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✤ Networks have been used to 

✤ guide GWAS

✤ predict protein function

✤ model epidemics

✤ ...
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ABSTRACT

Motivation: As an increasing number of genome-wide association

studies reveal the limitations of the attempt to explain phenotypic

heritability by single genetic loci, there is a recent focus on

associating complex phenotypes with sets of genetic loci. Although

several methods for multi-locus mapping have been proposed, it is

often unclear how to relate the detected loci to the growing knowledge

about gene pathways and networks. The few methods that take

biological pathways or networks into account are either restricted to

investigating a limited number of predetermined sets of loci or do not

scale to genome-wide settings.

Results: We present SConES, a new efficient method to discover sets

of genetic loci that are maximally associated with a phenotype while

being connected in an underlying network. Our approach is based on

a minimum cut reformulation of the problem of selecting features

under sparsity and connectivity constraints, which can be solved

exactly and rapidly.

SConES outperforms state-of-the-art competitors in terms of runtime,

scales to hundreds of thousands of genetic loci and exhibits higher

power in detecting causal SNPs in simulation studies than other meth-

ods. On flowering time phenotypes and genotypes from Arabidopsis

thaliana, SConES detects loci that enable accurate phenotype predic-

tion and that are supported by the literature.

Availability: Code is available at http://webdav.tuebingen.mpg.de/u/

karsten/Forschung/scones/.

Contact: chloe-agathe.azencott@tuebingen.mpg.de

Supplementary information: Supplementary data are available at

Bioinformatics online.

1 INTRODUCTION

Twin and family/pedigree studies make it possible to estimate the
heritability of observed traits, that is to say the amount of their
variability that can be attributed to genetic differences. In the
past few years, genome-wide association studies (GWAS), in
which several hundreds of thousands to millions of single nucleo-
tide polymorphisms (SNPs) are assayed in up to thousands of
individuals, have made it possible to identify hundreds of genetic
variants associated with complex phenotypes (Zuk et al., 2012).
Unfortunately, although studies associating single SNPs with
phenotypic outcomes have become standard, they often fail to
explain much of the heritability of complex traits (Manolio et al.,
2009). Investigating the joint effects of multiple loci by mapping

sets of genetic variants to the phenotype has the potential to help
explain part of this missing heritability (Marchini et al., 2005).
Although efficient multiple linear regression approaches (Cho
et al., 2010; Rakitsch et al., 2012; Wang et al., 2011) make the
detection of such multivariate associations possible, they often
remain limited in power and hard to interpret. Incorporating
biological knowledge into these approaches could help boosting
their power and interpretability. However, current methods are
limited to predefining a reasonable number of candidate sets to
investigate (Cantor et al., 2010; Fridley and Biernacka, 2011; Wu
et al., 2011), for instance by relying on gene pathways. They
consequently run the risk of missing biologically relevant loci
that have not been included in the candidate sets. This risk is
made even likelier by the incomplete state of our current biolo-
gical knowledge.
For this reason, our goal here is to use prior knowledge in a

more flexible way. We propose to use a biological network,
defined between SNPs, to guide a multi-locus mapping approach
that is both efficient to compute and biologically meaningful:We
aim to find a set of SNPs that (i) are maximally associated with a
given phenotype and (ii) tend to be connected in a given biological
network. In addition, this set must be computed efficiently on
genome-wide data. In this article, we assume an additive model
to characterize multi-locus association. The network constraint
stems from the assumption that SNPs influencing the same
phenotype are biologically linked. However, the diversity of the
type of relationships that this can encompass, together with the
current incompleteness of biological knowledge, makes provid-
ing a network in which all the relevant connections are present
unlikely. For this reason, although we want to encourage the
SNPs to form a subnetwork of the network, we also do not
want to enforce that they must form a single connected compo-
nent. Finally, we stress that the method must scale to networks of
hundreds of thousands or millions of nodes. Approaches by
Chuang et al. (2007) or Li and Li (2008); Nacu et al. (2007)
developed to analyze gene networks containing hundreds of
nodes do therefore not apply.
Although our method can be applied to any network between

genetic markers, we explore three special types of networks
(Fig. 1):

! GS network: SNPs adjacent on the genomic sequence (GS)
are linked together. In this setting, we aim at recovering sub-
sequences of the genomic sequence that correlate with the
phenotype.*To whom correspondence should be addressed.
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! GM (gene membership) network: SNPs are connected as in
the sequence network described earlier in the text; in add-
ition, SNPs near the same gene are linked together as well.
Usually, a SNP is considered to belong to a gene if it is either
located inside said gene or within a predefined distance of
this gene. In this setting, we aim more particularly at re-
covering genes that correlate with the phenotype.

! GI (gene interaction) network: SNPs are connected as in the
GM network described earlier in the text. In addition, sup-
posing we have a gene–gene interaction network (derived,
for example, from protein–protein interaction data or gene
expression correlations), SNPs belonging to two genes con-
nected in the gene network are linked together. In this set-
ting, we aim at recovering potential pathways that explain
the phenotype.

Our task is a feature selection problem in a graph-structured
feature space, where the features are the SNPs, and the selection
criterion should be related to their association with the pheno-
type considered. Our problem is different from subgraph selec-
tion problems such as those encountered in chemoinformatics,
where each object is a graph and each feature is a subgraph of its
own (Tsuda, 2011).
Several approaches have already been developed for selecting

graph-structured features. A number of them (Le Saux and
Bunke, 2005; Jie et al., 2012) only use the graph over the features
to build the learners evaluating their relevance, but do not en-
force that the selected features should follow this underlying
structure. Indeed, they can be applied to settings where the fea-
tures connectivity varies across examples, whereas here, all indi-
viduals share the same network.
The overlapping group Lasso (Jacob et al., 2009; Liu et al.,

