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Reading Material

* Chapter 7, Sections 1-4



Experiment, Sample Space, and Event

* An experiment is a procedure that yields one of a given
set of possible outcomes (tossing a coin, rolling a die five
times, etc.).

* The sample space of the experiment is the set of possible

outcomes (for the coin toss experiment, the sample space
is {H 1)

* An event is a subset of the sample space (the possible

events that correspond to the coin toss experiment are {},
{H}, {T}, {H,T}).




Experiment, Sample Space, and Event

* For each of the following, what is the
sample space? What is an example of an
event?

« Experiment 1: Rolling a 6-sided die twice.

* Experiment 2: Generating an Erdos-Renyi
graph with parameters n and p.



Assigning Probabilities

* Let S be a sample space of an
experiment with finite number of

outcomes. We assign a probability p(s) to
every outcome s, so that

1. O<p(s)<1 for each s&€S, and
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Assigning Probabilities

*The function p from the set of all
outcomes of the sample space S is
called a probability distribution.




Uniform Distribution

*The uniform distribution on a
set S with n elements assigns
probability 1/n to each element

of S (all n elements are equally
likely).



Probability of an Event:
Laplace’s Definition

“If S is a finite sample space of
equally likely outcomes, and E
is an event, that is, a subset of S,
then the probability of E is
A g



Probability of an Event

* Back to the experiment of rolling a die twice:

* What is the probability of the event “the
sum of the two numbers is 8”7



Probability of an Event

* When the elements of the sample
space are not all equally likely,
Laplace’s definition doesn’t work!

“ The probability of an event E is then
defined in terms of the probabilities
of its elements.



Probability of an Event

“ The probability of the event E is

PP

sc F



Probability of an Event

* Back to the experiment of ER graphs with n
and p:

* What is the probability of the event “the
generated graph has exactly k edges”?



Combinations of Events

“ It Eq,E5,... 1S a sequence of pairwise
disjoint events in a sample space S,
then

(5] =3



Conditional Probability

* Let E and F be two events with p(F)>0.
The conditional probability of E given F,

denoted by p(E | F), is defined as
p(ENF)

p(F)

p(E|F) =




Independence

* The events E and F are independent if and
only if p(ENF)=p(E)p(F).

* For example, consider the space of randomly
generated bit strings of length four (all 16
have the same probability), and consider:

* E: the string begins with 1

« F: the string contains an even number of 1s.



Pairwise and Mutual Independence

* The events E1,E,...,E, are pairwise
independent if and only if
p(ENE;)=p(E;)p(E;) for all pairs i and j with
{1,

* The events E1,E,...,E, are mutually

independent if and only if for every subset
E'C{E; E,,... E,} with | E'| =2 we have

p( & EZ) =11 W5
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* Mutually independent events are also
pairwise independent events.

« Pairwise independent events are not
necessarily mutually independent events.

« Experiment: Toss a fair coin twice.
+ Events:

+ E1: The first toss is H.

+ E2: The second toss is H.

« E3: Both tosses give the same outcome.



Bernoulli Trials

“ Suppose an experiment can have only two possible
outcomes, e.g., the flipping of a coin or the random
generation of a bit (recall the random ER graphs?).

* Each performance of the experiment is called a
Bernoulli trial.

+ One outcome is called a success and the other a failure.

“ If p and g are the probabilities of success and failure,
respectively, then p+g=1.



The Binomial Distribution B(k:n,p)

* The probability of exactly k
successes in n independent Bernoulli
trials, with probability of success p
and probability of failure g=1-p, is

N\ & n—k
(k)p ;






Bayes” Theorem

* Suppose that E and F are events from

a sample space S such that p(E)=0 and
p(F)=0. Then:

p(E|F)p(F)
p(E|F)p(F) + p(E|F)p(F)

p(F|E) =



Bayes” Theorem

* Suppose that E and F are events from

a sample space S such that p(E)=0 and
p(F)=0. Then:

o(F|E) = %
(p(EIF)p(F) + p(E[F)p(F)

p( )



* Suppose that one person in 100,000 has a
particular disease. There is a test for the disease
that gives a positive result 99% of the time when
given to someone with the disease. When given to
someone without the disease, 99.5% of the time it
gives a negative result. Find

1. the probability that a person who tests positive
has the disease.

