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Abstra t.

This paper presents an experimental investigation of the following questions: how
does the average- ase omplexity of random 3-SAT, understood as a fun tion of the
order (number of variables) for xed density (ratio of number of lauses to order)
instan es, depend on the density? Is there a phase transition in whi h the omplexity
shifts from polynomial to exponential in the order? Is the transition dependent or
independent of the solver? Our experiment design uses three omplete SAT solvers
embodying di erent algorithms: GRASP, CPLEX, and CUDD. We observe new
phase transitions for all three solvers, where the median running time shifts from
polynomial in the order to exponential. The lo ation of the phase transition appears
to be solver-dependent. While GRASP and CUDD shift from polynomial to exponential omplexity at a density of about 3.8, CUDD exhibits this transition between
densities of 0.1 and 0.5. This experimental result unders ores the dependen e between the solver and the omplexity phase transition, and hallenges the widely held
belief that random 3-SAT exhibits a phase transition in omputational omplexity
very lose to the rossover point.

1.

Introdu tion

The last de ade has seen an intense fo us on the omplexity of randomly
generated ombinatorial problems. This interest was stimulated by the
dis overy of a fas inating onne tion between the density of ombinatorial problems and their omputational omplexity, see [11, 39℄.
A problem that has re eived a lot of attention in this area is the 3satis ability problem (3-SAT), a paradigmati ombinatorial problem
that is important also for its own sake. An instan e of 3-SAT onsists
of a onjun tion of lauses, ea h one a disjun tion of three literals.
The goal is to nd a truth assignment that satis es all lauses. The
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density of a 3-SAT instan e is the ratio of the number of lauses to the
number of Boolean variables. We all the number of variables the order
of the instan e. Clearly, a low density suggests that the instan e is
under- onstrained, and therefore is likely to be satis able, while a high
density suggests that the instan e is over- onstrained and is unlikely to
be satis able. Experimental resear h [15, 39℄ has shown that for ratio
below (roughly) 4.26, the probability of satis ability of a random 3SAT instan e goes to 1 as the order in reases, while for ratio above
4.26 the probability goes to 0. At 4.26, the probability of satis ability
is 0.5. This satis ability threshold density has been alled the rossover
point . Theoreti ally establishing the density at the rossover point is
diÆ ult, and is the subje t of ontinuing resear h, f. [20, 19, 1℄.
The experiments in [15, 39℄, whi h applied algorithms based on
the so- alled Davis-Longemann-Loveland method (abbr., DLL method)
(a depth- rst sear h with unit propagation [18℄), also show that the
density of a 3-SAT instan e is intimately related to its omputational
omplexity. Intuitively, under- onstrained instan es are easy to solve,
as a satisfying assignment an be found fast, and over- onstrained instan es are also easy to solve, as all bran hes of the sear h terminate
qui kly. Indeed, the data displayed in [15, 39℄ demonstrate a peak in
running time essentially at the rossover point. Using nite-size s aling
te hniques, [31℄ demonstrated a phase transition at the rossover point,
viz., a marked qualitative hange in the stru tural properties of the
problem. This pattern of omputational behavior with a peak at the
rossover point is alled the easy-hard-easy pattern in [38℄.
This pi ture, however, is quite simplisti for various reasons. First,
the terms \easy" and \hard" do not arry any rigorous meaning. The
omputational omplexity of a problem is typi ally studied on an in nite olle tion of instan es, and is spe i ed as a fun tion of problem size
or order. The easy-hard-easy pattern, however, is observed when the
order is xed while the density varies, but on e the order is xed, there
are only nitely many possible instan es. For that reason, theoreti al
analyses of the random 3-SAT problem fo us on olle tions of xeddensity instan es, rather than on olle tions of xed-order instan es,
f. [3℄. Se ond, in the ontext of a on rete appli ation, e.g., bounded
model he king [4℄, planning [30℄, or s heduling [16℄, it is typi ally the
order that tends to grow while the density stays xed, for example,
as we sear h for longer and longer ounterexamples in bounded model
he king. Thus, experimental results that vary density while xing the
order tell us little about the omputational omplexity of 3-SAT in
su h settings. Finally, it is not lear where the boundaries between
the so- alled \easy", \hard", and \easy" regions are. A widely held
belief [39, 38℄ is that random 3-SAT problems are \hard" only for
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densities very lose to the rossover point. Mu h work has therefore
fo used on explaining the \jump" in omputational omplexity around
