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Reading Material

❖ Chapter 3, Sections 2-3



Not All Correct Algorithms Are Created Equal

❖ We often choose the most efficient algorithm among the 
many correct ones. 

❖ [In some cases, we might choose a slightly slower 
algorithm that’s easier to implement.]

❖ Efficiency

❖ Time: How fast an algorithm runs

❖ Space: How much extra space the algorithm takes

❖ There’s often a trade-off between the two.



It’s All a Function of the Input Size

❖ We often investigate an algorithm’s complexity in terms 
of some parameter n that indicates the input size. 

❖ For an algorithm that sorts a list, n is the number of 
elements in the list. 

❖ For an algorithm that computes the cardinality of a set, 
n is the number of elements in the set. 



It’s All a Function of the Input Size

❖ In some cases, more than one parameter is needed to 
capture the input size. 

❖ For an algorithm that computes the intersection of two 
sets A and B of sizes m and n, respectively, the input size 
is captured by both m and n.  



It’s All a Function of the Input Size
❖ An algorithm that operates on graphs:

❖ If the graph is represented by its adjacency list, then the 
input size is often given by m (number of edges) and n 
(number of nodes).

❖ If the graph is represented by its adjacency matrix, then 
the input size is often given by n alone (the number of 
nodes).  

❖ However, it the choice of the input size depends on the 
algorithm and the assumptions on the input. 



It’s All a Function of the Input Size

❖ Consider the following simple algorithm for testing 
whether integer p is prime:

❖ divide p by every number between 2 and p-1; if the 
remainder is 0 in at least one case, return False, 
otherwise return True. 

❖ What is the input size? 



Units for Measuring Running Time

❖ We’d like to use a measure that does not depend on 
extraneous factors such as the speed of a particular 
computer, the hardware being used, the quality of a 
program implementing the algorithm, or the difficulty 
of clocking the actual running time of the program. 

❖ We usually focus on basic operations that the algorithm 
performs, and compute the number of times those basic 
operations are executed.  



The Growth of Functions



❖ A difference in running times on small inputs is not 
what distinguishes efficient algorithms from inefficient 
ones. 

❖ When analyzing the complexity of an algorithm, we pay 
special attention to the order of growth of the number of 
steps that the algorithm takes as the input size increases. 



Big-O

3.2 The Growth of Functions 205

bubble sort and by the insertion sort to sort a list of n elements. The time required to solve a
problem depends on more than only the number of operations it uses. The time also depends
on the hardware and software used to run the program that implements the algorithm. However,
when we change the hardware and software used to implement an algorithm, we can closely
approximate the time required to solve a problem of size n by multiplying the previous time
required by a constant. For example, on a supercomputer we might be able to solve a problem
of size n a million times faster than we can on a PC. However, this factor of one million will
not depend on n (except perhaps in some minor ways). One of the advantages of using big-O
notation, which we introduce in this section, is that we can estimate the growth of a function
without worrying about constant multipliers or smaller order terms. This means that, using big-
O notation, we do not have to worry about the hardware and software used to implement an
algorithm. Furthermore, using big-O notation, we can assume that the different operations used
in an algorithm take the same time, which simplifies the analysis considerably.

Big-O notation is used extensively to estimate the number of operations an algorithm uses
as its input grows. With the help of this notation, we can determine whether it is practical to
use a particular algorithm to solve a problem as the size of the input increases. Furthermore,
using big-O notation, we can compare two algorithms to determine which is more efficient as
the size of the input grows. For instance, if we have two algorithms for solving a problem, one
using 100n2 + 17n + 4 operations and the other using n3 operations, big-O notation can help
us see that the first algorithm uses far fewer operations when n is large, even though it uses more
operations for small values of n, such as n = 10.

This section introduces big-O notation and the related big-Omega and big-Theta notations.
We will explain how big-O, big-Omega, and big-Theta estimates are constructed and establish
estimates for some important functions that are used in the analysis of algorithms.

Big-O Notation

The growth of functions is often described using a special notation. Definition 1 describes this
notation.

