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Flux Balance Analysis (FBA)

✤ Flux balance analysis (FBA), an optimality-base method for flux 
prediction, is one of the most popular modeling approaches for 
metabolic systems. 

✤ Flux optimization methods do not describe how a certain flux 
distribution is realized (by kinetics or enzyme regulation), but which 
flux distribution is optimal for the cell; e.g., providing the highest rate 
of biomass production at a limited inflow of external nutrients. 

✤ This allows us to predict flux distributions without the need for a 
kinetic description.
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Flux Balance Analysis (FBA)

✤ FBA investigates the theoretical capabilities and modes of metabolism 
by imposing a number of constraints on the metabolic flux 
distributions:

✤ The assumption of a steady state: S×v=0.

✤ Thermodynamics constraints: ai≤vi≤bi. 

✤ An optimality assumption: the flux distribution has to maximize 
(or, minimize) an objective function f(v)

f(v) =
rX

i=1

civi
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Geometric Interpretation of FBA
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growth of deleting every pairwise combina-
tion of 136 E. coli genes to find double gene 
knockouts that are essential for survival of 
the bacteria.

FBA has limitations, however. Because it 
does not use kinetic parameters, it cannot 
predict metabolite concentrations. It is also 
only suitable for determining fluxes at steady 
state. Except in some modified forms, FBA 
does not account for regulatory effects such 
as activation of enzymes by protein kinases 
or regulation of gene expression. Therefore, 
its predictions may not always be accurate.

The many uses of flux balance analysis
Because the fundamentals of flux balance analy-
sis are simple, the method has found diverse 
uses in physiological studies, gap-filling efforts 
and genome-scale synthetic biology3. By alter-
ing the bounds on certain reactions, growth on 
different media (example 1 in Supplementary 
Tutorial) or of bacteria with multiple gene 

constrained to an uptake rate of 0 mmol 
gDW–1 h–1. Constraints can also be tailored 
to the organism being studied, with lower 
bounds of 0 mmol gDW–1 h–1 used to simu-
late reactions that are irreversible in some 
organisms. Nonzero lower bounds can also 
force a minimal flux through artificial reac-
tions (like the biomass reaction) such as the 
‘ATP maintenance reaction’, which is a bal-
anced ATP hydrolysis reaction used to sim-
ulate energy demands not associated with 
growth13. Constraints can even be used to 
simulate gene knockouts by limiting reac-
tions to zero flux.

FBA does not require kinetic parameters 
and can be computed very quickly even for 
large networks. This makes it well suited 
to studies that characterize many different 
perturbations such as different substrates or 
genetic manipulations. An example of such a 
case is given in example 6 in Supplementary 
Tutorial, which explores the effects on 

glucose gDW–1 h–1; DW, dry weight) and set-
ting the maximum rate of oxygen uptake to 
an arbitrarily high level, so that it does not 
limit growth. Then, linear programming is 
used to determine the maximum possible 
flux through the biomass reaction, result-
ing in a predicted exponential growth rate 
of 1.65 h–1. Anerobic growth of E. coli can be 
calculated by constraining the maximum rate 
of uptake of oxygen to zero and solving the 
system of equations, resulting in a predicted 
growth rate of 0.47 h–1 (see Supplementary 
Tutorial for computer code).

As these two examples show, FBA can be 
used to perform simulations under differ-
ent conditions by altering the constraints 
on a model. To change the environmental 
conditions (such as substrate availabil-
ity), we change the bounds on exchange 
reactions (that is, reactions representing 
metabolites flowing into and out of the sys-
tem). Substrates that are not available are 

Metabolic reactions are represented as a 
stoichiometric matrix (S) of size m n. 
Every row of this matrix represents one 
unique compound (for a system with m 
compounds) and every column represents 
one reaction (n reactions). The entries 
in each column are the stoichiometric 
coefficients of the metabolites participating 
in a reaction. There is a negative coefficient 
for every metabolite consumed and a 
positive coefficient for every metabolite 
that is produced. A stoichiometric 
coefficient of zero is used for every 
metabolite that does not participate in a 
particular reaction. S is a sparse matrix 
because most biochemical reactions 
involve only a few different metabolites. 
The flux through all of the reactions in a 
network is represented by the vector v, 
which has a length of n. The concentrations 
of all metabolites are represented by the 
vector x, with length m. The system of mass 
balance equations at steady state (dx/dt = 
0) is given in Fig. 2c26:

Sv = 0
Any v that satisfies this equation is 
said to be in the null space of S. In any 
realistic large-scale metabolic model, 
there are more reactions than there are 
compounds (n > m). In other words, 
there are more unknown variables than 
equations, so there is no unique solution 
to this system of equations.

Although constraints define a range of 
solutions, it is still possible to identify and 

analyze single points within the solution 
space. For example, we may be interested 
in identifying which point corresponds to 
the maximum growth rate or to maximum 
ATP production of an organism, given its 
particular set of constraints. FBA is one 
method for identifying such optimal points 
within a constrained space (Fig. 1).

FBA seeks to maximize or minimize an 
objective function Z = cTv, which can be 
any linear combination of fluxes, where 
c is a vector of weights indicating how 
much each reaction (such as the biomass 
reaction when simulating maximum 
growth) contributes to the objective 

function. In practice, when only one 
reaction is desired for maximization or 
minimization, c is a vector of zeros with a 
value of 1 at the position of the reaction 
of interest (Fig. 2d).