the rossover point using nite-size s aling [38℄ and ba kbones [36℄. This
alleged \jump", however, has not been do umented experimentally.
In fa t, there is almost no experimental work that studies how the
running time of a SAT solver varies as a fun tion of the order for xeddensity instan es (a few results of this nature, though not a systemati
study, are reported in [14, 15, 38℄). Further, the experiments reported
in [39, 15℄ are based solely on DLL algorithms. While these are indeed
the most popular algorithms for the satis ability problem, one annot
jump to on lusions about the inherent and pra ti al omplexity of
random 3-SAT based solely on experiments using these algorithms. We
may observe di erent phenomena by experimenting with SAT solvers
that embody di erent algorithms.
The goal of our experimental algorithmi resear h reported here is
to determine how the average- ase omplexity of random 3-SAT, understood as a fun tion of the order for xed density instan es, depends
on the density. Is there a phase transition in whi h the omplexity
shifts from polynomial to exponential? Is su h a transition dependent
or independent of the solver?
To explore these questions, we set out to obtain a good overage of
an initial quadrangle of the two-dimensional d  n quadrant, where d is
the density and n is the order. We explored the range 0  d  15. We
attempted to maximize the order of the sampled instan es, given our resour e onstraints. We used three di erent SAT solvers, embodying different underlying algorithms. GRASP (vin i.ines .pt/jpms/grasp/)
is based on the DLL method, but it augments the sear h with a on i tanalysis pro edure that enables it to ba ktra k non- hronologi ally
and re ord the auses of on i t. Experimental results [33℄ show that
GRASP is very eÆ ient for a large number of realisti SAT instan es,
and it has proven to be a very e e tive SAT solver in the ontext of
automated hardware design [37℄. The CPLEX MIP Solver is a ommer ial optimizer for linear-programming problems with integer variables (www. plex. om). It employs a bran h-and-bound te hnique using linear-programming relaxations that an be omplemented with the
dynami generation of utting planes. While bran h-and-bound is related to depth- rst-sear h, the utting-planes te hnique is more powerful than resolution [28℄. CUDD (bessie. olorado.edu/fabio/CUDD)
implements fun tions to manipulate Redu ed Ordered Binary De ision
Diagrams (ROBDDs), whi h provides an eÆ ient representation for
Boolean fun tions [8℄. Unlike GRASP and CPLEX, CUDD does not
sear h for a single satisfying truth assignment. Rather, it onstru ts
a ompa t symboli representation of the set of satisfying truth as-
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signments and then he ks whether this set is nonempty. Uribe and
Sti kel [44℄ ompared ROBDDs with the DLL method for SAT solving,
on luding that the methods are in omparable, and that ROBDDs
dominate the DLL method on many examples. Re ent work by Groote
and Zantema proved the in omparability of ROBDDs and resolution
[26℄. ROBDDs have proven re ently to be very e e tive in the ontext
of hardware veri ation [9, 29℄.
Our aim was not to dire tly ompare the performan e of the di erent
solvers in order to see whi h one has the \best" performan e, but rather
to understand their behavior in the d  n quadrant in order to make
qualitative observations on how the omplexity of random 3-SAT is
viewed from di erent algorithmi perspe tives. It is important to note
that the algorithms used in GRASP, CPLEX, and CUDD do not expli itly refer to the density of the input instan es. Thus, a qualitative
hange in the behavior of the algorithm, as a result of hanging the
density, indi ates a genuine stru tural hange in the SAT instan es
from the perspe tive of the algorithm.
In analyzing our experimental results we fo us on measuring the
median running time as a fun tion of the order for a set of instan es
of xed density.1 This gives us a measure of the running time of the
algorithm for that density. Our ndings show that for GRASP and
CPLEX the easy-hard-easy pattern is better des ribed as an easy-hardless-hard pattern, where, as is the standard usage in omputational
omplexity theory, \easy" means polynomial time and \hard" means
exponential time. When we start with low-density instan es and then
in rease the density, we go from a region of polynomial running time, to
a region of exponential running time, where the exponent rst in reases
and then de reases as a fun tion of the density. Thus, we observe at
least two phase transitions as the density is in reased: a transition
at around density 3.8 from polynomial to exponential running time
and a transition at around density 4.26 (the rossover point) from an
in reasing exponent to a de reasing exponent. The region between 3.8
and 4.26 is also hara terized by the prevalen e of very hard instan es,
the so alled \heavy-tail phenomenon", f. [23, 27, 34, 38℄. Our results
indi ate one or more phase transitions in this region, where the ratio of
the mean to median running time peaks. For CPLEX we also observe
1

