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Reading Material

❖ Chapter 1, Sections 1, 4, 5

❖ Chapter 2, Sections 1, 2
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❖ Mathematics is about statements that 
are either true or false. 

❖ Such statements are called 
propositions.

❖ We use logic to describe them, and 
proof techniques to prove whether 
they are true or false. 
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Propositions
❖ 5>7
❖ The square root of 2 is irrational.
❖ A graph is bipartite if and only if it doesn’t 

have a cycle of odd length. 
❖ For n>1, the sum of the numbers 1,2,3,…,n 

is n2. 
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Propositions?
❖ E=mc2

❖ The sun rises from the East every day. 
❖ All species on Earth evolved from a 

common ancestor. 
❖ God does not exist. 
❖ Everyone eventually dies. 
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❖ And some of you might already 
be wondering: “If I wanted to 
study mathematics, I would 
have majored in Math. I came 
here to study computer science.” 

!6



❖ Computer Science is mathematics, 
but we almost exclusively focus 
on aspects of mathematics that 
relate to computation (that can be 
implemented in software and/or 
hardware). 
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❖Logic is the language of 
computer science and, 
mathematics is the computer 
scientist’s most essential 
toolbox. 
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Examples of “CS-relevant” Math
❖ Algorithm A correctly solves problem P. 
❖ Algorithm A has a worst-case running time of 

O(n3).
❖ Problem P has no solution. 
❖ Using comparison between two elements as the 

basic operation, we cannot sort a list of n 
elements in less than O(n log n) time. 

❖ Problem A is NP-Complete.  
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❖ “Algorithm A is correct” is a 
proposition that requires a 
mathematical proof. 
❖All students in the course 

thinking that it is true is not a 
proof. 

❖Showing it is true on 1 million 
examples is not a proof.  
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❖  “Problem P has no solution” is a 
proposition that requires a 
mathematical proof. 
❖ Your inability to come up with a 

solution to Problem P is not a proof 
that a solution doesn’t exist. 

❖ All your 5,000 Facebook friends not 
being able to come up with a solution 
doesn’t make the statement true 
either. 
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❖ Despite decades of work by so many 
brilliant researchers, no one has been able to 
come up with a polynomial-time algorithm 
for the Traveling Salesman Problem (TSP). 

❖ Still, no computer scientist or 
mathematician would state “TSP has no 
polynomial-time solution” because such a 
statement would require a mathematical 
proof and such a proof has not been found 
yet. 
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❖ It is important to note that decades of work 
by brilliant researchers not resulting in a 
polynomial-time algorithm for TSP do 
strengthen our belief that the conjecture that 
“TSP has no polynomial-time solution” is 
true. 

❖ This belief could, for example, direct other 
brilliant researchers to focus on proving the 
conjecture true (rather than false).  

❖ However, no matter how strong our belief is, 
it is still not a proof. 
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Sets
❖ A set is an unordered collection of items.
❖ We write a∈S to denote that a is an element 

of set S, or that set S contains element a. 
❖ Roster method description of sets: B={0,1}, 

C={a,b,c,d}, D={#,$,%,&,@}
❖ Set builder or set comprehension description 

of sets: F={x|x is an odd integer},                                            
G={y| y is an integer that is divisible by 7}
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Sets
❖ An element of a set cannot appear 

more than once in the set. 
❖ For example, {a,b,b,c} is not a set.
❖ A mathematical structure that allows 

for an element to appear more than 
once is called multiset or bag. In this 
course, we will only work with sets.  
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Special Sets
❖ The set of natural numbers
❖ The set of integers
❖ The set of positive integers 
❖ The set of rational numbers
❖ The set of real numbers
❖ The set of positive real numbers

N = {0, 1, 2, 3, . . .}

Z = {. . . ,�2,�1, 0, 1, 2, . . .}

Z+ = {1, 2, . . .}

Q = {p
q
|p, q 2 Z, q 6= 0}

R

R+
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The Empty Set
❖ The empty set is the set that contains 

no elements.
❖ Denoted by ∅ or {}.
❖ Important: The set {∅} is not empty. 

Rather, it is a set that contains one 
element that is ∅.
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Cardinality of Sets
❖ The cardinality of a finite set S, 

denoted by |S|, is the number of 
elements in S. 

❖ |{a,b,c}| = 3
❖ |∅| = 0
❖ |{∅}| = 1
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Cardinality of Sets

❖Not all sets are finite. 
❖Infinite sets can be countable or 

uncountable. 
❖More on this later in the 

semester. 
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Propositional Logic
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Propositions

❖ A proposition is a declarative 
sentence that is either true or false, 
but not both. 

❖ We use propositional variables (e.g., 
p, q, r, s,…) to represent 
propositions. 
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Propositions
❖ Propositions:

❖ 3∈{1,2,4}

❖ |{0,1}|=2

❖ 7∉{a,b,c}

❖ Not propositions:

❖ 1+1

❖ {a,b,c}

❖ |{5,12,19}|
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Compound Propositions

❖ If p is a proposition, ¬p is its 
negation. 

❖ If p and q are two propositions, then 
❖ p∧q (“p and q”) is their conjunction
❖ p∨q (“p or q”) is their disjunction
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Truth Values
❖ The truth value of a proposition is true, 

denoted by T, if it is a true proposition, and 
the truth value is false, denoted by F, if it is a 
false proposition. 

❖ True propositions:
❖ |{a,b}|=2    |∅|<|{1}|     7∉{1,5,9,12}

❖ False propositions:
❖ |{∅}|=0      7∈{1,5,9,12}
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Truth Table

❖ For a compound proposition, one way 
to determine the truth value of the 
proposition is by using a truth table. 