2. the probability that a person who tests
negative does not have the disease.



Generalized Bayes” Theorem

“Suppose that {F1,F»,...,Fu} is a
partition of the sample space S.
Then, for an event E, we have

p(E|F;)p(F;)
T

p(Fj|E) =



Random Variables, Expected Value

and Variance



Random Variables

* A random variable is a function from the sample space
of an experiment to the set of real numbers.

+ A coin is tossed twice. Let X(t) be the random variable

that equals that number of heads that appear when t is
the outcome. Then X(#) takes on the following values:

v XCEE) 2
e AR
= X(FFH)=0



Random Variables

* The distribution of a random variable X on a sample
space S is the set of pairs (r,p(X=r)) for all r€X(S), where
p(X=r) is the probability that X takes the value r.

« Example: A fair coin is tossed twice and X(t) is the
number of heads in outcome t. The distribution of X is

+ {(0,0.25),(1,0.5),(2,0.25)}



Random Variables:
lllustration on Random Graphs

* Experiment: Given a set of n nodes, for every set of two
nodes, connect them with an edge with probability p
(recall Erdos-Renyi?)

* What is the sample space? What is its size?

* Define a random variable X(¢) that equals the number of
edges in g.

+ What are the possible values of X(¢)?
* What is the probability distribution of X(¢)?



Random Variables:
lllustration on Random Graphs

“ Experiment: Given a set of n nodes, for every set of two
nodes, connect them with an edge with probability p
(recall Erdos-Renyi?)

* What is the sample space? What is its size?
# S is the set of all graphs with n nodes.

# S contains the set of all n-node graphs with 0 edges, 1
edge, 2 edges,..., n(n-1)/2 edges. So, the size of S is
n(n—1)/2

Sy (n(n;l)/Q) _ gn(n-1)/2

=0



Random Variables:
lllustration on Random Graphs

* Experiment: Given a set of n nodes, for every set of two
nodes, connect them with an edge with probability p
(recall Erdos-Renyi?)

* Define a random variable X(g) that equals the number
of edges in g.

* What are the possible values of X(¢)?
+ X(9)€{0,1,...,n(n-1)/2}.



Random Variables:
lllustration on Random Graphs

* Experiment: Given a set of n nodes, for every set of two
nodes, connect them with an edge with probability p
(recall Erdos-Renyi?)

* Define a random variable X(g) that equals the number
of edges in g.

* What is the probability distribution of X(g)?

n(n—1)/2 n(n=1) n(n — 1)

p(X(g)—k)—< L )p‘“(l—p) 2 ke{o,l,..., :

}



Expected Values

* The expected value (also called the expectation or mean)
of a (discrete) random variable X on the sample space S
1S

(X)) =) _p(s)X(s)

seS



Expected Values

« Example: A fair coin is tossed twice and X(t) is the
number of heads.

E(X) p(HH) - X(HH) + p(HT) - X(HT) + p(TT) - X(TT) + p(TH) - X(TH)
025 2 702 1 T025 0025 ]

1



Expected Values

* What is the expected number of edges in a random
graph with 7 nodes and probability p (using the ER
procedure)?

+ Based on the results we saw before, we have

5 ren - )2
SR s BB RS
o Jz(_’rg— )/ k(”(” kl)/2)p (7 = *

n(n—1)
2




Linearity of Expectations

+ It X;,1=1,2,...,n, are random variables on S, and if a and
b are real numbers, then

(X1 + Xo + -+ X)) = E(X1) + B(X3) + -+ + E(Xy)
i(aX; +b) =aE(X;) + b




Average-case Analysis

* What is the average-case running time of LinearSearch
(for finding whether an element x exists in an array of #
elements)?