DEFINITION 1 Let f and g be functions from the set of integers or the set of real numbers to the set of real
numbers. We say that f (x) is O(g(x)) if there are constants C and k such that

|f (x)| ≤ C|g(x)|

whenever x > k. [This is read as “f (x) is big-oh of g(x).”]

Remark: Intuitively, the definition that f (x) isO(g(x)) says that f (x) grows slower that some
fixed multiple of g(x) as x grows without bound.

The constants C and k in the definition of big-O notation are called witnesses to the
relationship f (x) is O(g(x)). To establish that f (x) is O(g(x)) we need only one pair of
witnesses to this relationship. That is, to show that f (x) isO(g(x)), we need find only one pair
of constants C and k, the witnesses, such that |f (x)| ≤ C|g(x)| whenever x > k.

Note that when there is one pair of witnesses to the relationship f (x) isO(g(x)), there are
infinitely many pairs of witnesses. To see this, note that if C and k are one pair of witnesses,
then any pair C′ and k′, where C < C′ and k < k′, is also a pair of witnesses, because |f (x)| ≤
C|g(x)| ≤ C′|g(x)| whenever x > k′ > k.
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FIGURE 2 The Function f (x) is O(g(x)).

In subsequent discussions, we will almost always deal with functions that take on only
positive values. All references to absolute values can be dropped when working with big-O
estimates for such functions. Figure 2 illustrates the relationship f (x) is O(g(x)).

Example 2 illustrates how big-O notation is used to estimate the growth of functions.

EXAMPLE 2 Show that 7x2 is O(x3).

Solution:Note that when x > 7, we have 7x2 < x3. (We can obtain this inequality by multiplying
both sides of x > 7 by x2.) Consequently, we can take C = 1 and k = 7 as witnesses to establish

DONALD E. KNUTH (BORN 1938) Knuth grew up in Milwaukee, where his father taught bookkeeping at
a Lutheran high school and owned a small printing business. He was an excellent student, earning academic
achievement awards. He applied his intelligence in unconventional ways, winning a contest when he was in the
eighth grade by finding over 4500 words that could be formed from the letters in “Ziegler’s Giant Bar.” This
won a television set for his school and a candy bar for everyone in his class.

Knuth had a difficult time choosing physics over music as his major at the Case Institute of Technology. He
then switched from physics to mathematics, and in 1960 he received his bachelor of science degree, simultane-
ously receiving a master of science degree by a special award of the faculty who considered his work outstanding.
At Case, he managed the basketball team and applied his talents by constructing a formula for the value of each

player. This novel approach was covered byNewsweek and by Walter Cronkite on the CBS television network. Knuth began graduate
work at the California Institute of Technology in 1960 and received his Ph.D. there in 1963. During this time he worked as a consultant,
writing compilers for different computers.

Knuth joined the staff of the California Institute of Technology in 1963, where he remained until 1968, when he took a job as a
full professor at Stanford University. He retired as Professor Emeritus in 1992 to concentrate on writing. He is especially interested
in updating and completing new volumes of his series The Art of Computer Programming, a work that has had a profound influence
on the development of computer science, which he began writing as a graduate student in 1962, focusing on compilers. In common
jargon, “Knuth,” referring to The Art of Computer Programming, has come to mean the reference that answers all questions about
such topics as data structures and algorithms.

Knuth is the founder of the modern study of computational complexity. He has made fundamental contributions to the subject of
compilers. His dissatisfaction with mathematics typography sparked him to invent the now widely used TeX and Metafont systems.
TeX has become a standard language for computer typography. Two of the many awards Knuth has received are the 1974 Turing
Award and the 1979 National Medal of Technology, awarded to him by President Carter.

Knuth has written for a wide range of professional journals in computer science and in mathematics. However, his first
publication, in 1957, when he was a college freshman, was a parody of the metric system called “The Potrzebie Systems of Weights
and Measures,” which appeared in MAD Magazine and has been in reprint several times. He is a church organist, as his father was.
He is also a composer of music for the organ. Knuth believes that writing computer programs can be an aesthetic experience, much
like writing poetry or composing music.

