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(1) Natural Selection

Charles Darwin’s statement of the process of natural selection 
can be summarized as three basic observations about 
populations:

all species have more offspring than can possibly survive 
and reproduce

individual organisms vary in phenotypes that influence 
their ability to survive and reproduce, and

within each generation, the individuals possessing 
phenotypes that confer greater survival and reproduction 
will contribute more offspring to the next generation 



(1) Natural Selection

Once particulate inheritance was understood, the 
unification of genetics with the principle of 
natural selection took place in what is now called 
the modern synthesis or neo-Darwinian synthesis 
of evolutionary biology

We’ll now describe basic population genetic 
expectations for natural selection with (1) clonal 
reproduction, and (2) sexual reproduction



(1) Natural Selection

At its core, natural selection is a process of 
population growth

Natural selection with clonal reproduction

Nt+1 = λNt

finite
rate of

increase

number
of

ind.

The population growth rate can be thought of as 
the chance that an individual contributes one 
offspring to the next generation



(1) Natural Selection

Let’s consider a population composed of two 
genotypes A and B of an asexual organism, with 
genotype-specific growth rates, or absolute 
fitnesses, of λA and λB

The proportions of each genotype in the population 
in any generation are 

p =
NA

NA + NB
q =

NB

NA + NB



(1) Natural Selection



(1) Natural Selection

An alternative way to represent the changing 
proportions of the two genotypes in the population 
is to follow the ratio NA/NB over time

This ratio after one generation is given by
NB(t = 1)
NA(t = 1)

=
�

λB

λA

�
NB(0)
NA(0)

And, this ratio at time t is given by
NB(t)
NA(t)

=
�

λB

λA

�t NB(0)
NA(0)



(1) Natural Selection

The ratio λB/λA is called the relative fitness, 
denoted by w, and using it gives us the following:

NB(t)
NA(t)

= wt NB(0)
NA(0)

Dividing the nominator and denominator on both 
sides by the population size (N=NA+NB), we obtain

qt

pt
= wt q0

p0



(1) Natural Selection
The relative fitness can be used to determine that 
change in frequency of a genotype over time:



(1) Natural Selection

∆p = pt+1 − pt + pt+1 =
ptwA

ptwA + qtwB

∆p =
ptwA

ptwA + qtwB
− pt



(1) Natural Selection

∆p = pt+1 − pt + pt+1 =
ptwA

ptwA + qtwB

∆p =
ptwA

ptwA + qtwB
− pt

average relative
fitness



(1) Natural Selection

One example of natural selection “at work” is the 
evolution of drug-resistant genotypes in HIV



(1) Natural Selection



(1) Natural Selection

To build a model of natural selection for sexual 
reproduction, we can combine the Hardy-Weinberg  
model of genotype frequencies with genotype-
specific growth rates to get a general model of 
natural selection operating on the three genotypes 
produced by a single locus with two alleles

Natural selection with sexual reproduction



(1) Natural Selection



(1) Natural Selection

Assume a population of N diploid individuals with 
random mating and random fusion of gametes to 
produce zygotes

Before natural selection, the genotypes are in HW 
equilibrium

AA : p2Nt Aa : 2pqNt aa : q2Nt



(1) Natural Selection

After the initial population of zygotes is produced, 
natural selection will then operate on the three 
genotypes

Each genotype is assumed to experience genotype-
specific survival and reproduction during the 
course of a single generation as follows



(1) Natural Selection



(1) Natural Selection

Focusing on viability selection, let    represent the 
genotype-specific probability of survival to 
reproductive age

The number of individuals of each genotype after 
viability selection at the point of reproduction is 

�

AA : �AAp2Nt Aa : �Aa2pqNt aa : �aaq2Nt



(1) Natural Selection

The total number of individuals in the population 
after selection is then 

�AAp2Nt + �Aa2pqNt + �aaq2Nt

The frequency of the AA genotype is
�AAp2Nt

�AAp2Nt + �Aa2pqNt + �aaq2Nt



(1) Natural Selection

The frequency of A allele in gametes is
�AAp2Nt + 1

2 (�Aa2pqNt)
�AAp2Nt + �Aa2pqNt + �aaq2Nt

The frequency of a allele in gametes is
�aaq2Nt + 1

2 (�Aa2pqNt)
�AAp2Nt + �Aa2pqNt + �aaq2Nt



(1) Natural Selection

The frequency of A allele in gametes is

The frequency of a allele in gametes is

After canceling the Nt terms, we obtain

�AAp2 + �Aapq

�AAp2 + �Aa2pq + �aaq2

�aaq2 + �Aapq

�AAp2 + �Aa2pq + �aaq2



(1) Natural Selection
Using the relative fitness values, we obtain

pt+1 =
wAAp2 + wAapq

wAAp2 + wAa2pq + waaq2

qt+1 =
waaq2 + wAapq

wAAp2 + wAa2pq + waaq2



(1) Natural Selection
Using the mean relative fitness, we obtain

pt+1 =
wAAp2 + wAapq

w

qt+1 =
waaq2 + wAapq

w



(1) Natural Selection
Using the mean relative fitness, we obtain

pt+1 =
wAAp2 + wAapq

w

qt+1 =
waaq2 + wAapq

w

marginal
fitness



(1) Natural Selection



(1) Natural Selection

In terms of change in allele frequency over one 
generation, we have

∆p =
pq[p(wAA − wAa) + q(wAa − waa)]

w

∆q =
pq[q(waa − wAa)− p(wAA − wAa)]

w



(2) Natural Selection on a 
Diallelic Locus

All the outcomes of the selection model can be 
represented by five general categories of fitness 
values for the three genotypes 