Optimization of such a system is 
accomplished by linear programming 
(Fig. 2e). FBA can thus be defined as 
the use of linear programming to solve 
the equation Sv = 0, given a set of upper 
and lower bounds on v and a linear 
combination of fluxes as an objective 
function. The output of FBA is a particular 
flux distribution, v, which maximizes or 
minimizes the objective function.

Box 1  Mathematical representation of metabolism
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Figure 1  The conceptual basis of constraint-based modeling. With no constraints, the flux 
distribution of a biological network may lie at any point in a solution space. When mass balance 
constraints imposed by the stoichiometric matrix S (labeled 1) and capacity constraints imposed 
by the lower and upper bounds (ai and bi) (labeled 2) are applied to a network, it defines an 
allowable solution space. The network may acquire any flux distribution within this space, but 
points outside this space are denied by the constraints. Through optimization of an objective 
function, FBA can identify a single optimal flux distribution that lies on the edge of the 
allowable solution space. 
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[Source: “What is flux balance analysis?”, Nat Biotech.]
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Formulation of an FBA Problem
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that predict which reactions are missing by 
comparing in silico growth simulations to 
experimental results20-22. Constraint-based 
models can also be used for metabolic engi-
neering where FBA-based algorithms, such 
as OptKnock23, can predict gene knockouts 
that allow an organism to produce desirable 
compounds24,25.

A more advanced form of robustness analysis 
involves varying two fluxes simultaneously to 
form a phenotypic phase plane19 (example 5 
in Supplementary Tutorial).

All genome-scale metabolic recon-
structions are incomplete, as they contain 
‘knowledge gaps’ where reactions are miss-
ing. FBA is the basis for several algorithms 

knockouts (example 6 in Supplementary 
Tutorial) can be simulated14. FBA can then be 
used to predict the yields of important cofactors 
such as ATP, NADH, or NADPH15 (example 2 
in Supplementary Tutorial).

Whereas the example described here 
yielded a single optimal growth phenotype, 
in large metabolic networks, it is often pos-
sible for more than one solution to lead to 
the same desired optimal growth rate. For 
example, an organism may have two redun-
dant pathways that both generate the same 
amount of ATP, so either pathway could be 
used when maximum ATP production is the 
desired phenotype. Such alternate optimal 
solutions can be identified through flux vari-
ability analysis, a method that uses FBA to 
maximize and minimize every reaction in 
a network16 (example 3 in Supplementary 
Tutorial), or by using a mixed-integer lin-
ear programming–based algorithm17. More 
detailed phenotypic studies can be performed 
such as robustness analysis18, in which the 
effect on the objective function of varying 
a particular reaction flux can be analyzed 
(example 4 in Supplementary Tutorial).  

Figure 2  Formulation of an FBA problem. (a) A 
metabolic network reconstruction consists of a 
list of stoichiometrically balanced biochemical 
reactions. (b) This reconstruction is converted into a 
mathematical model by forming a matrix (labeled S), 
in which each row represents a metabolite and each 
column represents a reaction. Growth is incorporated 
into the reconstruction with a biomass reaction 
(yellow column), which simulates metabolites 
consumed during biomass production. Exchange 
reactions (green columns) are used to represent the 
flow of metabolites, such as glucose and oxygen, 
in and out of the cell. (c) At steady state, the flux 
through each reaction is given by Sv = 0, which 
defines a system of linear equations. As large 
models contain more reactions than metabolites, 
there is more than one possible solution to these 
equations. (d) Solving the equations to predict the 
maximum growth rate requires defining an objective 
function Z = cTv (c is a vector of weights indicating 
how much each reaction (v) contributes to the 
objective). In practice, when only one reaction, such 
as biomass production, is desired for maximization 
or minimization, c is a vector of zeros with a value 
of 1 at the position of the reaction of interest. In the 
growth example, the objective function is Z = vbiomass  
(that is, c has a value of 1 at the position of the 
biomass reaction). (e) Linear programming is used 
to identify a flux distribution that maximizes or 
minimizes the objective function within the space 
of allowable fluxes (blue region) defined by the 
constraints imposed by the mass balance equations 
and reaction bounds. The thick red arrow indicates 
the direction of increasing Z. As the optimal solution 
point lies as far in this direction as possible, the thin 
red arrows depict the process of linear programming, 
which identifies an optimal point at an edge or 
corner of the solution space. 

To predict growth, Z = vbiomass
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Box 2  Tools for FBA

FBA computations, which fall into the category of constraint-based reconstruction and 
analysis (COBRA) methods, can be performed using several available tools27-29. The 
COBRA Toolbox11 is a freely available Matlab toolbox (http://systemsbiology.ucsd.edu/
Downloads/Cobra_Toolbox) that can be used to perform a variety of COBRA methods, 
including many FBA-based methods. Models for the COBRA Toolbox are saved in 
the Systems Biology Markup Language (SBML)30 format and can be loaded with the 
function ‘readCbModel’. The E. coli core model used in this Primer is available at  
http://systemsbiology.ucsd.edu/Downloads/E_coli_Core/.

In Matlab, the models are structures with fields, such as ‘rxns’ (a list of all reaction 
names), ‘mets’ (a list of all metabolite names) and ‘S’ (the stoichiometric matrix). 
The function ‘optimizeCbModel’ is used to perform FBA. To change the bounds on 
reactions, use the function ‘changeRxnBounds’. The Supplementary Tutorial contains 
examples of COBRA toolbox code for performing FBA, as well as several additional 
types of constraint-based analysis.