Knuth pays $2.56 for the first person to find each error in his books and $0.32 for significant suggestions. If you send him
a letter with an error (you will need to use regular mail, because he has given up reading e-mail), he will eventually inform you
whether you were the first person to tell him about this error. Be prepared for a long wait, because he receives an overwhelming
amount of mail. (The author received a letter years after sending an error report to Knuth, noting that this report arrived several
months after the first report of this error.)



Big-O

❖ n2 = O(n2)

❖ 3n2+100 = O(n2)

❖ n2 ≠ O(n)

❖ 5n2 = O(n3)

❖ 1000 = O(1)

❖ n ≠ O(log n)
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EXAMPLE 7 In Section 4.1, we will show that n < 2n whenever n is a positive integer. Show that this
inequality implies that n is O(2n), and use this inequality to show that log n is O(n).

Solution: Using the inequality n < 2n, we quickly can conclude that n is O(2n) by taking k =
C = 1 as witnesses. Note that because the logarithm function is increasing, taking logarithms
(base 2) of both sides of this inequality shows that

log n < n.

It follows that

log n is O(n).

(Again we take C = k = 1 as witnesses.)
If we have logarithms to a base b, where bis different from 2, we still have logbn is O(n)

because

logbn = log n

logb
<

n

logb

whenever n is a positive integer. We take C = 1/ logband k = 1 as witnesses. (We have used
Theorem 3 in Appendix 2 to see that logbn = log n/ logb.) ▲

Asmentioned before, big-O notation is used to estimate the number of operations needed to
solve a problem using a specified procedure or algorithm. The functions used in these estimates
often include the following:

1, log n, n, n log n, n2, 2n, n!

Using calculus it can be shown that each function in the list is smaller than the succeeding
function, in the sense that the ratio of a function and the succeeding function tends to zero
as n grows without bound. Figure 3 displays the graphs of these functions, using a scale for
the values of the functions that doubles for each successive marking on the graph. That is, the
vertical scale in this graph is logarithmic.
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FIGURE 3 A Display of the Growth of Functions Commonly Used in Big-O Estimates.
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the relationship 7x2 is O(x3). Alternatively, when x > 1, we have 7x2 < 7x3, so that C = 7
and k = 1 are also witnesses to the relationship 7x2 is O(x3). ▲

Example 3 illustrates how to show that a big-O relationship does not hold.

EXAMPLE 3 Show that n2 is not O(n).

Solution: To show that n2 is not O(n), we must show that no pair of witnesses C and k exist
such that n2 ≤ Cn whenever n > k. We will use a proof by contradiction to show this.

Suppose that there are constants C and k for which n2 ≤ Cnwhenever n > k. Observe that
when n > 0 we can divide both sides of the inequality n2 ≤ Cn by n to obtain the equivalent
inequality n ≤ C. However, no matter what C and k are, the inequality n ≤ C cannot hold for
all n with n > k. In particular, once we set a value of k, we see that when n is larger than the
maximum of k and C, it is not true that n ≤ C even though n > k. This contradiction shows
that n2 in not O(n). ▲

EXAMPLE 4 Example 2 shows that 7x2 is O(x3). Is it also true that x3 is O(7x2)?

Solution: To determine whether x3 is O(7x2), we need to determine whether witnesses C and
k exist, so that x3 ≤ C(7x2) whenever x > k. We will show that no such witnesses exist using
a proof by contradiction.

If C and k are witnesses, the inequality x3 ≤ C(7x2) holds for all x > k. Observe that the
inequality x3 ≤ C(7x2) is equivalent to the inequality x ≤ 7C, which follows by dividing both
sides by the positive quantity x2. However, no matter what C is, it is not the case that x ≤ 7C
for all x > k no matter what k is, because x can be made arbitrarily large. It follows that no
witnesses C and k exist for this proposed big-O relationship. Hence, x3 is not O(7x2). ▲

Big-O Estimates for Some Important Functions

Polynomials can often be used to estimate the growth of functions. Instead of analyzing the
growth of polynomials each time they occur, we would like a result that can always be used to
estimate the growth of a polynomial. Theorem 1 does this. It shows that the leading term of a
polynomial dominates its growth by asserting that a polynomial of degree n or less is O(xn).

THEOREM 1 Let f (x) = anx
n + an−1xn−1 + · · · + a1x + a0, where a0, a1, . . . , an−1, an are real num-

bers. Then f (x) is O(xn).