It is easy to see that 3-SAT is NP- omplete for instan es of ea h xed density,
as the generi redu tion of NP to 3-SAT [22℄ produ es instan es of xed density and
ea h density an be obtained by adding redundant variables or redundant lauses.
Thus, we'd expe t the worst- ases running time to be exponential for all densities.
Consequently, one would expe t to nd hard instan es in the \easy" region, f. [23℄.
The issue of median vs. mean running time is dis ussed later.
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another phase transition at around density 1.7 from linear running time
to quadrati running time.
A very di erent pi ture emerges for CUDD. Here the algorithm is
exponential (in both time and spa e) for densities between 0.5 and
15. There is, however, no peak around the rossover point and no
heavy-tail phenomenon was observed. We observed, however, a peak
in the size of the nal BDDs onstru ted by the algorithm at around
density 2, indi ating a phase transition at around this density. At a very
low density (0.1) we did observe polynomial ( ubi ) behavior, whi h
suggests that another phase transition is \lurking" between densities
0.1 and 0.5.
There are two on lusions that an be drawn from our experiments.
First, the \phase transition" in average ase omputational omplexity of random 3-SAT is not orrelated with the \phase transition" in
satis ability. The sharp shift of average ase omplexity from polynomial to exponential o urs well before the rossover point. This implies
that explanations for shifts in omputational omplexity annot enter
around phenomena observed at the rossover point [38, 36℄ Se ond,
unlike earlier predi tions ( f. [32, 13℄), phase transitions in average- ase
omplexity (unlike the one for satis ability) are not solver-independent.
This implies that any theory attempting to explain the sharp shift in
omputational omplexity must take the hara teristi s of the solver
into a ount, as in [2℄.

2.