(2) Natural Selection on a 
Diallelic Locus

Fitness values are given in terms of selection coefficients, which are 
the difference between a relative fitness value and one:

sxx = 1− wxx or wxx = 1− sxx



(2) Natural Selection on a 
Diallelic Locus

Selection against a recessive phenotype



(2) Natural Selection on a 
Diallelic Locus

The dominant allele does NOT go to fixation because 
the heterozygote fitness is equal to the maximum 
fitness and every generation heterozygotes will 
produce gametes that can combine to make the 
recessive homozygote

In essence, the recessive allele is shielded from 
natural selection in the heterozygote due to 
dominance

Selection against a recessive phenotype



(2) Natural Selection on a 
Diallelic Locus

One way to quantify the sheltering effect of 
heterozygotes is to examine the proportion of 
recessive alleles present in heterozygotes 
compared to recessive alleles present in 
homozygotes

Selection against a recessive phenotype

pq

q2
=

p

q

When the frequency of the recessive allele is low, 
say q=0.05, the proportion of the genotype 
frequencies is 19. This means that there are 19 
recessive alleles protected against natural selection 
in heterozygotes for each recessive allele impacted 
by natural selection in a homozygous genotype



(2) Natural Selection on a 
Diallelic Locus

Selection against a dominant phenotype



(2) Natural Selection on a 
Diallelic Locus

The recessive allele goes to fixation when there is 
natural selection agains the dominant homozygote 
and heterozygote since both have a lower fitness 
than the favored homozygote and therefore the 
dominant allele is not shielded from natural 
selection in the heterozygote 

Selection against a dominant phenotype



(2) Natural Selection on a 
Diallelic Locus

The previous two examples cover the two extremes 
of dominance

To consider more general cases, we can use a 
dominance coefficient h

Complete dominance for one allele (the homozygote 
and heterozygote have identical phenotypes) is 
represented by h=0 and complete dominance for the 
other allele is represented by h=1

General dominance



(2) Natural Selection on a 
Diallelic Locus

When the heterozygote has a phenotype that is 
the average of the two homozygotes, then h=1/2, a 
situation sometimes called codominance or additive 
gene action

General dominance



(2) Natural Selection on a 
Diallelic Locus

General dominance



(2) Natural Selection on a 
Diallelic Locus

Heterozygote disadvantage
[Disruptive selection]



(2) Natural Selection on a 
Diallelic Locus
Heterozygote advantage

[Balancing selection]



(2) Natural Selection on a 
Diallelic Locus

Selection against a dominant phenotype, recessive 
phenotype, and a heterozygote, result in fixation 
or near fixation of one allele and the loss or near 
loss of the other allele

These three forms of natural selection produce an 
equilibrium with little or no genetic variation, 
known as a monomorphic equilibrium

Heterozygote advantage



(2) Natural Selection on a 
Diallelic Locus

In contrast, when heterozygotes have the highest 
fitness, natural selection maintains both alleles in 
the population at equilibrium, resulting in a 
polymorphic equilibrium

Thus, balancing selection is one type of natural 
selection that is consistent with the permanent 
maintenance of genetic variation in populations

Heterozygote advantage



(2) Natural Selection on a 
Diallelic Locus

In the case of balancing selection, and assuming s 
and t as the selection coefficients against the AA 
and aa homozygotes, respectively, the equilibrium 
allele frequencies are

Heterozygote advantage

pequilibrium =
t

s + t
qequilibrium =

s

s + t



(2) Natural Selection on a 
Diallelic Locus

The strength of natural selection against a 
genotype can vary from weak, such as a viability 
of 0.1% less than the most fit genotype, to very 
strong, such as 50% viability or even zero viability 
(lethality) of a genotype

The strength of natural selection



(2) Natural Selection on a 
Diallelic Locus

The strength of natural selection



(3) Natural Selection and 
Fitness

In the five situations shown thus far, the two 
general outcomes are either fixation/loss or 
intermediate frequencies of both alleles

This can be understood by examining the average 
fitness of a population as well as the rate of 
change in allele frequency over the entire  range of 
allele frequencies



(3) Natural Selection and 
Fitness



(3) Natural Selection and 
Fitness



(3) Natural Selection and 
Fitness

We now turn to Fisher’s fundamental theorem of 
natural selection which states that “the rate of 
increase in fitness of any organism at any time is 
equal to its genetic variance in fitness at that 
time”

The theorem has been interpreted as showing that 
any change in mean fitness caused by natural 
selection must always be positive

To understand the theorem, we’ll examine natural 
selection and the change in the average fitness of a 
population over time



(3) Natural Selection and 
Fitness

Assume a haploid population with clonal 
reproduction and discrete generations

If k is the total number of haplotypes in the 
population, then the mean fitness is

w =
k�

i=1

(piwi)



(3) Natural Selection and 
Fitness

The frequency of any single haplotype (say 
haplotype i) after one generation of natural 
selection is 

p�
i =

piwi

w



(3) Natural Selection and 
Fitness

The average fitness after one generation of 
natural selection is then

w� =
k�

i=1

(p�
iwi)

Substituting the expression for pi’ gives

w� =
1
w

k�

i=1

(piw
2
i )