PR IME R
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What to Optimize?

✤ Minimize ATP production: the most energy-efficient state

✤ Minimize nutrient intake: the fittest state under nutrient shortage

✤ Maximize metabolite production: the biochemical production 
capabilities of certain desirable metabolites such as lysine, 
phenylalanine, etc.

✤ Maximize biomass formation: maximal growth rate

✤ ...
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Producing Biomass

✤ Growth can be defined in terms of the biosynthetic requirements to 
make a cell.

✤ These requirements are based on literature values of experimentally 
determined biomass composition. 

✤ Thus, biomass generation is defined as a linked set of reaction fluxes 
draining intermediate metabolites in the appropriate ratios and 
represented as an objective function Z.
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Biomass Formation in E. coli

✤ The requirements for making 1g of E. coli biomass from key cofactors 
and biosynthetic precursors have been documented.

✤ This means that for E. coli to grow, all these components must be 
provided in the appropriate relative amounts.

✤ Key biosynthetic precursors are used to make all the constituents of E. 
coli biomass. Their relative requirements to make 1g of E. coli biomass 
are: 

Zprecursors = +0.205Vg6P+0.071VF6P+0.898VR5P

                          +0.361VE4P+0.129VT3P+1.496V3PG

                          +0.519VPEP+2.833VPYR+3.748VAcCoA

                          +1.787VOAA+1.079VαKG
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Biomass Formation in E. coli

✤ In addition to precursors, cofactors are needed to drive the process.

✤ The cofactors requirement to synthesize the monomers from the 
precursors (amino acids, fatty acids, nucleic acids) and to polymerize 
them into macromolecules is

Zcofactors = 42.703VATP-3.547VNADH+18.22VNADPH
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Biomass Formation in E. coli

✤ The mass and cofactor requirements to generate E. coli biomass are:

Zbiomass = Zprecursors + Zcofactors

10



Resources for FBA

✤ The BIGG database: http://bigg.ucsd.edu/

✤ The COBRA toolbox: http://opencobra.sourceforge.net/

✤ FASIMU: http://www.bioinformatics.org/fasimu/
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Applications of FBA
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Modular Epistasis in Yeast 
Metabolism 

✤ Genes can be classified by categories related to functions of the cell 
(e.g., translation, energy metabolism, mitosis, etc.) based on textbook 
knowledge.

✤ Can we infer functional associations directly from deletion 
experiments? 

✤ If two gene products can compensate for each other’s loss, then 
deleting both of them will have a much stronger impact on cell fitness 
than one would expect from their single deletions. 

13



Modular Epistasis in Yeast 
Metabolism 

✤ On the other hand, if two gene products are essential parts of the 
same pathway, a single deletion would already shut down the 
pathway and a double deletion would not have any further effect. 

✤ Accordingly, we may try to infer functional relationships among the 
gene products by comparing the fitness losses caused by combined 
gene deletions.  
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Modular Epistasis in Yeast 
Metabolism 

✤ Epistasis describes how the fitness loss due to a gene mutation 
depends on the presence of other genes.

✤ It can be quantified by comparing the fitness of a wild type organism, 
e.g., the growth rate of a bacteria culture, to the fitness of single and 
double deletion mutants. 

✤ A single gene deletion (for gene i) will decrease the fitness (e.g., the 
growth rate) from a value fwt to a value fi, leading to a growth defect 
wi=fi/fwt (≤1).

15



Modular Epistasis in Yeast 
Metabolism 

✤ For a double deletion of unrelated genes i and j, we may expect a 
multiplicative effect wij=wiwj (no epistasis). 

✤ If the double deletion is more severe (wij<wiwj), we call the epistasis 
aggravating. 

✤ If the double deletion is less severe (wij>wiwj), we call the epistasis 
buffering. 

✤ Both cases of aggravating and buffering epistasis indicate functional 
associations between the genes in question.   
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Modular Epistasis in Yeast 
Metabolism 
✤ Segre et al. (Nature Genetics, 37(1):77-83, 2005) recently used FBA to 

predict growth rates of the yeast S. cerevisiae and to calculate the 
epistatic effects between all metabolic genes.

✤ The model predicted relative growth defects of all single and double 
deletion mutants, from which they computed an epistasis measure for 
each pair of genes:     

✏̂ij =
wij � wiwj

|ŵij � wiwj |

ŵij = min{wi, wj} ŵij = 0

extreme buffering extreme aggravation

17



Modular Epistasis in Yeast 
Metabolism 

single or double gene deletions relative to the rate of biomass produc-
tion of the unperturbed wild-type network. For the deletion of gene X,
fitness was defined as WX ¼ VDX

growth=V
wild"type
growth (refs. 25–27). For any

pair of genes X and Y, we evaluated the level of epistasis by comparing
the fitness WXY of the double mutant with the product of the fitness
values WX and WY of the corresponding single mutants5,14,18.
We first analyzed the distribution of deviations from this multi-

plicative behavior using previously proposed scales (Supplementary
Fig. 1 online) and concentrated in particular on a conventional
nonscaled measure of epistatic interactions: e ¼ WXY " WXWY