2012) is a sparse linear model designed to select features that
belong to the union of a small number of predefined groups. If
a graph over the features is given, defining those groups as all

pairs of features connected by an edge or as all linear subgraphs of
a given size yields the so-called graph Lasso. A similar approach is
taken by Huang et al. (2009): their structured sparsity penalty
encourages selecting a small number of base blocks, where
blocks are sets of features defined so as to match the structure
of the problem. In the case of a graph-induced structure, blocks
are defined as small connected components of that graph. As
shown in Mairal and Yu (2011), the overlapping group Lasso
aforementioned is a relaxation of this binary problem. As the
number of linear subgraphs or connected components of a given
size grows exponentially with the number of nodes of the graph,
which can reach millions in the case of whole-genome SNP data,
only the edge-based version of the graph Lasso can be applied to
our problem. It is however unclear whether it is sufficient to cap-
ture long-range connections between graph nodes.
Li and Li (2008) propose a network-constrained version of the

Lasso that imposes the type of graph connectivity we deem de-
sirable. However, their approach has been developed with net-
works of genes (rather than of SNPs) in mind and does not scale
easily to the datasets we envision. Indeed, the implementation
they propose relies on a singular value decomposition of the
Laplacian of the network, which is intensive to compute and
cannot be stored in memory.
Chuang et al. (2007) also searched subnetworks of protein–

protein interaction networks that are maximally associated with
a phenotype; however, their greedy approach requires fixing be-
forehand a (necessarily small) upper-limit on the size of the sub-
networks considered.
In the case of directed acyclic graphs, Mairal and Yu (2011)

propose a minimum flow formulation that makes it possible to
use for groups (or blocks) the set of all paths of the network.
Unfortunately, the generalization to undirected graphs with
cycles, such as the SNP networks we consider, requires randomly
assigning directions to edges and pruning those in cycles without
any biological justification. Although this can work reasonably
well in practice (Mairal and Yu, 2011), this is akin to artificially
removing more than half of the network connections without any
biological justification.
In what follows, we formulate the network-guided SNP selec-

tion problem as a minimum cut problem on a graph derived
from the SNP network in Section 2 and evaluate the performance
of our solution both in simulations and on actual Arabidopsis
thaliana data in Section 3.

2 METHODS

2.1 Problem formulation
Let n be the number of SNPs andm the number of individuals. The SNP–
SNP network is described by its adjacency matrix W of size n" n. A
number of statistics based on covariance matrices, such as the Hilbert-
Schmidt Independence Criterion (HSIC), (Gretton et al., 2005) or the
Sequence Kernel Association Test (SKAT) (Wu et al., 2011), can be
used to compute a measure of dependence c 2 Rn between each single
SNP and the phenotype. Under the common assumption that the joint
effect of several SNPs is additive (which corresponds to using linear ker-
nels in those methods), c is such that the association between a group of
SNPs and the phenotype can be quantified as the sum of the scores of the
SNPs belonging to this group. That is, given an indicator vector
f 2 f0, 1gn such that, for any p 2 f1, . . . , ng, fp is set to 1 if the p-th

(a)

(c)

(b)

Fig. 1. Small examples of the three types of networks considered
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Abstract

With the recent success of genome-wide association studies (GWAS), a wealth of association data has been accomplished
for more than 200 complex diseases/traits, proposing a strong demand for data integration and interpretation. A
combinatory analysis of multiple GWAS datasets, or an integrative analysis of GWAS data and other high-throughput data,
has been particularly promising. In this study, we proposed an integrative analysis framework of multiple GWAS datasets by
overlaying association signals onto the protein-protein interaction network, and demonstrated it using schizophrenia
datasets. Building on a dense module search algorithm, we first searched for significantly enriched subnetworks for
schizophrenia in each single GWAS dataset and then implemented a discovery-evaluation strategy to identify module genes
with consistent association signals. We validated the module genes in an independent dataset, and also examined them
through meta-analysis of the related SNPs using multiple GWAS datasets. As a result, we identified 205 module genes with a
joint effect significantly associated with schizophrenia; these module genes included a number of well-studied candidate
genes such as DISC1, GNA12, GNA13, GNAI1, GPR17, and GRIN2B. Further functional analysis suggested these genes are
involved in neuronal related processes. Additionally, meta-analysis found that 18 SNPs in 9 module genes had
Pmeta,161024, including the gene HLA-DQA1 located in the MHC region on chromosome 6, which was reported in previous
studies using the largest cohort of schizophrenia patients to date. These results demonstrated our bi-directional network-
based strategy is efficient for identifying disease-associated genes with modest signals in GWAS datasets. This approach can
be applied to any other complex diseases/traits where multiple GWAS datasets are available.
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Introduction

Genome-wide association (GWA) studies have, during the past
decade, become a powerful tool to study the genetic components
of complex diseases [1]. Although an increasing number of genes/
markers have been uncovered in GWA studies, which have
provided us important insights into the underlying genetic basis of
complex diseases such as schizophrenia [2,3,4], it has also become
evident that many genes are weakly or moderately associated with
the diseases. Most of these variants have been missed in single
marker analysis, as investigators typically employ a genome-wide
significance cutoff P-value of 561028. Alternatively, the gene set
analysis (GSA) of GWAS datasets provides ways to simultaneously

examine groups of functionally related genes for their combined
effects and thus have improved power and interpretability [5].

Many GSA methods have been reported to date, such as the
gene set enrichment analysis [6], the adaptive rank-truncated
product [7], the gene set ridge regression in association studies
(GRASS) [8], etc. Most of these methods were designed to use pre-
defined gene sets such as the KEGG database [9] or the Gene
Ontology (GO) annotations [10]. Alternatively, studies are
emerging by incorporating protein-protein interaction (PPI)
networks into GWAS analysis. Baranzini et al. [11] first adopted
a network-based method that was initially designed for gene
expression data [12] to analyze the GWAS data for multiple
sclerosis. Recently, Rossin et al. [13] developed the Disease
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Functional annotation of proteins is a fundamental problem
in the post-genomic era. The recent availability of protein
interaction networks for many model species has spurred
on the development of computational methods for inter-
preting such data in order to elucidate protein function. In
this review, we describe the current computational
approaches for the task, including direct methods, which
propagate functional information through the network, and
module-assisted methods, which infer functional modules
within the network and use those for the annotation task.
Although a broad variety of interesting approaches has
been developed, further progress in the field will depend on
systematic evaluation of the methods and their dissemina-
tion in the biological community.
Molecular Systems Biology 13 March 2007;
doi:10.1038/msb4100129
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Introduction