Related Work

The fa t that the \easy-hard-easy" pattern is quite simplisti is known,
though rather under-emphasized, f. [40, 2℄. For example, in the highdensity region (above density 5.2), an exponential lower bound on the
length of resolution proofs is proved in [12℄. This entails an exponential
lower bound on the running time of DLL algorithms, implying that
the high-density region an, at best, be des ribed as \less hard". (Note
that this lower bound does not apply to algorithms that are based
on utting planes or ROBDDs [13, 28, 26℄.) It is also known that the
probability rossover is not the only phase transition involving random
3-SAT and that phase transitions an be solver dependent. In [42℄, the
authors demonstrated experimentally a hange from exponentially fast
to power law relaxation at around density 3. In [7, 35℄, the authors
proved linear median running time of the pure-literal algorithm at
the low-density region (below 1.63) and showed a phase transition at
1.63 for this algorithm. In [21℄, the authors proved a linear median
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running time for another heuristi algorithm for low-density instan es
and showed a phase transition near density 3 for this algorithm.
These latter results indi ate that the low-density region is indeed in
some sense\easy", but they do not establish that omplete SAT solvers
have polynomial median running time in this region. The analyti al
results of Fran o and his ollaborators suggest that in this region we
might expe t a polynomial median running time for ertain heuristi
algorithms, f. [10℄, but they do not prove it de nitively. In [14℄, the
authors reported linear median running time of Tableau, their SAT
solver, for densities 1, 2, and 3, and an exponential median running time
for densities 4.26 and 10. In [38℄, the authors reported linear median
running time of their DLL SAT solver for density 3, and an exponential
median running time for density 4.26. Neither of these papers, however,
systemati ally explores the dependen e on the density of the running
time as a fun tion of the order.
The performan e of integer-programming algorithms on random SAT
instan es is studied in [28℄, but the author did not systemati ally study
how the running time depends on the density of the instan es. Similarly,
in [6, 25℄ the authors studied the behavior of ROBDDs on random SAT
instan es, but did not study how this behavior varies as a fun tion of
the density.
While we fo us in this paper on the study of olle tions of xeddensity instan es, it would also be interesting to study the behavior of
SAT solvers on instan es where the order and the density vary simultaneously; for example, the density may in rease together with the order.
For DLL solvers, the results in [3℄ show that unless the density in reases
linearly with the order we should still expe t to see exponential running
time. Indeed, if one onsiders a logarithmi in rease of the density as
a fun tion of the order, then our data (e.g., using Figure 1) shows that
the median running time for GRASP is still exponential.
While the nite-size s aling studies in [24, 38℄ do aim to explore
how both the density and the order a e t the running time of SAT
solvers, they do not reveal the same detailed pi ture that emerges from
our experiments on the density-order quadrant. First, the nite-size
s aling studies for SAT are limited to DLL solvers. Se ond, nite-size
s aling studies show a very good t only around the rossover point,
but the t gets worse as the s ale value gets further from it. This
makes it very diÆ ult to draw on lusions on the dependen e on the
order for xed-density instan e in regions with density far below the
rossover point. For example, it is not at all lear how one an obtain
linear-time behavior at density 3 reported in [38℄ from their normalized
and res aled results. Finally, the fa t that the running time of DLL
is exponential in the high-density region and polynomial in the low-
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density region makes it rather unlikely that the s ale fa tor observed
in [38℄ applies anywhere but very near the rossover point. We elaborate
on this point below.
Beame at al. [3℄ showed that in the high-density region, a ertain
variant of DLL terminates with high probability within time 2an=d+blogn ,
where a and b are some positive onstants, n is the order and d is the
density of the instan e. Thus, the normalized running time (i.e., the
ratio of the running time to the running time at the rossover point) is
2an(1=d 1=t) , where t is the rossover density. Thus, in the high-density
region the nite-size s ale fa tor is n(1=d 1=t). More generally, let
b
the running time of a SAT solver in the high-density region be 2an =d ,
where a, b, , and d are positive onstants. Then the s ale fa tor will
be nb (1=b 1=t ). Note that in the high-density region, order and the
density have opposing e e ts. In reasing the order in reases the running time, but in reasing density de reases the running time. The s ale
fa tor of n (d=t 1) proposed in [38℄ does not re e t this opposition,
as it in reases with both n and d, whi h explains why the study in [38℄
shows a very good t only around the rossover point.
On the other hand, our experiments, as well as other experiments
mentioned above, provide eviden e to the fa t that in the low-density
region the running time of DLL solvers is polynomial, i.e., f (d)ne , where
f is some fun tion and e is a positive onstant. Thus, the normalized
b
running time is f (d)ne =2an =t . Therefore, the s ale fa tor n (d=t 1)
of [38℄ does not appear to be a reasonable s ale fa tor in this region. For
the low-density region, it makes more sense to normalize the running
time with respe t to some other thresold s in the low-density region.
The normalized running time is then f (d)=f (s), whi h implies that d is
the appropriate s ale fa tor in this region. The bottom line regarding
nite-size s aling is that running times in the low- and high-density
regions are very di erent fun tions of density and order. Expe ting the
same s ale fa tor to work in both regions is unrealisti .
As noted above, sin e the sharp shift of average- ase omplexity from
polynomial to exponential is solver dependent and o urs well before
the rossover point for all the solvers we tested, explanations for this
shift annot be solver independent and annot enter around phenomena observed at the rossover point [38, 36℄. In an interesting re ent
development, A hlioptas, Beame, and Molly,[2℄ showed that mixtures
of 2- lauses with density 1  and 3- lauses with density 2:28, whi h
are unsatis able with high probability, take DLL solvers to take an
exponential time to refute. If (1 ; 2:28) 2- lause/3- lause mixtures
o ur during the solution of a satis able 3-SAT instan e, then a DLL
solver will take time exponential in the order of the instan e to solve it.
A hlioptas et al. used this to show that a ertain DLL solver behaves
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exponentially at density 3.81. This ould also provide an explanation
for our observed exponential behavior of GRASP (whi h is a modi ed
DLL solver) in the low-density region.
3.

Experimental Setup

Our experimental setup is identi al to that of [15, 39℄. We generate dn
lauses, ea h by pi king three distin t variables (out of n) at random
and hoosing their polarity uniformly. For ea h studied point in the
d  n quadrant we generate at least 100 random instan es and apply our
solvers. Our experiments were run on Sun Ultra 1 ma hines. As in [39℄,
we hose to fo us on median running time rather than mean running
time. The diÆ ulty of ompleting the runs on very hard instan es makes
it less pra ti al to measure the mean. Furthermore, the median and
the mean are typi ally quite lose to ea h other, ex ept for the regions
that display heavy-tail phenomena, where the median and the mean
diverge dramati ally [38℄. It would be interesting to analyze our data
at per entiles other than the 50th per entile (the median) ( f. [38℄),
though a meaningful analysis for high per entiles would require many
more sample points than we have in our experiments.
For the statisti al analysis and plotting of data, we used MATLAB,
whi h is an integrated te hni al omputing environment that ombines
numeri omputation, advan ed graphi s and visualization, and a highlevel programming language. The MATLAB (www.mathworks. om) fun tions we used for statisti al analysis were:
poly t, for omputing the best linear, quadrati , or ubi t to the
data (or the logarithm of the data) using polynomial regression,
and
orr oef, for omputing r2 , the square of orrelation (r2 is the fra tion of the varian e of one variable that is explained by regression
on the other variable).