(refs. 5,14). In agreement with existing theoretical and experimental
results14,18, apart from the synthetic-lethal pairs (located at e { 0),
this approach yielded a unimodal distribution of genetic interactions
centered around e ¼ 0 (Fig. 1a). Thus, on average, mutations in FBA
combined multiplicatively to affect fitness (Supplementary Fig. 2
online). Deviations from no epistasis towards buffering (e 4 0) and
towards aggravating (e o 0) interactions were equally common (53%
and 47%, respectively). On the e o 0 side of the distribution,
there seemed to be a distinction between the strongly interacting
synthetic-lethal pairs and other, much milder, nonlethal effects. For

e 4 0, however, such a distinction between strong and weak interac-
tions was not apparent.
To assess whether a given value of e was large or small, we used a

normalization based on two natural references. For aggravating inter-
actions, the extreme reference case was complete synthetic lethality:
WXY ¼ 0. We compared buffering interactions to the special case in
which the mutation with the stronger effect completely buffers the
effect of the other mutation: WXY ¼ min(WX,WY) (ref. 20). Using
these reference cases, we defined a new scale, ~e, which quantifies the
relative strength of the interactions (Table 1 and Supplementary
Fig. 1 online). Using the scaled measure of epistasis ~e, the distribution
of the epistasis level diverged into a trimodal distribution (Fig. 1b),
which, to our knowledge, has not been previously described. Some
experimental support for the predicted trimodal distribution is found
in previously published fitness measurements of RNA virus mutants
(Fig. 1e,f)15. The new scale ~e uncovered a qualitative distinction
between different pairs of genes (Fig. 1c) and allowed them to be
classified into three classes: buffering, aggravating and multiplicative.
A schematic metabolic network demonstrating these interaction types
is shown in Figure 1d.
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Figure 1 Epistatic interactions between mutations can be classified into three distinct classes. Fitness values of all possible double mutants relative to the
expected no-epistasis values are calculated with FBA over all pairs of enzyme deletions (excluding essential genes and gene-deletions with no phenotypic
consequence). The trimodal distribution is uncovered by transforming the (a) nonscaled epistasis level e ¼ WXY " WXWY into (b) the new scale ~e defined in
Table 1. The ~e values are used to classify the interactions into buffering (green) at ~e 4 y+; aggravating (red), including synthetic lethal at ~e ¼ "1 and strong
synthetic sick at ~e o y–; and no epistasis (black). Here we used (y–,y+) ¼ ("0.25,0.95). Relatively few interaction pairs (gray) fall in a nondecisive area.
Although the ~e ¼ 1 point is the outermost value in the FBA model, in experimental measurements compensatory interactions could exceed this buffering
case (see also e and f). (c) The classification of gene interactions is also evident in a scatter plot showing e/~e versus e normalized to the effect of the double
mutation, 1 – WXY. The ratio between the x and y axes is equal to the scaled epistasis level ~e. A small random displacement was added to resolve overlapping
points. (d) A schematic metabolic network showing simple examples of buffering, aggravating and multiplicative interactions (green, red and black arcs,
respectively) between gene deletions (X). The synthesis of biomass (full square) from biomass components (full dots) requires an optimal allocation of a
common nutrient (empty square) through intermediate metabolites (empty dots). Additional reactions (dotted arrow) may account for more subtle buffering
interactions in the complete network (for additional details and topologies, see Supplementary Figs. 2 and 4 online). (e,f) Distribution of epistasis in
experimental data of fitness measurements of double and single mutants in RNA viruses15. The unimodal distribution of e (e) diverges into a trimodal
distribution when ~e is used (f). While these data support the FBA-derived trimodal distribution in the ["1,1] range of ~e, the presence of pairs with ~e 4 1
stresses the relevance of the additional class of such compensatory interactions (31 pairs, not shown). In viewing these results, one should keep in mind
that, as explained in ref. 15, the data are based on a heterogeneous collection of diverse experiments and may not represent a truly random set of mutations.
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Modular Epistasis in Yeast 
Metabolism 

This classification can be represented as a genetic network of
buffering and aggravating links between genes. To understand the
overall organization of the network, we started with a supervised
analysis of the total number of buffering and aggravating interac-
tions between groups of genes defined by preassigned functional
annotation23. Pairs of epistatically interacting genes were more likely
to share the same annotation than would be expected by chance
(21% relative to 10% expected for random pairs, Pgene E 10!11;
Fig. 2a). Much additional information on functional organiza-
tion, however, can be extracted by looking for patterns in the

remaining 79% of the interacting gene pairs (Fig. 2a). These interac-
tions tend to be either exclusively buffering or exclusively aggravating
(Pgroup o 10–4). This property, which we call ‘monochromaticity’ of
interactions between gene sets, has a biological interpretation, and we
suggest that it is an inherent part of a general definition of functional
gene modules3. From a system-level perspective, we expect that a
disruption in a given functional module (e.g., a mutation affecting the
synthesis of a certain amino acid) in the interaction network would
either buffer or aggravate the phenotypic consequence of a disruption
of a second functional module. In other words, if all the genes in a

A B C D D! E F G H I I! J K K! L M N O P Q Q!R R! S T U V W X

A Glycolysis / gluconeogenesis
Pentose phosphate cycle

Salvage pathways
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Sucrose and sugar metabolism
Lysine metabolism
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Arginine metabolism
Alanine and aspartate metabolism

