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Basic Building Blocks

✤ Here we show how simple signaling pathways can be embedded in 
networks using positive and negative feedback to generate more 
complex behaviors - toggle switches and oscillators - which are the 
basic building blocks of the dynamic behavior shown by non-linear 
control systems. 
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Protein Synthesis and 
Degradation: Linear ResponseFigure 1
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Using the law of mass action, we have:

S: signal strength (concentration of mRNA)
R: response magnitude (concentration of protein)

Sniffers, buzzers, toggles and blinkers: dynamics of regulatory
and signaling pathways in the cell
John J Tyson!y, Katherine C Chen!z and Bela Novak§

The physiological responses of cells to external and internal

stimuli are governed by genes and proteins interacting in

complex networks whose dynamical properties are impossible

to understand by intuitive reasoning alone. Recent advances by

theoretical biologists have demonstrated that molecular

regulatory networks can be accurately modeled in mathematical

terms. These models shed light on the design principles of

biological control systems and make predictions that have been

verified experimentally.
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Introduction
Since the advent of recombinant DNA technology about
20 years ago, molecular biologists have been remarkably
successful in dissecting the molecular mechanisms that
underlie the adaptive behaviour of living cells. Stunning
examples include the lysis–lysogeny switch of viruses [1],
chemotaxis in bacteria [2], the DNA-division cycle of
yeasts [3], segmentation patterns in fruit fly development
[4] and signal transduction pathways in mammalian cells
[5]. When the information in any of these cases is laid
out in graphical form (http://discover.nci.nih.gov/kohnk/
interaction_maps.html; http://www.csa.ru:82/Inst/gorb_
dep/inbios/genet/s0ntwk.htm; http://www.biocarta.com/
genes/index.asp), the molecular network looks strikingly
similar to the wiring diagram of a modern electronic

gadget. Instead of resistors, capacitors and transistors
hooked together by wires, one sees genes, proteins and
metabolites hooked together by chemical reactions and
intermolecular interactions. The temptation is irresistible
to ask whether physiological regulatory systems can be
understood in mathematical terms, in the same way an
electrical engineer would model a radio [6]. Preliminary
attempts at this sort of modelling have been carried out in
each of the cases mentioned above [7–11,12"",13,14,15""].

To understand how these models are built and why they
work the way they do, one must develop a precise math-
ematical description of molecular circuitry and some intui-
tionabout thedynamical properties of regulatorynetworks.
Complexmolecular networks, like electrical circuits, seem
to be constructed from simplermodules: sets of interacting
genes and proteins that carry out specific tasks and can be
hooked together by standard linkages [16].

Excellent reviews from other perspectives can be found
elsewhere [17,18",19–22,23",24",25], and also book-length
treatments [26–29].

In this review, we show how simple signaling pathways
can be embedded in networks using positive and negative
feedback to generate more complex behaviours — toggle
switches and oscillators — which are the basic building
blocks of the exotic, dynamic behaviour shown by non-
linear control systems. Our purpose is to present a precise
vocabulary for describing these phenomena and some
memorable examples of each. We hope that this review
will improve the reader’s intuition about molecular
dynamics, foster more accurate discussions of the issues,
and promote closer collaboration between experimental
and computational biologists.

Linear and hyperbolic signal-response
curves
Let’s start with two simple examples of protein dynamics:
synthesis and degradation (Figure 1a), and phosphoryla-
tion and dephosphorylation (Figure 1b). Using the law of
mass action, we can write rate equations for these two
mechanisms, as follows:

dR
dt

¼ k0 þ k1S % k2R; (a)

dRP

dt
¼ k1SðRT % RPÞ % k2RP: (b)

In case (a), S ¼ signal strength (e.g. concentration of
mRNA) and R ¼ response magnitude (e.g. concentration
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Steady-state solution:
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Introduction
Since the advent of recombinant DNA technology about
20 years ago, molecular biologists have been remarkably
successful in dissecting the molecular mechanisms that
underlie the adaptive behaviour of living cells. Stunning
examples include the lysis–lysogeny switch of viruses [1],
chemotaxis in bacteria [2], the DNA-division cycle of
yeasts [3], segmentation patterns in fruit fly development
[4] and signal transduction pathways in mammalian cells
[5]. When the information in any of these cases is laid
out in graphical form (http://discover.nci.nih.gov/kohnk/
interaction_maps.html; http://www.csa.ru:82/Inst/gorb_
dep/inbios/genet/s0ntwk.htm; http://www.biocarta.com/
genes/index.asp), the molecular network looks strikingly
similar to the wiring diagram of a modern electronic

gadget. Instead of resistors, capacitors and transistors
hooked together by wires, one sees genes, proteins and
metabolites hooked together by chemical reactions and
intermolecular interactions. The temptation is irresistible
to ask whether physiological regulatory systems can be
understood in mathematical terms, in the same way an
electrical engineer would model a radio [6]. Preliminary
attempts at this sort of modelling have been carried out in
each of the cases mentioned above [7–11,12"",13,14,15""].

To understand how these models are built and why they
work the way they do, one must develop a precise math-
ematical description of molecular circuitry and some intui-
tionabout thedynamical properties of regulatorynetworks.
Complexmolecular networks, like electrical circuits, seem
to be constructed from simplermodules: sets of interacting
genes and proteins that carry out specific tasks and can be
hooked together by standard linkages [16].

Excellent reviews from other perspectives can be found
elsewhere [17,18",19–22,23",24",25], and also book-length
treatments [26–29].

In this review, we show how simple signaling pathways
can be embedded in networks using positive and negative
feedback to generate more complex behaviours — toggle
switches and oscillators — which are the basic building
blocks of the exotic, dynamic behaviour shown by non-
linear control systems. Our purpose is to present a precise
vocabulary for describing these phenomena and some
memorable examples of each. We hope that this review
will improve the reader’s intuition about molecular
dynamics, foster more accurate discussions of the issues,
and promote closer collaboration between experimental
and computational biologists.

Linear and hyperbolic signal-response
curves
Let’s start with two simple examples of protein dynamics:
synthesis and degradation (Figure 1a), and phosphoryla-
tion and dephosphorylation (Figure 1b). Using the law of
mass action, we can write rate equations for these two
mechanisms, as follows:

dR
dt

¼ k0 þ k1S % k2R; (a)

dRP

dt
¼ k1SðRT % RPÞ % k2RP: (b)

In case (a), S ¼ signal strength (e.g. concentration of
mRNA) and R ¼ response magnitude (e.g. concentration
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of protein). In case (b), RP is the phosphorylated form of
the response element (which we suppose to be the active
form), RP ¼ ½RP#, and RT ¼ Rþ RP ¼ total concentration
of the response element. A steady-state solution of a
differential equation, dR=dt ¼ f ðRÞ, is a constant, Rss, that
satisfies the algebraic equation f ðRssÞ ¼ 0. In our cases,

Rss ¼
k0 þ k1S

k2
(a)

RP;ss ¼
RTS

ðk2=k1Þ þ S
: (b)

These equations correspond to the linear and hyperbolic
signal-response curves in Figure 1. In most cases, these
simple components are embedded in more complex path-
ways, to generate signal-response curves of more adaptive
value.

Sigmoidal signal-response curves
Case (c) of Figure 1 is a modification of case (b), where the
phosphorylation and dephosphorylation reactions are gov-
erned by Michaelis-Menten kinetics:

dRP

dt
¼ k1SðRT ' RPÞ

Km1 þ RT ' RP
' k2RP

km2 þ RP
; (c)

In this case, the steady-state concentration of the phos-
phorylated form is a solution of the quadratic equation:

k1SðRT ' RPÞðKm2 þ RPÞ ¼ k2RPðKm1 þ RT ' RPÞ:
The biophysically acceptable solution (0 < RP < RT ) of
this equation is [30]:

RP;ss

RT
¼ Gðk1; S; k2;

Km1

RT
;
Km2

RT
Þ; (d)

where the ‘Goldbeter-Koshland’ function, G, is defined
as:

Gðu;v;J;KÞ

¼ 2uK

v' uþ vJþ uKþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv' uþ vJþ uKÞ2 ' 4ðv' uÞuK
q :

In Figure 1c, column 3, we plot RP;ss as a function of S: it is
a sigmoidal curve if J andK are both <<1. This mechanism
for creating a switch-like signal-response curve is called
zero-order ultrasensitivity.

