KM% is a distributive complete

lattice. We will denote the operations in K% by A and V.

>~
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(c) If <KH, j) is well founded, then for A € K there is a nowhere-dense
subset B of A such that A\B is the ordered sum of members of K1,

Proof. (a) Is just a reformulation of 1.11 (3). If {4; |i < w} € K, Then let B
be the shuffle of {A;|i < w}. By 1.11 (3), B € K and is a least upper bound of
{4;]i < w}.

(b) Suppose K is countably generated. Then by (a), K is a complete upper-
semi lattice. Let A be the set which generates K. Let {A; |i < w} € K and
let D %/ {A e A| (Vi <w)A < A;} U{0}; then D is countable, and if C is the
least upper bound of D, then for every A € D, and i € w, A < A;; hence, by 1.11
(3), for every i < w, C' < A;. Suppose there is X € K such that for every i < w,
X =< A;, as X is a shuffle of some B C A; for every B € B, and i < w, B < A;.
Hence B € D, so B < C; then again, by 1.11 (3), X < C, hence C is the greatest
lower bound of {4; |i < w}. Then K U {0} is a complete lattice. As mentioned
before, we will denote the operations in K#Z by A and V.

In order to show that KZ is distributive it is suffice to show one of the dis-
tributive laws. We show that for every by, ba,a € K (by Vby) Aa = (b1 Aa) ¥V (ba Aa).
In fact we can show somewhat more: for every a,{b; |i < w},(V,;c bi)Aa =
Vico (biAa). We do not know however whether the dual identity in this case holds.

Let A € K% and for every i € w, let B; € K", We want to show that
View(A/\Bi) = A/\(ViewBi)-

The inequality Ve, (AAB;) = AAV,,Bi holds in every lattice, thus we want
to show that AAV/;c,Bi = V;c,(AAB;). To do that we use the following claim:

Claim 3.6. Assume MAy,. Let A € K% and for every i € w, let B; € KHZ.
Suppose that A = \/;c,,Bi. Then for every i < w there is A; € KHZ such that
Az‘ = Bi and A = ViewAi‘
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Proof. We can assume that each B; is dense in ®. Let B = J;¢,, Bi; then B € K,
and B = V;c,Bi. As A X B, let f: A — B be an 1-1, OP function. Recall
that C™ denotes a mixing of C. If |C| < Vg, let C™ = (). For every i € w, let
C; = f~4By), s0 C; = A, and let A; = C™ (note that, C™ is a member of K*
regardless to whether C; is a member of K or just an Ny size set; if the later occurs
then =< means simple embedding in the meaning of sets, C!" will still be defined
in the usual way). By picking appropriate copies of Ci™ as A;, one can assume
that A C (J;e,, Ai, and since [, Ai = Ve, Ai it follows that A < V/;c,A;. On
the other hand, As C; =< A, and C; =< B;, then by 1.11 (4), for every i < w,
A; = A, B;. Hence ;. A; = A, and A; < B;. Hence A = \/,.,A;, and for every
I<w, A4; = B;. O

As AAV;c,Bi = Ve, Bi, then using the above claim on AAV/;c, B, there are
A; =% B; such that \/;c ,A; = AA/;c,Bi. Then A; = A, By, so A; X AAB;. Thus
VicwAi 2 Vico (AAB;), and as V/;c  Ai = AAV/;c, B, it follows that AAV/. B; =
Vicw (AAB;), as required.

(c) Suppose that <K i j> is well founded, and let A € K. It suffices to show that
every non-empty open interval of A contains a homogeneous subinterval. If Ay, Ao
are intervals of A and A; C Ay, then AT* C AJ'. Recall that for every C' € K, C™
is a member of K. Let A; be an interval of A. Since K is well founded, A; has
a non empty subinterval A, such that for every subinterval Az of Ay, AF' = AL,
We show that AJ* < Ay. Let I € ¢#2. As I < I™, and I™ = A, by the definition
of mizing, for every rational interval J, there is Iy C I, where I; = I, and |J{Is|J
is a rational interval} = AZ%; hence there is a family {g/ | i € w} of OP functions
such that Rng(g!) = I and |J,., Dom(g}) = A"

Then AJ', Ay and {g! | I € ¢,i € w} satisfy the conditions of 1.3 (1), hence
AR < Ay, Ay = AT, hence by 1.11 (4), Ay = AT, O

s
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Now, as L is finite, then K is countably generated, and by the above lemma
KHZ ig a distributive complete lattice, and as <KHZ/ >~ <, *> > (L, <, %), then
(L, <,%) is a distributive lattice with an involution. That sums the proof of the

easy side of theorem 3.3. [

3.2 Beginning the proof of the complicated direction of the main

theorem

For the rest of the work we will focus on the more complicated direction of the
theorem, (B) — (A). That is, given a finite poset (L, <, ), such that (L, <, ) is
a distributive lattice with an involution, , we want to construct a model in which

it is consistent, along with MAy,, that (K77 /2 < x) = (L, <, «).

Definition 3.7. Let (L,=<,x*) be a finite distributive lattice with an involution.
a € L is indecomposable if for no b,c < a, b¥¢ = a. Let I(L) denote the set of

indecomposables of L.

Clearly I(L) is closed under %, and every element of L is a sum of elements in
I(L). We also know that I(L) determines L uniquely. Using I(L), we will manage

to construct a universe where K72 >~ [,

Proposition 3.8. (a) Let (A, =, %) be a finite partially ordered set with an invo-
lution. Then there is a unique distributive lattice with an involution L such that

(I(L), =, %) = (A, <X,%).

(b) Assume M Ay, . Let {A;|i <n} C K be such that: for noj <n, A; is a
shuffle of other members of {A; | i < n}, and for every A € KH, A is a shuffle of

some members of {A; | i <n}. Then K" is finite and I(K"%) = {A; |i < n}.

Proof. (a) Let L be the collection of all downward closed (by =) subsets of A.
For X)Y € L, let X <1 Y mean X C Y. Then L is a finite distributive lattice
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where XVY = X UY, and XAY = X NY, For X € L, let X* = {a*|a € X}.
It is easy to see that the operation * is an involution over L. Let f: A — L be
fla) ={x|x <a}. Then f(A) is actually I(L), and f is an isomorphism between
(I(L),=,%), and (A, <,%). L is unique, as I(L) determines L uniquely.

(b) Assuming M Ay,, then by 3.5 (b), K#Z is a distributive lattice. K#Z is
generated from {A; |i < n}, therefore it is finite, and I(K%) = {A4;|i <n}. O

By the above proposition it is clear what has to be done in order to construct a
universe in which K74 2 [, We start with a universe V satisfying CH, and with
a family {4; |i € I(L)} € K such that no A; is a shuffle of other A;’s and such
that i — A; is an isomorphism between (I(L),=<,*) and ({A4;|i € I(L)}, =<, *).
We then construct a universe W, such that V' C W, which satisfies M A, and
in which every element of K is a shuffle of some members of {A, | a € I(L)},
and no A, is a shuffle of other A,’s. Then K% is a finite distributive lattice,
and as I(KH?) = {A, | a € I(L)}, which is isomorphic to I(L), then because of

uniqueness, in such a universe K74 = L.
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3.3 Creating a structure in K” which is isomorphic to I(L)

For the rest of this work L is a fixed finite distributive lattice with an involution.
We can assume that (L) = {0,---,n — 1}, and we denote the partial ordering on
I(L) by <. Recall that * is an involution of ({0,---,n — 1}, <).

Recall that g denote the function such that for every z, g(z) = —z. For every
function f, let f* =go fog . If F is a set of functions, let F* = {f*| f € F'},
and let F~! = {f~1| f € F}. Note that, if f is OP, then so are f*, and f~1.

Definition 3.9. Let f C R* R. f is maximal OP function if f is OP, and there
is no OP function g such that f C g C R x K.

We will now construct a family of sets in K, {A;|i < n}, such that (I(L), <, *)
and ({A,|a € I(L)},<,*) are isomorphic. The following is lemma 10.5 from
[ARS], and is due to Sierpinski [S].

Lemma 3.10. (CH) There are {A; |i <n} C K¥, all dense in R, such that:
2. If i =j* then A; = A7.

3. Define B; = A;\ Q'Aj' Then B; € K, dense in R, andi A j — B; L Aj.
j=i
It is immediate from the lemma that for every ¢ < n, B = B;. We will
sometimes refer to A; as A;, where 7, = {j | 7 < i}. Note that for every i,j < n,
7; C 7; if and only if ¢ < j.
Proof. Let {f, | @ < R;} be an enumeration of all maximal OP functions. We
define, by induction on o < Ny, a family of pairwise disjoint countable dense subsets
of R, {B(i,) |7 < n}, and countable families of 1-1 OP functions {F (i, ) |i < n}.

For every a < Ry, we denote A(i,a) = U;<; B(j, ).
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Our induction hypothesis is:
1. If ¢ = j*, then B(i,a) = B*(j, ).

2. Forevery i <mn: If f € F(i,«) then f: R = R and f(A(i,)) = A(i, ); for
every x <y € A(i,«) there is f € F(i,a) such that f(z) =y

3. For every i < n, and 8 < a, F(i,5) C F(i,«), and B(i,3) C B(i, ) (thus
A(i, B) € A(i, ).

Let U C n be such that for every ¢ < n |U N{i,ix}| = 1. For every i € U, we
define B(i,0) as follows:

From every rational interval I we choose an element a € R such that neither a,
nor —a has been picked before by B(7,0), or by other B(j,0)’s that were already
defined. After defining B(i,0) for every i € U, we again define for every i € U,
B(i*,0) = B*(i,0). Then every B(%,0) is countable and dense in R, and all the
B(i,0)’s are distinct.

For every i € U, we define F'(7,0) as follows. For every a < b,c¢ < d in A(i,0),
there is an OP function f'_, ;- such that f'_,,-(a) = b, and f'_, ;= (A(4,0)) =
A(1,0). (f'<qp> is simply the isomorphism between two countable dense sets
in N). Let foqp> be a maximal OP function such that f/<a,b> C feap>- Let
F(i,0) = {f<ap> | a < bin A(3,0)}. We set F(i*,0) = F*(4,0). Then F(¢,0) is as
required, and as A(i*,0) = A*(4,0), F(i*,0) meet the demands as well.

If § is a limit ordinal, let B(i,d) = {J,5 B(i, ), and F(i,0) = U5 F (4, ).