(3) Natural Selection and 
Fitness

The change in fitness from one generation to the 
next, standardized by the mean fitness in the 
initial generation is

Substituting the expression for     gives

∆w =
w� − w

w

w�

∆w =
1
w

�k
i=1 piw2

i − w

w



(3) Natural Selection and 
Fitness

After rearranging, we obtain

∆w =
1
w

��
1
w

k�

i=1

piw
2
i

�
− w

�
=

1
w2

��
k�

i=1

piw
2
i

�
− w2

�
=

1
w2

�
E(w2)− E(w)2

�
=

1
w2 var(w)



(3) Natural Selection and 
Fitness

The relative fitness values of all the haplotypes 
can be scaled so that

This then leads to 

w = 1

∆w = var(w)

and the conclusion that the change in mean fitness
of the population after one generation of natural
selection is equal to the variation in fitness



(3) Natural Selection and 
Fitness

The variation in fitness is really genetic variation 
in the case of haploids, due to the frequencies of the 
different haplotypes in the population as well as to 
the different fitness values of each haplotype

Therefore, the change in fitness under natural 
selection is equal to the genetic variation in fitness

Further, since a variance can never be negative, the 
change in mean fitness by natural selection must 
then be greater than or equal to zero 



(3) Natural Selection and 
Fitness



(4) Viability Selection with 
Three Alleles or Two Loci

So far, we’ve looked at natural selection when 
fitness is equivalent to genotype-specific viability 
determined by a single locus with two alleles

We’ll now consider the outcomes of viability 
selection when fitness is determined by either a 
single locus with three alleles or two loci with two 
alleles 



(4) Viability Selection with 
Three Alleles or Two Loci

To understand the dynamics of genotype 
frequencies, allele frequencies, and mean fitness 
under natural selection, we will use a tool called 
fitness surface

A fitness surface is a graph that shows genotype 
frequencies of a population on some axes along 
with the mean fitness of the population at each 
possible point in the range of genotype frequencies



(4) Viability Selection with 
Three Alleles or Two Loci

Aa

aa



(4) Viability Selection with 
Three Alleles or Two Loci

Aa

aa

Equilibrium genotype
frequencies



(4) Viability Selection with 
Three Alleles or Two Loci

Let’s consider the example of natural selection on 
three alleles at the human hemoglobin β gene that 
encodes the β protein, which is referred to as Hb

Although several hundred Hb alleles have been 
identified in the human population, three alleles are 
of particular interest: A, S, and C

One locus with three alleles



(4) Viability Selection with 
Three Alleles or Two Loci

Allele A is the most common

Individuals homozygous for the S allele are at 
higher susceptibility to chronic anemia

Individuals homozygous for the C allele have mild to 
moderate anemia

One locus with three alleles



(4) Viability Selection with 
Three Alleles or Two Loci

The fitness of the Hb genotypes depends on the 
environment where people live

In areas without the malaria parasite P. 
falciparum, genotypes that result in anemia have 
lower fitness

In regions where malarial infection is common, 
certain Hb genotypes confer resistance to 
infection by P. falciparum that may partly or 
completely compensate for any disadvantage due 
to anemia

One locus with three alleles



(4) Viability Selection with 
Three Alleles or Two Loci

One locus with three alleles



(4) Viability Selection with 
Three Alleles or Two Loci

A prediction from the table is that natural 
selection in populations where malaria is common 
would increase the frequency of the CC genotype 
and eventually fix the C allele

Is this really what will happen?

One locus with three alleles



(4) Viability Selection with 
Three Alleles or Two Loci

One locus with three alleles



(4) Viability Selection with 
Three Alleles or Two Loci

Understanding how genotype frequencies will 
change on a fitness surface requires calculating 
the change in allele frequencies due to selection for 
a series of points on the surface

Assuming p, q, and r are the frequencies of alleles 
A, B, and C, respectively, in the population, the mean 
fitness of the population is: 

One locus with three alleles

∆w = wAAp2 + wBBq2 + wCCr2 + wAB2pq + wAC2pr + wBC2qr



(4) Viability Selection with 
Three Alleles or Two Loci

The marginal fitness for the A allele is:
One locus with three alleles

wA =
wAAp2 + wABpq + wACpr

p
= wAAp + wABq + wACr

Allele frequencies change each generation due to 
differences between the marginal fitness of each 
allele and the average fitness of the entire population

The change in the frequency of the A allele is

∆p = p
wA − w

w



(4) Viability Selection with 
Three Alleles or Two Loci

Allele frequency after one generation of selection 
is then simply pt+1=p+Δp

Similar expressions can be obtained for the B and C 
alleles

One locus with three alleles



(4) Viability Selection with 
Three Alleles or Two Loci

One locus with three alleles



(4) Viability Selection with 
Three Alleles or Two Loci

Natural selection on two loci is inherently more 
complicated than at a single locus because of 
gametic (linkage) disequilibrium

The outcome of two-locus selection depends on the 
balance between natural selection and 
recombination between loci, as well as the initial 
genotype frequencies in the population

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

With two diallelic loci, there are 16 possible 
genotypes that result from the union of four 
possible gametes

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

Two diallelic loci

x1,x2,x3, and x4 are the frequencies of the gametes
AB, Ab, aB, and ab, respectively



(4) Viability Selection with 
Three Alleles or Two Loci

Using Table 7.3, we can obtain the frequency of each 
gamete one generation later