❖ The truth table has one row for each 
combination of T and F for the 
primitive propositions. 
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Truth Table
4 1 / The Foundations: Logic and Proofs

TABLE 1 The
Truth Table for
the Negation of a
Proposition.

p ¬p

T F
F T

Table 1 displays the truth table for the negation of a proposition p. This table has a row
for each of the two possible truth values of a proposition p. Each row shows the truth value of
¬p corresponding to the truth value of p for this row.

The negation of a proposition can also be considered the result of the operation of the
negation operator on a proposition. The negation operator constructs a new proposition from
a single existing proposition. We will now introduce the logical operators that are used to form
new propositions from two or more existing propositions. These logical operators are also called
connectives.

DEFINITION 2 Let p and qbe propositions. The conjunction of p and q, denoted by p ∧ q, is the proposition
“p and q.” The conjunction p ∧ q is true when both p and q are true and is false otherwise.

Table 2 displays the truth table of p ∧ q. This table has a row for each of the four possible
combinations of truth values of p and q. The four rows correspond to the pairs of truth values
TT, TF, FT, and FF, where the first truth value in the pair is the truth value of p and the second
truth value is the truth value of q.

Note that in logic the word “but” sometimes is used instead of “and” in a conjunction. For
example, the statement “The sun is shining, but it is raining” is another way of saying “The sun
is shining and it is raining.” (In natural language, there is a subtle difference in meaning between
“and” and “but”; we will not be concerned with this nuance here.)

EXAMPLE 5 Find the conjunction of the propositions p and qwhere p is the proposition “Rebecca’s PC has
more than 16 GB free hard disk space” and q is the proposition “The processor in Rebecca’s
PC runs faster than 1 GHz.”

Solution: The conjunction of these propositions, p ∧ q, is the proposition “Rebecca’s PC has
more than 16 GB free hard disk space, and the processor in Rebecca’s PC runs faster than 1
GHz.” This conjunction can be expressed more simply as “Rebecca’s PC has more than 16 GB
free hard disk space, and its processor runs faster than 1 GHz.” For this conjunction to be true,
both conditions given must be true. It is false, when one or both of these conditions are false. ▲

DEFINITION 3 Let p and q be propositions. The disjunction of p and q, denoted by p ∨ q, is the proposition
“p or q.” The disjunction p ∨ q is false when both p and q are false and is true otherwise.

Table 3 displays the truth table for p ∨ q.

TABLE 2 The Truth Table for
the Conjunction of Two
Propositions.

p q p ∧ q

T T T
T F F
F T F
F F F

TABLE 3 The Truth Table for
the Disjunction of Two
Propositions.

p q p ∨ q

T T T
T F T
F T T
F F F
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XOR, If, and Iff

6 1 / The Foundations: Logic and Proofs

TABLE 4 The Truth Table for
the Exclusive Or of Two
Propositions.

p q p ⊕ q

T T F
T F T
F T T
F F F

TABLE 5 The Truth Table for
the Conditional Statement
p → q.

p q p → q

T T T
T F F
F T T
F F T

DEFINITION 4 Letp andqbe propositions. The exclusive or ofp andq, denoted byp ⊕ q, is the proposition
that is true when exactly one of p and q is true and is false otherwise.

The truth table for the exclusive or of two propositions is displayed in Table 4.

Conditional Statements

We will discuss several other important ways in which propositions can be combined.

DEFINITION 5 Let p and q be propositions. The conditional statement p→ q is the proposition “if p, then
q.” The conditional statementp→ q is false whenp is true andq is false, and true otherwise.
In the conditional statement p→ q, p is called the hypothesis (or antecedent or premise)
and q is called the conclusion (or consequence).

The statement p→ q is called a conditional statement because p→ q asserts that q is true
on the condition that p holds. A conditional statement is also called an implication.

The truth table for the conditional statement p→ q is shown in Table 5. Note that the
statement p→ q is true when both p and q are true and when p is false (no matter what truth
value q has).

Because conditional statements play such an essential role in mathematical reasoning, a
variety of terminology is used to express p→ q. You will encounter most if not all of the
following ways to express this conditional statement:

“if p, then q” “p implies q”
“if p, q” “p only if q”
“p is sufficient for q” “a sufficient condition for q is p”
“q if p” “qwhenever p”
“qwhen p” “q is necessary for p”
“a necessary condition for p is q” “q follows from p”
“q unless ¬p”

A useful way to understand the truth value of a conditional statement is to think of an
obligation or a contract. For example, the pledge many politicians make when running for office
is

“If I am elected, then I will lower taxes.”
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1.1 Propositional Logic 9

EXAMPLE 9 What are the contrapositive, the converse, and the inverse of the conditional statement

“The home team wins whenever it is raining?”

Solution: Because “q whenever p” is one of the ways to express the conditional statement
p→ q, the original statement can be rewritten as

“If it is raining, then the home team wins.”

Consequently, the contrapositive of this conditional statement is

“If the home team does not win, then it is not raining.”

The converse is

“If the home team wins, then it is raining.”

The inverse is

“If it is not raining, then the home team does not win.”

Only the contrapositive is equivalent to the original statement. ▲

BICONDITIONALS We now introduce another way to combine propositions that expresses
that two propositions have the same truth value.

DEFINITION 6 Let p and q be propositions. The biconditional statement p↔ q is the proposition “p if
and only if q.” The biconditional statement p↔ q is true when p and q have the same truth
values, and is false otherwise. Biconditional statements are also called bi-implications.