Unless stated otherwise, for the results reported in this paper, r2 exeeded 0.98. This establishes high on den e in the validity of the t
of the urve to the data points.
4.

Random 3-SAT and GRASP

GRASP [33℄ is a SAT solver that augments the basi ba ktra king
sear h with a on i t-analysis pro edure. In order to ut down on the

p00si.tex; 7/06/2001; 15:53; p.8

Random 3-SAT: The Plot Thi kens

9

sear h spa e, a dynami -learning me hanism based on diagnosing the
auses of the on i ts is used. By analyzing on i ts and dis overing
their auses, GRASP an ba ktra k non- hronologi ally to earlier levels in the sear h tree, potentially pruning large portions of the sear h
spa e. Moreover, by re ording the auses of on i ts, GRASP an avoid
running into similar on i ts later during the sear h.
The experiments des ribed in this se tion were run on a Sun Ultra 1 with a 167MHz UltraSPARC pro essor and 128MB RAM. Some
hanges were made to the default GRASP on guration; we in reased
the maximum number of ba ktra ks allowed to 1,000,000 and the maximum number of on i ts allowed to 2,000,000. CPU time limit was set
to 10,800 se onds. These hanges were ne essary in order to limit the
portion of SAT instan es on whi h GRASP aborted. This arti ially
lowers our measurements of mean running time, but does not a e t our
measurements of median running time.
The goal of the experiments was to evaluate GRASP's performan e
on an initial quadrangle of the d  n quadrant. We explored densities
from 0.9 to 15. The order of the instan es explored depends on the
density:
Density 0.9: 2000 variables (25 variables per step)
Densities 1, 2 and 3: 1000 variables (10 variables per step)
Density 3.6: 800 variables (10 variables per step)
Density 3.7: 480 (10 variables per step)
Density 3.8: 450 variables (10 variables per step)
Density: 4.26: 170 variables (10 variables per step)
Density 5: 210 variables (10 variables per step)
Densities 4, 6-15: 250 variables (10 variables per step)
In Figure 1 the median running time is shown on a logarithmi (base
2) s ale. (For densities 4.26 and 5 we extrapolated the data up to 250
variables).
We analyzed the median running time as a fun tion of the order for
xed density instan es. For low densities (at or below 3.6), our data
indi ate a quadrati running time. See Figures 1 and 2, where we plot
the median running time as a fun tion of the order for instan es of
density 0.9 and 3.6, respe tively. The quadrati behavior of GRASP
at low densities should be ontrasted with the linear running time at
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Plot of running time of GRASP as a function of the order when d=0.9
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Figure 1. GRASP { (left) 3-D Plot of median running time, and (right) median
running time for density 0.9 as a fun tion of the order of the instan es. A quadrati
fun tion ts these points better (with an r2 > 0:98) than an exponential fun tion.

low densities that was reported in [14, 38℄. It seems that GRASP's
on i t-analysis omponent has a quadrati overhead.
At densities 3.8 and above, the median running time is exponential
in the order, i.e., it behaves as 2 n , where the exponent depends on d
(see dis ussion below). See Figure 2 where we plot the median running
time as a fun tion of the order for instan es of density 3.8 (the r2 for this
plot is 0.95). Thus, a phase transition seems to o ur between densities
Median running time of GRASP as a function of order n, when d=3.8

Median running time of GRASP as function of order n when d=3.6
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Figure 2. GRASP { median running time for density 3.6 (left) and density 3.8
(right) as a fun tion of the order of the instan es. At density 3.6, the best t urve
is quadrati in the order, while at 3.8, the best t urve is exponential in the order.

