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Reading Material

❖ Chapter 6, Sections 1-6

❖ Chapter 8, Section 5



❖ Counting is a branch of combinatorics that is concerned 
with enumerating objects with certain properties. 

❖ We have already seen an important area where counting 
is essential: Complexity of algorithms. 

❖ Another area where counting is essential is probability 
(our next topic). 

❖ Counting is also important in designing codes, in 
understanding complexity of systems,…



The Product Rule

❖ If a procedure can be broken down into a sequence of 
two tasks such that there are n1 ways to do the first task 
and for each of these ways there are n2 ways to do the 
second task, then there are n1n2 ways to do the 
procedure. 

❖ This can be generalized to procedures that can be 
broken down into a sequence of k tasks. 



The Product Rule

❖ How many different DNA sequences of length 10 are 
there? 

❖ How many 1-1 functions are there from a set with m 
elements to a set of n elements? 



The Product Rule

❖ The product rule is analogous to the size of the cartesian 
product of sets:
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Consequently, applying the product rule again, it follows that under the old plan there areNote that we have ignored
restrictions that rule out
N11 station codes for
most area codes. 160 · 640 · 10,000 = 1,024,000,000

different numbers available in North America. Under the new plan, there are

800 · 800 · 10,000 = 6,400,000,000

different numbers available. ▲

EXAMPLE 9 What is the value of k after the following code, where n1, n2, . . . , nm are positive integers, has
been executed?

k := 0
for i1 := 1 to n1
for i2 := 1 to n2

·
·
·

for im := 1 to nm

k := k + 1

Solution: The initial value of k is zero. Each time the nested loop is traversed, 1 is added
to k. Let Ti be the task of traversing the ith loop. Then the number of times the loop is traversed
is the number of ways to do the tasks T1, T2, . . . , Tm. The number of ways to carry out the
task Tj , j = 1, 2, . . . , m, is nj , because the j th loop is traversed once for each integer ij with
1 ≤ ij ≤ nj . By the product rule, it follows that the nested loop is traversed n1n2 · · · nm times.
Hence, the final value of k is n1n2 · · · nm. ▲

EXAMPLE 10 Counting Subsets of a Finite Set Use the product rule to show that the number of different
subsets of a finite set S is 2|S|.

Solution: Let S be a finite set. List the elements of S in arbitrary order. Recall from
Section 2.2 that there is a one-to-one correspondence between subsets of S and bit strings
of length |S|. Namely, a subset of S is associated with the bit string with a 1 in the ith position if
the ith element in the list is in the subset, and a 0 in this position otherwise. By the product rule,
there are 2|S| bit strings of length |S|. Hence, |P(S)| = 2|S|. (Recall that we used mathematical
induction to prove this fact in Example 10 of Section 5.1.) ▲

The product rule is often phrased in terms of sets in this way: If A1, A2, . . . , Am are finite
sets, then the number of elements in the Cartesian product of these sets is the product of the
number of elements in each set. To relate this to the product rule, note that the task of choosing
an element in the Cartesian product A1 × A2 × · · ·× Am is done by choosing an element
in A1, an element in A2, . . . , and an element in Am. By the product rule it follows that

|A1 × A2 × · · ·× Am| = |A1| · |A2| · · · · · |Am|.

EXAMPLE 11 DNA and Genomes The hereditary information of a living organism is encoded using de-
oxyribonucleic acid (DNA), or in certain viruses, ribonucleic acid (RNA). DNA and RNA are
extremely complex molecules, with different molecules interacting in a vast variety of ways to



The Sum Rule

❖ If a task can be done either in one of n1 ways or in one of  
n2 ways, where none of the set of n1 ways is the same as 
any of the set of n2 ways, then there are n1+n2 ways to 
do the task.  

❖ This can be generalized to more than two categories.  



The Sum Rule
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both a faculty member and a student. By the sum rule it follows that there are 37+ 83 = 120
possible ways to pick this representative. ▲

We can extend the sum rule to more than two tasks. Suppose that a task can be done in one
of n1 ways, in one of n2 ways, . . . , or in one of nm ways, where none of the set of ni ways of
doing the task is the same as any of the set of nj ways, for all pairs i and j with 1 ≤ i < j ≤ m.
Then the number of ways to do the task is n1 + n2 + · · · + nm. This extended version of the
sum rule is often useful in counting problems, as Examples 13 and 14 show. This version of the
sum rule can be proved using mathematical induction from the sum rule for two sets. (This is
Exercise 71.)

EXAMPLE 13 A student can choose a computer project from one of three lists. The three lists contain 23, 15,
and 19 possible projects, respectively. No project is on more than one list. How many possible
projects are there to choose from?