The Goldbeter–Koshland function, although switch-like,
shares with linear and hyperbolic curves the properties of
being graded and reversible. By ‘graded’ we mean that
the response increases continuously with signal strength.
A slightly stronger signal gives a slightly stronger
response. The relationship is ‘reversible’ in the sense
that if signal strength is changed from Sinitial to Sfinal, the
response at Sfinal is the same whether the signal is being
increased (Sinitial < Sfinal) or decreased (Sinitial > Sfinal).
Although continuous and reversible, a sigmoidal response
is abrupt. Like a buzzer or a laser pointer, to activate the
response one must push hard enough on the button, and
to sustain the response onemust keep pushing.When one
lets up on the button, the response switches off at pre-
cisely the same signal strength at which it switched on.

Perfectly adapted signal-response curves
By supplementing the simple linear response element
(Figure 1a) with a second signaling pathway (through
species X in Figure 1d), we can create a responsemechan-
ism that exhibits perfect adaptation to the signal. Perfect
adaptation means that although the signaling pathway
exhibits a transient response to changes in signal strength,
its steady-state response Rss is independent of S. Such
behaviour is typical of chemotactic systems, which
respond to an abrupt change in attractants or repellents,
but then adapt to a constant level of the signal. Our own
sense of smell operates this way, so we refer to this type of
response as a ‘sniffer.’

The hyperbolic response element (Figure 1b) can also be
made perfectly adapted by adding a second signaling
pathway that down regulates the response. Levchenko
and Iglesias [31(] have used a mechanism of this sort to
model phosphoinosityl signaling in slime mold cells and
neutrophils.

Many authors have presented models of perfect adapta-
tion (see [32–35] for representative published work).

Positive feedback: irreversible switches
In Figure 1d the signal influences the response via two
parallel pathways that push the response in opposite
directions (an example of feed-forward control). Alterna-
tively, some component of a response pathway may

(Figure 1 Legend) Signal-response elements. In this tableau, the rows correspond to (a) linear response, (b) hyperbolic response, (c) sigmoidal
response, (d) perfect adaptation, (e) mutual activation, (f) mutual inhibition and (g) homeostasis. The columns present wiring diagrams (left), rate
curves (centre) and signal-response curves (right). From each wiring diagram, we derive a set of kinetic equations, which are displayed in the text
(cases a, b and c) or in Box 1 (all other cases). The graphs in the centre and right columns are derived from the kinetic equations, for the parameter
values given in Box 1. In the centre column, the solid curve is the rate of removal of the response component (R or RP, depending on the context), and
the dashed lines are the rates of production of the response component for various values of signal strength (the value of S is indicated next to each
curve). The filled circles, where the rates of production and removal are identical, represent steady-state values of the response. In the right column,
we plot the steady-state response as a function of signal strength. Row (d) is exceptional: both production and removal depend on signal strength, in
such a fashion that the steady-state value of R is independent of S. Hence, the signal-response curve (not shown) is flat. Instead, we plot the transient
response (R, black curve) to stepwise increases in signal strength (S, red curve), with concomitant changes in the indirect signaling pathway (X, green
curve). Other symbols: Pi, inorganic phosphate; E, a protein involved with R in mutual activation or inhibition; EP, the phosphorylated form of E. In (e)
and (f), the open circle in the centre column and the dashed curve in the right column represent unstable steady states. Scrit is the signal strength
where stable and unstable steady states coalesce (a saddle-node bifurcation point).
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Phosphorylation and 
Dephosphorylation: Hyperbolic Response

Using the law of mass action, we have:

RP: concentration of the phosphorylated form of the response element
RT: total concentration of the response element

Figure 1
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Introduction
Since the advent of recombinant DNA technology about
20 years ago, molecular biologists have been remarkably
successful in dissecting the molecular mechanisms that
underlie the adaptive behaviour of living cells. Stunning
examples include the lysis–lysogeny switch of viruses [1],
chemotaxis in bacteria [2], the DNA-division cycle of
yeasts [3], segmentation patterns in fruit fly development
[4] and signal transduction pathways in mammalian cells
[5]. When the information in any of these cases is laid
out in graphical form (http://discover.nci.nih.gov/kohnk/
interaction_maps.html; http://www.csa.ru:82/Inst/gorb_
dep/inbios/genet/s0ntwk.htm; http://www.biocarta.com/
genes/index.asp), the molecular network looks strikingly
similar to the wiring diagram of a modern electronic

gadget. Instead of resistors, capacitors and transistors
hooked together by wires, one sees genes, proteins and
metabolites hooked together by chemical reactions and
intermolecular interactions. The temptation is irresistible
to ask whether physiological regulatory systems can be
understood in mathematical terms, in the same way an
electrical engineer would model a radio [6]. Preliminary
attempts at this sort of modelling have been carried out in
each of the cases mentioned above [7–11,12"",13,14,15""].

To understand how these models are built and why they
work the way they do, one must develop a precise math-
ematical description of molecular circuitry and some intui-
tionabout thedynamical properties of regulatorynetworks.
Complexmolecular networks, like electrical circuits, seem
to be constructed from simplermodules: sets of interacting
genes and proteins that carry out specific tasks and can be
hooked together by standard linkages [16].

Excellent reviews from other perspectives can be found
elsewhere [17,18",19–22,23",24",25], and also book-length
treatments [26–29].

In this review, we show how simple signaling pathways
can be embedded in networks using positive and negative
feedback to generate more complex behaviours — toggle
switches and oscillators — which are the basic building
blocks of the exotic, dynamic behaviour shown by non-
linear control systems. Our purpose is to present a precise
vocabulary for describing these phenomena and some
memorable examples of each. We hope that this review
will improve the reader’s intuition about molecular
dynamics, foster more accurate discussions of the issues,
and promote closer collaboration between experimental
and computational biologists.

Linear and hyperbolic signal-response
curves
Let’s start with two simple examples of protein dynamics:
synthesis and degradation (Figure 1a), and phosphoryla-
tion and dephosphorylation (Figure 1b). Using the law of
mass action, we can write rate equations for these two
mechanisms, as follows:

dR
dt

¼ k0 þ k1S % k2R; (a)

dRP

dt
¼ k1SðRT % RPÞ % k2RP: (b)

In case (a), S ¼ signal strength (e.g. concentration of
mRNA) and R ¼ response magnitude (e.g. concentration
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Phosphorylation and 
Dephosphorylation: Hyperbolic Response

Using the law of mass action, we have:

Figure 1
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Introduction
Since the advent of recombinant DNA technology about
20 years ago, molecular biologists have been remarkably
successful in dissecting the molecular mechanisms that
underlie the adaptive behaviour of living cells. Stunning
examples include the lysis–lysogeny switch of viruses [1],
chemotaxis in bacteria [2], the DNA-division cycle of
yeasts [3], segmentation patterns in fruit fly development
[4] and signal transduction pathways in mammalian cells
[5]. When the information in any of these cases is laid
out in graphical form (http://discover.nci.nih.gov/kohnk/
interaction_maps.html; http://www.csa.ru:82/Inst/gorb_
dep/inbios/genet/s0ntwk.htm; http://www.biocarta.com/
genes/index.asp), the molecular network looks strikingly
similar to the wiring diagram of a modern electronic

gadget. Instead of resistors, capacitors and transistors
hooked together by wires, one sees genes, proteins and
metabolites hooked together by chemical reactions and
intermolecular interactions. The temptation is irresistible
to ask whether physiological regulatory systems can be
understood in mathematical terms, in the same way an
electrical engineer would model a radio [6]. Preliminary
attempts at this sort of modelling have been carried out in
each of the cases mentioned above [7–11,12"",13,14,15""].

To understand how these models are built and why they
work the way they do, one must develop a precise math-
ematical description of molecular circuitry and some intui-
tionabout thedynamical properties of regulatorynetworks.
Complexmolecular networks, like electrical circuits, seem
to be constructed from simplermodules: sets of interacting
genes and proteins that carry out specific tasks and can be
hooked together by standard linkages [16].

Excellent reviews from other perspectives can be found
elsewhere [17,18",19–22,23",24",25], and also book-length
treatments [26–29].

In this review, we show how simple signaling pathways
can be embedded in networks using positive and negative
feedback to generate more complex behaviours — toggle
switches and oscillators — which are the basic building
blocks of the exotic, dynamic behaviour shown by non-
linear control systems. Our purpose is to present a precise
vocabulary for describing these phenomena and some
memorable examples of each. We hope that this review
will improve the reader’s intuition about molecular
dynamics, foster more accurate discussions of the issues,
and promote closer collaboration between experimental
and computational biologists.

