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Reading Material

❖ Chapter 10, Sections 1-4



Why Graphs?

❖ Biological networks

❖ Power networks

❖ Road maps

❖ Social networks

❖ Scheduling problems

❖ …



Directed and Undirected Graphs

Undirected graph Directed graph

1 : node 
(or, vertex)

1 2 : edge 1 2 : directed edge

{1,2} (1,2)



Undirected Graphs

❖ An undirected graph, or graph for short, G, is a pair 
(V,E), where 

❖ V is a non-empty set of nodes, and 

❖ E⊆{{a,b}|a,b∈V} is a set of (undirected) edges.



Directed Graphs

❖ A directed graph, or digraph for short, G, is a pair (V,E), 
where 

❖ V is a non-empty set of nodes, and 

❖ E⊆V×V is a set of (directed) edges.



IMPORTANT
❖ In this course, we will not consider graphs that have 

any of the following:

❖ An edge whose two endpoints consist of the same 
node (self-loop) 

❖ More than one undirected edge between the same 
two nodes (parallel undirected edges)

❖ More than one directed edge between the same two 
nodes in the same direction (parallel directed edges)



Basic Terminology

❖ Let G=(V,E) be a graph.

❖ Two nodes u,v∈V are adjacent or neighbors if {u,v}∈E.

❖ The degree of node u∈V, denoted by deg(u), is the 
number of u’s neighbors. That is, 

deg(u) = |{v 2 V : {u, v} 2 E}|
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Basic Terminology

❖ Let G=(V,E) be a directed graph.

❖ For edge (u,v)∈E, we call u the tail of the edge and v the 
head of the edge. 

❖ The in-degree of node u∈V, denoted by indeg(u), is the 
number of edges whose head is the node u. 

❖ The out-degree of node u∈V, denoted by outdeg(u), is 
the number of edges whose tail is the node u.
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Graph Representation: Adjacency Lists

❖ The adjacency list of a graph specifies the neighbors of 
each node.

668 10 / Graphs

61. If the simple graph G has v vertices and e edges, how
many edges does G have?

62. If the degree sequence of the simple graph G is
4, 3, 3, 2, 2, what is the degree sequence of G?

63. If the degree sequence of the simple graph G is
d1, d2, . . . , dn, what is the degree sequence of G?

∗64. Show that ifG is a bipartite simple graph with v vertices
and e edges, then e ≤ v2/4.

65. Show that ifG is a simple graph with n vertices, then the
union of G and G is Kn.

∗66. Describe an algorithm to decide whether a graph is bipar-
tite based on the fact that a graph is bipartite if and only
if it is possible to color its vertices two different colors
so that no two vertices of the same color are adjacent.

The converse of a directed graph G = (V , E), denoted
by Gconv, is the directed graph (V , F ), where the set F
of edges of Gconv is obtained by reversing the direction of
each edge in E.
67. Draw the converse of each of the graphs in Exercises 7–9

in Section 10.1.

68. Show that (Gconv)conv = G whenever G is a directed
graph.

69. Show that the graphG is its own converse if and only if the
relation associated withG (see Section 9.3) is symmetric.

70. Show that if a bipartite graphG = (V , E) is n-regular for
some positive integer n (see the preamble to Exercise 53)
and (V1, V2) is a bipartition of V , then |V1| = |V2|. That
is, show that the two sets in a bipartition of the vertex set
of an n-regular graph must contain the same number of
vertices.

71. Draw the mesh network for interconnecting nine parallel
processors.

72. In a variant of amesh network for interconnectingn = m2

processors, processorP(i, j) is connected to the four pro-
cessors P((i ± 1) mod m, j) and P(i, (j ± 1) mod m),
so that connections wrap around the edges of the mesh.
Draw this variant of the mesh network for 16 processors.

73. Show that every pair of processors in a mesh network
of n = m2 processors can communicate usingO(

√
n) =

O(m) hops between directly connected processors.

10.3 Representing Graphs and Graph Isomorphism

Introduction

There are many useful ways to represent graphs. As we will see throughout this chapter, in
working with a graph it is helpful to be able to choose its most convenient representation. In
this section we will show how to represent graphs in several different ways.

Sometimes, two graphs have exactly the same form, in the sense that there is a one-to-one
correspondence between their vertex sets that preserves edges. In such a case, we say that the
two graphs are isomorphic. Determining whether two graphs are isomorphic is an important
problem of graph theory that we will study in this section.

Representing Graphs

Oneway to represent a graph without multiple edges is to list all the edges of this graph.Another
way to represent a graph with no multiple edges is to use adjacency lists, which specify the
vertices that are adjacent to each vertex of the graph.

EXAMPLE 1 Use adjacency lists to describe the simple graph given in Figure 1.

Solution: Table 1 lists those vertices adjacent to each of the vertices of the graph. ▲

b

a c

e d

FIGURE 1 A Simple Graph.