Solution: The student can choose a project by selecting a project from the first list, the second
list, or the third list. Because no project is on more than one list, by the sum rule there are
23+ 15+ 19 = 57 ways to choose a project. ▲

EXAMPLE 14 What is the value of k after the following code, where n1, n2, . . . , nm are positive integers, has
been executed?

k := 0
for i1 := 1 to n1

k := k + 1
for i2 := 1 to n2

k := k + 1
.
.
.

for im := 1 to nm

k := k + 1

Solution: The initial value of k is zero. This block of code is made up of m different loops.
Each time a loop is traversed, 1 is added to k. To determine the value of k after this code has
been executed, we need to determine how many times we traverse a loop. Note that there are
ni ways to traverse the ith loop. Because we only traverse one loop at a time, the sum rule
shows that the final value of k, which is the number of ways to traverse one of the m loops is
n1 + n2 + · · · + nm. ▲

The sum rule can be phrased in terms of sets as: If A1, A2, . . . , Am are pairwise disjoint
finite sets, then the number of elements in the union of these sets is the sum of the numbers of
elements in the sets. To relate this to our statement of the sum rule, note there are |Ai | ways to
choose an element from Ai for i = 1, 2, . . . , m. Because the sets are pairwise disjoint, when
we select an element from one of the sets Ai , we do not also select an element from a different
set Aj . Consequently, by the sum rule, because we cannot select an element from two of these
sets at the same time, the number of ways to choose an element from one of the sets, which is
the number of elements in the union, is

|A1 ∪ A2 ∪ · · · ∪ Am| = |A1| + |A2| + · · · + |Am|whenAi ∩ Aj = for all i, j.

This equality applies only when the sets in question are pairwise disjoint. The situation is much
more complicated when these sets have elements in common. That situation will be briefly
discussed later in this section and discussed in more depth in Chapter 8.

What’s the value of k after this piece of code is executed?



The Sum Rule

❖ The sum rule is analogous to the size of the union of  
pairwise disjoint sets:
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;



The Sum Rule

❖ A valid password is a sequence between six and eight 
symbols.

❖ The first symbol must be a letter (lowercase or 
uppercase) and the remaining symbols must be either 
letters or digits. 

❖ What is the number of different possible passwords? 



The Subtraction Rule

❖ If a task can be done either in one of n1 ways or in one of  
n2 ways, where m ways are shared between the two 
categories, then there are n1+n2-m ways to do the task.  



The Subtraction Rule

❖ The subtraction rule is analogous to the size of the 
union of two sets:
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THE SUBTRACTION RULE If a task can be done in either n1 ways or n2 ways, then the
number of ways to do the task is n1 + n2 minus the number of ways to do the task that are
common to the two different ways.

The subtraction rule is also known as the principle of inclusion–exclusion, especially when
it is used to count the number of elements in the union of two sets. Suppose that A1 and A2 are
sets. Then, there are |A1| ways to select an element from A1 and |A2| ways to select an element
from A2. The number of ways to select an element from A1 or from A2, that is, the number of
ways to select an element from their union, is the sum of the number of ways to select an element
from A1 and the number of ways to select an element from A2, minus the number of ways to
select an element that is in bothA1 andA2. Because there are |A1 ∪ A2|ways to select an element
in either A1 or in A2, and |A1 ∩ A2| ways to select an element common to both sets, we have

|A1 ∪ A2| = |A1| + |A2| − |A1 ∩ A2|.

This is the formula given in Section 2.2 for the number of elements in the union of two sets.
Example 18 illustrates howwe can solve counting problems using the subtraction principle.

EXAMPLE 18 How many bit strings of length eight either start with a 1 bit or end with the two bits 00?

Solution: We can construct a bit string of length eight that either starts with a 1 bit or ends
with the two bits 00, by constructing a bit string of length eight beginning with a 1 bit or by
constructing a bit string of length eight that ends with the two bits 00. We can construct a bit
string of length eight that begins with a 1 in 27 = 128 ways. This follows by the product rule,
because the first bit can be chosen in only one way and each of the other seven bits can be
chosen in two ways. Similarly, we can construct a bit string of length eight ending with the two
bits 00, in 26 = 64 ways. This follows by the product rule, because each of the first six bits can
be chosen in two ways and the last two bits can be chosen in only one way.