The past decade has seen a revolution in sequencing
technologies, resulting in hundreds of sequenced genomes.
A fundamental challenge of the post-genomic era is the
interpretation of this wealth of data to elucidate protein
function. To date, even for the most well-studied organisms
such as yeast, about one-fourth of the proteins remain
uncharacterized (Figure 1).
Classical computational approaches to gene annotation

collect for each protein a set of features characterizing it, and
apply machine-learning algorithms to infer annotation rules
based on those features (Pavlidis et al, 2001). The newly
available large-scale networks of molecular interactions with-
in the cell have made it possible to go beyond these one-
dimensional approaches, and study protein function in the
context of a network. In particular, novel high-throughput
technologies for protein–protein interaction (PPI) measure-
ments (Aebersold and Mann, 2003; Fields, 2005) have created
large-scale data on protein interaction across human and most
model species. These data are commonly represented as

networks, with nodes representing proteins and edges
representing the detected PPIs.
In this review, we survey the growing body of works on

functional annotation of proteins via their network of
interactions (summarized in Table I). We distinguish two
types of approaches (Figure 2): direct annotation schemes,
which infer the function of a protein based on its connections
in the network, and module-assisted schemes, which first
identify modules of related proteins and then annotate each
module based on the known functions of its members.
Naturally, the presented methods and the emphasis on
particular ones reflect the opinions of the authors.

Direct methods

The common principle underlying all direct methods for
functional annotation is that proteins that lie closer to one
another in the PPI network are more likely to have similar
function. As can be seen in Figure 3, there is an evident
correlation between network distance and functional distance,
that is, the closer the two proteins are in the network the more
similar are their functional annotations. The methods de-
scribed below differ in the way they capture and exploit this
correlation. In the following, we denote the PPI network as a
graph G¼(V,E) (see Box 1 for graph-theoretic definitions).

Neighborhood counting

The simplest and most direct method for function prediction
determines the function of a protein based on the known
function of proteins lying in its immediate neighborhood.
Schwikowski et al (2000) predict for a given protein up to three
functions that are most common among its neighbors.
Although simple and effective, the obvious caveats of this
approach are that associations are not assigned any signifi-
cance values and the full topology of the network is not taken
into account in the annotation process.
Hishigaki et al (2001) try to tackle the first problem by

computing w2-like scores for function assignment. In detail,
they examine the n-neighborhood of a protein (Box 1). For a
protein p, each function f is assigned a score (nf -ef)

2/ef, where
nf is the number of proteins in the n-neighborhood of p that
have the function f and ef is the expectation of this number
based on the frequency of f among the network’s proteins. A
shortcoming of this approach is that within the n-neighbor-
hood, proteins at different distances from p are treated in the
same way. Chua et al (2006) try to tackle the second problem
by investigating the relation between network distance and
functional similarity. They focus on the 1- and 2-neighbor-
hoods of a protein, and devise a functional similarity score that
gives different weights to proteins according to their distances
from the target protein.

& 2007 EMBO and Nature Publishing Group Molecular Systems Biology 2007 1
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Module finding algorithms can be divided into methods
using solely network topology information and methods that
utilize addition data sources, such as gene expression
measurements or deletion phenotypes. The algorithms vary
in their ability to detect overlapping modules and in the use of
interaction reliabilities. The exact definition of a functional
module also varies. The purpose of some algorithms is the
detection of molecular complexes, but others can also detect
sparser structures, such as signaling pathways (Steffen et al,

2002; Yeang et al, 2005; Scott et al, 2006). Here, we focus on
the former, as the latter methods are currently not aimed at
function prediction.

Detecting functional modules from network
topology

Several works focused on the detection of functional modules
based solely on protein interaction data. Most of the works
described belowdecompose the PPI network into subnetworks
based on some topological properties.
The molecular complex detection algorithm (MCODE)

(Bader and Hogue, 2003) consists of three stages: vertex
weighting, complex prediction and an optional post-proces-
sing step. The weighting of nodes is based on the core
clustering coefficient (Box 1). Bader and Hogue (2003)
propose the use of this coefficient instead of the standard
clustering coefficient, as it increases the weights of heavily
interconnected graph regions while giving small weights to the
less connected vertices, which are abundant in the scale-free
protein interaction networks. Once the weights are computed,
the algorithm traverses the weighted graph in a greedy fashion
to isolate densely connected regions. The post-processing step
filters or adds proteins based on connectivity criteria. MCODE
has been used in several recent publications describing

Figure 2 Direct versus module-assisted approaches for functional annotation. The scheme shows a network in which the functions of some proteins are known (top),
where each function is indicated by a different color. Unannotated proteins are in white. In the direct methods (left), these proteins are assigned a color that is unusually
prevalent among their neighbors. The direction of the edges indicates the influence of the annotated proteins on the unannotated ones. In the module-assisted methods
(right), modules are first identified based on their density. Then, within each module, unannotated proteins are assigned a function that is unusually prevalent in the
module. In both methods, proteins may be assigned with several functions.

Figure 3 Correlation between protein functional distance and network
distance. X-axis: distance in the network. Y-axis: average functional similarity
of protein pairs that lie at the specified distance. The functional similarity of two
proteins is measured using the semantic similarity of their GO categories (Lord
et al, 2003).

Network-based function prediction
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Epidemics and Networks
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Diseases and the Networks that 
Transmit Them

✤ The patterns by which epidemics spread through a population is 
determined not just by the properties of the pathogen carrying it 
(contagiousness, the length of the infection period, severity, etc.), but 
also by network structures within the population it is affecting. 

