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Reading Material

❖ Chapter 2, Section 4



Sequences

❖ A sequence is a function from a subset of the set of 
integers (typically the subset {1,2,3,…} or {0,1,2,…}) to a 
set S.

❖ The notation an is used to denote the nth term of the 
sequence.  

❖ The sequence itself is denoted by {an}.



Sequences

❖ Examples of sequences {an}:

❖ an=1 (the sequence is 1,1,1,1,…)

❖ an=n (the sequence is 1,2,3,4,…)

❖ an=1/n2 (the sequence is 1,1/4,1/9,1/16,…)
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DEFINITION 2 A geometric progression is a sequence of the form

a, ar, ar2, . . . , arn, . . .

where the initial term a and the common ratio r are real numbers.

Remark: A geometric progression is a discrete analogue of the exponential function f (x) =
arx .

EXAMPLE 2 The sequences {bn} with bn = (−1)n, {cn} with cn = 2 · 5n, and {dn} with dn = 6 · (1/3)n are
geometric progressions with initial term and common ratio equal to 1 and −1; 2 and 5; and 6
and 1/3, respectively, if we start at n = 0. The list of terms b0, b1, b2, b3, b4, . . . begins with

1,−1, 1,−1, 1, . . . ;
the list of terms c0, c1, c2, c3, c4, . . . begins with

2, 10, 50, 250, 1250, . . . ;
and the list of terms d0, d1, d2, d3, d4, . . . begins with

6, 2,
2
3
,
2
9
,
2
27

, . . . . ▲

DEFINITION 3 An arithmetic progression is a sequence of the form

a, a + d, a + 2d, . . . , a + nd, . . .

where the initial term a and the common difference d are real numbers.

Remark: An arithmetic progression is a discrete analogue of the linear function f (x) = dx + a.

EXAMPLE 3 The sequences {sn} with sn = −1+ 4n and {tn} with tn = 7− 3n are both arithmetic progres-
sions with initial terms and common differences equal to−1 and 4, and 7 and−3, respectively,
if we start at n = 0. The list of terms s0, s1, s2, s3, . . . begins with

−1, 3, 7, 11, . . . ,
and the list of terms t0, t1, t2, t3, . . . begins with

7, 4, 1,−2, . . . . ▲

Sequences of the form a1, a2, . . . , an are often used in computer science. These finite
sequences are also called strings. This string is also denoted by a1a2 . . . an. (Recall that bit
strings, which are finite sequences of bits, were introduced in Section 1.1.) The length of a
string is the number of terms in this string. The empty string, denoted by λ, is the string that
has no terms. The empty string has length zero.

EXAMPLE 4 The string abcd is a string of length four. ▲

Recurrence Relations

In Examples 1–3 we specified sequences by providing explicit formulas for their terms. There
are many other ways to specify a sequence. For example, another way to specify a sequence is
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Sequences

❖ The harmonic sequence is given by 

an =
1

n
for n = 1, 2, 3, . . .



Recurrence Relations

❖ A recurrence relation for the sequence {an} is an equation 
that expresses an in terms of one or more of the previous 
terms of the sequence, namely a0,a1,…,an-1, for all 
integers n with n≥n0, where n0 is a nonnegative integer. 

❖ A sequence is a solution of a recurrence relation if its 
terms satisfy the recurrence relation. 



Recurrence Relations

❖ Recurrence: a0=2, and an=2an-1 for n=1,2,3,…

❖ Solution: 2,4,8,16,32,…

❖ Solution: an=? for n=0,1,2,…



Summations

❖ The sum of terms of a sequence plays an important role 
in counting (which is necessary for running time 
analysis, probability,…).

❖ We can consider the sum of all terms of a sequence or 
the sum of certain terms. 

1X

n=0

an

n=jX

n=i

an

X

n2S

an



Sequences and Series

❖ The sum of a sequence yields a series Sn as follows:

❖ And, if an is defined for n=0:

Sn =
nX

i=0

ai for n = 0, 1, 2, . . .

Sn =
nX

i=1

ai for n = 1, 2, 3, . . .



Arithmetic Sequence and Series

a, a+ d, a+ 2d, . . . , a+ nd, . . .

Sn =
nX

j=0

a+ dj = (n+ 1)a+
n(n+ 1)

2
d



Telescoping Sums

Sn =
Pn

j=1(aj � aj�1)
= (a1 � a0) + (a2 � a1) + · · ·+ (an�1 � an�2) + (an � an�1)
= an � a0



Telescoping Sums

❖ Find, using a telescoping sum, a closed-form formula 
for the summation

nX

k=1

k



The Perturbation Method

❖ Sometimes, it helps to “perturb” the sum to create 
another another summation and consider the difference 
between them. 

❖ You want the difference to cancel out a majority of the 
terms so as you get a simple equation! 