The truth table for p↔ q is shown in Table 6. Note that the statement p↔ q is true when both
the conditional statements p→ q and q → p are true and is false otherwise. That is why we use
the words “if and only if” to express this logical connective and why it is symbolically written
by combining the symbols→ and←. There are some other common ways to express p↔ q:

“p is necessary and sufficient for q”
“if p then q, and conversely”
“p iff q.”

The last way of expressing the biconditional statement p↔ q uses the abbreviation “iff” for
“if and only if.” Note that p↔ q has exactly the same truth value as (p→ q) ∧ (q → p).

TABLE 6 The Truth Table for the
Biconditional p ↔ q.

p q p ↔ q

T T T
T F F
F T F
F F T
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Truth Tables of Compound Propositions

10 1 / The Foundations: Logic and Proofs

EXAMPLE 10 Let p be the statement “You can take the flight,” and let q be the statement “You buy a ticket.”
Then p↔ q is the statement

“You can take the flight if and only if you buy a ticket.”

This statement is true if p and q are either both true or both false, that is, if you buy a ticket and
can take the flight or if you do not buy a ticket and you cannot take the flight. It is false when
p and q have opposite truth values, that is, when you do not buy a ticket, but you can take the
flight (such as when you get a free trip) and when you buy a ticket but you cannot take the flight
(such as when the airline bumps you). ▲

IMPLICIT USE OF BICONDITIONALS You should be aware that biconditionals are not
always explicit in natural language. In particular, the “if and only if” construction used in
biconditionals is rarely used in common language. Instead, biconditionals are often expressed
using an “if, then” or an “only if” construction. The other part of the “if and only if” is implicit.
That is, the converse is implied, but not stated. For example, consider the statement in English
“If you finish your meal, then you can have dessert.” What is really meant is “You can have
dessert if and only if you finish your meal.” This last statement is logically equivalent to the
two statements “If you finish your meal, then you can have dessert” and “You can have dessert
only if you finish your meal.” Because of this imprecision in natural language, we need to
make an assumption whether a conditional statement in natural language implicitly includes its
converse. Because precision is essential in mathematics and in logic, we will always distinguish
between the conditional statement p→ q and the biconditional statement p↔ q.

Truth Tables of Compound Propositions

We have now introduced four important logical connectives—conjunctions, disjunctions, con-
ditional statements, and biconditional statements—as well as negations. We can use these con-
nectives to build up complicated compound propositions involving any number of propositional
variables.We can use truth tables to determine the truth values of these compound propositions,
as Example 11 illustrates. We use a separate column to find the truth value of each compound
expression that occurs in the compound proposition as it is built up. The truth values of the
compound proposition for each combination of truth values of the propositional variables in it
is found in the final column of the table.

EXAMPLE 11 Construct the truth table of the compound proposition

(p ∨ ¬q)→ (p ∧ q).

Solution: Because this truth table involves two propositional variables p and q, there are four
rows in this truth table, one for each of the pairs of truth values TT, TF, FT, and FF. The first
two columns are used for the truth values of p and q, respectively. In the third column we find
the truth value of ¬q, needed to find the truth value of p ∨ ¬q, found in the fourth column. The
fifth column gives the truth value of p ∧ q. Finally, the truth value of (p ∨ ¬q)→ (p ∧ q) is
found in the last column. The resulting truth table is shown in Table 7. ▲

TABLE 7 The Truth Table of (p ∨ ¬ q) → (p ∧ q).

p q ¬q p ∨ ¬q p ∧ q (p ∨ ¬q) → (p ∧ q)

T T F T T T
T F T T F F
F T F F F T
F F T T F F
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Tautology
❖ A tautology is a compound proposition 

whose truth value is T under all truth 
assignments to its propositional variables. 

❖ Examples:
❖ p∨¬p
❖ (p→q)∨¬q
❖ T∨p
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Contradiction
❖ A contradiction is a compound 

proposition whose truth value is F under 
all truth assignments to its propositional 
variables. 

❖ Examples:
❖ p∧¬p
❖ F∧p !30



Propositional Satisfiability
❖ A compound proposition is 

satisfiable if it is not a contradiction. 
❖ A truth assignment to the 

propositional variables that make 
the compound proposition T is 
called a solution of this particular 
satisfiability problem. 
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Propositional Satisfiability
❖ The Propositional Satisfiability Problem, 

commonly known as SAT, is a decision 
problem that plays a central role in 
computer science.

❖ It is defined as:
❖ Input: A compound proposition 𝜑
❖ Output: “Yes”, if 𝜑 is satisfiable, and 

“No” otherwise 
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Propositional Satisfiability
❖ A trivial algorithm for solving SAT would 

build the truth table of 𝜑 and check the 
rightmost column for a T.

❖ If 𝜑 has n propositional variables, how 
many rows does the truth table have? 

❖ If the computer can build and evaluate 
1000 rows a second, how many seconds 
does this algorithm take if n=10? If n=1000? 
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Propositional Satisfiability
❖ Two seminal results:

❖ Stephen Cook (1971) showed that SAT is                  
NP-Complete. 

❖ Richard Karp (1972) introduced 
polynomial-time reductions as a tool to 
show other problems are      NP-Complete.

❖ Both Cook and Karp won the Turing award 
for these contributions. 
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Predicate Logic
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Predicate Logic
❖ In mathematics and computer 

science, we often find statements 
that involve variables.

❖For example, x∈{1,2,3}.
❖ In this example, x is the variable, 

and “x∈{1,2,3}” is the predicate. 
!36



Predicate Logic
❖ The statement x∈{1,2,3} can be denoted 

by propositional function P(x).
❖ This propositional function evaluates 

to either T or F once a value has been 
assigned to variable x, in which case 
the statement P(x) becomes a 
proposition. 