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

Two diallelic loci

x1(t+1) =
w11x2

1 + w12x1x2 + w13x1x3 + (1− r)w14x1x4 + rw23x2x3

w

x1(t+1) =
x1(w11x1 + w12x2 + w13x3 + w14x4)− r(w14x1x4 + w23x2x3)

w

x1(t+1) =
x1(w11x1 + w12x2 + w13x3 + w14x4)− rw14(x1x4 + x2x3)

w

x1(t+1) =
x1(w11x1 + w12x2 + w13x3 + w14x4)− rw14D

w

[Assuming the fitness of genotypes with the same number of A and B alleles is equal]

[ D = x1x4-x2x3 ]

−

−



(4) Viability Selection with 
Three Alleles or Two Loci

The frequency of the AB gametes after one 
generation of natural selection is a function of:

the viabilities of the genotypes that produce AB 
(w11,w12,w13,w14)

the combination of recombination, fitness 
values of the double heterozygotes, and initial 
gametic disequilibrium in the population (rw14D)

the frequency of recombination and the relative 
fitness of the genotypes 

Two diallelic loci

x1(t+1) =
x1(w11x1 + w12x2 + w13x3 + w14x4)− rw14D

w



(4) Viability Selection with 
Three Alleles or Two Loci

Using the idea that the four gamete frequencies 
can be treated like the frequencies of four alleles at 
one locus, we can develop expressions for change in 
gamete frequencies

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

The marginal fitness for each of the two-locus 
gametes is

Two diallelic loci

wi =
4�

j=1

xjwij

The average fitness of the population is 

w =
4�

i=1

4�

j=1

xixjwij



(4) Viability Selection with 
Three Alleles or Two Loci

Two diallelic loci

x1(t+1) =
x1(w11x1 + w12x2 + w13x3 + w14x4)− rw14D

w



(4) Viability Selection with 
Three Alleles or Two Loci

Two diallelic loci

x1(t+1) =
x1(w11x1 + w12x2 + w13x3 + w14x4)− rw14D

w

w1



(4) Viability Selection with 
Three Alleles or Two Loci

Two diallelic loci

x1(t+1) =
x1(w11x1 + w12x2 + w13x3 + w14x4)− rw14D

w

w1 wH



(4) Viability Selection with 
Three Alleles or Two Loci

Two diallelic loci

x1(t+1) =
x1(w11x1 + w12x2 + w13x3 + w14x4)− rw14D

w

w1 wH

∆x1 =
x1w1 − rwHD

w



(4) Viability Selection with 
Three Alleles or Two Loci

For all four gametes:

Two diallelic loci

∆x1 =
x1w1 − rwHD

w

∆x2 =
x2w2 − rwHD

w

∆x3 =
x3w3 − rwHD

w

∆x4 =
x4w4 − rwHD

w

(7.11)

(7.12)

(7.13)

(7.14)



(4) Viability Selection with 
Three Alleles or Two Loci

The equations show that the change in gamete 
frequency under natural selection is due to both 
fitness values and recombination

If there is no recombination (r=0), then each gamete 
is analogous to a single allele

The outcome of selection is then like four alleles at 
a single locus

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

The process of recombination may either reinforce 
or oppose the changes in gamete frequencies due to 
natural selection

For example, if gametes Ab and aB have the highest 
fitness values and there is no recombination, then 
Δx2 and Δx3 would be positive while Δx1 and Δx4 
would be negative

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

The gamete frequency changes caused by 
recombination would amplify the effect of natural 
selection on gamete frequencies since the rwHD 
term would increase Δx2 and Δx3 but decrease Δx1 
and Δx4

In contrast, if gametes AB and ab have the highest 
fitness and there is recombination, then the rwHD 
term would decrease Δx1 and Δx4 but increase Δx2 
and Δx3 in opposition to natural selection

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

We observe that:

When one process is much stronger, it will win 
out over the other process to determine the 
equilibrium

When both processes are of approximately equal 
strength, the result is a compromise that may 
produce an equilibrium that is neither gametic 
equilibrium nor maximum mean fitness

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

Although there is no general set of equilibrium 
gamete frequencies for two-locus selection with an 
arbitrary set of fitness values, many special cases 
have been examined that have produced some 
general conclusions

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

By itself, low frequencies of recombination (small r) 
make it more likely that selection will result in LD 
at equilibrium gamete frequencies even with 
random mating

The combination of non-additive gene action and 
infrequent recombination also make LD at 
equilibrium gamete frequencies more likely

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

High rates of self-fertilization adds an additional 
force on gamete frequencies that can either 
compliment or act in opposition to selection and 
recombination

Since mean fitness may decrease with selection 
and recombination, Fisher’s fundamental theorem 
does not hold for two-locus selection

Two diallelic loci



(4) Viability Selection with 
Three Alleles or Two Loci

A critical conclusion from examining two-locus 
natural selection is that generalizing from the 
results of one-locus selection models to multiple loci 
may be biologically misleading except in liming 
cases such as when there is very little 
recombination and there is no epistasis

Two diallelic loci



(5) Alternative Models of 
Natural Selection

So far, we have 

1. Equated fitness with the viability of genotypes: However, 
we have seen that there are numerous points in the 
reproductive life cycle where genotypes may have 
differential success of performance

2. Assumed fitness as constant viability in an infinitely 
growing population: However, it may be that fitness 
actually changes in response to the conditions found in 
different populations or in response to the changes in 
genotype frequency brought on by natural selection