3.6 and 3.8, where the median running time shifts from polynomial to
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exponential. As the density is in reased beyond 3.8, the exponent also
in reases. It peaks at around density 4.26, after whi h it de lines with
in reased density. Thus, we observe two phase transitions. The se ond
one, in whi h the exponent rea hes its peak, essentially oin ides with
the rossover point, at whi h the probability of satis ability is 0.5.
This is the phase transition that was reported at [39℄ and then studied
extensively. This transition, however, is pre eded by another one, in
some sense a more signi ant one, at around density 3.8, where we
observe a qualitative shift in the behavior of GRASP. A transition from
polynomial to exponential behavior in graph oloring was onje tured
in [27℄ and ounter- onje tured in [17℄. Su h a transition in random
3-SAT near the rossover point is laimed in [14℄; this laim, however,
was removed in a later paper [15℄. We believe that we are the rst to
demonstrate su h a transition in random 3-SAT, and to show that it
o urs signi antly below the rossover point.
The phase transition at around 3.8 is a ompanied by a \heavy-tail
phenomenon", whi h is a prevalen e of outliers, i.e., instan es on whi h
the a tual running time is at least an order of magnitude (10) larger
than the median running time, as well as a divergen e of the mean and
the median. See Figure 3, where we plot the mean to median ratio and
the proportion of outliers as a fun tion of the density. The plots show a
mean/median running time and proportion of outliers with GRASP for 150 variables
200
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Figure 3. GRASP { (left) Ratio of mean to median running time and the proportion
of outliers, and (right) the exponent 1= of median running time as a fun tion of
density.

drasti hange in the region between density 3.7 and density 4.3. Both
plots show a qui k rise and de line. The mean to median ratio peaks
at around density 4.0 and the proportion of outliers peaks at around
density 4.2. For densities between 3.7 and 4.0 we found it quite diÆ ult
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to analyze the median running time as a polynomial (of low degree) or
exponential fun tion of the order (note the lower r2 reported above for
density 3.8).
Our data suggest that as the density in reases from 3.7 to 4.3, random 3-SAT formulas go through a series of hanges and perhaps more
than one phase transition. The heavy-tail phenomenon for random 3SAT deserves further study (with many more samples per point in the
d  n quadrant) to on rm our ndings. In parti ular, the divergen e
of the two peaks in Figure 3 needs to be re on rmed or refuted.
As noted above, beyond density 4.26 the exponent de lines. A theoreti al analysis suggests that for DLL solvers may de line inversely
linearly, i.e., as d , for some onstant , see [3℄. Our data, however,
suggest a slower de line, even though one may expe t GRASP to be
faster than DLL solvers. See Figure 3, where we plot 1 as a fun tion
of d. Thus, GRASP is not as eÆ ient in the high-density region as
it ould be. (We should aution, however, that we only have 11 data
points, and these data points themselves have been obtained by tting
a linear urve to the logarithm of the median running time. Thus, the
nding of a slower de line should be viewed as quite preliminary.)
5.

Random 3-SAT and CPLEX

The CPLEX MIP Solver is a ommer ial linear-programming solver
for integer variables. It employs a bran h-and-bound te hnique starting
from a linear-programming relaxation of the given integer-programming
problem. This may be omplemented with the dynami generation of
utting planes [5℄.
The experiments des ribed in this se tion were run on a Sun Ultra
1 with a 167MHz UltraSPARC pro essor and 64 MB RAM. SAT problems were en oded as 0-1 integer-programming problems. Values true
and false are represented as 1 and 0. For a lause to be true the sum
of the representations of the literals has to be greater or equal to 1.
For example, the lause :x1 _ x2 _:x3 is represented by the inequality
(1 x1 ) + x2 + (1 x3 )  1.
We used CPLEX to solve problems for densities from 0.9 to 15. The
order of the instan es was hosen a ording to the density:
Densities 0.9, 1.5, 1.6, 1.7 and 1.8: 2000 variables (25 variables per
step)
Density 1: 10000 variables (50 variables per step)
Density 2: 1800 variables (25 variables per step)
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Densities 3, 4, 4.26, and 5-15: 120 variables (10 variables per step)
In Figure 4, the median running time is shown on a logarithmi
(base 2) s ale. Note that the peak at the rossover point is mu h less
pronoun ed than the one in Figure 1.

median running time (in secs) − logarithmic scale

Running time of CPLEX

10
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Figure 4. CPLEX { 3-D Plot of median running time

The median running time was analyzed as a fun tion of the order for
xed density-instan es. For low densities (below 1.7) our data indi ate a
linear running time. See Figure 5 for median running times for instan es
of density 1 with up to 10000 variables. For densities 2, 3, and up to 3.5,
Plot of the running time of CPLEX as a function of the order for d=1

Plot of the running time of CPLEX as a function of the order n for d=2
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Figure 5. CPLEX { median running time for density 1 (left) and density 2 (right)
as a fun tion of the order of the instan es.