Linear and hyperbolic signal-response
curves
Let’s start with two simple examples of protein dynamics:
synthesis and degradation (Figure 1a), and phosphoryla-
tion and dephosphorylation (Figure 1b). Using the law of
mass action, we can write rate equations for these two
mechanisms, as follows:

dR
dt

¼ k0 þ k1S % k2R; (a)

dRP

dt
¼ k1SðRT % RPÞ % k2RP: (b)

In case (a), S ¼ signal strength (e.g. concentration of
mRNA) and R ¼ response magnitude (e.g. concentration
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Steady-state solution:

of protein). In case (b), RP is the phosphorylated form of
the response element (which we suppose to be the active
form), RP ¼ ½RP#, and RT ¼ Rþ RP ¼ total concentration
of the response element. A steady-state solution of a
differential equation, dR=dt ¼ f ðRÞ, is a constant, Rss, that
satisfies the algebraic equation f ðRssÞ ¼ 0. In our cases,

Rss ¼
k0 þ k1S

k2
(a)

RP;ss ¼
RTS

ðk2=k1Þ þ S
: (b)

These equations correspond to the linear and hyperbolic
signal-response curves in Figure 1. In most cases, these
simple components are embedded in more complex path-
ways, to generate signal-response curves of more adaptive
value.

Sigmoidal signal-response curves
Case (c) of Figure 1 is a modification of case (b), where the
phosphorylation and dephosphorylation reactions are gov-
erned by Michaelis-Menten kinetics:

dRP

dt
¼ k1SðRT ' RPÞ

Km1 þ RT ' RP
' k2RP

km2 þ RP
; (c)

In this case, the steady-state concentration of the phos-
phorylated form is a solution of the quadratic equation:

k1SðRT ' RPÞðKm2 þ RPÞ ¼ k2RPðKm1 þ RT ' RPÞ:
The biophysically acceptable solution (0 < RP < RT ) of
this equation is [30]:

RP;ss

RT
¼ Gðk1; S; k2;

Km1

RT
;
Km2

RT
Þ; (d)

where the ‘Goldbeter-Koshland’ function, G, is defined
as:

Gðu;v;J;KÞ

¼ 2uK

v' uþ vJþ uKþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv' uþ vJþ uKÞ2 ' 4ðv' uÞuK
q :

In Figure 1c, column 3, we plot RP;ss as a function of S: it is
a sigmoidal curve if J andK are both <<1. This mechanism
for creating a switch-like signal-response curve is called
zero-order ultrasensitivity.

The Goldbeter–Koshland function, although switch-like,
shares with linear and hyperbolic curves the properties of
being graded and reversible. By ‘graded’ we mean that
the response increases continuously with signal strength.
A slightly stronger signal gives a slightly stronger
response. The relationship is ‘reversible’ in the sense
that if signal strength is changed from Sinitial to Sfinal, the
response at Sfinal is the same whether the signal is being
increased (Sinitial < Sfinal) or decreased (Sinitial > Sfinal).
Although continuous and reversible, a sigmoidal response
is abrupt. Like a buzzer or a laser pointer, to activate the
response one must push hard enough on the button, and
to sustain the response onemust keep pushing.When one
lets up on the button, the response switches off at pre-
cisely the same signal strength at which it switched on.

Perfectly adapted signal-response curves
By supplementing the simple linear response element
(Figure 1a) with a second signaling pathway (through
species X in Figure 1d), we can create a responsemechan-
ism that exhibits perfect adaptation to the signal. Perfect
adaptation means that although the signaling pathway
exhibits a transient response to changes in signal strength,
its steady-state response Rss is independent of S. Such
behaviour is typical of chemotactic systems, which
respond to an abrupt change in attractants or repellents,
but then adapt to a constant level of the signal. Our own
sense of smell operates this way, so we refer to this type of
response as a ‘sniffer.’

The hyperbolic response element (Figure 1b) can also be
made perfectly adapted by adding a second signaling
pathway that down regulates the response. Levchenko
and Iglesias [31(] have used a mechanism of this sort to
model phosphoinosityl signaling in slime mold cells and
neutrophils.

Many authors have presented models of perfect adapta-
tion (see [32–35] for representative published work).

Positive feedback: irreversible switches
In Figure 1d the signal influences the response via two
parallel pathways that push the response in opposite
directions (an example of feed-forward control). Alterna-
tively, some component of a response pathway may

(Figure 1 Legend) Signal-response elements. In this tableau, the rows correspond to (a) linear response, (b) hyperbolic response, (c) sigmoidal
response, (d) perfect adaptation, (e) mutual activation, (f) mutual inhibition and (g) homeostasis. The columns present wiring diagrams (left), rate
curves (centre) and signal-response curves (right). From each wiring diagram, we derive a set of kinetic equations, which are displayed in the text
(cases a, b and c) or in Box 1 (all other cases). The graphs in the centre and right columns are derived from the kinetic equations, for the parameter
values given in Box 1. In the centre column, the solid curve is the rate of removal of the response component (R or RP, depending on the context), and
the dashed lines are the rates of production of the response component for various values of signal strength (the value of S is indicated next to each
curve). The filled circles, where the rates of production and removal are identical, represent steady-state values of the response. In the right column,
we plot the steady-state response as a function of signal strength. Row (d) is exceptional: both production and removal depend on signal strength, in
such a fashion that the steady-state value of R is independent of S. Hence, the signal-response curve (not shown) is flat. Instead, we plot the transient
response (R, black curve) to stepwise increases in signal strength (S, red curve), with concomitant changes in the indirect signaling pathway (X, green
curve). Other symbols: Pi, inorganic phosphate; E, a protein involved with R in mutual activation or inhibition; EP, the phosphorylated form of E. In (e)
and (f), the open circle in the centre column and the dashed curve in the right column represent unstable steady states. Scrit is the signal strength
where stable and unstable steady states coalesce (a saddle-node bifurcation point).
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Linear and Hyperpolic Responses

✤ Linear and hyperbolic curves share the properties of being graded 
and reversible:

✤ Graded means that the response increases continuously with signal 
strength. A slightly stronger signal gives a slightly stronger 
response.

✤ Reversible means that if the signal strength is changed from Sinitial 
to Sfinal, the response at Sfinal is the same whether the signal is being 
increased (Sinitial>Sfinal) or decreased (Sinitial>Sfinal). 
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Phosphorylation and 
Dephosphorylation: Buzzer

Assuming Michaelis-Menten kinetics:

Figure 1
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of protein). In case (b), RP is the phosphorylated form of
the response element (which we suppose to be the active
form), RP ¼ ½RP#, and RT ¼ Rþ RP ¼ total concentration
of the response element. A steady-state solution of a
differential equation, dR=dt ¼ f ðRÞ, is a constant, Rss, that
satisfies the algebraic equation f ðRssÞ ¼ 0. In our cases,

Rss ¼
k0 þ k1S

k2
(a)

RP;ss ¼
RTS

ðk2=k1Þ þ S
: (b)

These equations correspond to the linear and hyperbolic
signal-response curves in Figure 1. In most cases, these
simple components are embedded in more complex path-
ways, to generate signal-response curves of more adaptive
value.

Sigmoidal signal-response curves
Case (c) of Figure 1 is a modification of case (b), where the
phosphorylation and dephosphorylation reactions are gov-
erned by Michaelis-Menten kinetics:

dRP

dt
¼ k1SðRT ' RPÞ

Km1 þ RT ' RP
' k2RP

km2 þ RP
; (c)

In this case, the steady-state concentration of the phos-
phorylated form is a solution of the quadratic equation:

k1SðRT ' RPÞðKm2 þ RPÞ ¼ k2RPðKm1 þ RT ' RPÞ:
The biophysically acceptable solution (0 < RP < RT ) of
this equation is [30]:

RP;ss

RT
¼ Gðk1; S; k2;

Km1

RT
;
Km2

RT
Þ; (d)

where the ‘Goldbeter-Koshland’ function, G, is defined
as:

Gðu;v;J;KÞ

¼ 2uK

v' uþ vJþ uKþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv' uþ vJþ uKÞ2 ' 4ðv' uÞuK
q :

In Figure 1c, column 3, we plot RP;ss as a function of S: it is
a sigmoidal curve if J andK are both <<1. This mechanism
for creating a switch-like signal-response curve is called
zero-order ultrasensitivity.