Some of the ways to construct a bit string of length eight starting with a 1 are the same
as the ways to construct a bit string of length eight that ends with the two bits 00. There are
25 = 32 ways to construct such a string. This follows by the product rule, because the first
bit can be chosen in only one way, each of the second through the sixth bits can be chosen
in two ways, and the last two bits can be chosen in one way. Consequently, the number of
bit strings of length eight that begin with a 1 or end with a 00, which equals the number
of ways to construct a bit string of length eight that begins with a 1 or that ends with 00,
equals 128+ 64 − 32 = 160. ▲

27 = 128 ways 

1

26 = 64 ways

25 = 32 ways

1 0 0

0 0

We present an example that illustrates how the formulation of the principle of inclusion–
exclusion can be used to solve counting problems.

EXAMPLE 19 A computer company receives 350 applications from computer graduates for a job planning a
line of newWeb servers. Suppose that 220 of these applicants majored in computer science, 147
majored in business, and 51 majored both in computer science and in business. How many of
these applicants majored neither in computer science nor in business?

Solution: To find the number of these applicants who majored neither in computer science nor
in business, we can subtract the number of students who majored either in computer science
or in business (or both) from the total number of applicants. Let A1 be the set of students who
majored in computer science andA2 the set of students who majored in business. ThenA1 ∪ A2
is the set of students who majored in computer science or business (or both), andA1 ∩ A2 is the



The Subtraction Rule

❖ How many n-element DNA sequences start with T or 
end with G?



Product, Summation, and Subtraction

❖ Suppose that a password could be at least 4 characters 
long and at most 8 characters long, and each character is 
either a letter (lower or upper case) or a digit. 
Furthermore, a password must contain at least one of 
the special symbols %,$,#,@. How many passwords are 
there?  



The Principle of Inclusion-Exclusion

❖ Generalizes the subtraction rule to any finite number of 
finite sets. 



The Principle of Inclusion-Exclusion
❖ Illustrating the size of the union of three sets 8.5 Inclusion–Exclusion 555
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FIGURE 3 Finding a Formula for the Number of Elements in the Union of Three Sets.

To remedy this undercount, we add the number of elements in the intersection of all three
sets. This final expression counts each element once, whether it is in one, two, or three of the
sets. Thus,

|A ∪ B ∪ C| = |A| + |B| + |C| − |A ∩ B| − |A ∩ C| − |B ∩ C| + |A ∩ B ∩ C|.

This formula is illustrated in the third panel of Figure 3.
Example 4 illustrates how this formula can be used.

EXAMPLE 4 A total of 1232 students have taken a course in Spanish, 879 have taken a course in French,
and 114 have taken a course in Russian. Further, 103 have taken courses in both Spanish and
French, 23 have taken courses in both Spanish and Russian, and 14 have taken courses in both
French and Russian. If 2092 students have taken at least one of Spanish, French, and Russian,
how many students have taken a course in all three languages?

Solution: Let S be the set of students who have taken a course in Spanish, F the set of students
who have taken a course in French, and R the set of students who have taken a course in Russian.
Then

|S| = 1232, |F | = 879, |R| = 114,

|S ∩ F | = 103, |S ∩ R| = 23, |F ∩ R| = 14,

and

|S ∪ F ∪ R| = 2092.

When we insert these quantities into the equation

|S ∪ F ∪ R| = |S| + |F | + |R| − |S ∩ F | − |S ∩ R| − |F ∩ R| + |S ∩ F ∩ R|

we obtain

2092 = 1232 + 879 + 114 − 103 − 23 − 14 + |S ∩ F ∩ R|.

We now solve for |S ∩ F ∩ R|. We find that |S ∩ F ∩ R| = 7. Therefore, there are seven students
who have taken courses in Spanish, French, and Russian. This is illustrated in Figure 4. ▲
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The Principle of Inclusion-Exclusion
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FIGURE 4 The Set of Students Who Have Taken Courses
in Spanish, French, and Russian.

We will now state and prove the inclusion–exclusion principle, which tells us how many
elements are in the union of a finite number of finite sets.

THEOREM 1 THE PRINCIPLE OF INCLUSION–EXCLUSION Let A1, A2, . . . , An be finite sets.
Then

|A1 ∪ A2 ∪ · · · ∪ An| =
!

1≤i≤n

|Ai |−
!

1≤i<j≤n

|Ai ∩ Aj |

+
!

1≤i<j<k≤n

|Ai ∩ Aj ∩ Ak|− · · · + (−1)n+1|A1 ∩ A2 ∩ · · · ∩ An|.