Suppose {B(i, ) | i < n}, and {F(i,«) | i < n} have been defined. We wish to
define {B(i,a + 1) | i < n}. Let B(i,a) = B(i,a) U{f3(B(i,a)) | B < a}.

Again, let U C n be such that for every i € n, [UN{i,i*}| = 1. For x € R
and a set of functions F, let cl(x, F) denote the closure of z under F and F~!. As

every F(i,a), and every B(j,«) (for j < n) are countable, and as for any a < b
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in A(i,a), there is f € F(i,«) such that f(a) = b, it is easy to construct a set
{zi|i € U} such that:

1) For every i € U, cl(x;, F(i,a)) Nel(—zi, F*(i,«)) = 0.

2) cl(z;, F(i,a)) is dense in R.

3) For every i € U, cl(z;, F(i,a)) N Uj<nB(j, a) = 0.

Now for every i@ < n: If i € U and i # i*, let B(i,aa + 1) = B(i,a) U
cl(z;, F(i,a)); then for i*, let B(i*,a + 1) = B(i*, o) Ucl(—z;, F* (i, ). If i =¥,
let B(i,a+ 1) = B(i,a) U cl(x;, F(i,)) U cl(—x;, F*(i,)). Since for every i,
F*(i,a) = F(i*, ), it follows that B*(i,a + 1) = B(i*,a« + 1). By the choice of
the z;’s, whenever i # j, B(i,a + 1) N B(j,a+ 1) = 0.

As in the basic case, for every a < b in A(i,a + 1), we take a maximal OP
function f such that f(a) =0, and feqp>(A((i,a+1)) = A((4,+1)). We denote
[ as feaps, denote f'(i,a +1) = {feap> | a < bin A((i,a + 1))}, and denote
fl,a+1) = f(i,a+ 1)U f(i,a). As for every f € F(i,«), and = € cl(x;, F (i, «)),
f(z) € B(i,a+ 1), then f(A(i,a+ 1)) = A(i,a + 1); hence f(i,a + 1) is defined

well, plus the B(i,a + 1)’s and the F'(i,« 4+ 1)’s meet the induction requirement.

For every i < n, let 4, = | A(i,a). As for every a < Ny, A(i,a) is a

a<Np
countable dense set, and in the o + 1 step, a distinct countable dense set was
added to A(i,«) to form A(i,a + 1) then A; is a member of K. As for every
a,b € A;, there is a < Ny such that a,b € A(i, ), there is f € F(i,«) such that
f(a) = b; by the construction of A; ,f(4;) = A; and f is an automorphism of
(A;, <), hence A € K. Tt is immediate to see, by construction of the 4;’s, that

if i < j, then A; C A;, and that A;« = A7,

Now, suppose by contradiction that ¢ A j but B;, A; are not far. As A; =
Ukjj Bj, then for some k # i, B;, By are not far. Then there is a maximal OP

function f such that |f N B; x Bg| = N;. Then in our enumeration, for some
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a < Ny, f = fo. But by the construction, for every 38 > «,
fa(B(i,8)) N (B(k, B)\U{B(k,7) [ v < 8}) = 0, hence | fo(B(i) N B(k))| < No,

a contradiction. [

3.4 Defining Farness Formulas

Now that we found a structure {A; | ¢ < n} such that ({A;|i <n}, =X, %) =
(I(L), =, %), we will take one element of K at a time, and make it isomorphic
to a shuffle of some A;’s, by using BA-forcing (see section 2). By doing that, we
would like to maintain the structure of the A;’s above; which means that if for
i, <n, i A j, then after the forcing we use, it will still be that A; A A;.

For Cp---Cy—y1 in K, we define A,_,C; = 0 if there is no such C' € K such
that for each i < k, C' < C;. If there is such C' € K such that (Vi < k)(C =< C)),
we will write /\;_,C; # 0. Notice that as K is not a lattice, there are no meets in

K, so A\, C; has no meaning.

Let {z; |i < n} and {y, | 7 C n} be variables. We will later use formulas
containing these variables, where B; is assigned for x;, and A; for y,.

Let € € {0,1} be such that if z is a variable, then for e = 1, 2¢ denotes z*,
and for € = 0, z¢ denotes z. We will define a Farness-Formula (or F-Formula) as
a formula of the form A, ;z* = 0, where ¢; € {0,1}, and {2; | i € I} is any set
of variables from {z; |i < n}U{y- | 7 € n}. Note that, any F-formula can be

considered of the form /\Zefx? AN;csys” =0 where I Cn and J C P(n).

In K, let s be an assignment on {z; |i < n} | J{y- |7 C n} such that s(z;) = B;,

and s(yr,) = A;. Suppose, for example, that xo = (z;Az; = 0) for some i # j. As
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B; L By, it follows that K |= xo[s]. Same, suppose x1 = (x;Ay,, = 0) for some
i,j, where i ¢ 7;. Then K = x1[s], as B; L A;,. Thus, the collection of {x | x is
an F-formula of the sort of xg, or x1, and K = x[s]} provides us with the idea of
what the structure of ({4; |i < n}, <, x*) looks like. In this section we will define

this collection more accurately.

Let (L', <, %) be a finite distributive lattice with an involution *, and let 0 be the
minimum of L'. We call a € L’ an atom of L’ if there isno b € L', b # 0 such that
b < a. Let A(L') denote the set of atoms of L'. Suppose A(L') = {(ag, -, an—1).
It is easy to see that A(L') is closed under involution.

For variables {z; | i < n}, and {y, | 7 C n}, an assignment s’ on L’ will be
called a fine assignment if for every i € n, (s'(x;)) = a4, (s'(25))* = s'(a;+), and
for every 7 C n, §'(yr) = \{s'(x;) | i € 7}. Note that, §'(y,) = s'(yf), where
™ ={"ljer}

we want every variable y to have this following property, which will be denoted
as the maximal property of y,: there is no 71 C n, such that 7 C 7, and if
S (yn) = VAs'(@s) | € 7}, then s/(yn,) = o'(yr).

Note that this property is very easy to reach by removing variables that do
not satisfy this property.

For the rest of the section, we assume that all the y;’s have the maximal

property.

Definition 3.11. As before, let {x; | i < n} and {y, | 7 C n} be variables, let

wo(zo, -+, Tn—1) be the following formula:

vo= | N@iaz;=0) | A | N\ (@in(z;)* =0)
i#j iy

For an F-formula y we will define ¢y = x if for any finite distributive lattice
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(L', <, %), with an involution and a minimum 0, such that A(L") = {0,---,n — 1},
and for any fine assignment s’ on L’; if L' | ¢g[s'], then L’ = x[s].
For the rest of the section, let L’ denote such a finite distributive lattice, and

let s’ be a fine assignment over L’.

Let xo be an F-formula such that xo = (A;c;2;" = 0) and 2¢ be a variable as
defined before; then the F-formula x = (A, 2" Az° = 0) is called an elaboration of
Xo- In the same way, if xo = (Aic;2* = 0), x1 = (Aics (%)% = 0) are F-formulas,
Then the F-formula x = (A;c;(2:)9 AAc;(25)% = 0) is called an elaboration of xq
(or of x1). For the sake of convenience we will also say that o is an elaboration

of itself.

Claim 3.12. Let xg be an F-formula, and Let x be an elaboration of xo. Then if

©o = Xo, then g = X.

Proof. Obvious.
Definition 3.13. Let v1 = {A\ x| x s an F-formula, and vo9 = x}.

It is ¢ that we will be interested with as a collection of farness formulas that,
when referring to K, will describe the structure ({4; | i < n}, <, *).

Note that sometimes, in some formulas, we will use only parts of the variables
x;’s and y;’s; then if s is an assignment such that Dom(s) C {z;|i < n}U{y, |7 C
n}, we say that ¢1[s] holds (= p1[s]), if x[s] holds for every conjunct x of ¢ whose

variables belong to Dom(s).
Lemma 3.14. 1. Every conjunct of pg is a conjunct of 1.
2. Let x = (x; Ay =0). Then: x is a conjunct of @1 if and only if i & T.

3. Let x = (Yry AYr, = 0). Then x is a conjunct of p1 if and only if ToN7 = 0.
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4. If x is a conjunct of p1, then x is an elaboration of F-formula of the type
from cases (1),(2), or (3).

5. Let x = (Nigrzt = 0) be a conjunct of p1. Then x* = (/\iejzil_e" =0)isa

conjunct of p1 as well.
Proof.
1. Obvious, as every conjunct y of g is an F-formula, and ¢g = x.

2. Suppose i ¢ 7, then for every j € 7 7 # j, hence x; Az; = 0 is a conjunct of
©p; now suppose there was ¢ € L, ¢ # 0, such that ¢ < §'(x;), and ¢ < §'(y;).
As §/(x;) is an atom, it follows that ¢ = s'(z;), and because of the maximal

property of ¥, ¢ € 7, a contradiction.

On the other hand, suppose i € 7, then in L', §'(z;) AV{s'(z;) | j € 7} =

s'(x;), hence x is not a conjunct of ;.
3. Is proved in the same way as (2).

4. Obvious. As every F-formula contains at least two variables from {z; | i <

n}Uly- [ 7 S nj.

5. Obvious.

Now that we have a good idea of the nature of 1, we can take the discussion

back to K.

Lemma 3.15. Let Cy---Cx_1 € K, and let so be an assignment such that so(z;) =

Ci, and s0(yr) = U,e, Ci. Suppose that K |= @oso]. then K |= ¢1[so].

Proof. Knowing the types of Farness-Formulas in ¢ from lemma 3.14, the proof

is easy.
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Lemma 3.16. Let Cy,---,Cr_1,Dq, -, Dr_1 € K, and let sy be an assignment
such that so(z;) = C;, and so(y;) = D;. Let Cy,---,Cy_y,Dgy, -+, D)y bein K
as well, such that for every i <k, C] C C;, D} C D;, and let s1 be an assignment
such that s1(x;) = CI, and s1(y,) = D..

Then if K |= ¢1]so], then K = ¢1]s1].

Proof. Let x = (Aic;2" = 0) be a conjunct of ¢1, and suppose that there was
D € K such that for every i € I, D < s1(2{"). As for every i € I, s1(z;") C so(z;"),

it follows that for every i € I, D < so(2{"); hence K = —p1[sg], a contradiction.