(5) Alternative Models of 
Natural Selection

We now extend the basic viability model of natural 
selection in a variety of ways to predict how natural 
selection works for different components of fitness 
and for changing fitness values

Natural selection via different levels of fecundity

Natural selection with frequency-dependent fitness

Natural selection with density-dependent fitness



(5) Alternative Models of 
Natural Selection

Natural selection due to differences in genotype 
viability is sometimes called hard selection since 
genotype frequency changes come about from the 
death of individuals and their complete failure to 
reproduce

In contrast, fecundity selection is called soft 
selection because all individuals in the parental 
generation reproduce, although by differing 
amounts

Natural selection via different levels of fecundity



(5) Alternative Models of 
Natural Selection

A fecundity model of natural selection on a diallelic 
locus requires a different approach than was taken 
for viability selection

A major difference is that fitness depends on the 
pair of genotypes that mate

This means that there are nine different fitness 
values in a fecundity selection model

Natural selection via different levels of fecundity



(5) Alternative Models of 
Natural Selection

Another difference is that predicting the genotype 
frequencies of the progeny is more complicated 
than for simple random mating

Variation in fecundity may alter the number of 
progeny produced by each mating pair from the 
frequency expected by random mating alone

This requires accounting for the expected progeny 
genotype frequencies that arise from each mating 
pair weighted by the fecundity of that mating pair

Natural selection via different levels of fecundity



(5) Alternative Models of 
Natural Selection

Natural selection via different levels of fecundity



(5) Alternative Models of 
Natural Selection

The average fecundities of the AA, Aa, and aa 
genotypes, respectively, are

Natural selection via different levels of fecundity

fXt+1 = f11X
2 + (f12 + f21)

1
2
XY + f22

Y 2

4
fYt+1 = (f12 + f21)

1
2
XY + (f13 + f31)XZ + f22

Y 2

2
+ (f23 + f32)

1
2
Y Z

fZt+1 = f33Z
2 + (f32 + f23)

1
2
Y Z + f22

Y 2

4
The total average fecundity is

f = fXt+1 + fYt+1 + fZt+1



(5) Alternative Models of 
Natural Selection

Since random mating does not occur by definition 
when there is fecundity selection, general 
equilibrium points cannot be found for arbitrary 
sets of nine fecundity values

Rather, the chance in genotype frequencies must be 
understood by considering special cases of 
fecundity values (see your textbook for discussion 
of three special cases)

Natural selection via different levels of fecundity



(5) Alternative Models of 
Natural Selection

It has been shown that mean fecundity does not 
necessarily increase with fecundity selection

This means that the mean fecundity is not 
necessarily maximized at equilibrium genotype 
frequencies for fecundity selection, in contrast to 
the way natural selection maximizes mean fitness 
in the viability model for one locus with two alleles

Natural selection via different levels of fecundity



(5) Alternative Models of 
Natural Selection

In this part, we will assume that the fitness of a 
genotype depends on its frequency in a population

The key concept in frequency-dependent selection 
models is creating a measure of fitness that 
changes

Natural selection with frequency-dependent fitness



(5) Alternative Models of 
Natural Selection

Suppose that the fitness of a genotype decreases 
as that genotype becomes more common in the 
population, called negative frequency dependence

Assuming sxx represents the genotype-specific 
selection coefficient, the relative fitness values 
are

Natural selection with frequency-dependent fitness

wAA = 1− sAAp2

wAa = 1− sAa2pq

waa = 1− saaq2



(5) Alternative Models of 
Natural Selection

Genotypes have higher fitness when they are rare 
since relative fitness decreases as the product of 
the selection coefficient and the genotype’s 
frequency increases

Note that the selection coefficient itself is a 
constant and can be thought of as a per-capita 
decrease in relative fitness

Natural selection with frequency-dependent fitness



(5) Alternative Models of 
Natural Selection

For the special case of the selection coefficient 
being equal for all genotypes, the expression for 
change in allele frequency over one generation of 
fecundity selection is

Natural selection with frequency-dependent fitness

∆p =
pqs(q − p)(p2 − pq + q2)

w
Equilibrium points occur at fixation (p=1), loss (p=0), 
and at p=1/2



(5) Alternative Models of 
Natural Selection

Natural selection with frequency-dependent fitness



(5) Alternative Models of 
Natural Selection

Organisms are limited by the space and resources 
available to them, limitations that lead to changes 
in the rate of growth as the density of individuals 
changes over time

We need to alter our basic genotype-specific 
population growth equations to incorporate an 
upper bound on the population size as well as the 
rate of population growth that changes with 
population size

Natural selection with density-dependent fitness



(5) Alternative Models of 
Natural Selection

A simple model where population growth has an 
upper bound is called logistic growth and the upper 
limit, K, is called the carrying capacity

Denoting the population size by N and the rate of 
increase by r, we have 

Natural selection with density-dependent fitness

λ = 1 + r − r

K
N



(5) Alternative Models of 
Natural Selection

Logistic growth can be applied to the three 
genotypes at a diallelic locus by defining genotype-
specific carrying capacities and rates of increase to 
obtain absolute fitness values for each genotype:

Natural selection with density-dependent fitness

λAA = 1 + rAA −
rAA

KAA
N

λAa = 1 + rAa −
rAa

KAa
N

λaa = 1 + raa −
raa

Kaa
N

[                                        ]NAA + NAa + Naa = N



(5) Alternative Models of 
Natural Selection

The average absolute fitness in the population is

Natural selection with density-dependent fitness

λ = 1 + r − r

K
N

where

r = p2
t rAA + 2ptqtrAa + q2

t raa

r

K
=

p2
t rAA

KAA
+

2ptqtrAa

KAa
+

q2
t raa

Kaa



(5) Alternative Models of 
Natural Selection

We can now express the growth in the total size of 
the population as

Natural selection with density-dependent fitness

Nt+1 = λNt

We can also follow allele frequencies over time by 
modifying the expression for allele frequency after 
one generation of selection:

pt+1 =
λAAp2

t + λAaptqt

λ



(5) Alternative Models of 
Natural Selection

Natural selection with density-dependent fitness



(6) Combining Natural Selection 
with Other Processes

We now consider 

1. natural selection and genetic drift acting 
simultaneously, and

2. the balance between natural selection and 
mutation 



(6) Combining Natural Selection 
with Other Processes

Wright showed the probability that a population 
has a given allele frequency when exposed to the 
simultaneous processes of natural selection, 
genetic drift, and mutation as given by

Natural selection and genetic drift

φ(p) = Cp(4Neµ−1)q(4Neν−1)e(4Nespq)



(6) Combining Natural Selection 
with Other Processes

Wright showed the probability that a population 
has a given allele frequency when exposed to the 
simultaneous processes of natural selection, 
genetic drift, and mutation as given by

Natural selection and genetic drift

φ(p) = Cp(4Neµ−1)q(4Neν−1)e(4Nespq)

probability
density

constant to adjust the
total probability across 

all allele frequencies to sum
to 1.0 for each value of Nes

allele
frequencies

effective
population size

forward/backward
mutation rates

selection
coefficient



(6) Combining Natural Selection 
with Other Processes

Natural selection and genetic drift



(6) Combining Natural Selection 
with Other Processes

Kimura suggested the following rule of thumb: 

If 4Nes<<1, then selection is weak relative to 
sampling, and genetic drift will dictate allele 
frequencies

If 4Nes>>1, then selection is strong relative to 
sampling, and natural selection will dictate allele 
frequencies

If 4Nes≈1, then allele frequencies are unpredictable

Natural selection and genetic drift



(6) Combining Natural Selection 
with Other Processes

Natural selection and genetic drift



(6) Combining Natural Selection 
with Other Processes

It is also possible to gain biological insight into Nes 
by recognizing that it is analogous to the quantity 
Nem that dictates the balance between genetic 
drift and gene flow

Both quantities represent the net balance of the 
pressure on allele frequencies toward eventual 
fixation or loss due to genetic drift and the 
countervailing force driving allele frequencies 
toward a specific allele frequency caused by either 
natural selection or by gene flow

Natural selection and genetic drift



(6) Combining Natural Selection 
with Other Processes

In the case of natural selection, the specific allele 
frequency is dictated by the relative fitness values 
of genotypes, while in the case of gene flow the 
specific allele frequency is the average allele 
frequency for all demes

Natural selection and genetic drift



(6) Combining Natural Selection 
with Other Processes

Natural selection takes place at the same time that 
mutation is working to alter allele frequencies and 
reintroduce alleles that selection may be driving to 
loss

Therefore, the process of natural selection may be 
counteracted to some degree by mutation

What equilibrium allele frequency is expected when 
the opposing processes of mutation and natural 
selection balance out?

Natural selection and mutation



(6) Combining Natural Selection 
with Other Processes

Assume a diallelic locus, with allele a being 
completely recessive and has frequency q

Assume the case of selection against a recessive 
allele: wAA=1, wAa=1, and waa=1-s

We have 

Natural selection and mutation

∆qselection =
pq[q((1− s)− 1) + p(1− 1)]
(1)p2 + (1)2pq + (1− s)q2

=
−spq2

1− sq2



(6) Combining Natural Selection 
with Other Processes

If we assume only A→a mutations, with rate μ, 
then 

Natural selection and mutation

∆qmutation = µp



(6) Combining Natural Selection 
with Other Processes

At equilibrium

Natural selection and mutation

∆qmutation + ∆qselection = 0

This yields
µp =

spq2

1− sq2



(6) Combining Natural Selection 
with Other Processes

If q is low, q2 is very small and 1-sq2 is 
approximately 1, then

Natural selection and mutation

This yields

µp = spq2

q2 =
µ

s

Hence

qequilibrium =
�

µ

s



(6) Combining Natural Selection 
with Other Processes

Natural selection and mutation



(6) Combining Natural Selection 
with Other Processes

Consanguineous mating results in an excess of 
homozygosity and a deficit of heterozygosity 

If f is the degree of departure from HW 
expectations, the the equilibrium allele frequency is

Natural selection and mutation

q2 + fpq =
µ

s



(6) Combining Natural Selection 
with Other Processes

Under the assumption that q is small compared to f, 
the approximate equilibrium allele frequency when 
mutation and selection reach a balance with 
consanguineous mating is

Natural selection and mutation

qequilibrium =
µ

fs



(6) Combining Natural Selection 
with Other Processes

Since recessive deleterious mutations are only 
perceived by natural selection when homozygous, 
consanguineous mating increases the 
effectiveness of selection by increasing the 
proportion of homozygous genotypes in the 
population

This means that selection is more effective at 
eliminating the recessive homozygote and the 
equilibrium allele frequency for mutation-selection 
balance occurs at a lower allele frequency 