Proof: We will prove the formula by showing that an element in the union is counted exactly
once by the right-hand side of the equation. Suppose that a is a member of exactly r of the
sets A1, A2, . . . , An where 1 ≤ r ≤ n. This element is counted C(r, 1) times by !|Ai |. It is
counted C(r, 2) times by!|Ai ∩ Aj |. In general, it is counted C(r, m) times by the summation
involving m of the sets Ai . Thus, this element is counted exactly

C(r, 1)− C(r, 2) + C(r, 3)− · · · + (−1)r+1C(r, r)

times by the expression on the right-hand side of this equation. Our goal is to evaluate this
quantity. By Corollary 2 of Section 6.4, we have

C(r, 0)− C(r, 1) + C(r, 2)− · · · + (−1)rC(r, r) = 0.

Hence,

1 = C(r, 0) = C(r, 1)− C(r, 2) + · · · + (−1)r+1C(r, r).



The Division Rule

❖ There are n/d ways to do a task if it can be done using a 
procedure that can be carried out in n ways, and for 
every way w, exactly d of the n ways correspond to way 
w. 



The Division Rule

❖ How many ways are there to seat n people around a 
circular table where two seatings are considered the 
same when everyone has the same immediate left and 
immediate right neighbor? 



Tree Diagrams

❖ To use trees in counting, we use a branch to represent 
each possible choice.

❖ We represent the possible outcomes by the leaves. 



Tree Diagrams
❖ How many bit strings of length four do not have two 

consecutive 1s? 



Tree Diagrams
❖ How many bit strings of length four do not have two 

consecutive 1s? 
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set of students who majored both in computer science and in business. By the subtraction rule
the number of students who majored either in computer science or in business (or both) equals

|A1 ∪ A2| = |A1| + |A2| − |A1 ∩ A2| = 220+ 147 − 51 = 316.

We conclude that 350 − 316 = 34 of the applicants majored neither in computer science nor in
business. ▲

The subtraction rule, or the principle of inclusion–exclusion, can be generalized to find the
number of ways to do one of n different tasks or, equivalently, to find the number of elements
in the union of n sets, whenever n is a positive integer. We will study the inclusion–exclusion
principle and some of its many applications in Chapter 8.

The Division Rule

We have introduced the product, sum, and subtraction rules for counting. You may wonder
whether there is also a division rule for counting. In fact, there is such a rule, which can be
useful when solving certain types of enumeration problems.

THE DIVISION RULE There are n/dways to do a task if it can be done using a procedure
that can be carried out in n ways, and for every way w, exactly d of the n ways correspond
to way w.

We can restate the division rule in terms of sets: “If the finite set A is the union of n pairwise
disjoint subsets each with d elements, then n = |A|/d.”

We can also formulate the division rule in terms of functions: “If f is a function from A
to B where A and B are finite sets, and that for every value y∈ B there are exactly d values
x ∈ A such that f (x) = y (in which case, we say that f is d-to-one), then |B| = |A|/d.”

We illustrate the use of the division rule for counting with an example.

EXAMPLE 20 How many different ways are there to seat four people around a circular table, where two
seatings are considered the same when each person has the same left neighbor and the same
right neighbor?

Solution: We arbitrarily select a seat at the table and label it seat 1. We number the rest of the
seats in numerical order, proceeding clockwise around the table. Note that are four ways to
select the person for seat 1, three ways to select the person for seat 2, two ways to select the
person for seat 3, and one way to select the person for seat 4. Thus, there are 4! = 24 ways to
order the given four people for these seats. However, each of the four choices for seat 1 leads
to the same arrangement, as we distinguish two arrangements only when one of the people has
a different immediate left or immediate right neighbor. Because there are four ways to choose
the person for seat 1, by the division rule there are 24/4 = 6 different seating arrangements of
four people around the circular table. ▲

Tree Diagrams

Counting problems can be solved using tree diagrams. A tree consists of a root, a number
of branches leaving the root, and possible additional branches leaving the endpoints of other
branches. (We will study trees in detail in Chapter 11.) To use trees in counting, we use a branch
to represent each possible choice. We represent the possible outcomes by the leaves, which are
the endpoints of branches not having other branches starting at them.
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Note that when a tree diagram is used to solve a counting problem, the number of choices
of which branch to follow to reach a leaf can vary (see Example 21, for example).



Tree Diagrams
❖ How many bit strings of length four do not have two 

consecutive 1s? 
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Note that when a tree diagram is used to solve a counting problem, the number of choices
of which branch to follow to reach a leaf can vary (see Example 21, for example).

This can be viewed as a finite automaton whose start state is the root and 
whose accepting states are the leaves! 



The Pigeonhole Principle
❖ If k is a positive integer and k+1 or more objects are 

placed into k boxes, then there is at least one box 
containing two or more of the objects. 



The Pigeonhole Principle
❖ If k is a positive integer and k+1 or more objects are 

placed into k boxes, then there is at least one box 
containing two or more of the objects. 