Proof: Using the triangle inequality (see Exercise 7 in Section 1.8), if x > 1 we have

|f (x)| = |anx
n + an−1xn−1 + · · · + a1x + a0|

≤ |an|xn + |an−1|xn−1 + · · · + |a1|x + |a0|
= xn

!
|an| + |an−1|/x + · · · + |a1|/xn−1 + |a0|/xn

"

≤ xn (|an| + |an−1| + · · · + |a1| + |a0|) .

This shows that

|f (x)| ≤ Cxn,
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when x > k2. To estimate the sum of f1(x) and f2(x), note that

|(f1 + f2)(x)| = |f1(x) + f2(x)|
≤ |f1(x)| + |f2(x)| using the triangle inequality |a + b| ≤ |a| + |b|.

When x is greater than both k1 and k2, it follows from the inequalities for |f1(x)| and |f2(x)|
that

|f1(x)| + |f2(x)| ≤ C1|g1(x)| + C2|g2(x)|
≤ C1|g(x)| + C2|g(x)|
= (C1 + C2)|g(x)|
= C|g(x)|,

whereC = C1 + C2 and g(x) = max(|g1(x)|, |g2(x)|). [Heremax(a, b) denotes themaximum,
or larger, of a and b.]

This inequality shows that |(f1 + f2)(x)| ≤ C|g(x)| whenever x > k, where k =
max(k1, k2). We state this useful result as Theorem 2.

THEOREM 2 Suppose that f1(x) is O(g1(x)) and that f2(x) is O(g2(x)). Then (f1 + f2)(x) is
O(max(|g1(x)|, |g2(x)|)).

Weoften have big-O estimates forf1 andf2 in terms of the same function g. In this situation,
Theorem 2 can be used to show that (f1 + f2)(x) is alsoO(g(x)), because max(g(x), g(x)) =
g(x). This result is stated in Corollary 1.

COROLLARY 1 Suppose that f1(x) and f2(x) are both O(g(x)). Then (f1 + f2)(x) is O(g(x)).

In a similar way big-O estimates can be derived for the product of the functions f1 and f2.
When x is greater than max(k1, k2) it follows that

|(f1f2)(x)| = |f1(x)||f2(x)|
≤ C1|g1(x)|C2|g2(x)|
≤ C1C2|(g1g2)(x)|
≤ C|(g1g2)(x)|,

where C = C1C2. From this inequality, it follows that f1(x)f2(x) is O(g1g2(x)), because
there are constants C and k, namely, C = C1C2 and k = max(k1, k2), such that |(f1f2)(x)| ≤
C|g1(x)g2(x)| whenever x > k. This result is stated in Theorem 3.

THEOREM 3 Suppose that f1(x) is O(g1(x)) and f2(x) is O(g2(x)). Then (f1f2)(x) is O(g1(x)g2(x)).

The goal in using big-O notation to estimate functions is to choose a function g(x) as simple
as possible, that grows relatively slowly so that f (x) is O(g(x)). Examples 8 and 9 illustrate
how to use Theorems 2 and 3 to do this. The type of analysis given in these examples is often
used in the analysis of the time used to solve problems using computer programs.
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Big-O

❖ Of course, 17n4-32n2+5n+107=O(17n4-32n2+5n+107).

❖ If the running time of an algorithm is f(x), the goal in 
using big-O notation is to choose a function g(x) such 
that (1) f(x) = O(g(x)), and (2) g(x) grows as slowly as 
possible so that to provide as tight an upper bound on 
f(x) as possible. 
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EXAMPLE 8 Give a big-O estimate for f (n) = 3n log(n!) + (n2 + 3) log n, where n is a positive integer.

Solution: First, the product 3n log(n!) will be estimated. From Example 6 we know that log(n!)
is O(n log n). Using this estimate and the fact that 3n is O(n), Theorem 3 gives the estimate
that 3n log(n!) is O(n2 log n).