❖ What is P(1)? P(3)? P(7)?  !37



Predicate Logic

❖ These statements and functions 
may involve any number of 
variables.

❖ For example, Q(x,y) is the 
statement “x∈{1,2,3} ∧ y∉{a}”.

❖ What is the value of Q(1,a)? Q(1,b)? 
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Quantifiers

❖ Another way to turn a 
propositional function into a 
proposition is via quantification. 

❖ Predicate calculus is the area of 
logic that deals with predicates and 
quantifiers. 
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Universal Quantification

❖The universal quantification 
of P(x) is the statement “P(x) 
for all values of x in the 
domain of discourse” and is 
denoted by ∀xP(x).
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Existential Quantification

❖The existential quantification 
of P(x) is the statement “P(x) 
for some value of x in the 
domain of discourse” and is 
denoted by ∃xP(x).
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Quantifiers

1.4 Predicates and Quantifiers 41

TABLE 1 Quantifiers.

Statement When True? When False?

∀xP (x) P (x) is true for every x. There is an x for which P(x) is false.
∃xP (x) There is an x for which P(x) is true. P(x) is false for every x.

EXAMPLE 8 Let P(x) be the statement “x + 1 > x.” What is the truth value of the quantification ∀xP (x),
where the domain consists of all real numbers?

Solution: Because P(x) is true for all real numbers x, the quantification

∀xP (x)

is true. ▲

Remark: Generally, an implicit assumption is made that all domains of discourse for quantifiers
are nonempty. Note that if the domain is empty, then ∀xP (x) is true for any propositional
function P(x) because there are no elements x in the domain for which P(x) is false.

Remember that the truth
value of ∀xP (x) depends
on the domain!

Besides “for all” and “for every,” universal quantification can be expressed in many other
ways, including “all of,” “for each,” “given any,” “for arbitrary,” “for each,” and “for any.”

Remark: It is best to avoid using “for any x” because it is often ambiguous as to whether “any”
means “every” or “some.” In some cases, “any” is unambiguous, such as when it is used in
negatives, for example, “there is not any reason to avoid studying.”

A statement∀xP (x) is false,whereP(x) is a propositional function, if and only ifP(x) is not
always truewhen x is in the domain.Oneway to show thatP(x) is not always truewhen x is in the
domain is to find a counterexample to the statement∀xP (x). Note that a single counterexample is
allweneed to establish that∀xP (x) is false. Example 9 illustrates howcounterexamples are used.

EXAMPLE 9 LetQ(x) be the statement “x < 2.”What is the truth value of the quantification ∀xQ(x), where
the domain consists of all real numbers?

Solution:Q(x) is not true for every real number x, because, for instance,Q(3) is false. That is,
x = 3 is a counterexample for the statement ∀xQ(x). Thus

∀xQ(x)

is false. ▲

EXAMPLE 10 Suppose that P(x) is “x2 > 0.” To show that the statement ∀xP (x) is false where the uni-
verse of discourse consists of all integers, we give a counterexample. We see that x = 0 is a
counterexample because x2 = 0 when x = 0, so that x2 is not greater than 0 when x = 0. ▲

Looking for counterexamples to universally quantified statements is an important activity
in the study of mathematics, as we will see in subsequent sections of this book.

When all the elements in the domain can be listed—say, x1, x2, . . ., xn—it follows that the
universal quantification ∀xP (x) is the same as the conjunction

P(x1) ∧ P(x2) ∧ · · · ∧ P(xn),

because this conjunction is true if and only if P(x1), P (x2), . . . , P (xn) are all true.

!42



Negating Quantified Expressions

1.4 Predicates and Quantifiers 47

TABLE 2 De Morgan’s Laws for Quantifiers.

Negation Equivalent Statement When Is Negation True? When False?

¬∃xP (x) ∀x¬P(x) For every x, P(x) is false. There is an x for which
P(x) is true.

¬∀xP (x) ∃x¬P(x) There is an x for which P(x) is true for every x.
P(x) is false.

only if no x exists in the domain for whichQ(x) is true. Next, note that no x exists in the domain
for which Q(x) is true if and only if Q(x) is false for every x in the domain. Finally, note that
Q(x) is false for every x in the domain if and only if ¬Q(x) is true for all x in the domain,
which holds if and only if ∀x¬Q(x) is true. Putting these steps together, we see that ¬∃xQ(x)
is true if and only if ∀x¬Q(x) is true. We conclude that ¬∃xQ(x) and ∀x ¬Q(x) are logically
equivalent.

The rules for negations for quantifiers are called DeMorgan’s laws for quantifiers. These
rules are summarized in Table 2.

Remark:When the domain of a predicate P(x) consists of n elements, where n is a positive
integer greater than one, the rules for negating quantified statements are exactly the same as
De Morgan’s laws discussed in Section 1.3. This is why these rules are called De Morgan’s
laws for quantifiers. When the domain has n elements x1, x2, . . . , xn, it follows that ¬∀xP (x)
is the same as ¬(P (x1) ∧ P(x2) ∧ · · · ∧ P(xn)), which is equivalent to ¬P(x1) ∨ ¬P(x2) ∨
· · · ∨ ¬P(xn) by De Morgan’s laws, and this is the same as ∃x¬P(x). Similarly, ¬∃xP (x)
is the same as ¬(P (x1) ∨ P(x2) ∨ · · · ∨ P(xn)), which by De Morgan’s laws is equivalent to
¬P(x1) ∧ ¬P(x2) ∧ · · · ∧ ¬P(xn), and this is the same as ∀x¬P(x).