Purine metabolism
Pyrimidine  metabolism
Proline metabolism
Sulfur metabolism
Cysteine biosynthesis
Aromatic amino acids metabolism
Transport, other compounds
Transport, metabolic byproducts
Anaplerotic reactions
ATP synthetase
Mitochondrial membrane transport
Pyruvate metabolism
Oxidative phosphorylation
Electron transport complex IV
Tricarboxylic acid cycle
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Figure 3 Schematic description of the Prism algorithm. (a) The algorithm arranges a network of aggravating (red) and buffering (green) interactions into
modules whose genes interact with one another in a strictly monochromatic way. This classification allows a system-level description of buffering and
aggravating interactions between functional modules. See also Supplementary Video 1 online. Two networks with the same topology, but different
permutations of link colors, can have different properties of monochromatic clusterability: permuting links 3–4 with 2–4 transforms a ‘clusterable’ graph (b)
into a ‘nonclusterable’ one (c). See also Supplementary Figure 6 online.

Figure 2 Epistatic interactions between genes
classified by functional annotation groups tend to
be of a single sign (i.e., monochromatic).
(a) Representation of the number of buffering and
aggravating interactions within and between
groups of genes defined by common preassigned
annotation from the FBA model. The radii of the
pies represent the total number of interactions
(ranging logarithmically from 1 in the smallest
pies to 35 in the largest). The red and green pie
slices reflect the numbers of aggravating and
buffering interactions, respectively.
Monochromatic interactions, represented by
whole green or red pies, are much more common
than would be expected by chance. (b) Sensitivity
analysis of the prevalence of monochromaticity
with respect to changes in the growth conditions
In each matrix, an input parameter was modified
with respect to the nominal analysis: O–, 0.5"
oxygen concentration; C–, 0.5" carbon
concentration; AC, acetate (instead of glucose)
supplied as carbon source. The color of the
matrix element indicates the kind of interactions
observed between the genes in different
annotation groups: red for pure aggravating, green
for pure buffering and yellow for mixed links. The
annotation groups are represented with the same
letter code used in a (see extended analysis in
Supplementary Fig. 3 online).
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This classification can be represented as a genetic network of
buffering and aggravating links between genes. To understand the
overall organization of the network, we started with a supervised
analysis of the total number of buffering and aggravating interac-
tions between groups of genes defined by preassigned functional
annotation23. Pairs of epistatically interacting genes were more likely
to share the same annotation than would be expected by chance
(21% relative to 10% expected for random pairs, Pgene E 10!11;
Fig. 2a). Much additional information on functional organiza-
tion, however, can be extracted by looking for patterns in the

remaining 79% of the interacting gene pairs (Fig. 2a). These interac-
tions tend to be either exclusively buffering or exclusively aggravating
(Pgroup o 10–4). This property, which we call ‘monochromaticity’ of
interactions between gene sets, has a biological interpretation, and we
suggest that it is an inherent part of a general definition of functional
gene modules3. From a system-level perspective, we expect that a
disruption in a given functional module (e.g., a mutation affecting the
synthesis of a certain amino acid) in the interaction network would
either buffer or aggravate the phenotypic consequence of a disruption
of a second functional module. In other words, if all the genes in a
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Figure 3 Schematic description of the Prism algorithm. (a) The algorithm arranges a network of aggravating (red) and buffering (green) interactions into
modules whose genes interact with one another in a strictly monochromatic way. This classification allows a system-level description of buffering and
aggravating interactions between functional modules. See also Supplementary Video 1 online. Two networks with the same topology, but different
permutations of link colors, can have different properties of monochromatic clusterability: permuting links 3–4 with 2–4 transforms a ‘clusterable’ graph (b)
into a ‘nonclusterable’ one (c). See also Supplementary Figure 6 online.

Figure 2 Epistatic interactions between genes
classified by functional annotation groups tend to
be of a single sign (i.e., monochromatic).
(a) Representation of the number of buffering and
aggravating interactions within and between
groups of genes defined by common preassigned
annotation from the FBA model. The radii of the
pies represent the total number of interactions
(ranging logarithmically from 1 in the smallest
pies to 35 in the largest). The red and green pie
slices reflect the numbers of aggravating and
buffering interactions, respectively.
Monochromatic interactions, represented by
whole green or red pies, are much more common
than would be expected by chance. (b) Sensitivity
analysis of the prevalence of monochromaticity
with respect to changes in the growth conditions
In each matrix, an input parameter was modified
with respect to the nominal analysis: O–, 0.5"
oxygen concentration; C–, 0.5" carbon
concentration; AC, acetate (instead of glucose)
supplied as carbon source. The color of the
matrix element indicates the kind of interactions
observed between the genes in different
annotation groups: red for pure aggravating, green
for pure buffering and yellow for mixed links. The
annotation groups are represented with the same
letter code used in a (see extended analysis in
Supplementary Fig. 3 online).
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The Interplay Between 
Metabolism and Gene Regulation

✤ Recently, Shlomi et al. (MSB 3:101) conducted a computational 
analysis of the interplay between metabolism and transcriptional 
regulation in E. coli. 