Next, the product (n2 + 3) log nwill be estimated. Because (n2 + 3) < 2n2 when n > 2, it
follows that n2 + 3 isO(n2). Thus, fromTheorem 3 it follows that (n2 + 3) log n isO(n2 log n).
Using Theorem 2 to combine the two big-O estimates for the products shows that f (n) =
3n log(n!) + (n2 + 3) log n is O(n2 log n). ▲

EXAMPLE 9 Give a big-O estimate for f (x) = (x + 1) log(x2 + 1) + 3x2.

Solution: First, a big-O estimate for (x + 1) log(x2 + 1) will be found. Note that (x + 1) is
O(x). Furthermore, x2 + 1 ≤ 2x2 when x > 1. Hence,

log(x2 + 1) ≤ log(2x2) = log 2 + log x2 = log 2 + 2 log x ≤ 3 log x,

if x > 2. This shows that log(x2 + 1) is O(log x).
From Theorem 3 it follows that (x + 1) log(x2 + 1) is O(x log x). Because 3x2 is O(x2),

Theorem 2 tells us that f (x) isO(max(x log x, x2)). Because x log x ≤ x2, for x > 1, it follows
that f (x) is O(x2). ▲

Big-Omega and Big-Theta Notation

Big-O notation is used extensively to describe the growth of functions, but it has limitations. In
particular, when f (x) isO(g(x)), we have an upper bound, in terms of g(x), for the size of f (x)
for large values ofx. However, big-O notation does not provide a lower bound for the size off (x)
for large x. For this, we use big-Omega (big-!) notation. When we want to give both an upper

! and " are the Greek
uppercase letters omega
and theta, respectively.

and a lower bound on the size of a functionf (x), relative to a reference functiong(x), we usebig-
Theta (big-") notation. Both big-Omega and big-Theta notation were introduced by Donald
Knuth in the 1970s. His motivation for introducing these notations was the common misuse of
big-O notation when both an upper and a lower bound on the size of a function are needed.

We now define big-Omega notation and illustrate its use. After doing so, we will do the
same for big-Theta notation.

DEFINITION 2 Let f and g be functions from the set of integers or the set of real numbers to the set of real
numbers. We say that f (x) is !(g(x)) if there are positive constants C and k such that

|f (x)| ≥ C|g(x)|

whenever x > k. [This is read as “f (x) is big-Omega of g(x).”]

There is a strong connection between big-O and big-Omega notation. In particular, f (x) is
!(g(x)) if and only if g(x) isO(f (x)).We leave the verification of this fact as a straightforward
exercise for the reader.

EXAMPLE 10 The function f (x) = 8x3 + 5x2 + 7 is !(g(x)), where g(x) is the function g(x) = x3. This
is easy to see because f (x) = 8x3 + 5x2 + 7 ≥ 8x3 for all positive real numbers x. This is
equivalent to saying that g(x) = x3 isO(8x3 + 5x2 + 7), which can be established directly by
turning the inequality around. ▲



Big-O and Big-Omega

f(x) = ⌦(g(x)) $ g(x) = O(f(x))
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Often, it is important to know the order of growth of a function in terms of some relatively
simple reference function such as xn when n is a positive integer or cx , where c > 1. Knowing
the order of growth requires that we have both an upper bound and a lower bound for the size of
the function. That is, given a function f (x), we want a reference function g(x) such that f (x)
isO(g(x)) and f (x) is!(g(x)). Big-Theta notation, defined as follows, is used to express both
of these relationships, providing both an upper and a lower bound on the size of a function.

DEFINITION 3 Let f and g be functions from the set of integers or the set of real numbers to the set of real
numbers. We say that f (x) is"(g(x)) if f (x) isO(g(x)) and f (x) is!(g(x)). When f (x)
is"(g(x)) we say that f is big-Theta of g(x), that f (x) is of order g(x), and that f (x) and
g(x) are of the same order.

When f (x) is"(g(x)), it is also the case that g(x) is"(f (x)). Also note that f (x) is"(g(x))
if and only if f (x) is O(g(x)) and g(x) is O(f (x)) (see Exercise 31). Furthermore, note that
f (x) is "(g(x)) if and only if there are real numbers C1 and C2 and a positive real number k
such that

C1|g(x)| ≤ |f (x)| ≤ C2|g(x)|

whenever x > k. The existence of the constants C1, C2, and k tells us that f (x) is!(g(x)) and
that f (x) is O(g(x)), respectively.