“ Assume x is in the input array with probability p.

“ Assume that if x is in the array, it can be in any position
with equal probability.

+ What random variable do we define? What is the

expected value of the variable?



The Geometric Distribution

+ So far, we have discussed random variables with a finite

number of possible outcomes.

* Consider the following experiment: A coin with
probability of tails being p is tossed repeatedly until it
comes up tails. What is the expected number of tosses
until this coin comes up tails?

* The sample space here is {T,HT, HHT,HHHT,...}, which
is infinite.



The Geometric Distribution

* Let X be the random variable equal to the number of
tosses in an element in the sample space.

* We have p(X=k)=(1-p)k1p.

+ Then,

o o 1
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+ Then,

The Geometric Distribution

* Let X be the random variable equal to the number of
tosses in an element in the sample space.

* We have p(X=k)=(1-p)k1p.

Y o
Pl
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EX)=) kp(X=k)=) k(1-p)*'p=p) k(l-p)** p}; =
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The Geometric Distribution

* A random variable X has a geometric distribution with
parameter p if p(X=k)=(1-p)k1p for k=1,2,3,..., where p is
a real number with O<p<I1.

* If X ~ Geometric(p), thenE(X) = 1/p.




The Geometric Distribution

How is the duration in state 0 distributed?



Independent Random Variables

* The random variables X and Y on a sample space S are
independent if

pX =zandY =y) = p(X = z)p(Y =y)



Independent Random Variables

“ If random variables X and Y on sample space S are
independent, then

1(XY) = E(X)E(Y)



Variance

* The expected value of a random variable tells us its
average value, but nothing about how widely its values
are distributed.

+ Contrast X and Y on S={1,2,3,4,5,6}, where

+ X(s)=0 for all s€S
+ Y(s)=-1 for s&{1,2,3} and Y(s)=1 for s&{4,5,6}



Variance

* Let X be a random variable on a sample space S. The
variance of X, denoted by V(X), is

V(X) =) (X(s) — E(X))p(s)

seS

+ The standard deviation of X, denoted by o(X), is defined
to be

o(X) = VV(X)



Variance

o
=



Variance

“ If X is a random variable on a sample space S
and 43(X ) = lhon

V(X) =E((X - p)*)




Bienayme’s Formula

+ It X;,1=1,2,...,n, are pairwise independent random
variables on S, then

V(Z X;) = Z V(X;)



Variance

+ If X is a random variable and c is a constant then,

Vilcar —c e



Bienayme’s Formula

« 1f X;, i=1,2,...,n, are random variables (not necessarily
independent) on S, then

i=1 j>i

where

Cov(X,Y) = BE(XY) — E(X)E(Y)



Tail Bounds



What Is This About?

* How large can a random variable
get?

+In other words, how far from the
mean can a value that the
random variable takes be?
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Why Do We Care?

s Example:

# X is the number of steps an algorithm takes.

» E(X) is the average-case running-time of the algorithm.

# Can the algorithm, on average, take 2n steps, but on
some inputs take, say, 50012 steps?



Markov’s Inequality

* Let X be a random variable that takes only nonnegative
values. Then, for every real number a>0 we have

U(X)

P(X — a) =




Markov’s Inequality

* Let X be a random variable that takes only nonnegative
values. Then, for every real number a>0 we have

U(X)

P(X — a) =

How large a value can X take?



Markov’s Inequality: Proof

E(X) = ) zP(2)
= D oPlr) b a i)
= Zm<a OP(ZE) 2 E:EZCL CLP($)
= asza P(z)



Markov’s Inequality: An Example

“ A fair coin is tossed n times. Give an upper bound on

the probability that at least 31/4 of the tosses yield
heads.