Example: 13 pigeons and 12 pigeonholes



The Pigeonhole Principle
❖ If k is a positive integer and k+1 or more objects are 

placed into k boxes, then there is at least one box 
containing two or more of the objects. 
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71. Use mathematical induction to prove the sum rule for m
tasks from the sum rule for two tasks.

72. Use mathematical induction to prove the product rule
for m tasks from the product rule for two tasks.

73. Howmany diagonals does a convex polygon with n sides
have? (Recall that a polygon is convex if every line seg-
ment connecting two points in the interior or boundary of
the polygon lies entirely within this set and that a diago-
nal of a polygon is a line segment connecting two vertices
that are not adjacent.)

74. Data are transmitted over the Internet in datagrams,
which are structured blocks of bits. Each datagram con-
tains header information organized into a maximum
of 14 different fields (specifying many things, including
the source and destination addresses) and a data area that
contains the actual data that are transmitted. One of the
14 header fields is the header length field (denoted by
HLEN), which is specified by the protocol to be 4 bits
long and that specifies the header length in terms of 32-bit
blocks of bits. For example, if HLEN = 0110, the header

is made up of six 32-bit blocks. Another of the 14 header
fields is the 16-bit-long total length field (denoted by
TOTAL LENGTH), which specifies the length in bits
of the entire datagram, including both the header fields
and the data area. The length of the data area is the total
length of the datagram minus the length of the header.
a) The largest possible value of TOTAL LENGTH
(which is 16 bits long) determines the maximum
total length in octets (blocks of 8 bits) of an Internet
datagram. What is this value?

b) The largest possible value of HLEN (which is 4 bits
long) determines the maximum total header length
in 32-bit blocks. What is this value? What is the
maximum total header length in octets?

c) The minimum (and most common) header length is
20 octets. What is the maximum total length in octets
of the data area of an Internet datagram?

d) How many different strings of octets in the data area
can be transmitted if the header length is 20 octets
and the total length is as long as possible?

6.2 The Pigeonhole Principle

Introduction

Suppose that a flock of 20 pigeons flies into a set of 19 pigeonholes to roost. Because there are
20 pigeons but only 19 pigeonholes, a least one of these 19 pigeonholes must have at least two
pigeons in it. To see why this is true, note that if each pigeonhole had at most one pigeon in it,
at most 19 pigeons, one per hole, could be accommodated. This illustrates a general principle
called the pigeonhole principle, which states that if there are more pigeons than pigeonholes,
then there must be at least one pigeonhole with at least two pigeons in it (see Figure 1). Of
course, this principle applies to other objects besides pigeons and pigeonholes.

THEOREM 1 THE PIGEONHOLE PRINCIPLE If k is a positive integer and k + 1 or more objects
are placed into k boxes, then there is at least one box containing two or more of the objects.

(a) (b) (c)

FIGURE 1 There Are More Pigeons Than Pigeonholes.

Example: 13 pigeons and 12 pigeonholes



The Pigeonhole Principle

❖ More generally, if N objects are placed into k boxes, then 
there is at least one box containing at least ⎡N/k⎤ objects.



The Pigeonhole Principle

❖ Prove: In any graph there are (at least) two nodes with 
the same degree. 



Permutations and Combinations
❖ Let n be a positive integer and r be an integer with 

0≤r≤n. 

❖ Denote by P(n,r) the number of all r-permutations of a 
set with n distinct elements. 

❖ Denote by C(n,r) the number of all r-combinations of a 
set with n distinct elements. 

P (n, r) =
n!

(n� r)!
C(n, r) =

n!

r!(n� r)!



Permutations and Combinations

❖ Notice that P(n,r) and C(n,r) are related by the division 
rule. 



Permutations and Combinations

❖ How many bit strings of length 12 contain

❖ exactly three 1s?

❖ at most three 1s?

❖ at least three 1s?

❖ an equal number of 0s and 1s?
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from each of the other two sums). This can be done in
!3
1
"
ways. Finally, the only way to obtain

a y3 term is to choose the y for each of the three sums in the product, and this can be done in
exactly one way. Consequently, it follows that

(x + y)3 = (x + y)(x + y)(x + y) = (xx + xy + yx + yy)(x + y)

= xxx + xxy + xyx + xyy + yxx + yxy + yyx + yyy

= x3 + 3x2y + 3xy2 + y3. ▲

We now state the binomial theorem.

THEOREM 1 THEBINOMIALTHEOREM Let x and y be variables, and letn be a nonnegative integer.
Then

(x + y)n =
n#

j = 0

$
n

j

%
xn−j yj =

$
n

0

%
xn +

$
n

1

%
xn−1y + · · · +

$
n

n− 1

%
xyn−1 +

$
n

n

%
yn.