Usually, when big-Theta notation is used, the function g(x) in"(g(x)) is a relatively simple
reference function, such as xn, cx , log x, and so on, while f (x) can be relatively complicated.

EXAMPLE 11 We showed (in Example 5) that the sum of the first n positive integers is O(n2). Is this sum of
order n2?

Solution: Let f (n) = 1+ 2+ 3+ · · · + n. Because we already know that f (n) is O(n2), to
show that f (n) is of order n2 we need to find a positive constant C such that f (n) > Cn2 for
sufficiently large integers n. To obtain a lower bound for this sum, we can ignore the first half
of the terms. Summing only the terms greater than ⌈n/2⌉, we find that

1+ 2+ · · · + n ≥ ⌈n/2⌉+ ( ⌈n/2⌉+ 1) + · · · + n

≥ ⌈n/2⌉+ ⌈n/2⌉+ · · · + ⌈n/2⌉
= (n− ⌈n/2⌉+ 1) ⌈n/2⌉
≥ (n/2)(n/2)

= n2/4.

This shows that f (n) is !(n2). We conclude that f (n) is of order n2, or in symbols, f (n) is
"(n2). ▲

EXAMPLE 12 Show that 3x2 + 8x log x is "(x2).

Solution: Because 0 ≤ 8x log x ≤ 8x2, it follows that 3x2 + 8x log x ≤ 11x2 for x > 1.
Consequently, 3x2 + 8x log x is O(x2). Clearly, x2 is O(3x2 + 8x log x). Consequently,
3x2 + 8x log x is "(x2). ▲



Big-O, Big-Omega, and Big-Theta

f(x) = ⇥(g(x)) $ [f(x) = O(g(x)) ^ f(x) = ⌦(g(x))]



Complexity of Algorithms



❖ The complexity analysis framework ignores 
multiplicative constants and concentrates on the order 
of growth of the number of steps to within a constant 
multiplier for large-size inputs.  



Complexity: Problem vs. Algorithm

❖ The complexity of a problem is not a statement about a 
specific algorithm for the problem. 

❖ The complexity of an algorithm pertains to that specific 
algorithm. 



Complexity: Problem vs. Algorithm

❖ Example 1:

❖ When we say that the (comparison-based) sorting 
problem is solvable on the order of n log n algorithm, 
this means that there exists an algorithm for sorting 
that runs in n log n time.

❖ However, there are sorting algorithms that take more 
than n log n operations. 



Complexity: Problem vs. Algorithm

❖ Example 2:

❖ When we say that a problem is NP-Complete, it 
means that we do not know of any polynomial-time 
algorithm for it. 

❖ However, there could be two algorithms for solving 
the problem, one that takes on the order of 2n 
operations and the other takes on the order of 5n 
operations.  



Worst, Best, and Average Cases

❖ For an algorithm and input size n:

❖ Worst case: The input of size n that results in the 
largest number of operations.

❖ Best case: The input of size n that results in the 
smallest number of operations. 

❖ Average case: The expected number of operations that 
the algorithm takes on an input of size n. 



Worst, Best, and Average Cases

❖ Important: These cases are defined for a given input size 
n, so you cannot change the size to get worst or best 
complexities. 

❖ For example, in analyzing the running time of a graph 
algorithm and using input size n and m, you cannot say 
the best case is when the graph has no edges, since that 
means you set m to 0 (this would be analogous to saying 
the best case of a sorting algorithm is an empty list!).



Worst, Best, and Average Cases
❖ The best-case of an algorithm is usually uninformative about 

the performance of the algorithm, but gives a lower bound (not 
necessarily tight) on the complexity of the algorithm. 

❖ The average-case analysis is usually very hard to establish 
(we’ll see some examples when we cover discrete probability) 
and requires making assumptions about the input. 