The Goldbeter–Koshland function, although switch-like,
shares with linear and hyperbolic curves the properties of
being graded and reversible. By ‘graded’ we mean that
the response increases continuously with signal strength.
A slightly stronger signal gives a slightly stronger
response. The relationship is ‘reversible’ in the sense
that if signal strength is changed from Sinitial to Sfinal, the
response at Sfinal is the same whether the signal is being
increased (Sinitial < Sfinal) or decreased (Sinitial > Sfinal).
Although continuous and reversible, a sigmoidal response
is abrupt. Like a buzzer or a laser pointer, to activate the
response one must push hard enough on the button, and
to sustain the response onemust keep pushing.When one
lets up on the button, the response switches off at pre-
cisely the same signal strength at which it switched on.

Perfectly adapted signal-response curves
By supplementing the simple linear response element
(Figure 1a) with a second signaling pathway (through
species X in Figure 1d), we can create a responsemechan-
ism that exhibits perfect adaptation to the signal. Perfect
adaptation means that although the signaling pathway
exhibits a transient response to changes in signal strength,
its steady-state response Rss is independent of S. Such
behaviour is typical of chemotactic systems, which
respond to an abrupt change in attractants or repellents,
but then adapt to a constant level of the signal. Our own
sense of smell operates this way, so we refer to this type of
response as a ‘sniffer.’

The hyperbolic response element (Figure 1b) can also be
made perfectly adapted by adding a second signaling
pathway that down regulates the response. Levchenko
and Iglesias [31(] have used a mechanism of this sort to
model phosphoinosityl signaling in slime mold cells and
neutrophils.

Many authors have presented models of perfect adapta-
tion (see [32–35] for representative published work).

Positive feedback: irreversible switches
In Figure 1d the signal influences the response via two
parallel pathways that push the response in opposite
directions (an example of feed-forward control). Alterna-
tively, some component of a response pathway may

(Figure 1 Legend) Signal-response elements. In this tableau, the rows correspond to (a) linear response, (b) hyperbolic response, (c) sigmoidal
response, (d) perfect adaptation, (e) mutual activation, (f) mutual inhibition and (g) homeostasis. The columns present wiring diagrams (left), rate
curves (centre) and signal-response curves (right). From each wiring diagram, we derive a set of kinetic equations, which are displayed in the text
(cases a, b and c) or in Box 1 (all other cases). The graphs in the centre and right columns are derived from the kinetic equations, for the parameter
values given in Box 1. In the centre column, the solid curve is the rate of removal of the response component (R or RP, depending on the context), and
the dashed lines are the rates of production of the response component for various values of signal strength (the value of S is indicated next to each
curve). The filled circles, where the rates of production and removal are identical, represent steady-state values of the response. In the right column,
we plot the steady-state response as a function of signal strength. Row (d) is exceptional: both production and removal depend on signal strength, in
such a fashion that the steady-state value of R is independent of S. Hence, the signal-response curve (not shown) is flat. Instead, we plot the transient
response (R, black curve) to stepwise increases in signal strength (S, red curve), with concomitant changes in the indirect signaling pathway (X, green
curve). Other symbols: Pi, inorganic phosphate; E, a protein involved with R in mutual activation or inhibition; EP, the phosphorylated form of E. In (e)
and (f), the open circle in the centre column and the dashed curve in the right column represent unstable steady states. Scrit is the signal strength
where stable and unstable steady states coalesce (a saddle-node bifurcation point).
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Steady-state is a solution of the equation:

of protein). In case (b), RP is the phosphorylated form of
the response element (which we suppose to be the active
form), RP ¼ ½RP#, and RT ¼ Rþ RP ¼ total concentration
of the response element. A steady-state solution of a
differential equation, dR=dt ¼ f ðRÞ, is a constant, Rss, that
satisfies the algebraic equation f ðRssÞ ¼ 0. In our cases,

Rss ¼
k0 þ k1S

k2
(a)

RP;ss ¼
RTS

ðk2=k1Þ þ S
: (b)

These equations correspond to the linear and hyperbolic
signal-response curves in Figure 1. In most cases, these
simple components are embedded in more complex path-
ways, to generate signal-response curves of more adaptive
value.

Sigmoidal signal-response curves
Case (c) of Figure 1 is a modification of case (b), where the
phosphorylation and dephosphorylation reactions are gov-
erned by Michaelis-Menten kinetics:

dRP

dt
¼ k1SðRT ' RPÞ

Km1 þ RT ' RP
' k2RP

km2 þ RP
; (c)

In this case, the steady-state concentration of the phos-
phorylated form is a solution of the quadratic equation:

k1SðRT ' RPÞðKm2 þ RPÞ ¼ k2RPðKm1 þ RT ' RPÞ:
The biophysically acceptable solution (0 < RP < RT ) of
this equation is [30]:

RP;ss

RT
¼ Gðk1; S; k2;

Km1

RT
;
Km2

RT
Þ; (d)

where the ‘Goldbeter-Koshland’ function, G, is defined
as:

Gðu;v;J;KÞ

¼ 2uK

v' uþ vJþ uKþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv' uþ vJþ uKÞ2 ' 4ðv' uÞuK
q :

In Figure 1c, column 3, we plot RP;ss as a function of S: it is
a sigmoidal curve if J andK are both <<1. This mechanism
for creating a switch-like signal-response curve is called
zero-order ultrasensitivity.

The Goldbeter–Koshland function, although switch-like,
shares with linear and hyperbolic curves the properties of
being graded and reversible. By ‘graded’ we mean that
the response increases continuously with signal strength.
A slightly stronger signal gives a slightly stronger
response. The relationship is ‘reversible’ in the sense
that if signal strength is changed from Sinitial to Sfinal, the
response at Sfinal is the same whether the signal is being
increased (Sinitial < Sfinal) or decreased (Sinitial > Sfinal).
Although continuous and reversible, a sigmoidal response
is abrupt. Like a buzzer or a laser pointer, to activate the
response one must push hard enough on the button, and
to sustain the response onemust keep pushing.When one
lets up on the button, the response switches off at pre-
cisely the same signal strength at which it switched on.

Perfectly adapted signal-response curves
By supplementing the simple linear response element
(Figure 1a) with a second signaling pathway (through
species X in Figure 1d), we can create a responsemechan-
ism that exhibits perfect adaptation to the signal. Perfect
adaptation means that although the signaling pathway
exhibits a transient response to changes in signal strength,
its steady-state response Rss is independent of S. Such
behaviour is typical of chemotactic systems, which
respond to an abrupt change in attractants or repellents,
but then adapt to a constant level of the signal. Our own
sense of smell operates this way, so we refer to this type of
response as a ‘sniffer.’

The hyperbolic response element (Figure 1b) can also be
made perfectly adapted by adding a second signaling
pathway that down regulates the response. Levchenko
and Iglesias [31(] have used a mechanism of this sort to
model phosphoinosityl signaling in slime mold cells and
neutrophils.

Many authors have presented models of perfect adapta-
tion (see [32–35] for representative published work).

Positive feedback: irreversible switches
In Figure 1d the signal influences the response via two
parallel pathways that push the response in opposite
directions (an example of feed-forward control). Alterna-
tively, some component of a response pathway may

(Figure 1 Legend) Signal-response elements. In this tableau, the rows correspond to (a) linear response, (b) hyperbolic response, (c) sigmoidal
response, (d) perfect adaptation, (e) mutual activation, (f) mutual inhibition and (g) homeostasis. The columns present wiring diagrams (left), rate
curves (centre) and signal-response curves (right). From each wiring diagram, we derive a set of kinetic equations, which are displayed in the text
(cases a, b and c) or in Box 1 (all other cases). The graphs in the centre and right columns are derived from the kinetic equations, for the parameter
values given in Box 1. In the centre column, the solid curve is the rate of removal of the response component (R or RP, depending on the context), and
the dashed lines are the rates of production of the response component for various values of signal strength (the value of S is indicated next to each
curve). The filled circles, where the rates of production and removal are identical, represent steady-state values of the response. In the right column,
we plot the steady-state response as a function of signal strength. Row (d) is exceptional: both production and removal depend on signal strength, in
such a fashion that the steady-state value of R is independent of S. Hence, the signal-response curve (not shown) is flat. Instead, we plot the transient
response (R, black curve) to stepwise increases in signal strength (S, red curve), with concomitant changes in the indirect signaling pathway (X, green
curve). Other symbols: Pi, inorganic phosphate; E, a protein involved with R in mutual activation or inhibition; EP, the phosphorylated form of E. In (e)
and (f), the open circle in the centre column and the dashed curve in the right column represent unstable steady states. Scrit is the signal strength
where stable and unstable steady states coalesce (a saddle-node bifurcation point).
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The biophysically acceptable solution (0<RP<RT) of this equation is:

of protein). In case (b), RP is the phosphorylated form of
the response element (which we suppose to be the active
form), RP ¼ ½RP#, and RT ¼ Rþ RP ¼ total concentration
of the response element. A steady-state solution of a
differential equation, dR=dt ¼ f ðRÞ, is a constant, Rss, that
satisfies the algebraic equation f ðRssÞ ¼ 0. In our cases,

Rss ¼
k0 þ k1S

k2
(a)

RP;ss ¼
RTS

ðk2=k1Þ þ S
: (b)

These equations correspond to the linear and hyperbolic
signal-response curves in Figure 1. In most cases, these
simple components are embedded in more complex path-
ways, to generate signal-response curves of more adaptive
value.