Note that K = x[s] if and only if K = x*[s|. As if there was C' € K such that

C < s(z; %) for every i € I, then C* < 5(2¢") for every i € I.

i
Lemma 3.17. K = ¢o[Bo, -+, Bn-1]-

Proof. The proof is immediate by the construction of the A;’s and the B;’s in

lemma 3.10.

Corollary 3.18. Let s be the assignment such that s(z;) = B;, and s(y.,) = A;.
Then K ': SOI[B()a e 7B’n,—17 A07 Ty An—l]-

Proof. Followed straight from 3.15, and 3.17, as for every i € n, A; = Ujji B;.

For B € K, a residue of B will be a certain B’ € K, such that B’ C B.
As the process of making every member of K isomorphic to some shuffle of the
A;’s continues, it can be that some of the B;’s that were far from each other,
will become near. What we want to show is that it is enough that K, with the
assignment of the residues of the B;’s, and the A;’s, will suffice 1, in order to

keep ({A;|i < n}, =, *) isomorphic to (I(L), <, *).

Theorem 3.19. Let W be a universe, such that V C W, and V contains all the
A;’s and the B;’s etc. Suppose that in V ({A; |i <n},=,*) = (I(L),=<,*). Then
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if, in W, there are residues Bl of B; and an assignment so such that so(x;) = B,

s0(yr,) = Ai, and K |= p1[so)], then, still in W, ({A; i <n}, =,%) = (I(L), =, *).

Proof. Suppose that, in W, ({A; |i <n}, =<,%) 2% (I(L), <,*). Asin V| the two
models were isomorphic, then, in W, there are i,j < n, such that i A j, but
A; 2 Aj. Asi A j, there is k < n such that k£ € 7; but k & 7;. Therefore by lemma
3.14, x1, Ayr; = 0 is a conjunct of ¢1. But as so(xx) = By, and B;, C B, C A; C Aj,

It follows that —=(Bj, AA4; = 0), so K does not suffice ¢1[sg], a contradiction. [

So to keep ({4; | i < n},=,*) = (I(L), <, *), in the process of making members
of K isomorphic to shuffles of some of the A;’s, we will define an assignment sg on
K, for which, for every y.,, s(yr) = A;, but the s(z;)’s will be special residues of
the B;’s. We will see that K, with this assignment, suffices (1, and this will ensure
us that the isomorphism between ({A4; | i < n}, =, %) and (I(L), <, %) is being kept.

From now on instead of using the formality of K = 1] -] we will simply say
that the structure remains solid (it is obvious we are referring the structure of
({A; ]i <n}, =<, %*)). Also, for the rest of this work, let s be the assignment which

maps each z; to B; and each y;, to A;. Claim 3.18 shows that K |= ¢1[s].
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4  Outlining the details of the main theorem proof

In the previous section we defined {A; |i < n}, {B;|i < n} and formed a formula
1, which maintaining it will insure us that the structure of ({A;|i < n}, X, *)
is remained stable. In this section we will be more specific in the details of the
proof of the complicated side of the main theorem (theorem 3.3). We will also
explain the limit stage, as the forcing we define will be iterated forcing, and solve a
certain complicity which might arise when combining this forcing with the iterated
forcing which yields M Ay,. For solving this complicity we use the tool known as

the Ezplicit Contradiction Method.

4.1 Defining the iterated forcing and explaining the limit stage

Let {a(i,a) | @ < N1} be a 1 — 1 enumeration of A;. For every i < n and every
rational interval I, let {b(c,4,I) | o < N;} be a 1 — 1 enumeration on B; N I such
that if b(«,4,I) = a(i, '), and b(3,i,I) = a(i, ') then a < 8 — o/ < 3.

Let F; be the following filter: F; = {B C B, | for every rational interval I,
{a | b(a,i,I) € B} contains a club}. Note that, for every B € F;, B is in K
and dense in B;. We can assume that if ¢ = j* then when enumerating B;,
b(a,i,I) = =b(av, j, I*) for every v < X;. Thus g becomes an isomorphism between

F; and Fj (in other words Fj« = F; where F' = {B* | B € F}}).

We now outline in more detail the proof of the second half of the main theorem(
theorem 3.3). We start with a universe V' satisfying CH, and with {A4; |i < n},
{Bi|i < n}, {Fi|i < n} as described above. We define by induction on v < Ry
a finite support iteration of c.c.c forcing sets {P, | v < No}, {m, | v < N}, and a
sequence {(B(v,0),---,B(v,n — 1)) [v < Ry} such that for every v and i, B(v, i)

is a P,-name,
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IFp, (Vi <n)(B(v,i) € F;) A (B*(v,i) = B(v,i*)), and

H_Pu (K ): (PI[B<V70)7' ' ',B(V,TL— 1)71407" ' 7ATL—1])-
where each B(v, 1) is replacing z;, and each A; is replacing y.,.

We prepare in advance a list of tasks. There are two kinds of tasks: the first
one is designed in order to take care that I-p, M Ay,, and the second is to assure

that “_PN2 <KH U {@}/ g’ j7*> = <L7§7*>

We start by explaining the limit stage.
If ¢ is a limit ordinal, we will define Ps in the usual way. We want to check

that the induction hypothesis holds. Naturally, there are two cases to consider.

Case 1: ¢f(6) = No.

Let {aj | j < w} be an increasing sequence converging to 6. Let G be Pj
B(aj,i) € F;, and (., B(oy,1))* =
(jew B(ay, %), hence there is a sequence of Ps-names, {B(6,0),---,B(6,n — 1)},
such that I-p, (Vi < n)(B(0,1) € F;) A (B*(6,1) = B(6,7*)).

generic. Then in V[G], for every i <n, [;, jcw

Suppose that xy = (/\jer;j = 0) is a conjunct of o1, and if G is Py generic,
then in W = V[G], K = —x[s], where s is the usual assignment which puts B(J, 7)
is z;, and A; in y,,; for convenience, for every a < 0 let s, be the assignment
which puts 4; in y;, and B(a,i) in x;. Let H € W be an uncountable set, such
that H C [[;c; s(zje.j ), where every two members of H are OP. Then there are Hy,
k € w such that H = (J;, Hi, and Hy, € V[G N P,,]. Some Hj, is uncountable,
and as in V[G] for every i < n, B(d,i) C B(ag, i), then Hy C [[;c; Say (z;j), where

Sq, is the assignment which puts B(ag,?) in z;, and A; in y,,, a contradiction.
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Case 2: cf(v) =N

The following claim is lemma is 9.8 from [ARS]

Claim 4.1. (CH)
Let A < Ny for every i < A, let C; C Ny be a club. Then there is a club C' C Ny

such that for every i < X\, C is almost a subset of C; (except for a countable set) .

Proof. Let M = (\ <,R) where R = {{(a,i) | @ € C;}. Let C be the club of
the elementary substructures of M. For every § € C, let Ny < M be such that
|Ns|NRy = 0. Then for every i < A, from elementary substructures considerations,
there is a set of elements of C; which is unbounded in Ns. As C; is a club, § € C;.

Hence, for every ¢ < A, there is a point from which C C C;. O

Let G be Ps5 generic. Then in V[G], if U C n is such that for every i < n
U N {i,i*}| = 1, then for every i € U, and for every rational interval I, there
is a club from the above claim, C;; C X; which is almost a subset of C, ;1 for
every a < ¢, where Cy ; 1 is the club which defines B(«;,7) at the interval I. Then,
in V]G], for every i € U, there is a subset of B;, which is defined by C;; at the
interval I. Hence there is a sequence of Ps-names, {B(4,0),---,B(6,n — 1)} as
required.

We again assume that x is a conjunct of ¢; of the form ( /\j€ Jz;-j =0), and if
G is Ps generic, then in W = V[G], K = —x|s|, where s is as in previous case;
suppose |J| =k, and for j < k let D; = s(z;j). Let H € W be an uncountable

set, as in the previous case, where every two members of H are OP.

Let 7 be a Ps-name for H. We define 7 = {7, | & < N1}, and {q, | @ < Ny}
such that for every a < Wy, g4 € Pj, and gqq IF 7o = (da(0),dn(k — 1)), where

for every j < k, do(j) € D;. We assume that the g,’s form a A-system, and its
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kernel is r where r C 3 for some 3’ < §. By a standard argument there is p € Ps
such that p IF [{a | t, € G}| = Ni. Suppose that supt(p) C 3’ as well, and so is
supt(p'), where p’ is the Ps condition which says that 7 is of the size N; etc. As
for every i < n, in V[G], starting from some 3; < Ny, B(d,7) C B(f;,1), then if
B = maz{B;|i < n; '}, then in V[Gg] where Gg = G N Pg, 768 C [Lics Sﬁ(z;j),
where sg is as in previous case; the as size of 765 is Ny, and every two of its

members are OP, hence we reach a contradiction. That sums the limit case. [

4.2 Handling the tasks of the M A forcing

We now turn to the successor stage of the induction. The next section will deal
with the case where the v task is a P,-name of a member A of K.

In this section we will assume that the v’s task is a P,-name 7 such that IFp,
"mis c.c.c”, i.e. a task in the list of tasks for the proof of M Ay,.

If Ik pur (K = @1[B(v,0),---,B(r,n—1), Ag,---, Ay_1]), then we define P, 4
to be P, x m and B(v + 1,1) to be B(r,1), and proceed, as there is no difficulty.

Otherwise there seems to be a problem: on one hand, to achieve M Ay, , forcing
with P, 7 seems necessary. On the other hand, forcing with P, 7 will jeopardize
our attempts to maintain the structure of the A;’s. Therefore we shall find a c.c.c
forcing set R, such that in VE, P, % 7 is no longer c.c.c, and more important, in
VE (K | ¢1[B(v,0),---,B(v,n — 1), Ag,- -+, Ap_1]). This method is denoted as
the Explicit Contradiction Method, and it appears in [ARS] section 2.

To be more accurate, we define P,;; to be the forcing set R, which is con-
structed in the following lemma, which is lemma 10.6 from [ARS] (using P, * 7 for
Q). The proof presented here is elaboration of the proof from [ARS]. Note that
techniques from the Isomorphism forcing (see section 2) serve as a ground for this

proof.
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Lemma 4.2. (CH) Let s be an assignment such that K |= p1[s]. Suppose Q is a
c.c.c forcing set such that I-q (K = —p1[s]). Then there is a c.c.c forcing set R
of power Ry such that IFr (K |= ¢1[s]), and Ik ( @ is not c.c.c).