the median running time is quadrati . See Figure 5 for median running
time for instan es of density 2, where for order above 400 the behavior
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is quadrati . Thus we seem to have a phase transition, orresponding
to a shift from linear to quadrati behavior, between densities 1 and 2.
This may oin ide with the phase transition proved in [7, 35℄ around
density 1.63, as des ribed in Se tion 2.
At densities 4.0 and above, the median running time is exponential
in the order, i.e., it behaves as 2 n , where the exponent depends on
d. As with GRASP, a phase transition seems to o ur between densities
3.6 and 4.0. It orresponds to the shift from polynomial to exponential
behavior, and is a ompanied by heavy-tail phenomena. See Figure 6,
where we plot the mean to median ratio and the proportion of outliers
as a fun tion of the density. Note that the heavy-tail phenomenon for
The inverse of the exponent a as a function of density d
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Figure 6. CPLEX { (left) Ratio of mean to median running time and proportion
of outliers, and (right) the exponent 1= of median running time as a fun tion of
density.

CPLEX is not as marked as with GRASP; both peak mean-to-median
ratio and peak proportion of outliers are lower for CPLEX than for
GRASP. Intriguingly, the peak for CPLEX o urs at lower densities
(around 3.6) then for GRASP (around 4.0).
As with GRASP, the exponent peaks at density 4.26 and then
de lines. Again, our data show a slower de line than d , as suggested
in [3℄ (though the analysis there is for resolution-based pro edures,
whi h are weaker than the utting-planes method used in CPLEX.)
See Figure 6, where we plot 1 as a fun tion of d.
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6.

15

Random 3-SAT and CUDD

CUDD [41℄ is a pa kage that provides fun tions for the manipulation of
Boolean fun tions, based on the redu ed, ordered, binary de ision diagram (ROBDD) representation [8℄. A binary de ision diagram (BDD)
is a rooted dire ted a y li graph that has only two terminal nodes
labeled 0 and 1. Every non-terminal node is labeled with a Boolean
variable and has two outgoing edges labeled 0 and 1. An ordered binary
de ision diagram (OBDD) is a BDD with the onstraint that the input
variables are ordered and every path in the OBDD visits the variables in
as ending order. An ROBDD is an OBDD where every node represents
a distin t logi fun tion.
Unlike GRASP and CPLEX, CUDD does not sear h for a satisfying
truth assignment. Rather, it onstru ts a ompa t symboli representation of the set of all satisfying truth assignments. Then, the resulting
ROBDD is ompared against the prede ned onstant 0 in order to nd
if an instan e is (un)satis able. It is important to note that very large
sets of truth assignments an have very ompa t ROBDD representation [8℄, whi h explains the e e tiveness of ROBDDs in hardware
veri ation [9, 29℄. As we see later, CUDD performs well in the verylow-density region, where the set of satisfying truth assignment is very
large.
The experiments des ribed in this se tion were run on a Sun Ultra 1
with a 167MHZ UltraSPARC pro essor and 64MB RAM. The CUDD
pa kage has been used through the GLU C{interfa e [43℄, a set of lowlevel utilities to a ess BDD pa kages. It is well known that the size of
the ROBDD for a given fun tion depends on the variable order hosen
for that fun tion. We have used automati dynami reordering during
the tests with the default method for automati reordering of CUDD.
As in the pre eding two se tions, the goal of the experiments was
to evaluate CUDD's performan e on an initial quadrangle of the d  n
quadrant. We explored densities 0.1, 0.5, and 1 to 15. The order of the
instan es explored depends on the density:
Density 0.1: 1470 variables (10 variables per step)
Density 0.5: 136 variables (2 variables per step)
Density 0.9 and 1: 68 variables (2 variables per step)
Densities 1.5, 2-4, 4.26, 5-15: 46 variables (2 variables per step)
In Figure 7 the median running time is shown on a logarithmi (base
2) s ale. Note the absen e of a peak ( ontrast with Figures 1 and 4).
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median running time of CUDD as a function of order, when d=0.1
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Figure 7. CUDD { (left) 3-D Plot of median running time and (right) median
running time for density 0.1