✤ The opportunities for a disease to spread are given by a contact 
network: there is a node for each person, and an edge if two people 
come into contact with each other in a way that makes it possible for 
the disease to spread from one to the other. 
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Diseases and the Networks that 
Transmit Them

✤ Accurately modeling the underlying network is crucial to 
understanding the spread of an epidemic. 
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Abstract

Many infectious diseases spread through populations via the networks formed by physical contacts among individuals. The
patterns of these contacts tend to be highly heterogeneous. Traditional ‘‘compartmental’’ modeling in epidemiology, however,
assumes that population groups are fully mixed, that is, every individual has an equal chance of spreading the disease to every other.
Applications of compartmental models to Severe Acute Respiratory Syndrome (SARS) resulted in estimates of the fundamental
quantity called the basic reproductive number R0—the number of new cases of SARS resulting from a single initial case—above one,
implying that, without public health intervention, most outbreaks should spark large-scale epidemics. Here we compare these
predictions to the early epidemiology of SARS. We apply the methods of contact network epidemiology to illustrate that for a single
value of R0; any two outbreaks, even in the same setting, may have very different epidemiological outcomes. We offer quantitative
insight into the heterogeneity of SARS outbreaks worldwide, and illustrate the utility of this approach for assessing public health
strategies.
r 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

More than two years since the first case of severe
acute respiratory syndrome (SARS), a respiratory illness
caused by a novel coronavirus, occurred in Guangdong
province of China (November, 2002) and more than 18

months since the syndrome was first recognized outside
of Asia (in Canada on March 13, 2003), its pattern of
spread remains an enigma to public health officials and
epidemiologists (Cyranoski and Abbott, 2003; Drosten
et al., 2003; Ksiazek et al., 2003; Marra et al., 2003;
Peiris et al., 2003; World Health Organization, 2003).
Mathematical epidemiologists originally estimated the
average number of secondary cases emanating from one
primary case in a susceptible population (R0) to be in the
range of 2.2 to 3.6 for this virus—an estimate well above
one, approximating that of a new subtype of influenza
(Hethcote, 2000; Lipsitch, 2003; Riley et al., 2003).

Despite this estimate and near-universal susceptibil-
ity, SARS has not emerged as a global pandemic.
Instead, initial seeding was followed by intense but
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Model calculations
We used a one-proton radical-pair model28 with an isotropic hyperfine coupling, a, of
0.5mT, an anisotropy, a of 0.3, and a lifetime of 20ms (corresponding to the observed
lifetime of flavin-tryptophan radical pairs15). We solved the stochastic Liouville equation
to determine the triplet yield in the presence of a static magnetic field of 46mT. We then
calculated, by direct numerical integration of the stochastic Liouville equation, the change
in triplet yield, DFOMF, caused by an additional 1.3MHz oscillating magnetic field in
resonance with the splitting due to the 46mT static field. For comparison, we also
calculated the triplet yield change, DF static, resulting from a decrease of 12 mT in static
field, noting that such a change led to disorientation in the magnetic compass orientation
responses of robins29. The intensity of the oscillating field required for DFOMF to equal
DF static is 0.033 mT, that is, less than any of the intensities employed in our experiments.
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Most mathematical models for the spread of disease use differ-
ential equations based on uniformmixing assumptions1 or ad hoc
models for the contact process2–4. Here we explore the use of
dynamic bipartite graphs to model the physical contact patterns
that result from movements of individuals between specific
locations. The graphs are generated by large-scale individual-
based urban traffic simulations built on actual census, land-use
and population-mobility data. We find that the contact network
among people is a strongly connected small-world-like5 graph
with a well-defined scale for the degree distribution. However,
the locations graph is scale-free6, which allows highly efficient
outbreak detection by placing sensors in the hubs of the locations
network. Within this large-scale simulation framework, we then
analyse the relative merits of several proposed mitigation strat-
egies for smallpox spread. Our results suggest that outbreaks can
be contained by a strategy of targeted vaccination combined with
early detection without resorting to mass vaccination of a
population.

The dense social-contact networks characteristic of urban areas
form a perfect fabric for fast, uncontrolled disease propagation.
Current explosive trends in urbanization exacerbate the problem: it
is estimated that by 2030 more than 60% of the world’s population
will live in cities7. This raises important questions, such as: How can
an outbreak be contained before it becomes an epidemic, and what
disease surveillance strategies should be implemented? Recent
studies1, under the assumption of homogeneous mixing, make
the case for mass vaccination in response to a smallpox outbreak.
With different assumptions, it has been shown2 that mass vacci-
nation is not required. Policymakers must trade off the risks
associated with vaccinating a large population8 against the poorly
understood risks of losing control of an outbreak. Addressing such
specific policy questions9 requires a higher-resolution description of
disease spread than that offered by the homogeneous-mixing
assumption and the differential-equations approach.

Here we present a highly resolved agent-based simulation tool
(EpiSims), which combines realistic estimates of population mobil-
ity, based on census and land-use data, with parameterized models
for simulating the progress of a disease within a host and of
transmission between hosts10. The simulation generates a large-
scale, dynamic contact graph that replaces the differential equations
of the classic approach. EpiSims is based on the Transportation
Analysis and Simulation System (TRANSIMS) developed at Los
Alamos National Laboratory, which produces estimates of social
networks based on the assumption that the transportation infra-
structure constrains people’s choices about where and when to
perform activities11. TRANSIMS creates a synthetic population
endowed with demographics such as age and income, consistent
with joint distributions in census data. It then estimates positions
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...how travel patterns via the worldwide airline network affect the spread of 
disease

The role of the airline transportation network in the
prediction and predictability of global epidemics
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The systematic study of large-scale networks has unveiled the
ubiquitous presence of connectivity patterns characterized by
large-scale heterogeneities and unbounded statistical fluctuations.
These features affect dramatically the behavior of the diffusion
processes occurring on networks, determining the ensuing statis-
tical properties of their evolution pattern and dynamics. In this
article, we present a stochastic computational framework for the
forecast of global epidemics that considers the complete world-
wide air travel infrastructure complemented with census popula-
tion data. We address two basic issues in global epidemic model-
ing: (i) we study the role of the large scale properties of the airline
transportation network in determining the global diffusion pat-
tern of emerging diseases; and (ii) we evaluate the reliability of
forecasts and outbreak scenarios with respect to the intrinsic
stochasticity of disease transmission and traffic flows. To address
these issues we define a set of quantitative measures able to
characterize the level of heterogeneity and predictability of the
epidemic pattern. These measures may be used for the analysis of
containment policies and epidemic risk assessment.