Proof. As K | ¢1[s], There is a conjunct of 1, x = (A;c;(2:)9 = 0), such
that in V, K E (x[s]), but @ forces that K = —(x[s]). For every i € I, let
Ci = s(z"), I| = k, and Let m > 2. Let M be a model that encodes all the

relevant information, and Cjs be the club of elementary substructures of M.

A set of k-tuples, (ag, -+, ag_1),(bo,--,bg_1), is called OP if for every i < j <
k: a; < b; if and only if a; < b;. Note that, if there was D € K such that D < C;
for every ¢ < k, Then there was a B C Hk C; such that if b, = <bg, e ,b§*1>, and
i<
bg = <b%, R bg_1> are members of B then (b, bg) is OP.
Let 7 be a Q-name such that - (7 C [, Ci)A(|7| = N1) A(every two element
pair subset of 7 is OP). For m > 2 let {(qqa, a(,0),---,a(e,m — 1)) | @ < N1} be

such that:
1) For every a < Ny, g € @, and for every i < m, qq IFq a(a,i) € 7.

2) For every a < ®; and i < j < m, there is v € CM such that a(a,i) < v

IN

a(a, §), and for every o < 3 < Ny, there is v € CM such that a(a,m — 1) < v <
a(3,0).

Note that every a(a, ) is a k-tuple, already exists in V', and that when saying
a(a,i) < 7y, we mean that in the ®; enumeration of R, all of a(«, i) elements are
smaller than ~.

If, for i # j, go kg (a(a,i) € 7 A ala,j) € 1), then it is obvious that
(a(a,i),a(a, j)) is OP. As for that, notice ¢n,qs are compatible if and only if
for every 7,5 < m, (a(a,1),a(f,j)) is OP.

We say that g, and gg are explicitly contradictive if for some i < m, (a(o, ), a(B,17))
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is not OP. Clearly, if ¢, and gg are explicitly contradictive, then they are incom-
patible in Q.

Let R = {0 C ¥y | o is finite, and for every distinct o, 3 € 0, g and gg are
explicitly contradictive}. Let o1 < o9, if 09 C 1. Let 1z = 0.

We will show that R is c.c.c, IFr (@ is not c.c.c), and IFg (K = ¢1[s]) (to be
more accurate, we will find » € R such that the forcing set R | r satisfies these

conditions).

1) IFr (K = @1[s]).

Suppose by contradiction that there is € R such that r kg (K = ¢1[s]).
We can assume that r = 1 and there is x' = (Ajcp(2:)% = 0), such that in
V, K = (X[s]), but R forces that K |= —(x[s]). Suppose s(z;') = C.. Denote
|\I'l =K.

Let n be a R-name such that kg (n C [[,.. Ci) A (In] = Ny) A (every two
element pair subset of 7 is OP). Let {(rq,ba) | & < X1} be such that {bs | < Ry}
is a family of pairwise disjoint A’-sequences, and r, € R such that 74 IFg by € 1.
We clean the sequence {(rq,bs) | @ < N;} as much as possible, as appeared in
other similar proofs (see theorem 2.1 for example).

We can assume that the r,’s are pairwise disjoint, and of the size [ . Suppose
ro = {7(a,0),---,y(a,l — 1)}, where the y(«,%)’s appear in an increasing order.
Fori <1, let a(y(a,1)) = a(y(«,4),0)” - a(y(e, i), m—1), where a(y(a, 1), j) is
the j element in v(c, j). Recall that every such a(v(a,i),j) is a k-tuple element.

Let aq = a(y(a,0))” " a(y(e,l — 1)), and let ¢ = a_ by. Then a, is a
concatenation of k-tuples, and b, is a k’-tuple.

As done many times before, let I be the closure of {cq | v < N1} in RFMHE

and let 69 € Cs be such that F' is definable in N < M where |[N| NN} = dp. Let



o7

« be such that 6y < cq.

We want to duplicate (74, b, ), but before we start, we need additional notation.
Let d(i,j) = a(v(a,1),7), d(i) = d(i,0)" - -~ d(i,m —1). Meaning that d(7, j) is a
k-tuple, and d(i) is such that if 7o = (go,---,q—1) then ¢; IFg d(i) € 7. Let a,b, c

denote respectively a., by and c,.

Claim 4.3. There are ¥, c! € F such that for i = 0,1

¢ =d0,0)"---dO0,m—1)"--d(l—-1,00---d'(l—1,m—1)"¥

and (1) (b°,b') is not OP; (2) for every i < I, there is j < m, such that
(d°(i,4),d* (i, ) is not OP.

The contradiction follows easily from the duplication claim, by choosing cg

1

near enough to ¢, and ¢y near enough to ¢'. For such (3,7, Because of demand

(2) in the above claim, rg Uy € R, but due to demand (1), (bg, by) is not OP.

Proof. Let <; denote the lexicographic order on [ x m. Then, for (i,j) € I x m,
there are (1, j) in Cs such that £(0,0) < d(0,0) < £(0,1) <,---,<d(0,m—1) <
B(1,0) <,---,<d(l—1,m—1). Let t =1l*m, and {f; | i < t} be the enumeration
of the above (3(7,j)’s. Let Ej = [3j,8j+1). In the duplication argument, there are

two cases to consider for how b is divided.

case 1: All the elements of b are in the same F-slice, suppose F;. Recall that for
every b; in b, b; € CJ. As in V, there is no C' € K, such that, for every i < £/,
C < CJ, then when we define the formula ¢;, in the duplication argument, we can
duplicate b into two copies ¥, b” such that (V/,b”) is not OP (using the well known

argument which appears in theorem 2.1).
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As m > 2, then for every g < [ there is h < m, such that d(g,h) € E,, and
Es; # E;. Hence in the duplication argument, in defining ¢,, we will duplicate
d(g, h) into two copies, d(g,h)’,d(g,h)"” such that (d(g,h)’,d(g,h)") is not OP.

When constructing the two required elements of F, ¢¥, ¢!, stage after stage, we
are free to choose any of the copies to construct ¢” with (with the other copy we
will construct c').

Then we can assume that ¥ € ¢, and b” € ¢!, and as (b,b") is not OP,
demand (1) of the claim is met; and for every i < [, there is j < m, such that
(d(i, ), d(i, )" is not OP, and since, without loss of generality, d(i,7)" € ¢°, and

d(i,j)" € ¢!, then demand (2) of the claim is met as well.

case 2: Suppose that there are i,j < k' such that b; € E,, b; € E,, where
E, # Ey.

In this case, if we are in step s and there are ¢ < [, and h < m such that
d(g,h) € E;, we define ¢ such that d(g,h) will be duplicated into two copies,
d(g,h),d(g,h)"” such that (d(g,h)’,d(g,h)") is not OP; and if we are in step s
where there is no such d(g, h) in Es, then we just duplicate any elements of b that
might be in Ey into two copies.

We are now constructing the two required elements of F, c,c!, stage after
stage. Suppose that we are already past stage v, and are about to choose copies
from stage w. Suppose b, b are the copies of bj, and b; < b7. Then if in stage v,
we chose such that bY < b}, we will now assign b to c1, and b7 to co, s0 b; < b?.
And if b} < bY, then we will make the assignments such that b? < bjl.

Then <b0, b1> is not OP, as b? < b} if and only if b} < bY, so demand (1) of the
claim is met. Note that, for every i < [,j < m, the copies of d(i,l) are not OP,

hence demand (2) is met as well. [0 4.3
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2) The reason that R is c.c.c follows from the same arguments as (1). We take an

N, conditions of R and by duplication we get two compatible conditions.

3) IFr (Q is not c.c.c)

Let G be an R-generic filter, and suppose by contradiction, that after forcing
with R, the set of elements that are stored in G, (lJ(lJ(U G)) to be more specific),
is countable. Let D@ denote that set.

Then we will take all the r € R, such that for each r there is an a < N; such
that 7 I- (o = sup(D%)). These r form a dense set, and they are all contradictive,
thus form a maximal antichain in R. As R is c.c.c, this antichain is countable,
and therefore there is b € wy, such that IFg ( all of D¢ elements are smaller than
b). But as for every b € wy, there is > b, such that = € a, for some a € ¢ where
q € Q, and q € v’ where 1’ € R, it follows that for an R-generic filter G, such that
'€ G, x € DY, whereas x > b, a contradiction. Therefore there is an r € R, such
that r IFp D@ is uncountable). Then r IFp (Q is not c.c.c), and R [ 7 is the forcing

set we will use. [14.2
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5  The successor stage

We will now show the successive step of the induction, where v’s task is a P,-name
of a member A of K.

We will find 7 C n, and a forcing set that will create a universe, in which
A= e, Ai, and ({A; i <n}, =,%) = (I(L), =, *). We thus state the following
lemma, which is lemma 10.7 from [ARS], and its proof will occupy us through the

whole section.

Lemma 5.1. Let {A4;|i < n}, {B;|li < n} and {Fi|i < n} be as defined before.
For each i < n let B(i) € F; be such that B(i*) = B*(i), and such that K |=
©1[B(0),---,B(n —1), Ag,- -+, Ap_1]. Let A€ K.

Then there is T C n, and B'(i) € F; such that for every i < n, B™(i) = B'(i*),

and there is an Ny c.c.c forcing set P such that

1 kp (AU, Ay).
2. |Fp (K ': gol[B/(O), .. ',B'(n — 1),A0, s ,An_l]).

Note that as the induction continues, new members of K are created. However,
as every member of K becomes a member of K before Ry steps, we can consider
only the members of K, as the list of tasks we have made will take care of all
new members of K as well.

The reminder of this section is devoted to the proof of the above lemma, but
first we show how to define m,4; and B(v +1,4), and how (B) — (A) of the main
theorem, theorem 3.3, follows from what has been described so far. Let m,41 be
the P,-name of the forcing set P of lemma 5.1 and B(v + 1,i) be the P,-name of
the B’; of lemma 5.1.

Let P = PB,. Clearly IFp MAy,, and IFp (VA € K7)(31 C n)(A = V., 4i).
It is already in V' that if ¢ < j then A; < A;. So it remains to show that if i A j



61

then IFp A; £ A;. Suppose the contrary. Let G be P-generic, W = V|[G], and
let f: A; — A; be an OP function belonging to W. As |f| = Xy, then for some
v < Wy feV[GNP) def W,. But in W,, B(v,i) L Aj, a contradiction, as
B(v,i) C A;, and f(B(v,i)) C A;.