Natural selection and mutation



(6) Combining Natural Selection 
with Other Processes

It is counterintuitive that populations which cease 
consanguineous mating and engage in random 
mating may temporarily experience an increase in 
deleterious allele frequencies and a decrease in 
average fitness due to less effective natural 
selection

Natural selection and mutation



(7) Natural Selection and the 
Coalescent

In the basic coalescent model where alleles are 
selectively neutral, each lineage within a 
generation has an equal and constant probability 
of becoming an ancestral lineage when working 
back in time to find the MRCA

Natural selection violates the basic assumption 
that all lineages have equal and constant 
probabilities of coalescence



(7) Natural Selection and the 
Coalescent

When natural selection operates, some lineages 
tend to increase in frequency over time, whereas 
other lineages tend to decrease in frequency over 
time due to fitness differences among the lineages 
caused by differences in haplotype relative 
fitnesses

These changes in the frequencies of lineage copies 
translate into probabilities of coalescence that 
change over time as well



(7) Natural Selection and the 
Coalescent

A lineage bearing a haplotype favored by selection 
will increase in frequency over time and therefore 
will have a decreasing probability of coalescence 
working back in time

Similarly, a lineage bearing a haplotype of lower 
fitness will decrease in frequency over time and 
therefore have an increasing probability of 
coalescence moving back in time



(7) Natural Selection and the 
Coalescent

In other words, natural selection presents a 
fundamental contradiction to the sampling process 
built into the genealogical branching model

We’ll now discuss extensions of the coalescent 
model under directional selection and under 
balancing selection



(7) Natural Selection and the 
Coalescent

There’s a relatively simple way to modify the 
genealogical branching model to accommodate 
directional natural selection

Coalescence and natural selection are treated as 
distinct processes that can both possibly occur 
working back in time from the present toward the 
MRCA in the past

Directional selection and the ancestral selection graph



(7) Natural Selection and the 
Coalescent

We’ll alter slightly our view of the sampling 
process

We’ll distinguish between a “continuing branch”, 
which corresponds to selectively neutral lineages, 
and an “incoming branch” that displaces a lineage 
of the lower-fitness haplotype to model natural 
selection

Directional selection and the ancestral selection graph



(7) Natural Selection and the 
Coalescent

Directional selection and the ancestral selection graph



(7) Natural Selection and the 
Coalescent

We can now treat the dual continuing/incoming 
branching process as two independent parts of the 
overall coalescent process

As before, we assume that coalescent and natural 
selection events are rare, or that Ne is large and 
the selection coefficient is small

This assumption allows us to treat the two events 
as mutually exclusive and to assume that whenever 
an event occurs that it is either coalescence or 
natural selection

Directional selection and the ancestral selection graph



(7) Natural Selection and the 
Coalescent

The exponential approximation for the chance that 
a natural selection event occurs at generation t for 
a single lineage and for k lineages, respectively, are

Directional selection and the ancestral selection graph

P (Tincoming branch = t) = e−t σ
2

and
P (Tincoming branch = t) = e−t σ

2 k

where σ = 4Nes



(7) Natural Selection and the 
Coalescent

The chance that an incoming branch due to natural 
selection displaces one of k lineages at or before a 
certain time can then be approximated with the 
exponential cdf

Directional selection and the ancestral selection graph

P (Tincoming branch ≤ t) = 1− e−t σ
2 k

Combining natural selection with coalescence and 
mutation, we get

P (Tevent ≤ t) = 1− e−t( k(k−1)
2 + σ

2 k+ θ
2 k)



(7) Natural Selection and the 
Coalescent

The total chance that an event occurs is

Directional selection and the ancestral selection graph

From this we can get the chance that an event is 
either a coalescence, due to natural selection, or a 
mutation

k(k − 1)
2

+
σ

2
k +

θ

2
k



(7) Natural Selection and the 
Coalescent

The chance that an event is a coalescence: 

Directional selection and the ancestral selection graph

k(k−1)
2

k(k−1)
2 + σ

2 k + θ
2k

=
k − 1

k − 1 + σ + θ

The chance that an event is due to natural selection: 
σ
2 k

k(k−1)
2 + σ

2 k + θ
2k

=
σ

k − 1 + σ + θ

The chance that an event is a mutation: 
θ
2k

k(k−1)
2 + σ

2 k + θ
2k

=
θ

k − 1 + σ + θ



(7) Natural Selection and the 
Coalescent

Using these equations to determine the chance that 
an event occurs and the type of event, it is possible 
to construct what is known as an ancestral 
selection graph

In this model, natural selection events result in an 
addition of branches and thereby serve to visualize 
selection events that are not apparent on a 
genealogy alone

Directional selection and the ancestral selection graph



(7) Natural Selection and the 
Coalescent

When a branching occurs due to a natural selection 
event (going back in time), the resulting branch is 
called the incoming branch to represent a possible 
lineage displacement

The lineage that the incoming branch splits off 
from is called the continuing branch

The incoming branch coalesces with a randomly 
chosen lineage at a later time determined by the 
waiting time distribution and assumes the state of 
the branch where it coalesces 

Directional selection and the ancestral selection graph



(7) Natural Selection and the 
Coalescent

Even though natural selection events make more 
branches, the coalescence process is faster and will 
eventually result in coalescence to the MRCA