Proof: We use a combinatorial proof. The terms in the product when it is expanded are of
the form xn−j yj for j = 0, 1, 2, . . . , n. To count the number of terms of the form xn−j yj ,
note that to obtain such a term it is necessary to choose n− j xs from the n sums (so that the
other j terms in the product are ys). Therefore, the coefficient of xn−j yj is

! n
n−j

"
, which is

equal to
!n
j

"
. This proves the theorem.

Some computational uses of the binomial theorem are illustrated in Examples 2–4.

EXAMPLE 2 What is the expansion of (x + y)4?

Solution: From the binomial theorem it follows that

(x + y)4 =
4#

j = 0

$
4
j

%
x4−j yj

=
$
4
0

%
x4 +

$
4
1

%
x3y +

$
4
2

%
x2y2 +

$
4
3

%
xy3 +

$
4
4

%
y4

= x4 + 4x3y + 6x2y2 + 4xy3 + y4. ▲

EXAMPLE 3 What is the coefficient of x12y13 in the expansion of (x + y)25?

Solution: From the binomial theorem it follows that this coefficient is
$
25
13

%
= 25!
13! 12! = 5,200,300.

▲

EXAMPLE 4 What is the coefficient of x12y13 in the expansion of (2x − 3y)25?

Solution: First, note that this expression equals (2x + (−3y))25. By the binomial theorem, we
have

(2x + (−3y))25 =
25#

j = 0

$
25
j

%
(2x)25−j (−3y)j .



Binomial Coefficients
❖ Results that are straightforward to establish using the 

binomial theorem:

2n = (1 + 1)n =
nX

k=0

✓
n

k

◆

0 = ((�1) + 1)n =
nX

k=0

(�1)k
✓
n

k

◆

3n = (1 + 2)n =
nX

k=0

2k
✓
n

k

◆



Binomial Coefficients

❖ Important identities:
✓
n

k

◆
=

✓
n� 1

k � 1

◆
+

✓
n� 1

k

◆
Pascal’s identity

Vandermonde’s identity
✓
m+ n

k

◆
=

kX

`=0

✓
m

k � `

◆✓
n

`

◆

✓
n

k

◆
=

✓
n

n� k

◆



Generalized Permutations and Combinations

❖ How many bit strings of length r are there?



Generalized Permutations and Combinations

❖ The number of r-permutations of a set of n objects with 
repetition allowed is nr. 



Generalized Permutations and Combinations

❖ How many solutions are there to the equation 

x1+x2+x3+x4=17

where x1, x2, x3, and x4 are nonnegative integers?



Generalized Permutations and Combinations

❖ The number of r-combinations of a set of n objects with 
repetition allowed is C(n+r-1,r). 



Generalized Permutations and Combinations
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TABLE 1 Combinations and Permutations With
andWithout Repetition.
Type Repetition Allowed? Formula

r-permutations No
n!

(n− r)!

r-combinations No
n!

r! (n− r)!

r-permutations Yes nr

r-combinations Yes
(n + r − 1)!
r! (n− 1)!

EXAMPLE 6 What is the value of k after the following pseudocode has been executed?

k := 0
for i1 := 1 to n
for i2 := 1 to i1

·
·
·
for im := 1 to im−1

k := k + 1

Solution: Note that the initial value of k is 0 and that 1 is added to k each time the nested loop
is traversed with a sequence of integers i1, i2, . . . , im such that

1 ≤ im ≤ im−1 ≤ · · · ≤ i1 ≤ n.

The number of such sequences of integers is the number of ways to choose m integers from
{1, 2, . . . , n}, with repetition allowed. (To see this, note that once such a sequence has been
selected, if we order the integers in the sequence in nondecreasing order, this uniquely defines
an assignment of im, im−1, . . . , i1. Conversely, every such assignment corresponds to a unique
unordered set.) Hence, from Theorem 2, it follows that k = C(n + m− 1, m) after this code
has been executed. ▲

The formulae for the numbers of ordered and unordered selections of r elements, chosen
with and without repetition allowed from a set with n elements, are shown in Table 1.

Permutations with Indistinguishable Objects

Some elements may be indistinguishable in counting problems.When this is the case, care must
be taken to avoid counting things more than once. Consider Example 7.

EXAMPLE 7 How many different strings can be made by reordering the letters of the word SUCCESS?

Solution:Because some of the letters of SUCCESS are the same, the answer is not given by the
number of permutations of seven letters. This word contains three Ss, twoCs, oneU , and oneE.
To determine the number of different strings that can be made by reordering the letters, first note
that the three Ss can be placed among the seven positions inC(7, 3) different ways, leaving four

What’s the value of k after this piece of code is executed?