Hence ({4; |i < n}, <) = (I(L), =, *,). Now, using M Ay,, we get from Propo-
sition 3.8 that I(K#%) = {4; | i < n}, and that (K% < %) = (L,<,*). That
settles theorem 3.3 [

We now turn to the proof of lemma 5.1.

Proof of lemma 5.1:

Let A € K. We can assume that A is dense in R, and by theorem 1.13 we
can assume that A € K?H which means that every two intervals of A are order
isomorphic. In fact we can assume that A is isomorphic to any non empty interval

of A.

The proof of lemma 5.1 will be made in four steps:

1. We find 7 C n such that A can be isomorphic to J,.. A;. We will see that

ier
we do not have many options in choosing 7.

2. Let F(i) = F; | B(i). It is easy to see that F(i) is also a filter, and as
F¥ = Fj«, and B(i*) = B*(i), then F(i*) = F*(i). From each F(i) we
choose residues of B(i), that is By(i) € F(i), such that the structure, when
considering the By(i)’s instead of the B(i)’s, will remain solid. Apart from
that, we choose dense subsets of A: {B(i)|¢ € 7} such that for every i € 7,

replacing By(i) with By(i) will leave the structure solid as well.

3. We expand every By(i) to Bi D Bi(i), such that A C |J,.. B}, and expand

1ET

every By(i) to BY, where for every i < n, Bo(i) C B}, and A,, C Ujerj Bg.
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By doing that, we will have make sure the structure is maintained when

considering the expanded sets.

4. For every i € T we trim B! to a certain set D!, and trim Bj to a certain set

D, so that e, Dy = U;e, Ai, and e, D} = A. Then we finally define
the forcing set which will create a universe in which (J,., Df and e, D}
are isomorphic, while keeping the structure maintained; thus meeting the

requirements of lemma 5.1.

Our first goal will be to find a 7 subset of n, that eventually A will become

isomorphic to (J;c, 4.

5.1 Step 1 - Defining the collection {4; |i € 7}

Recall that we may assume that A € K2 and dense in R. Suppose that A has a
subset D € K such that for some i < n, D < A;. When we want to find 7 C n

such that, eventually, A will become isomorphic to (J.. A;, we have to take D

1ET
into consideration, as if there is A; which is far from A;, then j cannot be in 7.

This notion will lead us to the following:

Definition 5.2. For A € K, we define
n(A) ={o Cn| @D e K)(D 2 A)A(Vi€o,D 2 A)A(Vi €, D L A}

The set D which satisfies the above conditions for o € n(A) is denoted as a a

witness for o.
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Corollary 5.3. 1. For every o € n(A), ifi €0 and i < j than j € 0.
2. For every Dy,Dy € K, if D1 C Dy then n(D1) C n(Dz2).
3. For every A€ K", n(A)#0

Proof. Easy. [

by 1.11 we can assume that A € K?H and is isomorphic to any non empty

interval of A; hence for every two non empty intervals, I, J, of A, n(I) =n(J).

For o € n(A), we denote (), 7; as the set of roots of o. If o = () as can

ico
happen, we simply denote (;c4 7 = n.

Note that, if i, j € 0 where o € n(A), then there is D € K witness for o such
that D =< A;, Aj. As our induction preserves the structure, it means that A; and
Aj were not far at the initial step of the induction, hence there is k& < n such that

A = A, Aj, meaning that 7; N 7; # 0,. As o is finite, and every 7; is downward

closed, the set of roots of ¢ is not empty, and is downward closed as well.

Definition 5.4. Let 7 = {j € n| (3o € n(A) such that j is a root of o}.

If n(A) is empty let T simply be {1,--- ., n}.

Note that 7 is downward closed. By the discussion above it is natural why we

wish A to become isomorphic to shuffle of | J;c, A;.

Example: Suppose {i,j} = n(A) and let D < A be a witness for {i,j}. Then,
although in the initial step, D would have had to be embedded in a root of
i, Tj, it does not have to be the situation in the following steps . That is be-
cause the residues of the B;’s are getting smaller, and D can be embedded in
A\ (B(z) UU<i Al>, and in A;\ (B(j) UU<; Al) which are no longer empty as

they were in the initial step. Suppose A, < A;, A;. Then in this example k is a
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root of o, so making A isomorphic to Ag will not harm the structure. However
making A isomorphic to A; can make A; and A; isomorphic, perhaps against our

will.

9.2 Step 2 - Finding dense sets in A

Finding 7, we now proceed. This step is an elaboration of lemma 10.8 from [ARS].

Lemma 5.5. (CH) Let A;,B(i),F(i),A and 7 be as before. Then there are
{Bo(i)|i <n} and {B1(i) | i € T} such that:

1. By(i) € F(i), and Bo(i*) = Bg(i).

2. B1(i) € K, By(i) is a dense subset of A, and for i # j, B1(i) N B1(j) = 0.
3. For every i,j € T where i # j, B1(i) 1L B1(j) and By(i) L By (i).

4. for every j € 7,1 <mn, Bi(j)1 Bo(i).

Proof. Recall that we have defined 7 as {j € n|3o € n(A) such that j is a root of
o}. For every o € n(A) we choose a set D, which is a witness of 0. As A is dense
in R, and isomorphic to every non empty interval of A, then for every rational
interval I, there is D! such that DI C I, and D! = D,. Thus we define D™ as
the mixing of D,; that is D7 = |J{DL | I is a rational interval}.

For every j € 7 let D1(j) = U{DZ" | j is a root of o}. Then D;(j) is a finite
union of such D"’s and is dense in A. It is in D;(j) that we will find a dense

subset Bj(j) which will suit our needs.
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Let U C n be such that for every i < n, |U N{i,i*}| = 1. We use lemma 1.14
with B(i), with its enumeration, instead of A; for every i € U, and D1 (j) as A} for
every j € 7. We obtain {By(i) | i € U} C K where every By(i) is a dense subset
of B(i), and pairwise disjoint {Bj(i) | € 7} C K where every Bj(i) is a dense
subset of Di(i) (and therefore dense in A). For every i € U, if i # i*, we define
By(i*) = Bj(i); as for every i < n, B(i*) = B*(i), then By(i) is well defined and
is dense in B(i). Apart from that, for every i,j € 7 where i # j, B1(i) L Bj(i),
B(i) 1L By(j), and for every j € T and i € U, By(j) L By(i), and as By(i*) = B (4)
then Bj (7)1 By(i) for every j € 7 and ¢ < n as well.

It remains to show that for every i < n, By(i) € F(i). As every B(i) is
dense in R, then we can easily construct the By(i)'s in lemma 1.14 such that if
{b(ayi,I)|ar < Ny} is the enumeration of every interval of B(i), then By(i) contains
a club of these elements. Then for every i € U By(i) € F (i), and as F(¢*) = F* (i),

then By(i) € F(i) for every i <n. [

Finding {B1(7) | ¢ € 7}, and {By(i) | i < n}, we proceed. We already know
that K = ¢1[B(0),---,B(n — 1), Ao, -+, Ap—1]. First we wish to see that K =
©1[Bo(i)|i < m; Ao, -+, Ap—1], where every z; is replaced by By(i), and every y; is
replaced by A.,. Then we wish to see that for every i € 7 we can sometimes use
B (i) as an assignment for z; instead of By(i), and that K will still suffice p; with
this new assignment. Later, this fact will insure us that even if By(i) and By (7)
become close, our structure will remain solid. To be more accurate, we define the

following:
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Definition 5.6. For a variable z;, 29 and z} are called copies of x;, and for a
variable y., y°, and y. are called copies of y..

A formula ' is called a copy of o if it is gotten from o by a syntaxis replace-
ment of every occurrence of a variable in pg by one of it’s copies (two occurrences
of the same variable can be replaced by two different copies).

Let 1y be the conjunction of all copies of po, and 11 be the conjunction of all

copies of ©1.

We again make the convention that for an assignment s such that Dom(s) C
{al]i<n,1€{0,1}}U{yl |7 Cn,1€{0,1}}, K |=¢[s] means that all conjuncts
of ¢4 which variables belong to Dom(s) are satisfied. Note that to obtain a copy
of 1, we first take 1, and only then replace the variables with their copies, and
make the assignment. Otherwise there could be additional farness formulas in ¢

as the assignment now includes A, as well.

Lemma 5.7. (CH) Let T, {Bo(i) |t <n}, {Bi(i)|i €71}, {A;]i <n} and A be
as above. Let A = A;, AL = A, BY = By(i), B} = Bi(i). Then

K |=[BYli < n; Bj|j € 75 A i < m; Aj,

0

where each B? replaces x; Bi1 replaces acil, AT,0 replaces y%, and Al replaces

Yr-

Proof of lemma 5.7.

Denote s’ as the assignment mentioned in the lemma. We want to see that
K = 11[s']. To prove that, we will go over all the F-formulas, and see that for
every F-formula y, if K = —x[s'] then y is not a conjunct of ¢;. This task appears
tedious, but we will show that there are only several types of F-formulas that will

interest us, as other types will follow automatically.
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Definition 5.8. Given an F-formula x = (Nc;2;* = 0), we denote x* ot (Nerzi =

0). Similarly let x* be the formula obtained from a copy of x, by replacing every

* *

occurrence of (x9)* or (y2)* with a. and y2. respectively.

Claim 5.9. Let x = (Aicrz’ = 0) be an F-formula. Let X' be an F-formula
obtained from x such that for every i € I, some (or none) occurrences of x}
are replaced with x;<, and some (or none) occurrences of y;, are replaced with
Yrr. Then X' is a conjunct of p1 if and only if x is a conjunct of 1 (recall that
' ={j*|j €1} is actually T+, A < B).

Proof. As all the fine-assignments (defined in subsection 3.4) has the property
that if so is such an assignment then so(z}) = so(zi), and so(y7,) = so(y-»), then

in every finite distributive lattice L' = x[so] if and only if L' = x/[s¢].

Lemma 5.10. 1. x is a conjunct of ¥y if and only if x* is a conjunct of V1 if

and only if X is a conjunct of 1.
2. K E x[s'] if and only if K = x*[s] if and only if K = xT[s].
Proof.