Sigmoidal signal-response curves
Case (c) of Figure 1 is a modification of case (b), where the
phosphorylation and dephosphorylation reactions are gov-
erned by Michaelis-Menten kinetics:

dRP

dt
¼ k1SðRT ' RPÞ

Km1 þ RT ' RP
' k2RP

km2 þ RP
; (c)

In this case, the steady-state concentration of the phos-
phorylated form is a solution of the quadratic equation:

k1SðRT ' RPÞðKm2 þ RPÞ ¼ k2RPðKm1 þ RT ' RPÞ:
The biophysically acceptable solution (0 < RP < RT ) of
this equation is [30]:

RP;ss

RT
¼ Gðk1; S; k2;

Km1

RT
;
Km2

RT
Þ; (d)

where the ‘Goldbeter-Koshland’ function, G, is defined
as:

Gðu;v;J;KÞ

¼ 2uK

v' uþ vJþ uKþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv' uþ vJþ uKÞ2 ' 4ðv' uÞuK
q :

In Figure 1c, column 3, we plot RP;ss as a function of S: it is
a sigmoidal curve if J andK are both <<1. This mechanism
for creating a switch-like signal-response curve is called
zero-order ultrasensitivity.

The Goldbeter–Koshland function, although switch-like,
shares with linear and hyperbolic curves the properties of
being graded and reversible. By ‘graded’ we mean that
the response increases continuously with signal strength.
A slightly stronger signal gives a slightly stronger
response. The relationship is ‘reversible’ in the sense
that if signal strength is changed from Sinitial to Sfinal, the
response at Sfinal is the same whether the signal is being
increased (Sinitial < Sfinal) or decreased (Sinitial > Sfinal).
Although continuous and reversible, a sigmoidal response
is abrupt. Like a buzzer or a laser pointer, to activate the
response one must push hard enough on the button, and
to sustain the response onemust keep pushing.When one
lets up on the button, the response switches off at pre-
cisely the same signal strength at which it switched on.

Perfectly adapted signal-response curves
By supplementing the simple linear response element
(Figure 1a) with a second signaling pathway (through
species X in Figure 1d), we can create a responsemechan-
ism that exhibits perfect adaptation to the signal. Perfect
adaptation means that although the signaling pathway
exhibits a transient response to changes in signal strength,
its steady-state response Rss is independent of S. Such
behaviour is typical of chemotactic systems, which
respond to an abrupt change in attractants or repellents,
but then adapt to a constant level of the signal. Our own
sense of smell operates this way, so we refer to this type of
response as a ‘sniffer.’

The hyperbolic response element (Figure 1b) can also be
made perfectly adapted by adding a second signaling
pathway that down regulates the response. Levchenko
and Iglesias [31(] have used a mechanism of this sort to
model phosphoinosityl signaling in slime mold cells and
neutrophils.

Many authors have presented models of perfect adapta-
tion (see [32–35] for representative published work).

Positive feedback: irreversible switches
In Figure 1d the signal influences the response via two
parallel pathways that push the response in opposite
directions (an example of feed-forward control). Alterna-
tively, some component of a response pathway may

(Figure 1 Legend) Signal-response elements. In this tableau, the rows correspond to (a) linear response, (b) hyperbolic response, (c) sigmoidal
response, (d) perfect adaptation, (e) mutual activation, (f) mutual inhibition and (g) homeostasis. The columns present wiring diagrams (left), rate
curves (centre) and signal-response curves (right). From each wiring diagram, we derive a set of kinetic equations, which are displayed in the text
(cases a, b and c) or in Box 1 (all other cases). The graphs in the centre and right columns are derived from the kinetic equations, for the parameter
values given in Box 1. In the centre column, the solid curve is the rate of removal of the response component (R or RP, depending on the context), and
the dashed lines are the rates of production of the response component for various values of signal strength (the value of S is indicated next to each
curve). The filled circles, where the rates of production and removal are identical, represent steady-state values of the response. In the right column,
we plot the steady-state response as a function of signal strength. Row (d) is exceptional: both production and removal depend on signal strength, in
such a fashion that the steady-state value of R is independent of S. Hence, the signal-response curve (not shown) is flat. Instead, we plot the transient
response (R, black curve) to stepwise increases in signal strength (S, red curve), with concomitant changes in the indirect signaling pathway (X, green
curve). Other symbols: Pi, inorganic phosphate; E, a protein involved with R in mutual activation or inhibition; EP, the phosphorylated form of E. In (e)
and (f), the open circle in the centre column and the dashed curve in the right column represent unstable steady states. Scrit is the signal strength
where stable and unstable steady states coalesce (a saddle-node bifurcation point).
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where the Goldbeter-Koshland function, G, is defined as:

of protein). In case (b), RP is the phosphorylated form of
the response element (which we suppose to be the active
form), RP ¼ ½RP#, and RT ¼ Rþ RP ¼ total concentration
of the response element. A steady-state solution of a
differential equation, dR=dt ¼ f ðRÞ, is a constant, Rss, that
satisfies the algebraic equation f ðRssÞ ¼ 0. In our cases,

Rss ¼
k0 þ k1S

k2
(a)

RP;ss ¼
RTS

ðk2=k1Þ þ S
: (b)

These equations correspond to the linear and hyperbolic
signal-response curves in Figure 1. In most cases, these
simple components are embedded in more complex path-
ways, to generate signal-response curves of more adaptive
value.

Sigmoidal signal-response curves
Case (c) of Figure 1 is a modification of case (b), where the
phosphorylation and dephosphorylation reactions are gov-
erned by Michaelis-Menten kinetics:

dRP

dt
¼ k1SðRT ' RPÞ

Km1 þ RT ' RP
' k2RP

km2 þ RP
; (c)

In this case, the steady-state concentration of the phos-
phorylated form is a solution of the quadratic equation:

k1SðRT ' RPÞðKm2 þ RPÞ ¼ k2RPðKm1 þ RT ' RPÞ:
The biophysically acceptable solution (0 < RP < RT ) of
this equation is [30]:

RP;ss

RT
¼ Gðk1; S; k2;

Km1

RT
;
Km2

RT
Þ; (d)

where the ‘Goldbeter-Koshland’ function, G, is defined
as:

Gðu;v;J;KÞ

¼ 2uK

v' uþ vJþ uKþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv' uþ vJþ uKÞ2 ' 4ðv' uÞuK
q :

In Figure 1c, column 3, we plot RP;ss as a function of S: it is
a sigmoidal curve if J andK are both <<1. This mechanism
for creating a switch-like signal-response curve is called
zero-order ultrasensitivity.

The Goldbeter–Koshland function, although switch-like,
shares with linear and hyperbolic curves the properties of
being graded and reversible. By ‘graded’ we mean that
the response increases continuously with signal strength.
A slightly stronger signal gives a slightly stronger
response. The relationship is ‘reversible’ in the sense
that if signal strength is changed from Sinitial to Sfinal, the
response at Sfinal is the same whether the signal is being
increased (Sinitial < Sfinal) or decreased (Sinitial > Sfinal).
Although continuous and reversible, a sigmoidal response
is abrupt. Like a buzzer or a laser pointer, to activate the
response one must push hard enough on the button, and
to sustain the response onemust keep pushing.When one
lets up on the button, the response switches off at pre-
cisely the same signal strength at which it switched on.

Perfectly adapted signal-response curves
By supplementing the simple linear response element
(Figure 1a) with a second signaling pathway (through
species X in Figure 1d), we can create a responsemechan-
ism that exhibits perfect adaptation to the signal. Perfect
adaptation means that although the signaling pathway
exhibits a transient response to changes in signal strength,
its steady-state response Rss is independent of S. Such
behaviour is typical of chemotactic systems, which
respond to an abrupt change in attractants or repellents,
but then adapt to a constant level of the signal. Our own
sense of smell operates this way, so we refer to this type of
response as a ‘sniffer.’