We illustrate the negation of quantified statements in Examples 20 and 21.

EXAMPLE 20 What are the negations of the statements “There is an honest politician” and “All Americans eat
cheeseburgers”?

Solution: Let H(x) denote “x is honest.” Then the statement “There is an honest politician”
is represented by ∃xH(x), where the domain consists of all politicians. The negation of this
statement is ¬∃xH(x), which is equivalent to ∀x¬H(x). This negation can be expressed as
“Every politician is dishonest.” (Note: In English, the statement “All politicians are not honest”
is ambiguous. In common usage, this statement often means “Not all politicians are honest.”
Consequently, we do not use this statement to express this negation.)

Let C(x) denote “x eats cheeseburgers.” Then the statement “All Americans eat cheese-
burgers” is represented by ∀xC(x), where the domain consists of all Americans. The negation
of this statement is ¬∀xC(x), which is equivalent to ∃x¬C(x). This negation can be expressed
in several different ways, including “Some American does not eat cheeseburgers” and “There
is an American who does not eat cheeseburgers.” ▲

EXAMPLE 21 What are the negations of the statements ∀x(x2 > x) and ∃x(x2 = 2)?

Solution: The negation of ∀x(x2 > x) is the statement ¬∀x(x2 > x), which is equivalent to
∃x¬(x2 > x). This can be rewritten as ∃x(x2 ≤ x). The negation of ∃x(x2 = 2) is the statement
¬∃x(x2 = 2), which is equivalent to ∀x¬(x2 = 2). This can be rewritten as ∀x(x2 ̸= 2). The
truth values of these statements depend on the domain. ▲

We use De Morgan’s laws for quantifiers in Example 22.
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Exercises

1. Let P(x) denote the statement “x ≤ 4.” What are these
truth values?
a) P(0) b) P(4) c) P(6)

2. Let P(x) be the statement “the word x contains the
letter a.” What are these truth values?
a) P (orange) b) P (lemon)
c) P (true) d) P (false)

3. Let Q(x, y) denote the statement “x is the capital of y.”
What are these truth values?
a) Q(Denver, Colorado)
b) Q(Detroit, Michigan)
c) Q(Massachusetts, Boston)
d) Q(NewYork, NewYork)

4. State the value ofx after the statement ifP(x) thenx := 1
is executed, where P(x) is the statement “x > 1,” if the
value of x when this statement is reached is
a) x = 0. b) x = 1.
c) x = 2.

5. LetP(x) be the statement “x spends more than five hours
every weekday in class,” where the domain for x consists
of all students. Express each of these quantifications in
English.
a) ∃xP (x) b) ∀xP (x)

c) ∃x ¬P(x) d) ∀x ¬P(x)

6. Let N(x) be the statement “x has visited North Dakota,”
where the domain consists of the students in your school.
Express each of these quantifications in English.
a) ∃xN(x) b) ∀xN(x) c) ¬∃xN(x)

d) ∃x¬N(x) e) ¬∀xN(x) f ) ∀x¬N(x)

7. Translate these statements into English, whereC(x) is “x
is a comedian” and F(x) is “x is funny” and the domain
consists of all people.
a) ∀x(C(x)→ F(x)) b) ∀x(C(x) ∧ F(x))

c) ∃x(C(x)→ F(x)) d) ∃x(C(x) ∧ F(x))

8. Translate these statements into English, whereR(x) is “x
is a rabbit” andH(x) is “x hops” and the domain consists
of all animals.
a) ∀x(R(x)→ H(x)) b) ∀x(R(x) ∧H(x))

c) ∃x(R(x)→ H(x)) d) ∃x(R(x) ∧H(x))

9. Let P(x) be the statement “x can speak Russian” and let
Q(x) be the statement “x knows the computer language
C++.” Express each of these sentences in terms of P(x),
Q(x), quantifiers, and logical connectives. The domain
for quantifiers consists of all students at your school.
a) There is a student at your school who can speak Rus-
sian and who knows C++.

b) There is a student at your school who can speak Rus-
sian but who doesn’t know C++.

c) Every student at your school either can speak Russian
or knows C++.

d) No student at your school can speak Russian or knows
C++.

10. Let C(x) be the statement “x has a cat,” let D(x) be the
statement “x has a dog,” and let F(x) be the statement “x
has a ferret.” Express each of these statements in terms of
C(x), D(x), F(x), quantifiers, and logical connectives.
Let the domain consist of all students in your class.
a) A student in your class has a cat, a dog, and a ferret.
b) All students in your class have a cat, a dog, or a ferret.
c) Some student in your class has a cat and a ferret, but
not a dog.

d) No student in your class has a cat, a dog, and a ferret.
e) For each of the three animals, cats, dogs, and ferrets,
there is a student in your class who has this animal as
a pet.