1. See lemma 3.14 for x*. By the definition of 11, and the above claim, x € 9
if and only if xT € 9.

2. As for every i < n (BY)* = BY, and (A%)* = A%, then K |= x[¢] if and
only if K = xT[s']. Tt is easy to see that K |= x[s'] if and only if K = x*[].

O

Hence we see that most of the types of the F-formulas are already sorted out.

In fact the F-formulas that we need to inspect closely are only those of the form
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(Aicoyn) At |t € T) =0,

where o is a set of variables, and T is subset of

{af 17 <n}ufajjertU{(z)|jertUly, ()}

and T intersects the union of the first three sets at most once.

We will now go over the possibilities of T, and see that for every x of that

form,

if K = —x[s'] then x is not a conjunct of ¢1. Note that it is interesting to

see that if y! is taking place in a copy of a farness formula, then there is j < n

such that 7 = 7;.

Case 1

Case 2

Case 3

T= {x?} for some j < n.
Suppose y = ((/\ieay%)/\x? = 0), and K = —x[s'] As B? is a residue of
B(j), and every F-formula that is sufficed with B(j), will be sufficed with a

residue of B(j), then x is not a conjunct of ).

T= {:c}} for some j < n.

Suppose x = ((/\i@y%)/\x} = 0), and K = —x[s']. Then there is C € K
such that C' < A% for every i € o, and C < le . As le C D4(j), then
C < D1(j). Hence, by the definition of D;(j), there is D € K, a witness
for o' C n such that j € (o, 7 and C < D. As D witnesses o/, D is far
from all A;, where | ¢ o’. Since (for every i € o, DAA,, # 0, it follows that
o Co'. Soj€ e, Hence, by lemma 3.14, x; A\,c,y- = 0 is not an

F-formula derived from ¢g; therefore y is not a conjunct of ;.

T= {(l‘jl)*} for some j < n.

As in previous cases it follows that K = —x[s'] where x = (( /\a‘e ay%) /\(95]1)* =
0), and again, it means that (B})* A/, A2 # 0. The following claim will
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Case 5
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show that j* € .., 7, and, precisely as in case 2, it implies that y is not a

i€o

conjunct of ;.

Claim 5.11. If (B})* AN, A% # 0 then j* € e, Ti-

Proof. Suppose (B})*/\/\Z»EUA% # 0. Then ,as before, there is C' € K such
that C' < A;, for every ¢ € o, and C' < (le)* which leads to C* < D1 ().
So there is ¢’ € n(A) such that j € N
for o/, such that D* A/, AL 0.

ico! Ti» and there is D € K, a witness

S0 DANy(AL)* # 0, and because (AY)* = A2, then DAN,AY, # 0,

Tix )
hence DAN;c,+(A%) = 0 where o* = {j* | j € }. Hence, 0* C ¢’. So
j € nieo* Ti leads to j* € (ﬂieo* Ti)* = nieo* (Tl)* = miécr* Tyx = miEU Ti-
O

T = {y;}.
As in previous cases, the meaning is ;. A;AA # 0. So there is o € 7(A),
such that ¢ C ¢’. So A, Ai # 0, and since K = ¢1[Arn, -, A7, ], it

follows that (), 7: # 0 as well. So there is j € n such that j € ;. 7i. As

€0

o C o', it means that j € (.., 7; as well, and by the definition of 7, j € T;

1€0
hence x is not a conjunct of 1.

T={(y:)"}

This case can be easily reduced to case 4, by replacing x by x*, and then
with (x*)7.
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Case 6 T = {(:Ujl)*,yi}
Claim 5.12. if (B})*AAL # 0 then j* € 7.

Proof. Suppose (le)* AAL # 0. Let o € n(A) be such that j € (;,
let D € K be such that D < D*AAL. As D* < D,, then for every i € o*,

T, and

D < A;, and for every i € 0* DAA; = 0; and as D < A, then D is a witness

for o*. Hence, o* € n(A), and since j € (., 7i, then j* € (..« Ti, meaning

i€o €0

*

j* is a root of o*. So by the definition of 7, j* € 7. O

Now, as in previous cases, T' = {(arjl)*, yL} means /\iEUAiA(BJl)*AA #0. As
(B})*/\A # 0, then by the above claim j* € 7, and as /\Z-EUAZ-/\(B})* # 0,

then because of claim 5.11, it follows that j7* € (), 7;. So all in all we get

i€o

J* € 70 (e, 7i), which means that y is not a conjunct of ;.

Case 7 T = {(y;)",yr}-

As in previous cases N, A;AA*AA # 0. Then let D € K be such that
D = A, Ne,Ai, and D X A*. As D < A\, Ai, there is o’ € n(A) such that

o C o/, and D witnesses o’; hence there is j < n such that j € (.. 74, SO

i€o
jeT. As D < A* then D* < A and as in previous cases, 0* € n(A), hence
J* € Nieqr Ti- S0 j* € 7 (as j* is a root of 0*), hence j € 7*. Then x is not

a conjunct of ¢, as j € (TN7T*N(;c, 7).

Case 8 T = {20, yl}

This case resembles case 4. if x = (e, ¥ ) Az? Ay2 = 0), means A, A ABY AA #

0, then it must be that i € o.

If x = (29232 = 0), means BYAA # 0 then there is o’ € n(A), such that i

is a root of ¢/, hence i € 7, and we reach a contradiction.
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Case 9 T = {z},yl}

Suppose x = (z} Ayl = 0), and By(i)AA # 0. By definition, By (i) C D1 (4),

where ¢ € 7. so x is not a conjunct of 1.

Because of the same reason, if x = ((Aie, 42 ) Az} Ayt = 0), means AiABy(i) AA #

“ieo

0, then the case is reduced to case 2, where A\, A; AB1(i) # 0.

The few other cases are proven in the very same way. That sums the proof for

lemma 5.7. O

9.3 Step 3 - Expanding the dense sets

The following section is an elaboration of lemma 10.9 from [ARS].

So far we have established a collection of pairwise disjoint dense subsets of A,
{B1(3) |7 € 7} C K, and a collection of sets {By(i) | i < n} C K where for each
i < n, Bo(i) € F(i). What we seek, is a way to enlarge the B;(7)’s so that the
Bi(i)’s will include all A, and to enlarge the By(i)’s so that eventually the By(i)’s

will include all {4; | i € 7}. This, without causing the structure to change.

to simplify, suppose |7| = n1; as it will not matter, we can rearrange {0, -+, n—
1}, thus making 7 = {0,---,n; — 1}.
Lemma 5.13. (CH) Let {A; |i <n}, A, {Bo(i) |i <n}, and {B1(i) |1 <mn1} be
as from lemma 5.5.

Then there are pairwise disjoint {B'S |i < n} C K, and pairwise disjoint

{B'}|i<ni} CK, such that:

. . 0 . 0
1. For every i <n, By(i) C B';, and for everyi <n, A;, C g B';.
JET;
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2. For every i < nq, B1(i) C B’il, and for every i <mnj, A C Léj B’;.
JeT

3. Let A% = A.,, and let AL = A.. Then, with the obvious assignment,

K = [Bli < n; Bjli < ny; ALJi < n; AL,

Proof. Let M be a model, such that |[M| = X;, all the information stored in the
lemma is encoded in M, and M includes an enumeration of all the maximal real
monotonic function (these functions can be either OP or OR). For every C)-slice
E, we decide how to divide the elements of E among the B'Y’s, and the B'}’s .
We will see that we can do that independently for every Cjs-slice. We make an
abuse of notation by defining the elements of E as the actual elements of the sets

mentioned in the lemma.

Let E = {a; | m € w} be a CMlice, and let F¥ be the set of all maximal
real monotonic functions which are definable, by the enumeration above, from the
ordinals {a | a < min(E)}; we denote F¥ as F. As C)y is the club of elementary
substructures, it is clear that F'¥ is countable and closed under composition, and
for every f € F, f*isin F as well.

We decide by induction on m < w to which B’?, or B il, apy, will eventually
belong. At step m of the induction, we denote the so far expansions of the By(7)’s,

and the Bi(i)’s as B'Y(m), and B'j (m) respectively.

Claim 5.14. Let M,Cys, E be as above. Let Cy,---,Cir_1 be members of K, dense
in R, such that Cy,---,Cr_1 are encoded in M and such that there is no C € K,
such that for every i < k, C = C;. Then there are no a € E€, and fo, -, fu_1

functions in F such that fo, -+, fx_1 are OP functions, and such that for every

i <k, fila) € Cj.
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Proof. Suppose there were such functions fo, -, fx—1 in F, And let N < M
be an elementary substructure such that N N Xy = min(EY). Let ¢(x) be the

following formula:

p(x) = (Vi < k)fi(z) € Ci

Then M = Jzp(x). As a € N, it follows that for every 5 € N, M = (3x >
B)p(z). So N E (VyIz > y)p(z). As N < M, M = (Vy3z > y)p(z). Hence the
set C'' ={a € M| (Vi < k)fi(a) € C;} is uncountable. As C’ contains a subset
C € K (see 1.1) we reach a contradiction, as for every ¢ < k f; | C is an OP
function from C to C;. [

For every m < w, let s™ be the obvious assignment for stage m, that is an as-
signment which respectively puts for every ¢ < n, j < nq, B’?(m) in 29, (B’?(m))*
in (z9)*, B’} (m) in 2}, (B'}(m))* in (})*; and over the A;’s it puts for every i < n

A

As our desire is to keep the farness between the upcoming sets, according to
claim 5.14, our induction hypothesis will be the following:

Suppose we are at stage m, and let x be a conjunct of 11, where x is of the form
X = Nies(217)% = 0, where n;,¢; € {0,1} such that if ¢; = 1 then (z]")% = (2]")*,
and if ¢; = 0 then (2]")% = 2"

Then there is no a € E©, for which there are sets of OP functions {f; € F |i €
I}, such that for every i € I, fi(a) € s™((z")%).

By claim 5.14, If there were such functions for some a € E€, x could not have

been a conjunct of ;.

For step 0, let B'Y(0) = By (i), B'}(0) = By (i). Then the induction hypothesis
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holds as
K = [BYli <n; Bl|i < ny; A2 i < ny ALl
For step m + 1, suppose B'Q(m) --- B"°_ (m), B'§(m)--- B/il_l(m) have been
defined. Our goal is to find to which of the B'Y(m)’s, B'}(m)’s attach a,,, and

while doing that, to keep the induction hypothesis.