Generalized Permutations and Combinations

❖ The multinomial theorem: Let n be a nonnegative 
integer and m be a positive integer. Then,

(x1 + x2 + · · ·+ xm)n =
X

r1+r2+···+rm=n

✓
n

r1, r2, . . . , rm

◆ Y

1`m

xr`
`

where
✓

n

r1, r2, . . . , rm

◆
=

n!

r1!r2! · · · rm!

The multinomial coefficient: the number of ways to 
distribute n objects into m boxes with ri objects in box i. 



Combinatorial Proofs

❖ A combinatorial proof of an identity is a proof that 

❖ uses counting arguments to prove that both sides of 
the identity count the same objects but in different 
ways, or

❖ is based on showing that there is a bijection between 
the sets of objects counted by the two sides of the 
identity. 



Combinatorial Proofs
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Now we’ve already counted S one way, via the Bookkeeper Rule, and found
jS j D

�n
k

�
. The other “way” corresponds to defining a bijection between S and the

disjoint union of two sets A and B where,

A WWD f.1; X/ j X ✓ Œ2; nç AND jX j D k � 1g
B WWD f.0; Y / j Y ✓ Œ2; nç AND jY j D kg:

Clearly A and B are disjoint since the pairs in the two sets have different first
coordinates, so jA [ Bj D jAj C jBj. Also,

jAj D # specified sets X D
 

n � 1

k � 1

!
;

jBj D # specified sets Y D
 

n � 1

k

!
:

Now finding a bijection f W .A [ B/ ! S will prove the identity (14.10). In
particular, we can define

f .c/ WWD
(

X [ f1g if c D .1; X/;

Y if c D .0; Y /:

It should be obvious that f is a bijection.

14.10.3 A Colorful Combinatorial Proof
The set that gets counted in a combinatorial proof in different ways is usually de-
fined in terms of simple sequences or sets rather than an elaborate story about
Teaching Assistants. Here is another colorful example of a combinatorial argu-
ment.

Theorem 14.10.2.
nX

rD0

 
n

r

! 
2n

n � r

!
D
 

3n

n

!

Proof. We give a combinatorial proof. Let S be all n-card hands that can be dealt
from a deck containing n different red cards and 2n different black cards. First,
note that every 3n-element set has

jS j D
 

3n

n

!

Prove:



A Word (or, few words) on the  
Cardinality of Sets



❖ Section 2.5 in your textbook



Finite Sets

❖ We can list all the elements of a 
finite set.

❖ We can order them so that we can 
speak of the first element, the 
second element,…, and the last 
element. 



Infinity

❖Think of listing the items of a set.
❖You can speak of the first item, 

the second item,…
❖You cannot speak of the last item. 



❖ “It is my task to convince you not 
to turn away because you don’t 
understand it. You see, my 
physics students don’t 
understand it either. That is 
because I don’t understand it. 
Nobody does.” 



Georg Cantor

❖ Studied infinity and 
classified it. 

❖ He suffered a series 
of breakdowns.

❖ Just a coincidence or 
is there causation?!?!



To Infinity and Beyond

❖ Philosophers, religious people and 
many mathematicians had linked 
infinity to God: The ultimate limit; 
there is nothing more, nothing 
greater. 

❖ Cantor wanted to go beyond infinity. 



The Birth of ℵ0
❖ Cantor wanted to distinguish “real” 

infinity from the fuzzy notion of 
infinity denoted by ∞. 

❖ He introduced ℵ0 to denote the 

infinity that contains the set of natural 
numbers. 



Non-numbers

❖Please do not forget this for the 
rest of your life:
❖∞, ℵ0, … are not numbers! 



Infinity: A Matter of Definition

❖Cantor defined an infinite 
set as one that had a      
one-to-one correspondence 
with a subset of itself. 



Infinity: A Matter of Definition

❖In other words, cardinality 
is not about the number of 
items in a set; it is about 
having 1-1 correspondence 
with another set. 



Cardinality of Sets

❖ Let A and B be two sets (not necessarily finite).

❖ If there exists a bijection (1-1 and onto function) from A 
to B, then A and B have the same cardinality (|A|=|B|).

❖ If there exists a 1-1 function from A to B, then |A|≤|B|.



Countable Sets

❖ A set is countable if it is either finite or has the same 
cardinality as the set of positive integers. 

❖ Examples of countable sets

❖ the set of odd positive integers (f(n)=2n-1)

❖ the set of all positive rational numbers 

❖ the set of all finite-length strings over a finite alphabet



Back to ℵ0

❖ It is the cardinality of a countable 
infinite set. 