✤ To enable such an analysis, the authors proposed a new method, 
steady-state regulatory flux balance analysis (SR-FBA), for predicting 
gene expression and metabolic fluxes in a large-scale integrated 
metabolic-regulatory model. 
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An Integrated Network

prunes extreme pathways that are inconsistent with the given
active regulatory constraints and yields a characterization of
permissible alternative solutions, is however not applicable for
large-scale models, in which the enumeration of all extreme
pathways is computationally intractable.
This paper presents a new method, steady-state regulatory

flux balance analysis (SR-FBA), which enables, for the first
time, a comprehensive characterization of steady-state beha-
viors in a genome-scale, integrated metabolic–regulatory
model. The method is applied to characterize the flux activity
and gene expression of Escherichia coli metabolism across
different growth media. This characterization is used to study
the effect of transcriptional regulation on cellular metabolism,
by quantifying the extent towhich regulatory versusmetabolic
constraints determine flux activity. Subsequently, the inte-
grated model is used to identify specific genes and metabolic
functions in which regulation is not optimally tuned for
cellular flux demands.

Results and discussion

The SR-FBA method characterizes the metabolic–
regulatory solution space

Integrated metabolic and transcriptional regulatory models
consist of two dependent components that represent metabo-
lism and regulation (Figure 1). The functional state of the
metabolic component is represented by steady-state fluxes
through its reactions. The functional state of the transcrip-
tional regulatory system at steady state is represented by a
fixed, steady-state Boolean value for each gene, indicating
whether it is expressed or not. The combined functional state
of the entire system in a given constant environment, referred

to as metabolic–regulatory steady state (MRS), is described by
a pair of consistent metabolic and regulatory steady states,
which satisfy both the metabolic and regulatory constraints
(Covert and Palsson, 2003).
To identify an MRS for the integrated metabolic–regulatory

model, we developed a newmethod, SR-FBA,which is based on
mixed integer linear programming (MILP; Materials and
methods). Specifically, an MILP problem is formulated to
identify MRS solutions by translating the Boolean logic under-
lying the regulatory constraints and themapping between genes
and reactions to linear equations. Within this framework, we
employ flux variability analysis (FVA) (Mahadevan and
Schilling, 2003) to explore alternative MRS solutions (Materials
and methods). An implementation of SR-FBA is provided in
Supplementary Dataset 1 (and in the supplemental website:
http://www.cs.tau.ac.il/~shlomito/SR-FBA).
Each transcription factor (TF) and TF-regulated gene (i.e.,

genes associated with a regulatory rule in the model) can be
either in an expressed (non-expresses) state if it is expressed
(non-expressed) in all alternative MRS solutions attainable
within a given growth medium. In both cases, the genes are
considered to have a determined expression state. Alterna-
tively, a gene is considered to have an undetermined
expression state if it is expressed in some of the alternative
MRS solutions but non-expressed in others in the same
medium. In parallel, each gene is characterized by its flux
activity state, which reflects the existence of non-zero flux
through one of the metabolic enzymatic reactions that it
encodes. It can have a determined activity state, that is, be in an
active (inactive) state across all MRS in a given media, or else
have an undetermined activity state. Obviously, the expression
and activity states are inter-dependent as a gene cannot be
metabolically active if it is not expressed. Hence, the
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Figure 1 A schematic representation of an integrated metabolic and regulatory network. The regulatory network component consists of a set of interactions between
TFs and other TFs and genes. The metabolic network component consists of a set of biochemical reactions between metabolites, with metabolites available from growth
medium as input, and a pseudo-metabolite representing biomass production as output. The regulatory component affects the metabolic component through the
expression of proteins that catalyze the biochemical reactions (downward pointing arrows). The metabolic component affects the regulatory component via the activation
or inhibition of TF expression via the presence of specific metabolites (upwards arrows).
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The SR-FBA Method

✤ In addition to the metabolic constraints, there are

✤ Regulatory constraints: e.g., `G1=NOT(TF1) AND TF2’ (gene G1 is expressed 
if and only if TF1 is not expressed and TF2 is expressed).

✤ Genes-to-reactions mapping constraints: e.g., `R1=(P1 AND P2) OR (P3 AND 
P4)’ (reaction R1 is catalyzed by either the enzyme complex P1-P2 or by 
the enzyme complex P3-P4). 

✤ Reaction enzyme state constraints: The absence of a catalyzing enzyme for a 
specific reaction should constrain the flux through this reaction to zero. 

✤ Reaction predicates constraints: The reaction predicate bi represents a rule in 
the form `FLUX(j)>c’, where c∈R.
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The Interplay Between the Two 
Networks

✤ The combined functional state of the entire system in a given constant 
environment, referred to as metabolic-regulatory steady state (MRS), is 
described by a pair of consistent metabolic and regulatory steady 
states, which satisfy both the metabolic and regulatory constraints. 

✤ The SR-FBA method identifies an MRS for the integrated metabolic-
regulatory model. 
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The Interplay Between the Two 
Networks

✤ Each transcription factor (TF) and TF-regulated gene (i.e., genes 
associated with a regulatory role in the model) can be either in an 
expressed or non-expressed state, if it is expressed or non-expressed, 
respectively, in all alternative MRS solutions attainable within a given 
growth medium. 

✤ In both cases, the genes are considered to have a determined expression 
state. 

✤ Alternatively, the gene is considered to have an undetermined 
expression state if it is expressed in some of the alternative MRS 
solutions but non-expressed in others in the same medium. 
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The Interplay Between the Two 
Networks

✤ In parallel, each gene is characterized by its flux activity state, which 
reflects the existence of non-zero flux through one of the metabolic 
enzymatic reactions that it encodes. 