If for every ¢ < n, ay, € A, and a,, € A, then we make no changes; means
that we define B'Y(m + 1) = B'Y(m) for i < n, and B'}(m + 1) = B'}(m) for

1 < n1, and proceed to the next step on induction.

Otherwise, let
I"=N{n Cn|(3f €F)fis OP, and f(an) € AL}.
I' = 7 - if there is f € F such that f is OP, and f(a,,) € AL, and () else.
I? = 7 - if there is f € F such that f is OP, and f(a,,) € (AL)*, and 0 else.

For a non empty set X and a set Y let XY be the following operation: If
Y =0 then let XNY = X. Else let XNY =XNY.

d .
Now let 7/ 2] I°AI'AI%. The cases of lemma 5.7 show that 7/ is not empty.

For example, suppose i < n such that a,, € A%\ U i<i A%. Then the identity
function is an OP function in F' which puts a,, in A%. So 7' C 7;. For the same

reason, if a,, € AL, then 7/ C 7.

We next define:
JO={i<n|3f €F),fis OP, and f(an) € B (m)}
Jt={i<ni|(3f € F),fis OP, and f(am) € B’} (m)}
J2={i<n|3f €F),fis OP, and f(ay) € (B")(m))*}
J3={i<ni|(3f € F), fis OP, and f(am) € (B';(m))*}
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Note that J° U J' contains at most one element. Else, suppose there were
ieJY jeJb i# j; then by the induction hypothesis, yo = (SE? /\x; = 0) would
not be a conjunct of ¥y, a contradiction, as xg is a copy of a conjunct of conjunct
of 1. For the same reason J? U J? contains at most one element, and if there are

ieJ'UJ and j € J2U J3, then i = j*.

Note that if i € J° U J!, then ¢ € 7/. That is because suppose that, without
loss of generality i € J°, then B’?(m)/\/\TieloAn/\A/\A* # 0, and as in case 7 of
lemma 5.7, it follows that ¢ € ﬂﬂ_e[o N1 N7* Of course I°, I' or I? maybe
empty, but as seen before we get the same result.

For the same reason, if i € J? U J3 then i* € 7/.

We finally come to the definition the member g, such that a,, will be added
to B’y (m) or to B’} (m).

If JOUJ' # (O then let i = J° U J!, and we define ig = i. Else, if J2U J3 £ 0
then let i = J? U J?, and we define ig = i*. Else let ig be any member of 7/ (recall
that 7/ # ().

Now for i # ig, define BY(m + 1) = BY(m). If there is j < n such that
am € A%_, define B (m +1) = B (m) U {an}; else, define By (m + 1) = B (m).

Same, for i # i, define Bl (m+1) = B}(m). If a,, € A7!, define Bil0 (m+1) =
B} (m) U {an}; else, define B (m + 1) = B}, (m).

It is left to see that the induction hypothesis holds. Let x be a conjunct of
Y1, where x is of the form of x = (Ag;(27)% = 0). Let s™*! be the obvious
assignment as indicated in the induction hypothesis. There are two cases which

might disturb the induction hypothesis( which so far was being kept):
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Case 2:
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There is a set of OP functions {f; € F'|i € I}, such that for every i € I,
filam) € s™HH((2])).

In the induction step, a,, was added to a certain B’?O (m) or B’;O (m). By the
definition of 7/ in the construction process jo € 7/, hence if z; is of the sort
of (x;),then j% = jo. This is because we have seen that if there is an OP
function f such that f(an) € s(arjj) then j = jo. For the same reason, for
every i € I, if z; is of the sort y&~ where 7 is any subset of n, then 7/ C 7¢7

hence jg € 7.

So let X" = (Nicr2* = 0) be the origin of x (means that x is a copy of x/).
For every i € I, if z; is of the sort x;, then j = jo, and if z; is of the sort y;,
where 7 C n, then jy € 7. Hence by lemma 3.14, x’ is not a conjunct of o1,

S0 x is not a conjunct of 1, a contradiction.

There is a € E€, a # a,,, and there is a set of OP functions {f; € F'|i € I},

such that for every i € I, f;(a) € s™T((2]")%).

Then there is iy € I, such that sm+1((z;70i0)€io) = "((2)%) U {am}, and

10
such that (a,am) € fi,. Else, for every i € I, fi(a) € s™((2]")%), a contra-
diction to the induction hypothesis.
As f;, is an OP function in F, fl.gl is an OP function in F', and (a,, a) € 1;31.
As F' is closed under compositions, {f; 1o fi[i € I'} is a set of OP functions

in F, and for every i € I, fi(f;;1(am)) € s™T1((2]")%); a contradiction to

case 1.

Now, for every i < n, define B') = Ugeom (U{m€w|am€E} Blo(m)>, and for

every i < ny, define BI} = UEECM (U{mew |am€E} Bil (m)>

We have managed to establish pairwise disjoint sets {B'Y |i < n} such that for



77

0

Y and pairwise disjoint sets {B’; | i < n1} such that for

every i < n, By(i) € B’
every i < ny, Bi(i) C B’Zl. As for every i < n, |BY| = Ny, and By(i) is in K and
dense in R, then B’? is also in K, and dense in R, and same goes for the B’il’s as
well.

By the construction process, if a,, € A,,, then thereis j < n such that a,, € B’?

B’?. Same, if a,, € A,, then there is

t
Bj.

where j € 7;, which insures that A, C | ien

7 < ny such that a,, € B/]l- where j € 7, which insures that A, C Ujen

Last, let s’ be the sort of assignment, defined many times before, which refers
to the B'Y’s, B'}’s ,and let y = (Aier(27) = 0) be a conjunct of 1. Suppose by
contradiction that K |= —x[s']. Then there is D € K such that for every i € I,
D =< §'((2]")%). We can assume that there is ig € I such that D C s’((z?go)eiO).
Then for every ¢ € I there is an OP function f; such that for every d € D, f;(d) €
s'((2]")%). So we start from a model N < M in which all the f;’s are defined, and
since D is unbounded, there is a CM-glice E, and a € E, such that a € D, and for
every i € I, f; is a member of F¥. Suppose E = {a,,|m € w}, then there is m < w
such that a = a,,. Let s™ be the assignment defined at the slice E, at step m (as
defined in the construction process). Then by the definition of &, for every i € I,
am € s™TL((2])%). A contradiction to the induction hypothesis for step m + 1 at
the CM_slice E, as there are a € F and a set of OP functions {f; € F'|i € I},
such that for every i € I, f;(a) € s™ 1((2]")%), where x = (A (27)% = 0) is a

conjunct of ¢1.  [15.13
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5.4 Step 4 - Defining the forcing set

After obtaining pairwise disjoint {B"Y | i < n} and {B'} |i < n1} from lemma
5.13, we now proceed. First, we would like to trim the B’?’s, and the B’Z-l’s so that
the union of the trim sets will be |J ATZQ, and Al respectively. Then, we would
finally like to state the forcing set,letThat will eventually lead to a universe where
U AT? >~ A, and still ({4; i <n}, =<,%) 2 (I(L), =, *).

=

Definition 5.15. For every i € T, let DZ-1 = B’% NAL, and for every i € T as well,
let DY = B 1 (U, A2).

Note that both the D?’s, and the Dz-l’s are members of K and dense in . For
the D}’s it is immediate, as for every i € T, B} C AL so D} = B'}. As for every

ier, B;i(0) C BY NAY, then as B;(0) C DY, and B;(0) is in K, and is dense is R,

DZQ is also a member of K and dense in . Thus, every D? is dense in (J, ¢, D?, and
every D} is dense in |J,c, D}. Note that, J,c, DY = AL, and U,e, D} = U A4,0.
1ET ‘

Now, as every conjunct of ¢y is a conjunct of i1, we obtain from lemma 5.13:

0
n—1

B’lj...jgfl 1,

ny—1

K =B, -+, B'

so for every i,j € 7, and I,k € {0,1}, if i # j, then B’é 1 B’? , and if in
addition i # j*, then B} 1L B'.

Theorem 5.16. There is an Ny c.c.c forcing set P, such that

ke (DY = D)), and

1ET 1ET

H_P (K':d,O[B’O’...,B’O Blla"'vBll ])

n—1» ni—1
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Proof. As all the D{’s and the D}’s are pairwise disjoint and as for every i € 7,

DY is dense in {J,c, D?, and D} is dense in {J,., D}, the conditions are fit for
theorem 2.3. Hence let M be a model which encodes all relevant information, and
let P be the forcing set as in theorem 2.3:

P={f:Upe D} = Use, D! | f is a finite OP function with respect to <,
G? is cycle free, if f(a) = b then E®(a), EY(b) are near, and for every i € 7,

f(DY) C D}, and f~Y4D}) C DY}. f<gif fCg.

Then IFp (U, DY = Ue, D}). Let G' be a P-generic filter, and let W =
VIG'].
Suppose that in W, K= = ¢[B’S,---, B _ |, Bg, - ,B’:Lrl].

Let Bf,Bj where s,t € {0,1}, i < ng, and j < ng, be such that Bf/\BJS- =0is
a conjunct of ¢y, but B}, B are not far. Denote G = B}, H = B}.

This proof will be very similar to the farness proofs of lemma 2.4, and it is
recommended to be familiar with it, and with the discussion follows in subsection
2.2; therefore we will omit the details that are already clear, and focus on the more
subtle part. In short, we let 7 be a P-name such that IFp” 7 is an uncountable OP
function and 7 C G x H”. We let {(fa, (@da,ba)) | & < Ry} be such that for every
a, falFp (aa,ba) € 7, and if a # B then (@, ba) # (ag, bs).

We will reach a contradiction if we find o and 8 such that f, U fg € P,
but {(aqa,ba), (ag,bs)} is not OP. We uniformize {(fa, (¢da,ba)) | & < R1} as in
2.1, hence we denote f, = {{a(a,0),a(a,1)), -, {a(a,2n — 2),a(a,2n — 1)) }. We
can assume that all the a(a,i)’s are distinct. We also denote an, = a(a,2n)
and b, = a(a,2n 4+ 1). Note that for every ¢ < n there is j € 7 such that
(a(a, 2i),a(a,2i + 1)) € D;j X Djl-_gj where ¢; € {0,1}.