❖ The worst-case of an algorithm bounds the running time of the 
algorithm from above and gives an upper bound on the 
complexity of the problem. It is the most commonly used case 
in algorithm complexity analyses.  
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TABLE 1 Commonly Used Terminology for the
Complexity of Algorithms.
Complexity Terminology

!(1) Constant complexity
!(log n) Logarithmic complexity
!(n) Linear complexity
!(n log n) Linearithmic complexity
!(nb) Polynomial complexity
!(bn), where b > 1 Exponential complexity
!(n!) Factorial complexity

An algorithm has polynomial complexity if it has complexity!(nb), where b is an integer
with b ≥ 1. For example, the bubble sort algorithm is a polynomial-time algorithm because
it uses !(n2) comparisons in the worst case. An algorithm has exponential complexity if it
has time complexity !(bn), where b > 1. The algorithm that determines whether a compound
proposition in n variables is satisfiable by checking all possible assignments of truth variables
is an algorithm with exponential complexity, because it uses !(2n) operations. Finally, an
algorithm has factorial complexity if it has!(n!) time complexity. The algorithm that finds all
orders that a traveling salesperson could use to visit n cities has factorial complexity; we will
discuss this algorithm in Chapter 9.

TRACTABILITY A problem that is solvable using an algorithm with polynomial worst-case
complexity is called tractable, because the expectation is that the algorithm will produce the
solution to the problem for reasonably sized input in a relatively short time. However, if the
polynomial in the big-! estimate has high degree (such as degree 100) or if the coefficients
are extremely large, the algorithm may take an extremely long time to solve the problem.
Consequently, that a problem can be solved using an algorithm with polynomial worst-case
time complexity is no guarantee that the problem can be solved in a reasonable amount of time
for even relatively small input values. Fortunately, in practice, the degree and coefficients of
polynomials in such estimates are often small.

The situation is much worse for problems that cannot be solved using an algorithm with
worst-case polynomial time complexity. Such problems are called intractable. Usually, but not
always, an extremely large amount of time is required to solve the problem for the worst cases
of even small input values. In practice, however, there are situations where an algorithm with a
certain worst-case time complexity may be able to solve a problem much more quickly for most
cases than for its worst case. When we are willing to allow that some, perhaps small, number
of cases may not be solved in a reasonable amount of time, the average-case time complexity is
a better measure of how long an algorithm takes to solve a problem. Many problems important
in industry are thought to be intractable but can be practically solved for essentially all sets of
input that arise in daily life. Another way that intractable problems are handled when they arise
in practical applications is that instead of looking for exact solutions of a problem, approximate
solutions are sought. It may be the case that fast algorithms exist for finding such approximate so-
lutions, perhaps evenwith a guarantee that they do not differ by verymuch froman exact solution.

Some problems even exist for which it can be shown that no algorithm exists for solving
them. Such problems are called unsolvable (as opposed to solvable problems that can be
solved using an algorithm). The first proof that there are unsolvable problems was provided by
the great English mathematician and computer scientist Alan Turing when he showed that the
halting problem is unsolvable. Recall that we proved that the halting problem is unsolvable in
Section 3.1. (A biography of Alan Turing and a description of some of his other work can be
found in Chapter 13.)
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For more information about the complexity of algorithms, consult the references, including
[CoLeRiSt09], for this section listed at the end of this book. (Also, for a more formal discussion
of computational complexity in terms of Turing machines, see Section 13.5.)

PRACTICAL CONSIDERATIONS Note that a big-! estimate of the time complexity of an
algorithm expresses how the time required to solve the problem increases as the input grows
in size. In practice, the best estimate (that is, with the smallest reference function) that can be
shown is used. However, big-! estimates of time complexity cannot be directly translated into
the actual amount of computer time used. One reason is that a big-! estimate f (n) is!(g(n)),
where f (n) is the time complexity of an algorithm and g(n) is a reference function, means
that C1g(n) ≤ f (n) ≤ C2g(n) when n > k, where C1, C2, and k are constants. So without
knowing the constants C1, C2, and k in the inequality, this estimate cannot be used to determine
a lower bound and an upper bound on the number of operations used in the worst case. As
remarked before, the time required for an operation depends on the type of operation and the
computer being used. Often, instead of a big-! estimate on the worst-case time complexity of
an algorithm, we have only a big-O estimate. Note that a big-O estimate on the time complexity
of an algorithm provides an upper, but not a lower, bound on the worst-case time required for
the algorithm as a function of the input size. Nevertheless, for simplicity, we will often use
big-O estimates when describing the time complexity of algorithms, with the understanding
that big-! estimates would provide more information.