An Algorithmic Perspective

❖ A set is countable if you can come up with an algorithm 
to enumerate it (enumerator). 

❖ You have an enumerator if every element of the set is 
“printed” after a finite number of steps. 
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1
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2
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4
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5
1

5
2

5
3

5
4

5
5

...

...
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...
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...............

Terms not circled
are not listed
because they
repeat previously
listed terms

FIGURE 3 The Positive Rational Numbers Are Countable.

arrange the positive rational numbers by listing those with denominator q = 1 in the first row,
those with denominator q = 2 in the second row, and so on, as displayed in Figure 3.

The key to listing the rational numbers in a sequence is to first list the positive rational
numbers p/q with p + q = 2, followed by those with p + q = 3, followed by those with
p + q = 4, and so on, following the path shown in Figure 3. Whenever we encounter a number
p/q that is already listed, we do not list it again. For example, when we come to 2/2 = 1 we
do not list it because we have already listed 1/1 = 1. The initial terms in the list of positive
rational numbers we have constructed are 1, 1/2, 2, 3, 1/3, 1/4, 2/3, 3/2, 4, 5, and so on. These
numbers are shown circled; the uncircled numbers in the list are those we leave out because
they are already listed. Because all positive rational numbers are listed once, as the reader can
verify, we have shown that the set of positive rational numbers is countable. ▲

An Uncountable Set
Not all infinite sets have
the same size! We have seen that the set of positive rational numbers is a countable set. Do we have a promising

candidate for an uncountable set? The first place we might look is the set of real numbers. In
Example 5 we use an important proof method, introduced in 1879 by Georg Cantor and known
as theCantor diagonalization argument, to prove that the set of real numbers is not countable.
This proof method is used extensively in mathematical logic and in the theory of computation.

EXAMPLE 5 Show that the set of real numbers is an uncountable set.

Solution: To show that the set of real numbers is uncountable, we suppose that the set of real
numbers is countable and arrive at a contradiction. Then, the subset of all real numbers that
fall between 0 and 1 would also be countable (because any subset of a countable set is also
countable; see Exercise 16). Under this assumption, the real numbers between 0 and 1 can be
listed in some order, say, r1, r2, r3, . . . . Let the decimal representation of these real numbers be

r1 = 0.d11d12d13d14 . . .

r2 = 0.d21d22d23d24 . . .

r3 = 0.d31d32d33d34 . . .

r4 = 0.d41d42d43d44 . . .

...

where dij ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. (For example, if r1 = 0.23794102 . . . , we have d11 =
2, d12 = 3, d13 = 7, and so on.) Then, form a new real number with decimal expansion



Enumerating All Integers
❖ n=1;

❖ While True

❖ If n is even 

❖ print n/2;

❖ Else

❖ print -(n-1)/2;

❖ n=n+1;



Uncountable Sets

❖ The set of real numbers is uncountable.

❖ The power-set of a countable infinite set is uncountable. 

❖ A powerful tool for proving uncountability is Cantor’s 
diagonalization technique. 



Uncountable Sets

❖ The cardinality of (-π/2,π/2) and the reals is the same. 

❖ One bijection from the former to the latter is tan(x). 



Schroder-Bernstein Theorem

❖ If A and B are two sets with |A|≤|B| and |B|≤|A|, 
then |A|=|B|.



Uncountable Sets
❖ The two sets (0,1) and (0,1] have the same cardinality. 

(0,1) (0,1]
f(x)=x

g(x)=x/2



The Continuum Hypothesis

❖ An important theorem of Cantor’s states that the 
cardinality of a set is always less than the cardinality of 
its power set. 

❖ Corollary: The set of positive integers has a smaller 
cardinality than the power set of the positive integers. 

❖ We can show that the power set of the positive integers 
and the reals have the same cardinality. 



The Continuum Hypothesis

❖ The continuum hypothesis asserts that there is no 
cardinal number between the cardinality of the positive 
integers and the cardinality of the reals. 

❖ It can be shown that the smallest infinite cardinal 
numbers form an infinite sequence ℵ0<ℵ1<ℵ2<…

❖ If we assume the hypothesis is true, then the cardinality 
of the reals is ℵ1.



The Continuum Hypothesis
❖ The continuum hypothesis is still an open question. 
❖ It has been shown that it can be neither proved nor 

disproved under the standard set theory axioms in 
modern mathematics, the Zermelo-Fraenkel 
axioms. 

❖ Should this set of axioms be replaced by some 
other set of axioms for set theory? If you’re 
intrigued, study math! 



Questions?