✤ It can have a determined or undetermined activity state. 

✤ Obviously, the expression and activity states are inter-dependent as a 
gene cannot be metabolically active if it is not expressed. 
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The Interplay Between the Two 
Networks

✤ Using the SR-FBA method, the authors quantified the effect of 
transcriptional regulation on metabolism by measuring the fraction of 
genes whose flux activity is determined by the integrated model but 
not by the metabolic component alone. 
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The Interplay Between the Two 
Networks

across the growth media, on average, and 6% overall) are not
TF-regulated. Thus, transcriptional regulation can indirectly
determine the activity of reactions that are not subject to TF
regulation, by regulating their pathway-associated reactions,
corresponding with the findings of Rossell et al (2006).
The flux activity of a considerable fraction of the genes
(B30% of the total) remains undetermined at steady state
even in the integratedmodel. This may be the result of missing
constraints, for example, constraints associated with post-
transcriptional regulation. Alternatively, these genes’ unde-
termined flux activity state may reflect biologically plausible
metabolic variability determined by biological factors that are
out of the model’s scope (e.g., stress), or potential variability
within a cell population (Bilu et al, 2006).

Redundant expression of metabolic genes

In the previous section, we have shown that the flux activity
states of about half of the genes are already determined by the
metabolic constraints alone. Here, we study the extent to
which the regulatory constraints match the flux activity states
of these genes. This investigation is motivated by previous
findings of a significant, but rather moderate correlation
between the flux rate through a metabolic reaction and the
expression level of its associated genes. This moderate-only
correlation may either result from the intermediary effects of
post-transcriptional regulation, reflect the complex interplay

between hierarchical and metabolic regulation (Rossell et al,
2006) or reflect the non-optimality of the regulatory system in
expressing the minimal set of genes required to fulfill meta-
bolic demands (Akashi, 2003; Daran-Lapujade et al, 2004).
Examining the metabolically determined genes that are TF

regulated, we find that 22–31% of them are metabolically
active across different media, whereas the rest are inactive
(Figure 2B). Of the latter, 26 genes are predicted to be
redundantly expressed in some media—that is, they are
expressed even though their associated reactions have zero
fluxes. Additionally, 10 genes whose flux activity is regulatory-
determined are also predicted to be redundantly expressed in
some of the media examined. Overall, some of these 36 genes
are redundantly expressed in only very few (1%) of the growth
media, whereas others are redundantly expressed in almost all
growth media (96%; Supplementary Figure 4). Three func-
tional categories are significantly enriched with redundantly
expressed genes (hypergeometric P-valueo0.05), including
membrane lipid metabolism, TCA cycle and extracellular
transporters (Figure 2C). Interestingly, several redundantly
expressed transporters are affected by Crp, a major global
regulator of catabolic-sensitive operons. In the absence of
arabinose and gluconate in the model, Crp turns on the
expression of both arae (an arabinose transporter) and gntp
(a gluconate transporter) in a redundant manner, as their
flux activity state requires the availability of arabinose and
gluconate in the growth medium. Notably, in the case of
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Figure 2 (A) The fraction of metabolic-determined genes and the fraction of regulatory-determined genes across different growth media. For the latter, we show the
fraction of genes that are TF-regulated and the fraction of non-TF-regulated genes. (B) The fraction of genes that are metabolically determined to be active, inactive and
redundantly expressed, from the set of metabolically determined genes. (C) The distribution of redundantly expressed genes within various functional metabolic
categories. Triangles represent a statistically significant enrichment.
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Metabolic Control Analysis
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Metabolic Control Analysis (MCA)

✤ MCA characterizes the effects of small perturbations in a metabolic 
pathway that operates at a steady state.

✤ MCA was conceived to replace the notion that every pathway has one 
rate-limiting step, which is a slow reaction that by itself is credited 
with determining the magnitude of flux through the pathway. 

✤ In MCA, this concept of rate-limiting step was supplanted with the 
concept of shared control, which posits that every step in a pathway 
contributes, to some degree, to the control of the steady-state flux. 

29



Metabolic Control Analysis (MCA)

✤ MCA formalizes this concept with quantities called control 
coefficients and elasticities, and with mathematical relationships that 
permit certain insights into the control structure of the pathway. 
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Metabolic Control Analysis (MCA)

✤ The pathway is assumed to operate at steady state

✤ All perturbations are required to be infinitesimally small

✤ Control coefficients quantify the effect of small changes in parameters 
on features of the system as a whole (recall sensitivity analysis)
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✤ The control coefficients measure the relative change in a flux (the flux 
control coefficient) or substrate concentration (the concentration 
control coefficient) at steady state that results from a relative or 
percent change in a key parameter, such as an enzyme activity.

✤ It is assumed that each vi is directly proportional to the corresponding 
Ei, so that the control coefficients may be equivalently expressed in 
terms of vi or Ei. 

Metabolic Control Analysis (MCA)
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Metabolic Control Analysis (MCA)

✤ Recall: the steady state corresponds to 

dSi/dt = 0 dI/dt = 0 dO/dt = 0

✤ In this situation, all reaction rates must have the same magnitude as 
the overall flux J, namely v1=v2=...=v6=J. 
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Metabolic Control Analysis (MCA)

CJ
vi =

@J

J
/
@vi
vi

=
vi
J

@J

@vi
=

@ ln J

@ ln vi

The flux control coefficient:

The concentration control coefficient:

CSk
vi =

vi
Sk

@Sk

@vi
=

@ lnSk

@ ln vi

change in flux

change in enzyme 
activity
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Metabolic Control Analysis (MCA)

✤ The control exerted by a given enzyme either on a flux or on a 
metabolite concentration can be distinctly different, and it is indeed 
possible that a concentration is strongly affected but the pathway flux 
is not. 