Let a(a) = (a(a,0),---,a(a,2n + 1)), F1 = {a(a) | @ < ¥y} and let F' be the
closure of Fy in ({Ny, <))?"*2. We define D, 7o, a(i), a, W, etc, as in 2.1.
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Suppose that we are in the duplication argument. Case 1, and case 2.1 are
done exactly as in lemma 2.4. We are now in case 2.2.

Recall that (a(2n),a(2n+1)) € G x H, a(2n) € E,,,a(2n+ 1) € E,, where
vo # vp, and By, --- B, are connected in G by a unique path. For every i <,
let (a(n;),a(pit+1)) denote the edge in Gy which connects E,, with E,,_ .

Also recall that for every i € T, D? - BZQ, and Di1 C Bil. Hence for every
i,j € T where €,¢; € {0,1}, if i # j then D' L D;j, and if i # j* as well, then
DL D;j . There are now several cases to take care of:

Case 2.2.1: Suppose, without loss of generality, that a(2n) € G, a(no) € Dy,
and G 1L D;".

As 2n,m9 € E,,, it is possible to construct, in the creation of ¢,, a set of
intervals {Utp’l |l = 0,1,t € Ry} which is {2n,70}-OP, and a set of intervals
{U"11=0,1,t € Ry} which is {2n,n0}-OR.

Hence by theorem 2.8 part 2, it is possible to find two conditions fg, f, such
that f3 U f, € P, but {(ag, bs), (ay,b,)} is OR, a contradiction.
The case where a(2n+ 1) € H, a(p,) € D;* and H 1L D", is identical.

Case 2.2.2: Thereisi <r , and j,k € 7 where a(n;) € D;j, and a(p;) € DiF,
.
and D 1L Dk,
Again, as n;, i € E,,, it is possible to construct, in the creation of ¢, a set
of intervals {Utp’l |l =0,1,t € R,,} which is {n;, u;}-OP, and a set of intervals
v

l =0,1,t € Ry, } which is {n;, u;}-OR; again, by theorem 2.8 part 2, we

reach a contradiction.

Case 2.2.3: Suppose neither of the previous cases happen.
We look at the edges {(a(n;),a(pi+1)) |i < r} that belong to the unique path
which connects E,,, and E,,. As {a(0),---,a(2n+1)} is a member of F}, then for

l—eji

every ¢ < r, there is j; € 7, such that the edge (a(n;), a(p; + 1)) is in D;f’ xD, 7,
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and for every 0 < i < r, there are j;, k; € 7 such that (a(n;),a(u;)) € D;ZZ X DZ’
As case 2.2.2 does not happen, it follows that there is 7 € 7 such that for every
0 < ¢ < r, without loss of generality, j; = j, and either k; = j, or k; = j* (we are
not concerned whether a(n;), or a(u;) are in D;ji).

Note that as G L H, and case 2.2.1 does not happen, then neither G nor H is
very far from D;j (where €; € {0,1}. Hence we can assume that G = B’; (where
t € {0,1}), and H is either (B'})*, or B'}., where s € {0,1}. In either case, as
G L H, then j # j*.

Claim 5.17. Let G be a graph, where vg,---,v, are vertices in G, and let T =
(vo, 1)y, (v — L,v.) be a simple trail (i.e. with no cycles) in G which connects
between wvertices vy and vy, Suppose that we assign to every edge in T one color:
either red or blue. Then the edges (vy,v1), and (v, — 1,v,) have the same color,
if and only if, the number of vertices that have one red edge and one blue edge is

even.

Proof. Obvious. O

We now color the edges of the path which connects E,,, and E,,, as follows:
For every i < r where the edge (a(n;),a(pi + 1)) is in D;Z’ X Djl.i_e‘”, if j; = j we
color (a(n;),a(p; + 1)) in red, and if j; = j*, we color (a(n;),a(u; + 1)) in blue.

Note that, if (a(n; —1),a(us)), (a(n;),a(p; + 1)) have different colors. then
k; = j*, and if the colors are the same then k; = j.

As j # j*, then k; = j* means that D;j L DZ’;’ Hence, in the construction
of ,,, it is possible to construct a set of intervals {U} |l = 0,1,t € R,,} which
is {n;, u;i }-OR. Same, if k; = j, then D;j L (Dg,)%, and in the construction of
©u;, it is possible to construct a set of intervals {U} |l = 0,1,t € R,,} which is
{mi, i }-OP.

We see that for every E-slice £, we can provide either a set of intervals which
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is {ni, u; }-OP, or a set of intervals which is {n;, u; }-OR.

We now turn again to look at G, and H, which must be one of the two following

options:

case a: Without loss of generality, G = B/§'7 H = (B'})*, where t,5 € {0,1}
(the case where G = B, H = (Bj.)" is identical).

Recall that a(2n) € G,a(2n+1) € H. Suppose that, without loss of generality,
a(2n) € By, and a(2n+ 1) € E,, If a(no) € D;jo (hence (a(no),a(u1)) is colored
in red), then as D;jo C B;jo, D;jo L (Bj)*. As G = B} we can construct, in
the creation of ¢,,, a set of intervals which is {2n,7y}-OP. If a(ny) € D;ig (hence
{a(no),a(p1)) is colored in blue), then as D;ia 1 B;, we can construct, in the
creation of ¢,,, a set of intervals which is {2n,7}-OR.

If a(p,) € D;” (hence (a(ny—1),a(u,)) is colored in red), then as D;j" 1 (Bj)",
we can construct, in the creation of ¢,,, a set of intervals which is {2n+1, u, }-OR.
Last, if a(u,) € D;ij (hence (a(ny—1),a(pr)) is colored in blue), we can construct,
in the creation of ¢, , a set of intervals which is {2n + 1, u, }-OP.

Let S € {1,---,r — 1} be such that S =l {0 <i < r| the set of intervals of ¢;

is {n;, u; }-OR}. Suppose that for every 0 < i < r, i € S the set of intervals of ¢;
is {n;, s }-OP.

if (a(no),a(p1)), and {(a(n, —1),a(u,)) are of the same color, then either the
set of intervals of ¢,, can be constructed to be {2n, 1 }-OP, and the set of intervals
of ¢,, can be constructed to be {u,,2n + 1}-OR, or the other way around.

From claim 5.17 we can construct the sets of intervals in G such that |S]| is
even. As, without loss of generality, we constructed the set of intervals of ¢,, to
be {2n,1np}-OP, and the set of intervals of ¢,, to be {u,2n + 1}-OR, by theorem
2.8 part 1, it is possible to find two conditions f3, f, such that fz U f, € P, but
{{ag, bs) , (ay,by)} is OR, a contradiction.
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Suppose that (a(ng),a(u1)), and {a(n, — 1),a(p,)) are of different colors, then
it can be constructed that both the intervals of ¢,, and ¢, will have the OP
property, or both have the OR-property. Without loss of generality we constructed
the set of intervals of ¢,, to be {2n,n}-OP, and the set of intervals of ¢, to be
{pr,2n + 1}-OP as well, and again, by theorem 2.8 part 1, it is possible to find
two conditions fg, f, such that fz U f, € P, but {(ag,bg),(ay,by)} is OR, a

contradiction.

case b: Without loss of generality, G = B’z-, H = (B'}.), where t,s € {0, 1}.

Suppose, without loss of generality, that a(2n) € Ef,a(2n + 1) € E?. As
in previous case, if a(ng) € D;jo, hence (a(np),a(u1)) is colored in red, we can
construct in the creation of ¢y, a set of intervals which is {2n,n0}-OP, and if
a(no) € D;ig, hence (a(no),a(p1)) is colored in blue, we can construct in the
creation of ¢,,, a set of intervals which is {2n,n0}-OR. If a(p,) € D;jr (hence
(a(nr—1),a(uy)) is colored in red), then as D;j* 1 B;g, we can construct in the
creation of ¢, , a set of intervals which is {2n + 1, u, }-OR. Last, if a(u,) € D;Z;:,
then as D;ﬁ 1 (Bj*)* (hence (a(ny—1),a(p)) is colored in blue), we can construct
in the creation of ¢,,., a set of intervals which is {2n + 1, u, }-OP.

If (a(no),a(u1)), and (a(n, — 1),a(u,)) are of the same color, then the set of
intervals of ¢,, can be constructed to be {2n,ny}-OP, and the set of intervals of
¢y, can be constructed to be {2n + 1, u.}-OP as well. Let S be as in previous
case. Then by claim 5.17, |S| is even, and by theorem 2.8 part 1, it is possible to
find two conditions fg, f, such that fgU f, € P, but {(ag,bg) ,(ay,by)} is OR, a
contradiction.

If (a(no),a(w1)), and (a(n, — 1),a(u,)) are of different color, then the set of
intervals of ¢,, can be constructed to be {2n,ny}-OP, and the set of intervals of

¢y, can be constructed to be {2n + 1, y1 }-OR. Then by claim 5.17 |S| is odd, and
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again by theorem 2.8 part 1, we reach a contradiction. That sums the proof of

5.16. [

We come to the end of the proof of lemma 5.1. We define the forcing set
acquired from theorem 5.16 as P,4;. Our last concern is to make sure that P,4q

meets the requirements of lemma 5.1.

As H_Pqul (K |: ¢0[B/8a t ’B/?Z—I’B/é? e 'aBll ])’ ”_Pu+1 (K ): @O[Blov v '73,2—1])

ni—1
as well. Then from lemma 3.15, IFp, ., (K |= el[BY, -, B2 _; Ujer, B’?\z’ < nj).
As A, C U B’?, and By(i) C B'Y, we obtain from lemma 3.16, IFg (K |=
1[Bo(0), -+, Bo(n — 1); A li < n]).

By the definition of the By(i)’s, for every i < n By(i) € F;, and By(i*) = B(i);

JET:

hence for every i < n we define B, = By(i), then
Fp,.. (K = @i[Bg, -+, By _1; Arli < n]), As required. That settles lemma 5.1
O

The proof of the main theorem of this work, theorem 3.3, is now complete. We
have managed to create a universe in which <K H < >|<> is isomorphic to a given
finite distributive lattice with an involution.

One may ask whether it is possible to construct K¥ to become isomorphic
to any given countable distributive lattice. In [ARS] section 11, a guideline for
well-founded lattices was given; other sort of lattices still form a challenge.

In this work we have seen several techniques for solving questions which concern
quasi ordered uncountable sets in . Many other results, using the same kind of

tools such as the club method, or the explicit contradiction method, can be found

in [ARS].
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