The hyperbolic response element (Figure 1b) can also be
made perfectly adapted by adding a second signaling
pathway that down regulates the response. Levchenko
and Iglesias [31(] have used a mechanism of this sort to
model phosphoinosityl signaling in slime mold cells and
neutrophils.

Many authors have presented models of perfect adapta-
tion (see [32–35] for representative published work).

Positive feedback: irreversible switches
In Figure 1d the signal influences the response via two
parallel pathways that push the response in opposite
directions (an example of feed-forward control). Alterna-
tively, some component of a response pathway may

(Figure 1 Legend) Signal-response elements. In this tableau, the rows correspond to (a) linear response, (b) hyperbolic response, (c) sigmoidal
response, (d) perfect adaptation, (e) mutual activation, (f) mutual inhibition and (g) homeostasis. The columns present wiring diagrams (left), rate
curves (centre) and signal-response curves (right). From each wiring diagram, we derive a set of kinetic equations, which are displayed in the text
(cases a, b and c) or in Box 1 (all other cases). The graphs in the centre and right columns are derived from the kinetic equations, for the parameter
values given in Box 1. In the centre column, the solid curve is the rate of removal of the response component (R or RP, depending on the context), and
the dashed lines are the rates of production of the response component for various values of signal strength (the value of S is indicated next to each
curve). The filled circles, where the rates of production and removal are identical, represent steady-state values of the response. In the right column,
we plot the steady-state response as a function of signal strength. Row (d) is exceptional: both production and removal depend on signal strength, in
such a fashion that the steady-state value of R is independent of S. Hence, the signal-response curve (not shown) is flat. Instead, we plot the transient
response (R, black curve) to stepwise increases in signal strength (S, red curve), with concomitant changes in the indirect signaling pathway (X, green
curve). Other symbols: Pi, inorganic phosphate; E, a protein involved with R in mutual activation or inhibition; EP, the phosphorylated form of E. In (e)
and (f), the open circle in the centre column and the dashed curve in the right column represent unstable steady states. Scrit is the signal strength
where stable and unstable steady states coalesce (a saddle-node bifurcation point).
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A sigmoidal response is continuous and reversible, but abrupt. 
The element behaves like a buzzer, where one must push hard enough 
on the button to activate the response. In terms of phosphorylation, the 

signal S must be strong enough to create a noticeable change of the
equilibrium.
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Perfect Adaptation: Sniffer

Figure 1
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k4
k3

k2

k1

feed back on the signal. Feedback can be positive,
negative or mixed.

There are two types of positive feedback. In Figure 1e, R
activates protein E (by phosphorylation), and EP
enhances the synthesis of R. In Figure 1f, R inhibits

E, and E promotes the degradation of R; hence, R and E
are mutually antagonistic. In either case (mutual activa-
tion or antagonism), positive feedback may create a dis-
continuous switch, meaning that the cellular response
changes abruptly and irreversibly as signal magnitude
crosses a critical value. For instance, in Figure 1e, as
signal strength (S) increases, the response is low until S
exceeds some critical intensity, Scrit, at which point the
response increases abruptly to a high value. Then, if S
decreases, the response stays high (i.e. the switch is irre-
versible; unlike a sigmoidal response, which is reversible).
Notice that, for S values between 0 and Scrit, the control
system is ‘bistable’ — that is, it has two stable steady-state
response values (on the upper and lower branches — the
solid lines) separated by an unstable steady state (on the
intermediate branch — the dashed line).

The signal-response curves in Figure 1e,f would be called
‘one-parameter bifurcation diagrams’ by an applied math-
ematician. The parameter is signal strength (manipula-
table by the experimenter). The steady-state response, on
the Y axis, is an indicator of the behaviour of the control
system as a function of the signal. At Scrit, the behaviour of
the control system changes abruptly and irreversibly from
low response to high response (or vice versa). Such points
of qualitative change in the behaviour of a nonlinear
control system are called bifurcation points, in this case,
a ‘saddle-node bifurcation point’. We will shortly meet
other, more esoteric bifurcation points, associated with
more complex signal-response relationships.

Discontinuous responses come in two varieties: the one-
way switch (e.g. Figure 1e), and the toggle switch (e.g.
Figure 1f). One-way switches presumably play major
roles in developmental processes characterized by a
point-of-no-return (see, for example, [21]). Frog oocyte
maturation in response to progesterone is a particularly
clear example [36]. Apoptosis is another decision that
must be a one-way switch.

In the toggle switch, if S is decreased enough, the switch
will go back to the off-state, as in Figure 1f (column 3).
For intermediate stimulus strengths (Scrit1 < S < Scrit2),
the response of the system can be either small or large,
depending on how S was changed. This sort of two-way,
discontinuous switch is often referred to as hysteresis.
Nice examples include the lac operon in bacteria [21], the
activation ofM-phase-promoting factor (MPF) in frog egg
extracts [37], and the autocatalytic conversion of normal
prion protein to its pathogenic form [38!!]. Bistable
behaviour of MPF in frog egg extracts has recently been
confirmed experimentally by two groups: Sha et al. [39],
and Pomerening and Ferrell (personal communication).
Chen et al. [9] proposed that a toggle switch governs the
‘start’ and ‘finish’ transitions in the budding yeast cell
cycle, and this prediction was confirmed recently in an
elegant experiment by Cross et al. [40!!].

Box 1 Mathematical models of signal-response systems.

Figure 1d. Perfectly adapted

dR

dt
¼ k1S# k2X $ R Rss ¼

k1k4
k2k3

dX

dt
¼ k3S# k4X Xss ¼

k3S

k4

Observe that Rss is independent of S.

Figure 1e. Mutual activation

dR

dt
¼ k0EPðRÞ þ k1S# k2X $ R

EPðRÞ ¼ Gðk3R; k4; J3; J4Þ

Figure 1f. Mutual inhibition

dR

dt
¼ ko þ k1S# k2R# k02EðRÞ $ R

EðRÞ ¼ Gðk3; k4R; J3; J4Þ

Figure 1g. Negative feedback: homeostasis
dR

dt
¼ k0EðRÞ # k2S $ R

EðRÞ ¼ Gðk3; k4R; J3; J4Þ

Figure 2a. Negative-feedback oscillator
dX

dt
¼ k0 þ k1S# k2X þ k02RP $ X

dYP

dt
¼ k3XðYT # YPÞ

Km3 þ YT # YP
# k4YP

Km4 þ YP

dRP

dt
¼ k5YPðRT # RPÞ

Km5 þ RT # RP
# k6RP

Km6 þ RP

Figure 2b. Activator inhibitor

dR

dt
¼ koEPðRÞ þ k1S# k2R# k02X $ R

dX

dt
¼ k5R# k6X

EPðRÞ ¼ Gðk3R; k4; J3; J4Þ

Figure 2c. Substrate-depletion oscillator

dX

dt
¼ k1S# ½k00 þ k0EPðRÞ) $ X

dR

dt
¼ ½k00 þ k0EPðRÞ) $ X # k2R

EPðRÞ ¼ Gðk3R; k4; J3; J4Þ

Parameter sets
1a k0 ¼ 0:01, k1 ¼ 1, k2 ¼ 5
1b k1 ¼ k2 ¼ 1, RT ¼ 1
1c k1 ¼ k2 ¼ 1, RT ¼ 1, Km1 ¼ Km2 ¼ 0:05
1d k1 ¼ k2 ¼ 2, k3 ¼ k4 ¼ 1
1e k0 ¼ 0:4, k1 ¼ 0:01, k2 ¼ k3 ¼ 1, k4 ¼ 0:2, J3 ¼ J4 ¼ 0:05
1f k0 ¼ 0, k1 ¼ 0:05, k2 ¼ 0:1, k02 ¼ 0:5, k3 ¼ 1, k4 ¼ 0:2,

J3 ¼ J4 ¼ 0:05
1g k0 ¼ 1, k2 ¼ 1, k3 ¼ 0:5, k4 ¼ 1, J3 ¼ J4 ¼ 0:01
2a k0 ¼ 0, k1 ¼ 1, k2 ¼ 0:01, k02 ¼ 10, k3 ¼ 0:1, k4 ¼ 0:2, k5 ¼ 0:1,

k6 ¼ 0:05, YT ¼ RT ¼ 1, Km3 ¼ Km4 ¼ Km5 ¼ Km6 ¼ 0:01
2b k0 ¼ 4, k1 ¼ k2 ¼ k02 ¼ k3 ¼ k4 ¼ 1, k5 ¼ 0:1, k6 ¼ 0:075,