3n o He 2
_—hY, S on/E T 0




* For distributions encountered in
practice, Markov’s inequality gives a
very loose bound.

* Why?



Chebyshev's Inequality

“ Let X be a random variable. For every real number >0,

V(X)

a’

P(|X —E(X)| >a) <



Chebyshev's Inequality

“ Let X be a random variable. For every real number >0,

V(X)

a’

P(|X —E(X)| >a) <

How likely is it that RV X takes a value
that’s at least distance a from its expected value?



Chebyshev’s Inequality: Proof



Chebyshev’s Inequality: Proof

Observe that
g LX) ) DUX - B e




Chebyshev’s Inequality: Proof

Observe that
. E(X) o) DY B

Applying Markov’s inequality, we get

A B VY)

P(X -EX)) >r) < -




Markov vs Chebyshev

1

HO T AT p

VS

1
P(X — 4l > ko) <



Chebyshev's Inequality: An Example

+ Assume we have a distribution whose mean is 80 and
standard deviation is 10. What is a lower bound on the
percentage of values that fall between 60 and 100
(exclusively) in this distribution?



Chebyshev's Inequality: An Example

+ Assume we have a distribution whose mean is 80 and
standard deviation is 10. What is a lower bound on the
percentage of values that fall between 60 and 100
(exclusively) in this distribution?

p(|X(s) —E(X)| =2 7) <

2

72




Chebyshev's Inequality: An Example

+ Assume we have a distribution whose mean is 80 and
standard deviation is 10. What is a lower bound on the
percentage of values that fall between 60 and 100
(exclusively) in this distribution?

p(|X(s) —E(X)| =2 7) <

2

72

L) = &l V =100 =0




Chebyshev's Inequality: An Example

+ Assume we have a distribution whose mean is 80 and
standard deviation is 10. What is a lower bound on the
percentage of values that fall between 60 and 100
(exclusively) in this distribution?

p(|X(s) —E(X)| =2 7) <

2

72

L) = &l V =100 =0

p(IX(s) 80| > 20) < ;



Chebyshev's Inequality: An Example

+ Assume we have a distribution whose mean is 80 and
standard deviation is 10. What is a lower bound on the
percentage of values that fall between 60 and 100
(exclusively) in this distribution?

: 1%
p(IX(s) ~E(X)| 2 1) < —
L) = &l 2 — 100 =0
1
p(|X(s) — 80 220) < -

= lower bound is 75%



[llustration: Estimating 5t Using the Monte Carlo Method

* Here’s a simple algorithm for estimating Tt

* Throw darts at a square whose area is 1,

inside which there’s a circle whose
radins sl 2

* The probability that it lands inside the
circle equals the ratio of the circle area to
the square area (7t/4). Therefore,
calculate the proportion of times that the
dart landed inside the circle and
multiply it by 4.

e W
4



lllustration: Estmating st Using the Monte Carlo Method

Algorithm 1: MonteCarlo_wEstimation.
Input: n € N.

Output: Estimate 7 of . r 1
for: =1tondo

a < random(0,1); // random number in |0,1]

b < random(0,1); // random number in |[0,1] i ‘

Xi +— 0;
if \/(a — 0.5)2 + (b — ().5)2 < 0.5 then
L X, < |7/ the dart landed 1rside/on the circle

me AT
return 7;



[llustration: Estimating 5t Using the Monte Carlo Method

+ Let X; be the random variable that denotes whether the

i-th dart landed inside the circle (1 if it did, and 0
otherwise).

2 Then wln) — 42:@:1
n




[llustration: Estimating 5t Using the Monte Carlo Method

+ Let X; be the random variable that denotes whether the

i-th dart landed inside the circle (1 if it did, and 0
otherwise).