TABLE 1 AnAdjacency List
for a Simple Graph.

Vertex Adjacent Vertices

a b, c, e
b a

c a, d, e
d c, e
e a, c, d
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TABLE 1 AnAdjacency List
for a Simple Graph.

Vertex Adjacent Vertices

a b, c, e
b a

c a, d , e
d c, e
e a, c, d



Graph Representation: Adjacency Lists

❖ The adjacency list of a graph specifies the neighbors of 
each node.

668 10 / Graphs

61. If the simple graph G has v vertices and e edges, how
many edges does G have?

62. If the degree sequence of the simple graph G is
4, 3, 3, 2, 2, what is the degree sequence of G?

63. If the degree sequence of the simple graph G is
d1, d2, . . . , dn, what is the degree sequence of G?

∗64. Show that ifG is a bipartite simple graph with v vertices
and e edges, then e ≤ v2/4.

65. Show that ifG is a simple graph with n vertices, then the
union of G and G is Kn.

∗66. Describe an algorithm to decide whether a graph is bipar-
tite based on the fact that a graph is bipartite if and only
if it is possible to color its vertices two different colors
so that no two vertices of the same color are adjacent.

The converse of a directed graph G = (V , E), denoted
by Gconv, is the directed graph (V , F ), where the set F
of edges of Gconv is obtained by reversing the direction of
each edge in E.
67. Draw the converse of each of the graphs in Exercises 7–9

in Section 10.1.

68. Show that (Gconv)conv = G whenever G is a directed
graph.

69. Show that the graphG is its own converse if and only if the
relation associated withG (see Section 9.3) is symmetric.

70. Show that if a bipartite graphG = (V , E) is n-regular for
some positive integer n (see the preamble to Exercise 53)
and (V1, V2) is a bipartition of V , then |V1| = |V2|. That
is, show that the two sets in a bipartition of the vertex set
of an n-regular graph must contain the same number of
vertices.

71. Draw the mesh network for interconnecting nine parallel
processors.

72. In a variant of amesh network for interconnectingn = m2

processors, processorP(i, j) is connected to the four pro-
cessors P((i ± 1) mod m, j) and P(i, (j ± 1) mod m),
so that connections wrap around the edges of the mesh.
Draw this variant of the mesh network for 16 processors.

73. Show that every pair of processors in a mesh network
of n = m2 processors can communicate usingO(

√
n) =

O(m) hops between directly connected processors.

10.3 Representing Graphs and Graph Isomorphism

Introduction

There are many useful ways to represent graphs. As we will see throughout this chapter, in
working with a graph it is helpful to be able to choose its most convenient representation. In
this section we will show how to represent graphs in several different ways.

Sometimes, two graphs have exactly the same form, in the sense that there is a one-to-one
correspondence between their vertex sets that preserves edges. In such a case, we say that the
two graphs are isomorphic. Determining whether two graphs are isomorphic is an important
problem of graph theory that we will study in this section.

Representing Graphs

Oneway to represent a graph without multiple edges is to list all the edges of this graph.Another
way to represent a graph with no multiple edges is to use adjacency lists, which specify the
vertices that are adjacent to each vertex of the graph.

EXAMPLE 1 Use adjacency lists to describe the simple graph given in Figure 1.

Solution: Table 1 lists those vertices adjacent to each of the vertices of the graph. ▲

b

a c

e d

FIGURE 1 A Simple Graph.

TABLE 1 AnAdjacency List
for a Simple Graph.

Vertex Adjacent Vertices

a b, c, e
b a

c a, d, e
d c, e
e a, c, d

668 10 / Graphs

61. If the simple graph G has v vertices and e edges, how
many edges does G have?

62. If the degree sequence of the simple graph G is
4, 3, 3, 2, 2, what is the degree sequence of G?

63. If the degree sequence of the simple graph G is
d1, d2, . . . , dn, what is the degree sequence of G?

∗64. Show that ifG is a bipartite simple graph with v vertices
and e edges, then e ≤ v2/4.

65. Show that ifG is a simple graph with n vertices, then the
union of G and G is Kn.

∗66. Describe an algorithm to decide whether a graph is bipar-
tite based on the fact that a graph is bipartite if and only
if it is possible to color its vertices two different colors
so that no two vertices of the same color are adjacent.

The converse of a directed graph G = (V , E), denoted
by Gconv, is the directed graph (V , F ), where the set F
of edges of Gconv is obtained by reversing the direction of
each edge in E.
67. Draw the converse of each of the graphs in Exercises 7–9

in Section 10.1.

68. Show that (Gconv)conv = G whenever G is a directed
graph.

69. Show that the graphG is its own converse if and only if the
relation associated withG (see Section 9.3) is symmetric.

70. Show that if a bipartite graphG = (V , E) is n-regular for
some positive integer n (see the preamble to Exercise 53)
and (V1, V2) is a bipartition of V , then |V1| = |V2|. That
is, show that the two sets in a bipartition of the vertex set
of an n-regular graph must contain the same number of
vertices.