J3 ¼ J4 ¼ 0:3
2c k00 ¼ 0:01, k0 ¼ 0:4, k1 ¼ k2 ¼ k3 ¼ 1, k4 ¼ 0:3, J3 ¼ J4 ¼ 0:05

224 Cell regulation

Current Opinion in Cell Biology 2003, 15:221–231 www.current-opinion.com

Figure 1

R

S

0 0.5 1

1

3

2

0

0.5

S

ATP ADP

H
2
OP

i

2 4 8

R
a

te
 (

d
R

/d
t)

R
a

te
 (

d
R

P
/d

t)
R

a
te

 (
d

R
P
/d

t)
R

a
te

 (
d

R
/d

t)
R

a
te

 (
d

R
/d

t)
R

a
te

 (
d

R
/d

t)
R

a
te

 (
d

R
/d

t)

R
e

s
p

o
n

s
e

 (
R

)
R

e
s
p

o
n

s
e

 (
R

)
R

e
s
p

o
n

s
e

 (
R

)
R

e
s
p

o
n

s
e

 (
R

)

R
P

R
P

R
e

s
p

o
n

s
e

 (
R

P
)

R
e

s
p

o
n

s
e

 (
R

P
)

Linear

Hyperbolic

R

S

RP

ATP ADP

R

S
X

0

5

0 1 2

S

X

R

0.25

0.5

1

1.5

2

R

1

3

2

Time

Sigmoidal

Adapted

R

S

EP

EP

EP

E

R

S

E

R

R

R

0

8

16

0.6

1.2

1.8

S
crit

S
crit1

S
crit2

Mutual activation

Mutual inhibition

R

S

E

0.5

1
1.5

Homeostatic

R Signal (S)

Signal (S)

Signal (S)

Signal (S)

Signal (S)

Signal (S)

0

5

0 1 2 3

R RP

(a)

(b)

(c)

(d)

(e)

(f)

(g)

0 0.5 1
0

1

2

0 5 10
0

0.5

1

H
2
OP

i

0

1

2

0 0.5 1
0

0.5

1

0 1 2 3

0.9

1.4

1.9

0 10 20
–1

0

1

2

3

4

5

0

0.1

0.2

0.3

0.4

0.5

0.6

0 0.5
0

0.5

0 10

0.1

0

0.05

0 0.5 1 1.5
0

0.5

1

0 1 2

1

0 0.5 1

0.5

0 0

0.5

1

0 1 2

Current Opinion in Cell Biology

222 Cell regulation

Current Opinion in Cell Biology 2003, 15:221–231 www.current-opinion.com

The response mechanism exhibits perfect adaptation to the signal. 
Although the signaling pathway responds transiently to changes 
in signal strength, its steady-state response RSS is independent of S 
and is only controlled by the ratio of the four kinetic rates of the 
system. 
Such behavior is typical of chemotactic systems, which respond to 
an abrupt change in attractants or repellents, but then adapt to a 
constant level of the signal.
Our own sense of smell operates this way; hence, this element is 
termed a sniffer. 

feed-forward
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Positive Feedback: One-way 
Switch

feedback

R activates enzyme E (by phosphorylation), and EP 
enhances the synthesis of R:

Figure 1
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k4 k3

k2
k1

a Goldbeter-Koshland function

Figure 1
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In the response curve, the control system is found to be bistable 
between 0 and Scrit. In this regime, there are two stable steady-
state response values (on the upper and lower branches, the solid 
lines). The is called a one-parameter bifurcation. Which value is 
taken depends on the history of the system. After the signal 
threshold Scrit has been crossed once, the system will remain on 
the upper curve. This is termed a one-way switch. Apoptosis is an 
example for this behavior, where the decision to shut down the 
cell must be clearly a one-way switch. 

11



Mutual Inhibition: Toggle Switch

The same as the previous case, with the only difference 
that E now stimulates degradation of R.

This systems leads to a discontinuous behavior. This type of 
bifurcation is called a toggle-switch. If S is decreased enough after 
starting from a high level, the switch will go back to the off-state 
on the lower curve meaning a small response R. For intermediate 
stimulus strength (Scrit1<S<Scrit2), the response of the system can be 
either small or large, depending on the history of S(t). This is often 
called hysteresis. Biological examples of such behavior include the 
lac operon in bacteria. 

Figure 1
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feed back on the signal. Feedback can be positive,
negative or mixed.

There are two types of positive feedback. In Figure 1e, R
activates protein E (by phosphorylation), and EP
enhances the synthesis of R. In Figure 1f, R inhibits

E, and E promotes the degradation of R; hence, R and E
are mutually antagonistic. In either case (mutual activa-
tion or antagonism), positive feedback may create a dis-
continuous switch, meaning that the cellular response
changes abruptly and irreversibly as signal magnitude
crosses a critical value. For instance, in Figure 1e, as
signal strength (S) increases, the response is low until S
exceeds some critical intensity, Scrit, at which point the
response increases abruptly to a high value. Then, if S
decreases, the response stays high (i.e. the switch is irre-
versible; unlike a sigmoidal response, which is reversible).
Notice that, for S values between 0 and Scrit, the control
system is ‘bistable’ — that is, it has two stable steady-state
response values (on the upper and lower branches — the
solid lines) separated by an unstable steady state (on the
intermediate branch — the dashed line).

The signal-response curves in Figure 1e,f would be called
‘one-parameter bifurcation diagrams’ by an applied math-
ematician. The parameter is signal strength (manipula-
table by the experimenter). The steady-state response, on
the Y axis, is an indicator of the behaviour of the control
system as a function of the signal. At Scrit, the behaviour of
the control system changes abruptly and irreversibly from
low response to high response (or vice versa). Such points
of qualitative change in the behaviour of a nonlinear
control system are called bifurcation points, in this case,
a ‘saddle-node bifurcation point’. We will shortly meet
other, more esoteric bifurcation points, associated with
more complex signal-response relationships.

Discontinuous responses come in two varieties: the one-
way switch (e.g. Figure 1e), and the toggle switch (e.g.
Figure 1f). One-way switches presumably play major
roles in developmental processes characterized by a
point-of-no-return (see, for example, [21]). Frog oocyte
maturation in response to progesterone is a particularly
clear example [36]. Apoptosis is another decision that
must be a one-way switch.

In the toggle switch, if S is decreased enough, the switch
will go back to the off-state, as in Figure 1f (column 3).
For intermediate stimulus strengths (Scrit1 < S < Scrit2),
the response of the system can be either small or large,
depending on how S was changed. This sort of two-way,
discontinuous switch is often referred to as hysteresis.
Nice examples include the lac operon in bacteria [21], the
activation ofM-phase-promoting factor (MPF) in frog egg
extracts [37], and the autocatalytic conversion of normal
prion protein to its pathogenic form [38!!]. Bistable
behaviour of MPF in frog egg extracts has recently been
confirmed experimentally by two groups: Sha et al. [39],
and Pomerening and Ferrell (personal communication).
Chen et al. [9] proposed that a toggle switch governs the
‘start’ and ‘finish’ transitions in the budding yeast cell
cycle, and this prediction was confirmed recently in an
elegant experiment by Cross et al. [40!!].

Box 1 Mathematical models of signal-response systems.

Figure 1d. Perfectly adapted

dR

dt
¼ k1S# k2X $ R Rss ¼

k1k4
k2k3

dX

dt
¼ k3S# k4X Xss ¼

k3S

k4

Observe that Rss is independent of S.