complex systems ! epidemiology ! networks

The mathematical modeling of epidemics has often dealt with
the predictions and predictability of outbreaks in real pop-

ulations with complicated social and spatial structures and with
heterogeneous patterns in the contact network (1–8). All these
factors have led to sophisticate modeling approaches including
disease realism, metapopulation grouping, and stochasticity, and
more recently to agent-based numerical simulations that re-
create entire populations and their dynamics at the scale of the
single individual (9, 10). In many instances, however, the intro-
duction of the inherent complex features and emerging proper-
ties (11–13) of the network in which epidemics occur implies the
breakdown of standard homogeneous approaches (5, 6) and calls
for a systematic investigation of the impact of the detailed
system’s characteristics in the evolution of the epidemic out-
break. These considerations are particularly relevant in the study
of the geographical spread of epidemics where the various
long-range heterogeneous connections typical of modern trans-
portation networks naturally give rise to a very complicated
evolution of epidemics characterized by heterogeneous and
seemingly erratic outbreaks (14, 15), as recently documented in
the severe acute respiratory syndrome case (www.who.int"csr"
sars"en). In this context, air-transportation represents a major
channel of epidemic propagation, as pointed out in the modeling
approach to global epidemic diffusion of Rvachev and Longini
(16) capitalizing on previous studies on the Russian airline
network (17). Similar modeling approaches, even if limited by a
partial knowledge of the worldwide transportation network,
have been used to study specific outbreaks such as pandemic
influenza (18–20), HIV (21), and, very recently, severe acute
respiratory syndrome (22). The availability of the complete
worldwide airport network (WAN) data set and the recent
extensive studies of its topology (23, 24) are finally allowing a
full-scale computational study of global epidemics. In the fol-
lowing article, we will consider a global stochastic epidemic

model including the full International Air Transport Association
(www.iata.org) database, aiming at a detailed study of the
interplay among the network structure and the stochastic fea-
tures of the infection dynamics in defining the global spreading
of epidemics. In particular, whereas previous studies have gen-
erally been focused in the a posteriori analysis of real case studies
of global epidemics, the large-scale modeling presented here
allows us to address more basic theoretical issues such as the
statistical properties of the epidemic pattern and the effect on it
of the complex architecture of the underlying transportation
network. Finally, such a detailed level of description allows for
the quantitative assessment of the reliability of the obtained
forecast with respect to the stochastic nature of the disease
transmission and travel f lows, the outbreak initial conditions,
and the network structure.

Results and Discussion
The Air-Transportation-Network Heterogeneity. The International
Air Transport Association database contains the world list of
airport pairs connected by direct f lights and the number of
available seats on any given connection for the year 2002. The
resulting worldwide air-transportation network (WAN) is there-
fore a weighted graph comprising V ! 3,880 vertices denoting
airports and E ! 18,810 weighted edges whose weight wjl
accounts for the passenger flow between the airports j and l. This
data set has been complemented by the population Nj of the
large metropolitan area served by the airport as obtained by
different sources. The final network data set contains the 3,100
largest airports, 17,182 edges (accounting for 99% of the world-
wide traffic), and the respective urban population data. The
obtained network is highly heterogeneous both in the connec-
tivity pattern and the traffic capacities (see Fig. 1). The proba-
bility distributions that an airport j has kj connections (degree)
to other airports and handles a number Tj ! "lwjl of passengers
(traffic) exhibit heavy-tails and very large statistical f luctuations
(23, 24). Analogously, the probability that a connection has a
traffic w is skewed and heavy-tailed. Finally, the city population
N is heavy-tailed distributed in agreement with the general result
of Zipf’s law for the city size (25). More strikingly, these
quantities appear to have nonlinear associations among them.
This is clearly shown by the behavior relating the traffic handled
by each airport T with the corresponding number of connections
k that follows the nonlinear form T # k! with ! # 1.5 (23).
Analogously, the city population and the traffic handled by the
corresponding airport follows the nonlinear relation N # T" with
" # 0.5 in contrast with the linear behavior assumed in a
previous analysis (22). The presence of broad statistical distri-
butions and nonlinear relations among the various quantities
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Diseases and the Networks that 
Transmit Them

✤ Contact networks are also important in understanding how diseases 
spread through animal populations (e.g., the 2001 foot-and-mouth 
outbreak in the UK) and plant populations.

✤ Similar models have been employed for studying the spread of 
computer viruses...
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Diseases and the Networks that 
Transmit Them

✤ The pathogen and the network are closely intertwined: even within 
the same population, the contact networks for two different diseases 
can have very different structures, depending on the diseases’ 
respective modes of transmission.

✤ (Think of airborne transmission based on coughs and sneezes, 
compared to a sexually transmitted disease, and think of the density 
of the contact networks!)
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Branching Processes

✤ The simplest model of contagion: every person is in contact with k 
people

✤ First wave: a person carrying a new diseases enters a population 
and transmits it to each of his contacts independently with 
probability p.

✤ Second wave: each person in the first wave transmits to each of his 
contacts independently with probability p (the contacts of people 
are mutually exclusive)

✤ and so on..
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Branching Processes
648 CHAPTER 21. EPIDEMICS

(a) The contact network for a branching process

(b) With high contagion probability, the infection spreads widely

(c) With low contagion probability, the infection is likely to die out quickly

Figure 21.1: The branching process model is a simple framework for reasoning about the
spread of an epidemic as one varies both the amount of contact among individuals and the
level of contagion.
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Branching Processes

648 CHAPTER 21. EPIDEMICS

(a) The contact network for a branching process

(b) With high contagion probability, the infection spreads widely

(c) With low contagion probability, the infection is likely to die out quickly

Figure 21.1: The branching process model is a simple framework for reasoning about the
spread of an epidemic as one varies both the amount of contact among individuals and the
level of contagion.
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Branching Processes

648 CHAPTER 21. EPIDEMICS

(a) The contact network for a branching process

(b) With high contagion probability, the infection spreads widely

(c) With low contagion probability, the infection is likely to die out quickly

Figure 21.1: The branching process model is a simple framework for reasoning about the
spread of an epidemic as one varies both the amount of contact among individuals and the
level of contagion. 16



The Basic Reproductive Number R0

✤ The basic reproductive number, denote R0, is the expected number of 
new cases of the disease caused by a single individual. 

✤ For the simple branching process we saw, we have R0=kp. 