Directional selection and the ancestral selection graph



(7) Natural Selection and the 
Coalescent

Directional selection and the ancestral selection graph



(7) Natural Selection and the 
Coalescent

Weak to moderate directional natural selection 
tends to have only a minor impact on average times 
to coalescence

When the selection coefficient and mutation rate 
are approximately equal, the mean time to the 
MRCA is shortened slightly

Strong natural selection for advantageous alleles 
or selection against deleterious mutations is 
expected to reduce the total height of genealogical 
trees

Directional selection and the ancestral selection graph



(7) Natural Selection and the 
Coalescent

Balancing selection (heterozygotes have the 
highest fitness) can also be incorporated in 
genealogical branching models

Balancing selection is expected to maintain both 
alleles at a diallelic locus segregating in the 
population at  equilibrium

Hence, balancing selection is a special case of 
natural selection because it works counter to the 
fixation and loss due to genetic drift 

Genealogies and balancing selection



(7) Natural Selection and the 
Coalescent

In a genealogical branching model, genetic drift is 
represented by the process of coalescence

To approximate the overall effect of balancing 
selection, we need a process that will delay 
coalescence to the same degree that selection 
favors heterozygotes in the diploid selection model

This can be obtained by modeling selection along 
the lines of population structure with two demes

Genealogies and balancing selection



(7) Natural Selection and the 
Coalescent

In structures populations, two lineages cannot 
coalesce unless they are in the same deme

Gene flow events that move lineages into different 
demes tend to delay coalescence events

Using this logic, balancing selection can be modeled in a 
single panmictic population as a process where there 
are two lineage types

A switching process (akin to gene flow) changes 
lineage types at random, while the coalescence 
process operates 

Genealogies and balancing selection



(7) Natural Selection and the 
Coalescent

If two lineages must be of the same type to coalesce, 
then the switching process will prevent coalescence 
among the lineages that are of different types

Genealogies and balancing selection



(7) Natural Selection and the 
Coalescent

Let A and B be the two lineage types and their 
respective frequencies be p and q (p+q=1)

Every generation, lineages of one type may switch to 
the other type with rate μ

The expected number of lineages that switch type 
each generation is 2Nμ, or ν/2 if we use ν=4Nμ

Genealogies and balancing selection



(7) Natural Selection and the 
Coalescent

The expected number of lineages that switch type 
each generation serves as a surrogate for the 
strength of balancing selection 

Genealogies and balancing selection



(7) Natural Selection and the 
Coalescent

Using the switching rate, the expected waiting time 
until an A lineage switches to a B lineage is  

Genealogies and balancing selection

P (TA→B ≤ t) = 1− ekA
ν
2 ( q

p )

And the expected waiting time until a B lineage 
switches to an A lineage is 

P (TB→A ≤ t) = 1− ekB
ν
2 ( p

q )



(7) Natural Selection and the 
Coalescent

Next we need to express the waiting time until a 
coalescence event, keeping in mind that lineages can 
coalesce only if they are of the same type

Given that there are 2Np lineages of type A and 2Nq 
lineages of type B and coalescence events are 
mutually exclusive, the expected waiting time until a 
coalescence event is

Genealogies and balancing selection

P (Tcoalescence ≤ t) = 1− e
kA(kA−1)

2 ( 1
p )+ kB(kB−1)

2 ( 1
q )



(7) Natural Selection and the 
Coalescent

If switching events and coalescence events are all 
mutually exclusive, the individual exponents can be 
added together to obtain the total waiting time to any 
event:

Genealogies and balancing selection

P (Tcoalescence ≤ t) = 1− e
kA(kA−1)

2 ( 1
p )+ kB(kB−1)

2 ( 1
q )+kA

ν
2 ( q

p )+kB
ν
2 ( p

q )

Given that an event has occurred with a known waiting 
time, the type of event can be determined by drawing a 
random number between zero and one and comparing it 
with the cumulative total of the chance of each event 
divided by the total probability of all events



(7) Natural Selection and the 
Coalescent

Genealogies and balancing selection



Summary
For haploid organisms, natural selection is a population growth 
process where different genotypes vary in genotype-specific 
population growth rates

The ration of genotype-specific growth rates is the relative 
fitness and it predicts the genotype that will approach fixation

Natural selection in diploid organisms also relies on the relative 
fitness, with the addition of sexual reproduction such that pairs 
of parents can produce a predictable frequency of genotypes in 
their progeny under random mating

The outcomes of viability selection: directional selection (a 
homozygote most fit) results in (nearly)fixation/loss, balancing 
selection maintains both alleles forever, and disruptive selection 
results in fixation/loss depending on initial genotype frequencies



Summary
The fundamental theorem of natural selection: the change in 
mean fitness by natural selection is proportional to the additive 
genetic variation in fitness

Natural selection changes genotype frequencies fastest when 
gene action is additive

Natural selection acts as an uphill climber on a fitness surface, 
moving genotype frequencies uphill based on the slope at the 
current genotype frequencies

Fitness surfaces will have multiple peaks and valleys if there is 
dominance or epistasis

When considering more than a single allele, recombination must 
be taken into account



Summary

In addition to viability, fitness can be defined in terms of 
fecundity or carrying capacity, and its values may vary in time 
and space

Natural selection and genetic drift determine the fate of 
genotypes/alleles depending on the value of 4Nes

The fate of a new mutation is determined by natural selection 
depending on its fitness

Ancestral selection graphs model directional selection with the 
coalescent, and balancing selection can be modeled in the same 
fashion as the coalescent on a two-deme structured population