Table 2 displays the time needed to solve problems of various sizes with an algorithm using
the indicated number n of bit operations, assuming that each bit operation takes 10−11 seconds, a
reasonable estimate of the time required for a bit operation using the fastest computers available
today. Times of more than 10100 years are indicated with an asterisk. In the future, these times
will decrease as faster computers are developed. We can use the times shown in Table 2 to see
whether it is reasonable to expect a solution to a problem of a specified size using an algorithm
with known worst-case time complexity when we run this algorithm on a modern computer.
Note that we cannot determine the exact time a computer uses to solve a problem with input of
a particular size because of a myriad of issues involving computer hardware and the particular
software implementation of the algorithm.

It is important to have a reasonable estimate for how long it will take a computer to solve a
problem. For instance, if an algorithm requires approximately 10 hours, it may be worthwhile to
spend the computer time (andmoney) required to solve this problem.But, if an algorithm requires
approximately 10 billion years to solve a problem, it would be unreasonable to use resources to
implement this algorithm. One of the most interesting phenomena of modern technology is the
tremendous increase in the speed and memory space of computers. Another important factor
that decreases the time needed to solve problems on computers is parallel processing, which
is the technique of performing sequences of operations simultaneously.

Efficient algorithms, including most algorithms with polynomial time complexity, benefit
most from significant technology improvements. However, these technology improvements

TABLE 2 The Computer Time Used by Algorithms.
Problem Size Bit Operations Used

n log n n n log n n2 2n n!

10 3× 10−11 s 10−10 s 3× 10−10 s 10−9 s 10−8 s 3× 10−7 s
102 7× 10−11 s 10−9 s 7× 10−9 s 10−7 s 4× 1011 yr *
103 1.0× 10−10 s 10−8 s 1× 10−7 s 10−5 s * *
104 1.3× 10−10 s 10−7 s 1× 10−6 s 10−3 s * *
105 1.7× 10−10 s 10−6 s 2× 10−5 s 0.1 s * *
106 2× 10−10 s 10−5 s 2× 10−4 s 0.17 min * *

* more than 10100 years!
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Algorithm 3: LinearSearch.

Input: An array A[0 . . . n� 1] of integers, and an integer x.
Output: The index of the first element of A that matches x, or �1 if there are no matching elements.

1 i 0;
2 while i < n and A[i] 6= x do

3 i i+ 1;

4 if i � n then

5 i �1;

6 return i

3
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Algorithm 4: MatrixMultiplication.

Input: Two matrices A[0 . . . n� 1, 0 . . . k � 1] and B[0 . . . k � 1, 0 . . .m� 1].
Output: Matrix C = AB.

1 for i 0 to n� 1 do

2 for j  0 to m� 1 do

3 C[i, j] 0;
4 for l 0 to k � 1 do

5 C[i, j] C[i, j] +A[i, l] ·B[l, j];

6 return C

4
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Algorithms Demo

Algorithm 1: IsBipartite.

Input: Undirected graph g = (V,E).
Output: True if g is bipartite, and False otherwise.

1 foreach Non-empty subset V1 ⇢ V do

2 V2  V \ V1;
3 bipartite True;
4 foreach Edge {u, v} 2 E do

5 if {u, v} ✓ V1 or {u, v} ✓ V2 then

6 bipartite False;
7 Break;

8 if bipartite = True then

9 return True;

10 return False;

1



(In)Tractability

❖ If there exists an polynomial-time worst-case algorithm 
for problem P, we say that P is tractable. 

❖ If no polynomial-time worst-case algorithm exists for 
problem P, we say P is intractable. 



P vs. NP

❖ Tractable problems belong to class P.

❖ Problems for which a solution can be verified in 
polynomial time belong to class NP. 

❖ Class NP-Complete consists of problems with the 
property that if one of them can be solved by a 
polynomial-time worst-case algorithm, then all 
problems in class NP can be solved by polynomial-time 
worst-case algorithms.  



P vs. NP

❖ The million-dollar question: Is P = NP? 



Questions?