71. Draw the mesh network for interconnecting nine parallel
processors.

72. In a variant of amesh network for interconnectingn = m2

processors, processorP(i, j) is connected to the four pro-
cessors P((i ± 1) mod m, j) and P(i, (j ± 1) mod m),
so that connections wrap around the edges of the mesh.
Draw this variant of the mesh network for 16 processors.

73. Show that every pair of processors in a mesh network
of n = m2 processors can communicate usingO(

√
n) =

O(m) hops between directly connected processors.

10.3 Representing Graphs and Graph Isomorphism

Introduction

There are many useful ways to represent graphs. As we will see throughout this chapter, in
working with a graph it is helpful to be able to choose its most convenient representation. In
this section we will show how to represent graphs in several different ways.

Sometimes, two graphs have exactly the same form, in the sense that there is a one-to-one
correspondence between their vertex sets that preserves edges. In such a case, we say that the
two graphs are isomorphic. Determining whether two graphs are isomorphic is an important
problem of graph theory that we will study in this section.

Representing Graphs

Oneway to represent a graph without multiple edges is to list all the edges of this graph.Another
way to represent a graph with no multiple edges is to use adjacency lists, which specify the
vertices that are adjacent to each vertex of the graph.

EXAMPLE 1 Use adjacency lists to describe the simple graph given in Figure 1.

Solution: Table 1 lists those vertices adjacent to each of the vertices of the graph. ▲

b

a c

e d

FIGURE 1 A Simple Graph.

TABLE 1 AnAdjacency List
for a Simple Graph.

Vertex Adjacent Vertices

a b, c, e
b a

c a, d , e
d c, e
e a, c, d

{a: set([b,c,e]),
  b: set([a]),
  c: set([a,d,e]),
  d: set([c,e]),
  e: set([a,c,d])}

Python dictionary 
representation



Graph Representation: Adjacency Matrices

❖ If the nodes of a graph g=(V,E) are v1,v2,…,vn, then the 
adjacency matrix of the graph, denoted by AG, is an n×n 
0-1 matrix such that

AG[i, j] =

⇢
0 if {vi, vj} /2 E
1 if {vi, vj} 2 E



Graph Representation: Adjacency Matrices

❖ If the nodes of a graph g=(V,E) are v1,v2,…,vn, then the 
adjacency matrix of the graph, denoted by AG, is an n×n 
0-1 matrix such that

AG[i, j] =

⇢
0 if {vi, vj} /2 E
1 if {vi, vj} 2 E

(vi,vj) in the case of 
directed graphs



Tradeoffs Between the Two Representations

❖ When the graph is sparse, i.e., contains relatively few 
edges, it is usually preferable to use adjacency lists. 
Why?

❖ When the graph is dense, i.e., contains relatively many 
edges, it is usually preferable to use adjacency matrices. 
Why?



Tradeoffs Between the Two Representations

❖ When the graph is sparse, i.e., contains relatively few 
edges, it is usually preferable to use adjacency lists. 
Why?

❖ When the graph is dense, i.e., contains relatively many 
edges, it is usually preferable to use adjacency matrices. 
Why?

relative to 
what?



Graph Connectivity: Paths
❖ Let k be a nonnegative integer. 

❖ A path of length k between nodes v0 and vk in graph 
G=(V,E) is a sequence of k edges e1,e2,…,ek∈E such that 
e1={v0,v1}, e2={v1,v2},…,ek={vk-1,vk} and v1,v2,…,vk-1∈V.

❖ A path of length k from node v0 to vk in digraph G=(V,E) is a 
sequence of k edges e1,e2,…,ek∈E such that e1=(v0,v1), 
e2=(v1,v2),…,ek=(vk-1,vk) and v1,v2,…,vk-1∈V.

❖ We often denote such a path by its node sequence        
(v0,v1,…,vk).



Graph Connectivity: Paths

❖ A path is simple if it does not contain the same node 
more than once. 

❖ A cycle is a simple path that begins and ends at the 
same node. 

❖ A path (not necessarily simple) that begins and ends at 
the same node is called a circuit. 



Graph Connectivity: Connected Components

❖ A graph is called connected if there is a path between 
every pair of nodes in the graph. 

❖ A connected component (CC) of a graph G is a maximal 
subset of nodes C such that there is a path between 
every pair of nodes in C (the path uses only nodes in C). 
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A graph with 3 CCs



Graph Connectivity: Connected Components

❖ A digraph is strongly connected if there is a path from 
every node to every other node in the digraph.

❖ A digraph is weakly connected if its underlying 
undirected graph is connected.  

❖ A strongly connected component (SCC) of a digraph G 
is a maximal set of nodes C such that there is a path 
from every node to every other node in C (the path uses 
only nodes in C). 



Graph Connectivity: Connected Components
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Strongly connected? Weakly connected? What are the SCCs?



Questions?