17



The Basic Reproductive Number R0

21.2. BRANCHING PROCESSES 649

Now, what is the behavior of an epidemic in this model? We can picture the spread of

the epidemic by highlighting the edges of the contact network on which the disease passes

successfully from one person to another — recall that each of these infections happens

independently with probability p. Thus, Figure 21.1(b) shows an aggressive epidemic that

infects two people in the first wave, three in the second wave, five in the third wave, and

presumably more in future waves (not shown in the picture). Figure 21.1(c), on the other

hand, shows a much milder epidemic (for a less contagious disease, with a smaller value of

p): of the two people infected in the first wave, one doesn’t infect anyone else, and the other

infects only one further person who in turn doesn’t pass it on. This disease has completely

vanished from the population after the second wave, having infected only four people in

total.

The Basic Reproductive Number and a Dichotomy for Branching Processes. Our

last observation about Figure 21.1(c) reflects a fundamental property of branching processes:

if the disease in a branching process ever reaches a wave where it fails to infect anyone, then

it has died out: since people in future waves can only catch the disease from others higher

up in the tree, no one in any future wave will be infected either.

So there are really only two possibilities for a disease in the branching process model: it

reaches a wave where it infects no one, thus dying out after a finite number of steps; or it

continues to infect people in every wave, proceeding infinitely through the contact network.

And it turns out that there is a simple condition to tell these two possibilities apart, based

on a quantity called the basic reproductive number of the disease.

The basic reproductive number, denoted R
0

, is the expected number of new cases of the

disease caused by a single individual. Since in our model everyone meets k new people and

infects each with probability p, the basic reproductive number here is given by R
0

= pk.

The outcome of the disease in a branching process model is determined by whether the basic

reproductive number is smaller or larger than 1.

Claim: If R
0

< 1, then with probability 1, the disease dies out after a finite

number of waves. If R
0

> 1, then with probability greater than 0 the disease

persists by infecting at least one person in each wave.

We give a proof of this claim in Section 21.8. Even without the details of the proof, however,

we can see that the basic condition expressed in the claim — comparing R
0

to 1 — has a

natural intuitive basis. When R
0

< 1, the disease isn’t able to replenish itself: each infected

person produces less than one new case in expectation, and so — even if it grows briefly

due to the outcome of random fluctuations — the size of the outbreak is constantly trending

downward. When R
0

> 1, on the other hand, the size of outbreak is constantly trending

upward. Notice, however, that even when R
0

> 1, the conclusion is simply that the disease

persists with positive probability, not with absolute certainty: whenever p < 1, then there

18



The Basic Reproductive Number R0

✤ Implication: It’s always good to reduce the value of R0!

✤ Quarantining people reduces k and encouraging behavioral measures 
such as sanitary practices reduces p. 

19



✤ Clearly, the branching process is too simplistic! 
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✤ An individual node goes three potential stages during the course of 
the epidemic: 

✤ Susceptible: Before the node has caught the disease, it is susceptible 
to infection from its neighbors.

✤ Infectious: Once the node has caught the disease, it is infectious 
and has some probability of infecting each of its susceptible 
neighbors.

✤ Removed: After a particular node has experienced the full 
infectious period, this node is removed from consideration. 

The SIR Epidemic Model

21



The SIR Epidemic Model

✤ Given this three-stage “life cycle” for the disease at each node, a 
model for epidemics on networks can be defined. 

✤ The network structure: a directed graph representing the contact 
network (edge u to v means that if u becomes infected, the disease has 
the potential to spread to v).

✤ Two other quantities: p (the probability of contagion) and tI (the 
length of infection)
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The SIR Epidemic Model

21.3. THE SIR EPIDEMIC MODEL 651

• Infectious: Once the node has caught the disease, it is infectious and has some proba-

bility of infecting each of its susceptible neighbors.

• Removed: After a particular node has experienced the full infectious period, this node

is removed from consideration, since it no longer poses a threat of future infection.

Using this three-stage “life cycle” for the disease at each node, we now define a model for

epidemics on networks. We are given a directed graph representing the contact network; so

an edge pointing from v to w in the graph means that if v becomes infected at some point,

the disease has the potential to spread directly to w. To represent a symmetric contact

between people, where either has the potential to directly infect the other, we can put in

directed edges pointing each way: both from v to w and also from w to v. Since contacts

between people are often symmetric, it is fine to use networks where most edges appear in

each direction, but it is sometimes convenient to be able to express asymmetric contacts as

well.

Now, each node has the potential to go through the Susceptible-Infectious-Removed

cycle, where we abbreviate these three states as S, I, and R. The progress of the epidemic

is controlled by the contact network structure and by two additional quantities: p (the

probability of contagion) and t
I

(the length of the infection).

• Initially, some nodes are in the I state and all others are in the S state.

• Each node v that enters the I state remains infectious for a fixed number of steps t
I

.

• During each of these t
I

steps, v has a probability p of passing the disease to each of its

susceptible neighbors.

• After t
I

steps, node v is no longer infectious or susceptible to further bouts of the

disease; we describe it as removed (R), since it is now an inert node in the contact

network that can no longer either catch or transmit the disease.

This describes the full model; we refer to it as the SIR model, after the three disease states

that nodes experience. Figure 21.2 shows an example of the SIR model unfolding on a

particular contact network through successive steps; in each step, shaded nodes with dark

borders are in the I state and shaded nodes with thin borders are in the R state.

The SIR model is clearly most appropriate for a disease that each individual only catches

once in their lifetime; after being infected, a node is removed either because it has acquired

lifetime immunity or because the disease has killed it. In the next section, we will consider

a related model for diseases that can be caught multiple times by the same person. Notice

also that the branching process model from Section 21.2 is a special case of the SIR model:

it simply corresponds to the SIR model where t
I

= 1 and the contact network is an infinite

tree, with each node connected to a fixed number of neighbors in the level below.
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The SIR Epidemic Model
652 CHAPTER 21. EPIDEMICS
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Figure 21.2: The course of an SIR epidemic in which each node remains infectious for a
number of steps equal to t

I

= 1. Starting with nodes y and z initially infected, the epidemic
spreads to some but not all of the remaining nodes. In each step, shaded nodes with dark
borders are in the Infectious (I) state and shaded nodes with thin borders are in the Removed
(R) state.

Extensions to the SIR model. Although the contact network in the general SIR model

can be arbitrarily complex, the disease dynamics are still being modeled in a simple way.