The Perturbation Method

❖ Suppose we want to find a closed-form formula for the 
sum 

1 + r + r2 + · · ·+ rn



The Perturbation Method
❖ The technique:

❖ Denote the sum by a variable, say, S
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❖ The technique:

❖ Denote the sum by a variable, say, S

S = 1 + r + r2 + · · ·+ rn



The Perturbation Method
❖ The technique:

❖ Denote the sum by a variable, say, S

S = 1 + r + r2 + · · ·+ rn

❖ Perturb (add, multiply, etc.) to get a very similar 
equality that, when, for example, subtracted, would 
leave very few terms 



The Perturbation Method
❖ The technique:

❖ Denote the sum by a variable, say, S

S = 1 + r + r2 + · · ·+ rn

❖ Perturb (add, multiply, etc.) to get a very similar 
equality that, when, for example, subtracted, would 
leave very few terms 

rS = r + r2 + · · ·+ rn + rn+1



The Perturbation Method

❖ Subtract the first from the second: 



The Perturbation Method

❖ Subtract the first from the second: 

rS � S = rn+1 � 1



The Perturbation Method

❖ Subtract the first from the second: 

rS � S = rn+1 � 1

almost all terms 
canceled out!



The Perturbation Method

❖ Subtract the first from the second: 

rS � S = rn+1 � 1

almost all terms 
canceled out!

❖ Solve to get an expression for S

S(r � 1) = rn+1 � 1

) S = rn+1�1
r�1



The Perturbation Method

❖ Suppose we want to find a closed-form formula for the 
following sum when  

Sn =
nX

j=0

arj

r 6= 1



The Perturbation Method
❖ As before, multiply both by r, subtract, and then solve!



The Perturbation Method
❖ As before, multiply both by r, subtract, and then solve!

Sn =
nX

j=0

arj



The Perturbation Method
❖ As before, multiply both by r, subtract, and then solve!

Sn =
nX

j=0

arj rSn = r
nX

j=0

arj = arn+1 +
nX

j=1

arj



The Perturbation Method
❖ As before, multiply both by r, subtract, and then solve!

Sn =
nX

j=0

arj rSn = r
nX

j=0

arj = arn+1 +
nX

j=1

arj

rSn � Sn = arn+1 � a = a(rn+1 � 1)



The Perturbation Method
❖ As before, multiply both by r, subtract, and then solve!

Sn =
nX

j=0

arj rSn = r
nX

j=0

arj = arn+1 +
nX

j=1

arj

rSn � Sn = arn+1 � a = a(rn+1 � 1)

Sn =
a(rn+1 � 1)

r � 1



Infinite Series

❖ You can use results from your favorite subject: Calculus!



Infinite Series

❖ We seek a closed-form formula for the sum 
1X

i=0

xi |x| < 1



Infinite Series
❖ This is equivalent to 

1X

i=0

xi = lim
n!1

nX

i=0

xi

= lim
n!1

xn+1 � 1

x� 1



Infinite Series
❖ This is equivalent to 

1X

i=0

xi = lim
n!1

nX

i=0

xi

=
1

1� x

= lim
n!1

xn+1 � 1

x� 1



Infinite Series
❖ This is equivalent to 

1X

i=0

xi = lim
n!1

nX

i=0

xi

=
1

1� x

when |x| < 1
= lim

n!1

xn+1 � 1

x� 1



Summations
166 2 / Basic Structures: Sets, Functions, Sequences, Sums, and Matrices

TABLE 2 Some Useful Summation Formulae.

Sum Closed Form
n∑

k = 0
ark (r ̸= 0) arn+1 − a

r − 1 , r ̸= 1

n∑

k = 1
k

n(n + 1)
2

n∑

k = 1
k2 n(n + 1)(2n + 1)

6
n∑

k = 1
k3 n2(n + 1)2

4
∞∑

k = 0
xk, |x| < 1

1
1 − x

∞∑

k = 1
kxk − 1, |x| < 1

1
(1 − x)2

EXAMPLE 22 What is the value of
∑

s ∈ {0,2,4} s?

Solution: Because
∑

s ∈ {0,2,4} s represents the sum of the values of s for all the members of the
set {0, 2, 4}, it follows that

∑

s ∈ {0,2,4}
s = 0+ 2+ 4 = 6.

▲

Certain sums arise repeatedly throughout discrete mathematics. Having a collection of
formulae for such sums can be useful; Table 2 provides a small table of formulae for commonly
occurring sums.

We derived the first formula in this table in Theorem 1. The next three formulae give us the
sum of the first n positive integers, the sum of their squares, and the sum of their cubes. These
three formulae can be derived in many different ways (for example, see Exercises 37 and 38).
Also note that each of these formulae, once known, can easily be proved using mathematical
induction, the subject of Section 5.1. The last two formulae in the table involve infinite series
and will be discussed shortly.

Example 23 illustrates how the formulae in Table 2 can be useful.

EXAMPLE 23 Find
∑100

k = 50k
2.

Solution: First note that because
∑100

k = 1k
2 = ∑49

k = 1k
2 +∑100

k = 50k
2, we have

100∑

k = 50
k2 =

100∑

k = 1
k2 −

49∑

k = 1
k2.

Using the formula
∑n

k = 1k
2 = n(n + 1)(2n + 1)/6 from Table 2 (and proved in Exercise 38),

we see that

100∑

k = 50
k2 = 100 · 101 · 201

6
− 49 · 50 · 99

6
= 338,350 − 40,425 = 297,925. ▲



Questions?