11. Let P(x) be the statement “x = x2.” If the domain con-
sists of the integers, what are these truth values?
a) P(0) b) P(1) c) P(2)
d) P(−1) e) ∃xP (x) f ) ∀xP (x)

12. Let Q(x) be the statement “x + 1 > 2x.” If the domain
consists of all integers, what are these truth values?
a) Q(0) b) Q(−1) c) Q(1)
d) ∃xQ(x) e) ∀xQ(x) f ) ∃x¬Q(x)

g) ∀x¬Q(x)

13. Determine the truth value of each of these statements if
the domain consists of all integers.
a) ∀n(n + 1 > n) b) ∃n(2n = 3n)

c) ∃n(n = −n) d) ∀n(3n ≤ 4n)

14. Determine the truth value of each of these statements if
the domain consists of all real numbers.
a) ∃x(x3 = −1) b) ∃x(x4 < x2)

c) ∀x((−x)2 = x2) d) ∀x(2x > x)

15. Determine the truth value of each of these statements if
the domain for all variables consists of all integers.
a) ∀n(n2 ≥ 0) b) ∃n(n2 = 2)
c) ∀n(n2 ≥ n) d) ∃n(n2 < 0)

16. Determine the truth value of each of these statements if
the domain of each variable consists of all real numbers.
a) ∃x(x2 = 2) b) ∃x(x2 = −1)
c) ∀x(x2 + 2 ≥ 1) d) ∀x(x2 ̸= x)

17. Suppose that the domain of the propositional function
P(x) consists of the integers 0, 1, 2, 3, and 4. Write out
each of these propositions using disjunctions, conjunc-
tions, and negations.
a) ∃xP (x) b) ∀xP (x) c) ∃x¬P(x)

d) ∀x¬P(x) e) ¬∃xP (x) f ) ¬∀xP (x)

18. Suppose that the domain of the propositional function
P(x) consists of the integers −2, −1, 0, 1, and 2. Write
out each of these propositions using disjunctions, con-
junctions, and negations.
a) ∃xP (x) b) ∀xP (x) c) ∃x¬P(x)

d) ∀x¬P(x) e) ¬∃xP (x) f ) ¬∀xP (x)
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TABLE 1 Quantifications of Two Variables.

Statement When True? When False?

∀x∀yP (x, y) P (x, y) is true for every pair x, y. There is a pair x, y for
∀y∀xP (x, y) which P(x, y) is false.

∀x∃yP (x, y) For every x there is a y for There is an x such that
which P(x, y) is true. P(x, y) is false for every y.

∃x∀yP (x, y) There is an x for which P(x, y) For every x there is a y for
is true for every y. which P(x, y) is false.

∃x∃yP (x, y) There is a pair x, y for which P(x, y) is false for every
∃y∃xP (x, y) P (x, y) is true. pair x, y.

is true. The order of the quantification here is important, because the quantification

∃z∀x∀yQ(x, y, z),

which is the statement

“There is a real number z such that for all real numbers x and for all real numbers y it is
true that x + y = z,”

is false, because there is no value of z that satisfies the equation x + y = z for all values of x
and y. ▲
Translating Mathematical Statements into Statements
Involving Nested Quantifiers

Mathematical statements expressed in English can be translated into logical expressions, as
Examples 6–8 show.

EXAMPLE 6 Translate the statement “The sum of two positive integers is always positive” into a logical
expression.

Solution:To translate this statement into a logical expression,wefirst rewrite it so that the implied
quantifiers and a domain are shown: “For every two integers, if these integers are both positive,
then the sumof these integers is positive.”Next, we introduce the variables x and y to obtain “For
all positive integers x and y, x + y is positive.” Consequently, we can express this statement as

∀x∀y((x > 0) ∧ (y > 0)→ (x + y > 0)),

where the domain for both variables consists of all integers. Note that we could also translate
this using the positive integers as the domain. Then the statement “The sum of two positive
integers is always positive” becomes “For every two positive integers, the sum of these integers
is positive. We can express this as

∀x∀y(x + y > 0),

where the domain for both variables consists of all positive integers. ▲

EXAMPLE 7 Translate the statement “Every real number except zero has a multiplicative inverse.” (A mul-
tiplicative inverse of a real number x is a real number y such that xy = 1.)
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Negating Nested Quantifiers

❖¬∀x∃y∃z∀wP(x,y,z,w)
❖∃x∀y∀z∃w¬P(x,y,z,w)
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c) The sum of the squares of two integers is greater than
or equal to the square of their sum.

d) The absolute value of the product of two integers is
the product of their absolute values.

20. Express each of these statements using predicates, quan-
tifiers, logical connectives, and mathematical operators
where the domain consists of all integers.
a) The product of two negative integers is positive.
b) The average of two positive integers is positive.
c) The difference of two negative integers is not neces-
sarily negative.

d) The absolute value of the sum of two integers does
not exceed the sum of the absolute values of these
integers.

21. Use predicates, quantifiers, logical connectives, and
mathematical operators to express the statement that ev-
ery positive integer is the sum of the squares of four in-
tegers.

22. Use predicates, quantifiers, logical connectives, and
mathematical operators to express the statement that there
is a positive integer that is not the sum of three squares.

23. Express each of these mathematical statements using
predicates, quantifiers, logical connectives, and mathe-
matical operators.
a) The product of two negative real numbers is positive.
b) The difference of a real number and itself is zero.
c) Every positive real number has exactly two square
roots.

d) A negative real number does not have a square root
that is a real number.