Figure 1e. Mutual activation

dR

dt
¼ k0EPðRÞ þ k1S# k2X $ R

EPðRÞ ¼ Gðk3R; k4; J3; J4Þ

Figure 1f. Mutual inhibition

dR

dt
¼ ko þ k1S# k2R# k02EðRÞ $ R

EðRÞ ¼ Gðk3; k4R; J3; J4Þ

Figure 1g. Negative feedback: homeostasis
dR

dt
¼ k0EðRÞ # k2S $ R

EðRÞ ¼ Gðk3; k4R; J3; J4Þ

Figure 2a. Negative-feedback oscillator
dX

dt
¼ k0 þ k1S# k2X þ k02RP $ X

dYP

dt
¼ k3XðYT # YPÞ

Km3 þ YT # YP
# k4YP

Km4 þ YP

dRP

dt
¼ k5YPðRT # RPÞ

Km5 þ RT # RP
# k6RP

Km6 þ RP

Figure 2b. Activator inhibitor

dR

dt
¼ koEPðRÞ þ k1S# k2R# k02X $ R

dX

dt
¼ k5R# k6X

EPðRÞ ¼ Gðk3R; k4; J3; J4Þ

Figure 2c. Substrate-depletion oscillator

dX

dt
¼ k1S# ½k00 þ k0EPðRÞ) $ X

dR

dt
¼ ½k00 þ k0EPðRÞ) $ X # k2R

EPðRÞ ¼ Gðk3R; k4; J3; J4Þ

Parameter sets
1a k0 ¼ 0:01, k1 ¼ 1, k2 ¼ 5
1b k1 ¼ k2 ¼ 1, RT ¼ 1
1c k1 ¼ k2 ¼ 1, RT ¼ 1, Km1 ¼ Km2 ¼ 0:05
1d k1 ¼ k2 ¼ 2, k3 ¼ k4 ¼ 1
1e k0 ¼ 0:4, k1 ¼ 0:01, k2 ¼ k3 ¼ 1, k4 ¼ 0:2, J3 ¼ J4 ¼ 0:05
1f k0 ¼ 0, k1 ¼ 0:05, k2 ¼ 0:1, k02 ¼ 0:5, k3 ¼ 1, k4 ¼ 0:2,

J3 ¼ J4 ¼ 0:05
1g k0 ¼ 1, k2 ¼ 1, k3 ¼ 0:5, k4 ¼ 1, J3 ¼ J4 ¼ 0:01
2a k0 ¼ 0, k1 ¼ 1, k2 ¼ 0:01, k02 ¼ 10, k3 ¼ 0:1, k4 ¼ 0:2, k5 ¼ 0:1,

k6 ¼ 0:05, YT ¼ RT ¼ 1, Km3 ¼ Km4 ¼ Km5 ¼ Km6 ¼ 0:01
2b k0 ¼ 4, k1 ¼ k2 ¼ k02 ¼ k3 ¼ k4 ¼ 1, k5 ¼ 0:1, k6 ¼ 0:075,

J3 ¼ J4 ¼ 0:3
2c k00 ¼ 0:01, k0 ¼ 0:4, k1 ¼ k2 ¼ k3 ¼ 1, k4 ¼ 0:3, J3 ¼ J4 ¼ 0:05
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Negative Feedback: Homeostasis

Figure 1
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k4 k3
k2

k1
The response element, R, inhibits the enzyme E 
catalyzing its synthesis. 

Figure 1
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This type of regulation is called homeostasis. It is sort of an 
adaptation, but not a sniffer, because stepwise increases in S do 
not generate transient changes in R.
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Negative Feedback: Oscillation

Two possible ways
of inhibition

Toggle switches have also been realized in artificial
genetic networks based on mutual inhibition [41] or
mutual activation [42!]. These networks were designed
and built in explicit reliance on theoretical ideas of the
kind we have described.

Negative feedback: homeostasis and
oscillations
In negative feedback, the response counteracts the effect
of the stimulus. In Figure 1g, the response element, R,
inhibits the enzyme catalysing its synthesis; hence, the
rate of production of R is a sigmoidal decreasing function
of R. The signal in this case is the demand for R— that is,
the rate of consumption of R is given by k2SR. The steady
state concentration of R is confined to a narrow window
for a broad range of signal strengths, because the supply of
R adjusts to its demand. This type of regulation, com-
monly employed in biosynthetic pathways, is called
homeostasis. It is a kind of imperfect adaptation, but it

is not a sniffer because stepwise increases in S do not
generate transient changes in R.

Negative feedback can also create an oscillatory response.
A two-component, negative feedback loop, X!R—|X,
can exhibit damped oscillations to a stable steady state
but not sustained oscillations [43]. Sustained oscillations
require at least three components: X!Y!R––|X. The
third component (Y) introduces a time delay in the feed-
back loop, causing the control system repeatedly to over-
shoot and undershoot its steady state.

In Figure 2a (column 1), we present a wiring diagram for a
negative-feedback control loop. For intermediate signal
strengths, the system executes sustained oscillations
(column 2) in the variables X(t), YP(t) and RP(t). In the
signal-response curve (column 3), we plot RP;ss as a
function of S, noting that the steady-state response is
unstable for Scrit1 < S < Scrit2. Within this range, RP(t)

Figure 2

(a)

(b)

(c)

0 25 50
0

0.5

1

0 2 4 6

S

X

Y YP

R RP

(2)

(1)

Time

X
YP

RP R
e
s
p
o
n
s
e
 (

R
P
)

Signal (S)

S
crit2

S
crit1

S
crit2S

crit1

0.0 0.5
0

1

0.0 0.1 0.2 0.3 0.4 0.5
0

1

2

0 1
0

1

2

3

0 5
0

1

X

R

R

S

EP E

X

X

R

R
e
s
p
o
n
s
e
 (

R
)

Signal (S)

R

S

EP E

X

0

5

0.0

0.1

0.2

0.3

0.4

0.5

S
crit2S

crit1

R
e
s
p
o
n
s
e
 (

R
)

Signal (S)

Oscillatory networks. In this tableau, the rows correspond to (a) negative feedback, (b) activator-inhibitor and (c) substrate-depletion oscillators. The
left column presents wiring diagrams and the right column signal-response curves. The centre column presents time courses (a) or phase planes (b,c).
The kinetic equations corresponding to each wiring diagram are displayed in Box 1, along with the parameter values for which the other two columns
are drawn. S, signal; R, response; E, X and Y, other components of the signaling network; EP, phosphorylated form of E; etc. (a) There are two ways to
close the negative feedback loop: first, RP inhibits the synthesis of X; or second, RP activates the degradation of X. We choose case 2. Centre
column: oscillations of X (black, left ordinate), YP (red, right ordinate) and RP (blue, right ordinate) for S ¼ 2. Right column: the straight line is the
steady-state response (RP;ss) as a function of S; solid line indicates stable steady states, dashed line indicates unstable steady states. For a fixed
value of S between Scrit1 and Scrit2, the unstable steady state is surrounded by a stable periodic solution. For example, the solution in the centre
column oscillates between RPmax ¼ 0:28 and RPmin ¼ 0:01. These two numbers are plotted as filled circles (at S ¼ 2) in the signal-response curve to
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open circle, unstable steady state. Right column, (b,c): solid line, stable steady states; dashed line, unstable steady states; closed/open circles,
maximum and minimum values of R during a stable/unstable oscillation. Scrit1 and Scrit2 are called subcritical Hopf bifurcation points.
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mutual activation [42!]. These networks were designed
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kind we have described.

Negative feedback: homeostasis and
oscillations
In negative feedback, the response counteracts the effect
of the stimulus. In Figure 1g, the response element, R,
inhibits the enzyme catalysing its synthesis; hence, the
rate of production of R is a sigmoidal decreasing function
of R. The signal in this case is the demand for R— that is,
the rate of consumption of R is given by k2SR. The steady
state concentration of R is confined to a narrow window
for a broad range of signal strengths, because the supply of
R adjusts to its demand. This type of regulation, com-
monly employed in biosynthetic pathways, is called
homeostasis. It is a kind of imperfect adaptation, but it

is not a sniffer because stepwise increases in S do not
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A two-component, negative feedback loop, X!R—|X,
can exhibit damped oscillations to a stable steady state
but not sustained oscillations [43]. Sustained oscillations
require at least three components: X!Y!R––|X. The
third component (Y) introduces a time delay in the feed-
back loop, causing the control system repeatedly to over-
shoot and undershoot its steady state.

In Figure 2a (column 1), we present a wiring diagram for a
negative-feedback control loop. For intermediate signal
strengths, the system executes sustained oscillations
(column 2) in the variables X(t), YP(t) and RP(t). In the
signal-response curve (column 3), we plot RP;ss as a
function of S, noting that the steady-state response is
unstable for Scrit1 < S < Scrit2. Within this range, RP(t)
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close the negative feedback loop: first, RP inhibits the synthesis of X; or second, RP activates the degradation of X. We choose case 2. Centre
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value of S between Scrit1 and Scrit2, the unstable steady state is surrounded by a stable periodic solution. For example, the solution in the centre
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Steady-state is unstable
between Scrit1 and Scrit2; it
oscillates between RPmin

and RPmax.
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Putting It All Together:
Cell Cycle Control System
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Wiring diagram for the cyclin-dependent kinase (Cdk) network
regulating DNA synthesis and mitosis.
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toggle-switch
(mutual inhibition 

between Cdk1-
cyclin B and CKI)
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toggle-switch
(mutual activation between Cdk1-cyclin B and Cdc25, and 

mutual inhibition between Cdk1-cyclin B and Wee1)
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oscillator, based on negative-feedback loop.
Cdk1-cyclin B activates the APC, which activates Cdc20,

which degrades cyclin B.
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