Contagion probabilities are set to a uniform value p, and contagiousness has a kind of “on-o↵”

property: a node is equally contagious for each of the t
I

steps while it has the disease.

However, it is not di�cult to extend the model to handle more complex assumptions.

First, we can easily capture the idea that contagion is more likely between certain pairs of

nodes by assigning a separate probability p
v,w

to each pair of nodes v and w for which v

links to w in the directed contact network. Here, higher values of p
v,w

correspond to closer

contact and more likely contagion, while lower values indicate less intensive contact. We

can also choose to model the infectious period as random in length, by assuming that an

infected node has a probability q of recovering in each step while it is infected, while leaving
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The SIS Epidemic Model

✤ The SIR epidemic model is appropriate for epidemics in which each 
individual contracts the disease at most once.

✤ To allow for nodes that can be reinfected multiple times, a model can 
have only the S and I, but not R, states. 
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21.4 The SIS Epidemic Model

In the previous sections we have been considering models for epidemics in which each in-

dividual contracts the disease at most once. However, a simple variation on these models

allows us to reason about epidemics where nodes can be reinfected multiple times.

To represent such epidemics, we have nodes that simply alternate between two possible

states: Susceptible (S) and Infectious (I). There is no Removed state here; rather, after a

node is done with the Infectious state, it cycles back to the Susceptible state and is ready to

catch the disease again. Because of this alternation between the S and I states, we refer to

the model as the SIS model.

Aside from the lack of an R state, the mechanics of the model follow the SIR process

very closely.

• Initially, some nodes are in the I state and all others are in the S state.

• Each node v that enters the I state remains infectious for a fixed number of steps t
I

.

• During each of these t
I

steps, v has a probability p of passing the disease to each of its

susceptible neighbors.

• After t
I

steps, node v is no longer infectious, and it returns to the S state.

Figure 21.5 shows an example of the SIS model unfolding on a three-node contact network

with t
I

= 1. Notice how node v starts out infected, recovers, and later becomes infected

again — we can imagine this as the contact network within a three-person apartment, or a

three-person family, where people pass a disease on to others they’re living with, and then

get it back from them later.

As with the SIR model, the SIS model can be extended to handle more general kinds of

assumptions: di↵erent contagion probabilities between di↵erent pairs of people; probabilistic
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A Connection Between SIR and SIS
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(a) To represent the SIS epidemic using the SIR model, we use a “‘time-expanded” contact network
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(b) The SIS epidemic can then be represented as an SIR epidemic on this time-expanded network.

Figure 21.6: An SIS epidemic can be represented in the SIR model by creating a separate copy of the
contact network for each time step: a node at time t can infect its contact neighbors at time t + 1.

can potentially catch the disease at time t+1 if v is infected at time t. Figure 21.6(a) shows

this construction applied to the contact network from Figure 21.5.

The point is that the same SIS disease dynamics that previously circulated around in the

original contact network can now flow forward in time through the time-expanded contact

network, with copies of nodes that are in the I state at time t producing new infections in

copies of nodes at time t + 1. But on this time-expanded graph we have an SIR process,

since any copy of a node can be treated as removed (R) once its one time step of infection

is over; and with this view of the process, we have the same distribution of outcomes as the

original SIS process. Figure 21.6(b) shows the course of the SIR epidemic that corresponds

to the SIS epidemic in Figure 21.5.
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The SIRS Epidemic Model

✤ Combines SIR and SIS:

✤ After an infected node recovers, it passes briefly through the R 
state on its way back to the S state. 
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Recall: the small-world model (p: probability of rewiring an edge)

The number of infected people (ninf(t)) by SIRS epidemic:

VOLUME 86, NUMBER 13 P H Y S I C A L R E V I E W L E T T E R S 26 MARCH 2001

appear at any p . 0 trigger the small world phenomenon.
At p ! 1 all the links have been rewired, and the result is
similar to (though not exactly) a completely random net-
work. This algorithm should be used with caution, since
it can produce disconnected graphs. We have used only
connected ones for our analysis.

Time proceeds by discrete steps. Each element is
characterized by a time counter ti!t" ! 0, 1, . . . , tI 1
tR # t0, describing its phase in the cycle of the disease.

The epidemiological state pi of the element (S, I , or R)
depends on this phase in the following way:

pi!t" ! S if ti!t" ! 0 ,

pi!t" ! I if ti!t" [ !1, tI " ,

pi!t" ! R if ti!t" [ !tI 1 1, t0" .

(1)

The state of an element in the next step depends on its
current phase in the cycle, and the state of its neighbors in
the network. The rules of evolution are the following:

ti!t 1 1" ! 0 if ti!t" ! 0 and no infection occurs,

ti!t 1 1" ! 1 if ti!t" ! 0 and i becomes infected,

ti!t 1 1" ! ti!t" 1 1 if 1 # ti!t" , t0 ,

ti!t 1 1" ! 0 if ti!t" ! t0 .

(2)

That is, a susceptible element stays as such, at t ! 0, until
it becomes infected. Once infected, it goes (deterministi-
cally) over a cycle that lasts t0 time steps. During the first
tI time steps, it is infected and can potentially transmit the
disease to a susceptible neighbor. During the last tR time
steps of the cycle, it remains in state R, immune but not
contagious. After the cycle is complete, it returns to the
susceptible state.

The contagion of a susceptible element by an infected
one, and the subsequent excitation of the disease cycle in
the new infected, occur stochastically at a local level. Say
that the element i is susceptible, and that it has ki neigh-
bors, of which kinf are infected. Then, i will become in-
fected with probability kinf$ki . Observe that i will become
infected with probability 1 if all its neighbors are infected.
Besides this parameter-free mechanism, there may be other
reasonable choices. For example, if the susceptible had
a probability q of contagion with each infected neighbor,
we would have a probability of infection %1 2 !1 2 q"kinf &.
We have tested that both these criteria give qualitatively the
same results for values of q & 0.2. For other values of q,
the behaviors are outlined at the end of Section III.