24. Translate each of these nested quantifications into an En-
glish statement that expresses a mathematical fact. The
domain in each case consists of all real numbers.
a) ∃x∀y(x + y = y)
b) ∀x∀y(((x ≥ 0) ∧ (y < 0))→ (x − y > 0))
c) ∃x∃y(((x ≤ 0) ∧ (y ≤ 0)) ∧ (x − y > 0))
d) ∀x∀y((x ̸= 0) ∧ (y ̸= 0)↔ (xy ̸= 0))

25. Translate each of these nested quantifications into an En-
glish statement that expresses a mathematical fact. The
domain in each case consists of all real numbers.
a) ∃x∀y(xy = y)
b) ∀x∀y(((x < 0) ∧ (y < 0))→ (xy > 0))
c) ∃x∃y((x2 > y) ∧ (x < y))
d) ∀x∀y∃z(x + y = z)

26. LetQ(x, y) be the statement “x + y = x − y.” If the do-
main for both variables consists of all integers, what are
the truth values?
a) Q(1, 1) b) Q(2, 0)
c) ∀yQ(1, y) d) ∃xQ(x, 2)
e) ∃x∃yQ(x, y) f ) ∀x∃yQ(x, y)
g) ∃y∀xQ(x, y) h) ∀y∃xQ(x, y)
i) ∀x∀yQ(x, y)

27. Determine the truth value of each of these statements if
the domain for all variables consists of all integers.
a) ∀n∃m(n2 < m) b) ∃n∀m(n < m2)
c) ∀n∃m(n + m = 0) d) ∃n∀m(nm = m)

e) ∃n∃m(n2 + m2 = 5) f ) ∃n∃m(n2 + m2 = 6)
g) ∃n∃m(n + m = 4 ∧ n− m = 1)
h) ∃n∃m(n + m = 4 ∧ n− m = 2)
i) ∀n∀m∃p(p = (m + n)/2)

28. Determine the truth value of each of these statements if
the domain of each variable consists of all real numbers.
a) ∀x∃y(x2 = y) b) ∀x∃y(x = y2)
c) ∃x∀y(xy = 0) d) ∃x∃y(x + y ̸= y + x)

e) ∀x(x ̸= 0→ ∃y(xy = 1))
f ) ∃x∀y(y ̸= 0→ xy = 1)
g) ∀x∃y(x + y = 1)
h) ∃x∃y(x + 2y = 2 ∧ 2x + 4y = 5)
i) ∀x∃y(x + y = 2 ∧ 2x − y = 1)
j) ∀x∀y∃z(z = (x + y)/2)

29. Suppose the domain of the propositional functionP(x, y)
consists of pairs x and y, where x is 1, 2, or 3 and y is
1, 2, or 3.Write out these propositions using disjunctions
and conjunctions.
a) ∀x∀yP (x, y) b) ∃x∃yP (x, y)

c) ∃x∀yP (x, y) d) ∀y∃xP (x, y)

30. Rewrite each of these statements so that negations ap-
pear only within predicates (that is, so that no negation
is outside a quantifier or an expression involving logical
connectives).
a) ¬∃y∃xP (x, y) b) ¬∀x∃yP (x, y)

c) ¬∃y(Q(y) ∧ ∀x¬R(x, y))

d) ¬∃y(∃xR(x, y) ∨ ∀xS(x, y))

e) ¬∃y(∀x∃zT (x, y, z) ∨ ∃x∀zU(x, y, z))

31. Express the negations of each of these statements so that
all negation symbols immediately precede predicates.
a) ∀x∃y∀zT (x, y, z)

b) ∀x∃yP (x, y) ∨ ∀x∃yQ(x, y)

c) ∀x∃y(P (x, y) ∧ ∃zR(x, y, z))

d) ∀x∃y(P (x, y)→ Q(x, y))

32. Express the negations of each of these statements so that
all negation symbols immediately precede predicates.
a) ∃z∀y∀xT (x, y, z)

b) ∃x∃yP (x, y) ∧ ∀x∀yQ(x, y)

c) ∃x∃y(Q(x, y)↔ Q(y, x))

d) ∀y∃x∃z(T (x, y, z) ∨Q(x, y))

33. Rewrite each of these statements so that negations ap-
pear only within predicates (that is, so that no negation
is outside a quantifier or an expression involving logical
connectives).
a) ¬∀x∀yP (x, y) b) ¬∀y∃xP (x, y)

c) ¬∀y∀x(P (x, y) ∨Q(x, y))

d) ¬(∃x∃y¬P(x, y) ∧ ∀x∀yQ(x, y))

e) ¬∀x(∃y∀zP (x, y, z) ∧ ∃z∀yP (x, y, z))

34. Find a common domain for the variables x, y, and z
for which the statement ∀x∀y((x ̸= y)→ ∀z((z = x) ∨
(z = y))) is true and another domain for which it is false.

35. Find a common domain for the variables x, y, z,
and w for which the statement ∀x∀y∀z∃w((w ̸= x) ∧
(w ̸= y) ∧ (w ̸= z)) is true and another common domain
for these variables for which it is false.
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Subsets

❖Let A and B be two sets.
❖A is a subset of B, denoted by 

A⊆B, if the following 
quantified expression is true: 

8x(x 2 A ! x 2 B)
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Proper Subsets
❖Let A and B be two sets.
❖A is a proper subset of B, 

denoted by A⊂B, if the 
following quantified 
expression is true: 

120 2 / Basic Structures: Sets, Functions, Sequences, Sums, and Matrices

U

A B

FIGURE 2 Venn Diagram Showing that A Is a Subset of B.

Theorem 1 shows that every nonempty set S is guaranteed to have at least two subsets, the
empty set and the set S itself, that is, ∅ ⊆ S and S ⊆ S.

THEOREM 1 For every set S, (i ) ∅ ⊆ S and (ii ) S ⊆ S.

Proof:We will prove (i ) and leave the proof of (ii ) as an exercise.
Let S be a set. To show that ∅ ⊆ S, we must show that ∀x(x ∈ ∅ → x ∈ S) is true. Because

the empty set contains no elements, it follows that x ∈ ∅ is always false. It follows that the
conditional statement x ∈ ∅ → x ∈ S is always true, because its hypothesis is always false and
a conditional statement with a false hypothesis is true. Therefore, ∀x(x ∈ ∅ → x ∈ S) is true.
This completes the proof of (i). Note that this is an example of a vacuous proof.