& . ot Z’?:l XZ 4 ) — 7T 2 z
* Then, t(n) = 4== X =gl bl
7iE T
V(X;) = 1(1 = Z)



[llustration: Estimating 5t Using the Monte Carlo Method

+ Let X; be the random variable that denotes whether the

i-th dart landed inside the circle (1 if it did, and 0
otherwise).

& z e Z?Zl A PNz = 7T e z
* Then, t(n) = 4== X =l bl
7iE T
V(X;) = 1(1 = Z)

A A =
() =1 G
(#) (n ) - E(Xy) =



[llustration: Estimating 5t Using the Monte Carlo Method

* Let X; be the random variable that denotes whether the

i-th dart landed inside the circle (1 if it did, and 0
otherwise).

& z e Z?Zl A PNz = 7T e z
* Then, #(n) = 4== X =l bl
7iE T
V(X;) = 1(1 = Z)

S

A 4
Um) = E: = — N WX, —
(ﬂ-) (nizl ) ? ( ) :

g—]

4 . 5= (4 — 7)
e o EZV(Xi):




[llustration: Estimating 5t Using the Monte Carlo Method

* The question of interest is: How big should # be for us
to get a good estimate?



[llustration: Estimating 5t Using the Monte Carlo Method

* In a probabilistic setting, the question can be asked as:

+ What should the value of 71 be so t

hat the estimation

error of 1t is within d with probability at least €?

* (of course, we want O to be very small and ¢ to be as
close to 1 as possible. For example, 5=0.001 and

(195



[llustration: Estimating 5t Using the Monte Carlo Method

+ In other words, we are interested in the value of n that
yields

p(|r(n) —m| <d) >«

A

(equivalently, p(|t(n) — 7| > 6) <1 —¢)



[llustration: Estimating 5t Using the Monte Carlo Method

+ For 0=0.001 and &=0.95, we seek n such that

p(|(n) — 7| > 0.001) < 0.05



[llustration: Estimating 5t Using the Monte Carlo Method

+ For 0=0.001 and &=0.95, we seek n such that

p(|(n) — 7| > 0.001) < 0.05
Chebyshev’s inequality: — «t(n) E(7) r V/r2




[llustration: Estimating 5t Using the Monte Carlo Method

+ For 0=0.001 and &=0.95, we seek n such that

p(|(n) — 7| > 0.001) < 0.05
Chebyshev’s inequality: — «t(n) E(7) r V/r2
(4 — )
n

V(#(n) =



[llustration: Estimating 5t Using the Monte Carlo Method

+ For 0=0.001 and &=0.95, we seek n such that

p(|(n) — 7| > 0.001) < 0.05
Chebyshev’s inequality: — «t(n) E(7) r V/r2
(4 — )
n

V(#(n) =

4_
sl i

So, we would like 7 such that n(0.001)2 =



lllustration: Estimating st Using the Monte Carlo Method

w(4 — )
< 0.05
001 = =




lllustration: Estimating st Using the Monte Carlo Method

w(4 — )
= L
001 = =

m(4—m) <4



[llustration: Estimating 5t Using the Monte Carlo Method

w(4 — )
= 00
001 = =

m(4—m) <4

m(4 — )

4
= = = 05
gl = A0




[llustration: Estimating 5t Using the Monte Carlo Method

el
0001 =
m(4—m) <4
(4 — ) 4
s = =005

n(0.001)2 = n(0.001)2 ~

— n > 80,000, 000



A Corollary of Ghebyshev’s Inequality

* Let X1,X5,...,X, be independent random variables with

i) = and VAOC | — 02-2

Then, for any a>0:

P( ke 3 >a) < Z%;“?
7 7—




T'he Law of Large Numbers

* Let X1,X»,...,Xu be independently and
identically distributed (i.i.d.) random
variables, where the (unknown) expected
value u is the same for all variables (that
is, E(X;) = ¢ ) and their variance is finite.
Then, for any >0, we have

(=)

Z E) n—)oo> 0