III. Numerical results.—We have performed extensive
numerical simulations of the described model. Networks
with N ! 103 to 106 vertices have been explored, with
K ! 3 to 10. A typical realization starts with the genera-
tion of the random network and the initialization of the
state of the elements. An initial fraction of 0.1 infected,
and the rest susceptible, was used in all the results shown
here. Other initial conditions have been explored as well,
and no changes have been observed in the behavior. After
a transient a stationary state is achieved, and the computa-
tions are followed for several thousand time steps to per-
form statistical averages.

We show in Fig. 1 part of three time series displaying
the fraction of infected elements in the system, ninf!t". The
three curves correspond to systems with different values
of the disorder parameter: p ! 0.01 (top), 0.2 (middle),
and 0.9 (bottom). The three systems have N ! 104 and
K ! 3, and infection cycles with tI ! 4 and tR ! 9. The

initial state is random with ninf!0" ! 0.1. The 400 time
steps shown are representative of the stationary state. We
can see clearly a transition from an endemic situation to an
oscillatory one. At p ! 0.01 (top), where the network is
nearly a regular lattice, the stationary state is a fixed point,
with fluctuations. The situation corresponds to that of an
endemic infection, with a low and persistent fraction of in-
fected individuals. At high values of p — like the case with
p ! 0.9 shown in the figure (bottom)— large amplitude,
self-sustained oscillations develop. The situation is almost
periodic, with a very well defined period and small fluc-
tuations in amplitude. The period is slightly longer than
t0, since it includes the average time that a susceptible in-
dividual remains at state S, before being infected. Epide-
miologically, the situation resembles the periodic epidemic
patterns typical of large populations [3]. A mean field
model of the system, expected to resemble the behavior at
p ! 1, can easily be shown to exhibit these oscillations.
The transition between both behaviors is apparent — in
this relatively small system— at the intermediate value of

5200 5300 5400 5500 5600
0.0

0.2

0.4

t

 p = 0.9  

0.0

0.2

0.4

n in
f (

t)  p = 0.2  

0.0

0.2

0.4  p = 0.01

FIG. 1. Fraction of infected elements as a function of time.
Three time series are shown, corresponding to different values
of the disorder parameter p, as shown in the legends. Other pa-
rameters are N ! 104, K ! 3, tI ! 4, tR ! 9, Ninf!0" ! 0.1.
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A model for the spread of an infection is analyzed for different population structures. The interactions
within the population are described by small world networks, ranging from ordered lattices to random
graphs. For the more ordered systems, there is a fluctuating endemic state of low infection. At a finite
value of the disorder of the network, we find a transition to self-sustained oscillations in the size of the
infected subpopulation.
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I. Introduction.—How does the dynamics of an infec-
tious disease depend on the structure of a population? A
great amount of work has been done on the phenomeno-
logical description of particular epidemic situations [1–4].
A classical mathematical approach to these problems deals
with well mixed populations, where the subpopulations
involved (typically susceptible, infected, and removed) in-
teract in proportion to their sizes. With these zero dimen-
sional models it has been possible to study, among other
epidemic features, the existence of threshold values for
the spread of an infection [5], the asymptotic solution for
the density of infected people [6–8], and the effect of
stochastic fluctuations on the modulation of an epidemic
situation [9]. A second classical approach describes spa-
tially extended subpopulations, such as elements in a
lattice. In this, the geographic spread of an epidemic
can be analyzed as a reaction-diffusion process [10–13],
bearing close similarity to paradigmatic reactions such as
Belousov-Zhabotinskii’s.

Real populations rarely fall into either of these cate-
gories, being neither well mixed nor lattices. Recently
introduced by Watts and Strogatz [14], small world net-
works attempt to translate, into an abstract model, the com-
plex topology of social interactions. Small worlds may
play an important role in the study of the influence of
the network structure upon the dynamics of many social
processes, such as disease spreading, formation of pub-
lic opinion, distribution of wealth, transmission of cultural
traits, etc. [15]. In relation to epidemiological models, it
has been shown that small world networks present a much
faster epidemic propagation than reaction-diffusion mod-
els or discrete models based on regular lattices of a social
network [16].

In the original model of small worlds a single parameter
p, running from 0 to 1, characterizes the degree of disorder
of the network, respectively, ranging from a regular lattice
to a completely random graph. It has been shown that geo-
metrical properties, as well as certain statistical mechanics
properties, show a transition at pc ! 0 in the limit of large
systems, N ! ` [17]. That is, any finite value of the dis-
order induces the small world behavior. In this Letter we

show that a sharp transition in the behavior of an infection
dynamics exists at a finite value of p.

II. Epidemic model.—We analyze a simple model of the
spread of an infectious disease. We want, mainly, to point
to the role played by the network structure on the temporal
dynamics of the epidemic. The disease has three stages:
susceptible (S), infected (I), and refractory (R). An ele-
ment of the population is described by a single dynamical
variable adopting one of these three values. Susceptible
elements can pass to the infected state through contagion
by an infected one. Infected elements pass to the refrac-
tory state after an infection time tI . Refractory elements
return to the susceptible state after a recovery time tR . This
kind of system is usually called SIRS, for the cycle that a
single element goes over. The contagion is possible only
during the S phase, and only by an I element. During the
R phase, the elements are immune and do not infect. SIRS
models are excitable systems, known to display relaxation
oscillations in mean field or well-mixed approaches. In
spatially extended versions space-time oscillations can oc-
cur, due to the interaction between neighboring elements.
Both kinds of behavior are analogous to reaction-diffusion
systems such as the Belousov-Zhabotinskii reaction [6,10].
An SIR system on a one-dimensional lattice with local and
global interactions has already been studied before [18].
In this work, a socially sensible network was used to study
the spread of an infection, well before the introduction of
small-world networks.

The interactions between the elements of the popula-
tion are described by a small world network. The links
represent the contact between subjects, and infection can
proceed only through them. As in the Watts and Strogatz
model, the small worlds we study are random networks
built upon a topological ring with N vertices and coordina-
tion number 2K . Each link connecting a vertex to a neigh-
bor in the clockwise sense is then rewired at random, with
probability p, to any vertex of the system. With probabil-
ity !1 2 p" the original link is preserved. Self-connections
and multiple connections are prohibited. With this pro-
cedure, we have a regular lattice at p ! 0, and progres-
sively random graphs for p . 0. The long range links that
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