When we wish to emphasize that a set A is a subset of a set B but that A ̸= B, we write
A⊂B and say that A is a proper subset of B. For A⊂B to be true, it must be the case that
A ⊆ B and there must exist an element x of B that is not an element ofA. That is,A is a proper
subset of B if and only if

∀x(x ∈ A→ x ∈ B) ∧ ∃x(x ∈ B ∧ x ̸∈ A)

is true. Venn diagrams can be used to illustrate that a set A is a subset of a set B.We draw the
universal setU as a rectangle.Within this rectangle we draw a circle forB.BecauseA is a subset
of B, we draw the circle for A within the circle for B. This relationship is shown in Figure 2.

A useful way to show that two sets have the same elements is to show that each set is a
subset of the other. In other words, we can show that ifA andB are sets withA ⊆ B andB ⊆ A,
then A = B. That is, A = B if and only if ∀x(x ∈ A→ x ∈ B) and ∀x(x ∈ B → x ∈ A) or
equivalently if and only if ∀x(x ∈ A↔ x ∈ B), which is what it means for the A and B to be
equal. Because this method of showing two sets are equal is so useful, we highlight it here.

JOHN VENN (1834–1923) John Venn was born into a London suburban family noted for its philanthropy.
He attended London schools and got his mathematics degree from Caius College, Cambridge, in 1857. He was
elected a fellow of this college and held his fellowship there until his death. He took holy orders in 1859 and,
after a brief stint of religious work, returned to Cambridge, where he developed programs in the moral sciences.
Besides his mathematical work, Venn had an interest in history and wrote extensively about his college and
family.

Venn’s book Symbolic Logic clarifies ideas originally presented by Boole. In this book, Venn presents a
systematic development of a method that uses geometric figures, known now as Venn diagrams. Today these
diagrams are primarily used to analyze logical arguments and to illustrate relationships between sets. In addition

to his work on symbolic logic, Venn made contributions to probability theory described in his widely used textbook on that subject.
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Equal Sets

❖Let A and B be two sets.
❖A and B are equal, denoted 

by A=B, if the following 
quantified expression is true:

8x(x 2 A $ x 2 B)
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Power Sets

❖The power set of set A, 
denoted by P(A) or 2A, is the 
set of all subsets of A.

❖What is the power set of 
{1,2,3}? Of ∅?
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Set Operations

❖ Union:
❖ Intersection:
❖ Difference: 
❖ Complement:
❖ Cartesian product: 

A [B = {x|x 2 A _ x 2 B}

A \B = {x|x 2 A ^ x 2 B}

A \B = {x|x 2 A ^ x /2 B}

A⇥B = {(x, y)|x 2 A ^ y 2 B}

A = {x2 U |x /2 A}
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TABLE 1 Set Identities.

Identity Name

A ∩ U = A Identity laws
A ∪ ∅ = A

A ∪ U = U Domination laws
A ∩ ∅ = ∅

A ∪ A = A Idempotent laws
A ∩ A = A

(A) = A Complementation law

A ∪ B = B ∪ A Commutative laws
A ∩ B = B ∩ A

A ∪ (B ∪ C) = (A ∪ B) ∪ C Associative laws
A ∩ (B ∩ C) = (A ∩ B) ∩ C

A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C) Distributive laws
A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C)

A ∩ B = A ∪ B De Morgan’s laws
A ∪ B = A ∩ B

A ∪ (A ∩ B) = A Absorption laws
A ∩ (A ∪ B) = A

A ∪ A = U Complement laws
A ∩ A = ∅

EXAMPLE 10 Prove that A ∩ B = A ∪ B.

Solution:We will prove that the two sets A ∩ B and A ∪ B are equal by showing that each setThis identity says that
the complement of the
intersection of two sets
is the union of their
complements.

is a subset of the other.
First, we will show thatA ∩ B ⊆ A ∪ B.We do this by showing that ifxis inA ∩ B, then it

must also be inA ∪ B. Now suppose thatx∈ A ∩ B. By the definition of complement,x ̸∈ A ∩
B. Using the definition of intersection, we see that the proposition¬((x∈ A) ∧ (x∈ B)) is true.

By applying De Morgan’s law for propositions, we see that ¬(x∈ A) or ¬(x∈ B). Using
the definition of negation of propositions, we have x ̸∈ A or x ̸∈ B. Using the definition of
the complement of a set, we see that this implies that x∈ A or x∈ B. Consequently, by the
definition of union, we see that x∈ A ∪ B. We have now shown that A ∩ B ⊆ A ∪ B.

Next, we will show that A ∪ B ⊆ A ∩ B. We do this by showing that if x is in A ∪ B, then
it must also be inA ∩ B. Now suppose thatx∈ A ∪ B. By the definition of union, we know that
x∈ A orx∈ B. Using the definition of complement, we see thatx ̸∈ A orx ̸∈ B. Consequently,
the proposition ¬(x∈ A) ∨ ¬(x∈ B) is true.

By De Morgan’s law for propositions, we conclude that ¬((x∈ A) ∧ (x∈ B)) is true.
By the definition of intersection, it follows that ¬(x∈ A ∩ B). We now use the definition of
complement to conclude that x∈ A ∩ B. This shows that A ∪ B ⊆ A ∩ B.

Because we have shown that each set is a subset of the other, the two sets are equal, and the
identity is proved. ▲

Wecanmore succinctly express the reasoning used in Example 10 using set builder notation,
as Example 11 illustrates.
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Questions?

!55