✤ Therefore, the distinction between the two types of control coefficients 
is important. 
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Metabolic Control Analysis (MCA)

✤ Further, the distinction is also pertinent for practical considerations, 
for instance in biotechnology, where gene and enzyme manipulations 
are often targeted either toward an increased flux or toward an 
increased concentration of a desirable compound. 
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Metabolic Control Analysis (MCA)

✤ An elasticity coefficient measures how a reaction rate vi changes in 
response to a perturbation in a metabolite Sk or some other parameter.

✤ With respect to Sk, it is defined as 

"viSk
=

Sk

vi

@vi
@Sk

=
@ ln vi
@ lnSk
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Metabolic Control Analysis (MCA)

✤ The elasticity with respect to the Michaelis constant Kk of an enzyme 
for the substrate Sk is the complement of the metabolite elasticity:

"viSk
= �"viKk
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Metabolic Control Analysis (MCA)

✤ Because only one metabolite (or parameter) and one reaction are 
involved in this definition, but not the entire pathway, each elasticity 
is a local property, which can in principle be measured in vitro. 
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Metabolic Control Analysis (MCA)

✤ The main insights provided by MCA are gained from relationships 
among the control and elasticity coefficients.

✤ We may be interested in the overall change in the flux J, which is 
mathematically determined by the sum of responses to possible 
changes in all six enzymes:
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Metabolic Control Analysis (MCA)

✤ It has been shown that all effects, in the form of flux control 
coefficients, sum to 1, and that all concentration control coefficients 
with respect to a given substrate S sum to 0: 

n+1X

i=1

CJ
vi = 1

n+1X

i=1

CS
vi = 0
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Metabolic Control Analysis (MCA)

✤ Implications:

✤ The control of metabolic flux is shared by all reactions in the 
system; this global aspect identifies the control coefficients as 
systemic properties. 

✤ If a single reaction is altered and its contributions to the control of 
flux changes, the effect is compensated by changes in flux control 
by the remaining reactions. 

n+1X

i=1

CJ
vi = 1
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Metabolic Control Analysis (MCA)

✤ Use:

✤ One measures in the laboratory the effects of changes in various 
reactions of a pathway, and if the sum of flux control coefficients is 
below 1, then one knows that one or more contributions to the 
control structure are missing. 

n+1X

i=1

CJ
vi = 1
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Metabolic Control Analysis (MCA)

✤ A second type of insight comes from connectivity relationships, which 
establish constraints between control coefficients and elasticities.

✤ These relationships have been used to characterize the close 
connection between the kinetic features of individual reactions and 
the overall responses of a pathway to perturbations. 
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Metabolic Control Analysis (MCA)

✤ The most important of these connectivity relationships is 

✤ Let us consider an example of using this relationship. 

n+1X

i=1

CJ
vi"

vi
Sk

= 0
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Metabolic Control Analysis (MCA)

"v1X2
= �0.9 "v2X2

= 0.5 "v2X3
= �0.2 "v3X3

= 0.7 "v2X4
= �1 "v4X4

= 0.9

all other elasticities are 0
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Metabolic Control Analysis (MCA)

"v1X2
= �0.9 "v2X2

= 0.5 "v2X3
= �0.2 "v3X3

= 0.7 "v2X4
= �1 "v4X4

= 0.9

all other elasticities are 0

using the connectivity theorem

CJ
v1 = 0.19 CJ

v2 = 0.34 CJ
v3 = 0.10 CJ

v4 = 0.38
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Metabolic Control Analysis (MCA)

✤ Suppose reaction v2 is a bottleneck and that a goal of the analysis is to 
propose strategies for increasing the flux through the pathway. 

✤ Let’s consider two strategies:

1. modify the enzyme E2 so that it is less affected by the inhibition 
exerted by X4 

2. increase the activity of E4 to reduce the inhibition of v2
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Metabolic Control Analysis (MCA)

✤ Strategy 1: Suppose we could alter the effect of X4 by changing the 
binding constant K24 of the enzyme E2 by p%

✤ K24  has an effect on v2, which is quantified by the elasticity (of the 
Michaelis constant formula).

✤ Further, the effect of changes in v2 on the pathway flux J is given by 
the flux control coefficient.
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Metabolic Control Analysis (MCA)

✤ Putting it all together:

CJ
v2"

v2
K2

4
= � @ ln J

@ ln v2

@ ln v2
@ lnK2

4

= � @ ln J

@ lnK2
4

✤ Rearranging:

@ ln J = �CJ
v2"

v2
K2

4
@ lnK2

4 ⇡ �CJ
v2"

v2
K2

4
p%

✤ Substituting numerical values: 
a relative change in flux J of -0.34 per percent change in the 

binding constant of enzyme E2.

⇒to increase J, the constant must be decreased!
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Metabolic Control Analysis (MCA)

✤ Strategy 2: 

✤ The effect is about 10% stronger than in the previous strategy. 

@ ln J = �CJ
v4@ ln v4 ⇡ CJ

v4q% = 0.38q%
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