We analyzed the median running time as a fun tion of the order for
xed-density instan es. At densities 0.5 and above, the median running
time is exponential in the order, i.e., it behaves as 2 n . At density 2
and above the exponent is independent of the density. In parti ular,
there seems to be nothing spe ial about the rossover point at density 4.26. The explanation for this behavior is that the running time
of ROBDD-based algorithms is determined mostly by the size of the
manipulated ROBDDs. Our algorithm involves dn produ t operations
between a possibly large ROBDD (represending all truth assignments
of the lauses pro essed so far) and a small ROBDD (representing
seven truth assignments of the urrently pro essed lause). Thus, the
running time of our algorithm is determined by the largest intermediate
ROBDD onstru ted. As is shown in Figure 8, the peak in ROBDD
size is attained after pro essing about 2n lauses, whi h explains the
attening of the running-time plot at density 2, and suggests that a
phase transition in terms of ROBDD size o urs at round this density.
As ROBDDs are symmetri al with respe t to the set they represent and its omplement, both very small sets and very large sets an
be represented by small ROBDDs [8℄. This suggests that we may see
polynomial behavior for very low density instan es, whi h have a large
number of satisfying truth assignments. To he k this onje ture we
measured the median running time of CUDD for instan es of density
0.1. Our results indi ate a ubi -time behavior, see Figure 7. This
suggests the existen e of another phase transition between densities
0.1 and 0.5. This result should be ontrasted with that of [40℄, in whi h
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mean/median running time of CUDD for 46 variables

Final bdd size for 46 variables, logarithmic scale (base 2)
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Figure 8. CUDD { (left) Ratio of mean to median running time and (right) median
ROBDD size as a fun tion of density

the running time for expli itly enumerating all solutions of random
onstraint-satisfa tion instan es in reases as the density de reases.
Unlike with GRASP and CUDD, we did not observe a heavy-tail
phenomenon with CUDD: there are no outliers and the mean to median
ratio is independent of the density (see Figure 8).
7.

Dis ussion

We provide experimental eviden e for the following hypotheses. First,
there is no onne tion between the phase transition in omputational
omplexity and the phase transition in satis ability. It is not the ase
that the shift from polynomial to exponential omplexity o urs at or
very lose to the rossover point, as has been widely believed [38, 39℄.
Se ond, not only does the density at whi h the shift from polynomial
to exponential time omplexity vary with the hoi e of solver, but the
very shape of the surfa e of the median running time (an experimental
surrogate for average-time omplexity), as a fun tion of the density
d and the order n, hanges with the solver. Finally, the density-order
quadrant ontains several phase transitions; in fa t, the region between
density 0 and density 4.26 seems to be rife with phase transitions, whi h
are also solver dependent. In essen e, ea h solver provides us with a
di erent tool with whi h to study the omplexity of random 3-SAT.
This is analogous to astronomers observing the sky using teles opes
that operate at di erent wave lengths. We thus hope to alleviate the
\ xation" with DLL solvers and the rossover point at 4.26.
Our experiments reveal a marked di eren e between solvers like
GRASP and CPLEX, whi h are sear h based and display interesting
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similarities in the shapes of the median running time surfa e despite
their di erent underlying algorithmi te hniques, and ROBDD-based
solvers, like CUDD, whi h are based on ompa tly representing all satisfying truth assignments. While the interesting region for GRASP and
CPLEX is between 3.7 and 4.3, the interesting region for CUDD o urs
below density 2. This refutes earlier onje tures ( f. [32℄) that the peak
in median running time around the rossover point is essentially solver
independent. For both GRASP and CPLEX, we observed a new phase
transition at around density 3.8, where the median running time shifts
from being polynomial in the order to being exponential in the order.
From the perspe tive of average-time omplexity this is a signi ant
phase transition be ause it orresponds to a qualitative shift in the
behavior of the solver. We also observed several other phase transitions
for CPLEX and for CUDD. This suggests that it would be interesting to
explore the behavior of other SAT solvers, su h as RELSAT or SATZ,
on the d  n quadrant.
With ne grained sampling of the density parameter, and by exploring a greater range in the number of variables, we an start to do ument
for ea h solver, phase transitions that orrespond to signi ant shifts
in the shape of the running time of the solver. These phase transitions
are important to our understanding of the omputational omplexity
of random 3-SAT, and an be used as a justi ation to develop densitybased solvers for 3-SAT, i.e., solvers whi h use information about the
density of an instan e, to hoose the most appropriate algorithmi
te hnique.
While our results are purely empiri al, as the la k of su ess with
formally proving a sharp omplexity threshold at the rossover point
indi ates ( f. [20, 19, 1℄), providing rigorous proof for our qualitative
observations may be a very diÆ ult task, espe ially for sophisti ated
solvers like the ones studied in this paper.
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