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Abstract
The automata-theoretic approach is one of the most fundamental approaches
to developing decision procedures in mathematical logics. To decide whether a
formula in a logic with the tree-model property is satisfiable, one constructs an
automaton that accepts all (or enough) tree models of the formula and then checks
that the language of this automaton is nonempty. The standard approach translates formulas into alternating parity tree automata, which are then translated, via
Safra’s determinization construction, into nondeterministic parity automata. This
approach is not amenable to implementation because of the difficulty of implementing Safra’s construction and the nonemptiness test for nondeterministic parity
tree automata.
In this work we offer an alternative to the standard automata-theoretic approach. The crux of our approach is avoiding the use of Safra’s construction and
of nondeterministic parity tree automata. Our approach goes instead via universal co-Büchi tree automata and nondeterministic Büchi tree automata. While our
translations have the same complexity as the standard approach, they are significantly simpler, less difficult to implement, and have practical advantages like being
amenable to optimizations and a symbolic implementation.

1 Introduction
The automata-theoretic approach is one of the most fundamental approaches to developing decision procedures in mathematical logics [Rab69]. It is based on the fact that
many logics enjoy the tree-model property; if a formula in the logic is satisfiable then
it has a tree (or a tree-like) model [Var97]. To decide whether a formula ψ in such a
logic is satisfiable, one constructs an automaton Aψ that accepts all (or enough) tree
models of ψ and then checks that the language of Aψ is nonempty.
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The automata-theoretic approach was developed first for monadic logics over finite words [Büc60, Elg61, Tra62]. It was then extended to infinite words in [Büc62],
to finite trees in [TW68], and finally generalized to infinite trees in [Rab69]. Following Rabin’s fundamental result, SnS, the monadic theory of infinite trees, served for
many years as a proxy for the automata-theoretic approach – to show decidability of
a logic one could simply demonstrate an effective reduction of that logic to SnS, e.g.,
[Gab72, KP84]. Unfortunately, the complexity of SnS is known to be nonelementary
(i.e., it cannot be bounded by a stack of exponential of a fixed height) [Mey75]. Thus, in
the early 1980s, when decidability of highly expressive logics became of practical interest in areas such as formal verification and AI [GL94, Koz83], and complexity-theoretic
considerations started to play a greater role, the original automata-theoretic idea was
revived; by going from various logics to automata directly, decision procedures of elementary complexity were obtained for many logics, e.g., [SE84, Str82, VW86].
By the mid 1980s, the focus was on using automata to obtain tighter upper bounds.
This required progress in the underlying automata-theoretic techniques. Such breakthrough progress was attained by Safra [Saf88], who described an optimal determinization construction for automata on infinite words, and by Emerson and Jutla [EJ88] and
Pnueli and Rosner [PR89], who described improved algorithms for parity tree automata
(the term “parity” refers to the accompanying acceptance condition of the automaton).
Further simplification was obtained by the introduction of alternating automata on infinite trees [EJ91, MS85]. In the now standard approach for checking whether a formula
ψ is satisfiable, one follows these steps: (1) construct an alternating parity tree automaton Aψ that accepts all (or enough) tree models of ψ, (The translation from formulas
to alternating parity tree automata is well known (c.f., [KVW00]) and will not be addressed in this paper.) (2) translate this automaton to a nondeterministic parity tree
automaton Anψ , and (3) check that the language of Anψ is nonempty.
While the now standard automata-theoretic approach yielded significantly improved
upper bounds (in some cases reducing the upper time bound from octuply exponential
[Str82] to singly exponential [Var98]), it proved to be not too amenable to implementation. First, the translation in step (2) is very complicated: removing alternation from
alternating tree automata involves determinization of word automata, and Safra’s construction proved quite resistant to efficient implementation [THB95]. An alternative
removal of alternation is described in [MS95]. Like Safra’s construction, however,
this translation is very complicated [ATW05]. Second, the best-known algorithms for
parity-tree-automata emptiness are exponential [Jur00]. Thus, while highly optimized
software packages for automata on finite words and finite trees have been developed
over the last few years [EKM98], no such software has been developed for automata
on infinite trees.
In this paper we offer an alternative to the standard automata-theoretic approach.
The crux of our approach is avoiding the use of Safra’s construction and of nondeterministic parity tree automata. In the approach described here, one checks whether a
formula ψ is satisfiable by following these steps: (1) construct an alternating parity tree
automaton Aψ that accepts all (or enough) tree models of ψ, (2) reduce1 Aψ to a uni1 We use “reduce A to A ”, rather than “translate A to A ” to indicate that A need not be equivalent
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to A2 , yet the language of A1 is empty iff the language of A2 is empty.
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versal co-Büchi automaton Acψ , (3) reduce Acψ to an alternating weak tree automaton
w
n
Aw
ψ , (4) translate Aψ to a nondeterministic Büchi tree automaton Aψ , and (5) check
n
that the language of Aψ is nonempty. The key is avoiding Safra’s construction, by using universal co-Büchi automata instead of deterministic parity automata.2 Universal
automata have the desired property, enjoyed also by deterministic automata but not by
nondeterministic automata, of having the ability to run over all branches of an input
tree. In addition, the co-Büchi acceptance condition is much simpler than the parity
condition. This enables us to solve the nonemptiness problem for universal co-Büchi
tree automata by reducing them into nondeterministic Büchi tree automata (the reduction goes through alternating weak tree automata [MSS88], and there is no need for the
parity acceptance condition). The nonemptiness problem for nondeterministic Büchi
tree automata is much simpler than the nonemptiness problem for nondeterministic
parity tree automata and it can be solved symbolically and in quadratic time [VW86].
We also show that in some cases (in particular, the realizability and synthesis [PR89]
problems for LTL specifications), it is possible to skip the construction of an alternating
parity automaton and go directly to a universal co-Büchi automaton.
Our translations and reductions are significantly simpler than the standard approach,
making them less difficult to implement, both explicitly and symbolically. These advantages are obtained with no increase in the complexity. In fact, as discussed in Section 6, our construction is amenable to several optimization techniques.

2 Preliminaries
Given a set D of directions, a D-tree is a set T ⊆ D∗ such that if x · c ∈ T , where
x ∈ D∗ and c ∈ D, then also x ∈ T . If T = D∗ , we say that T is a full D-tree.
The elements of T are called nodes, and the empty word ε is the root of T . For every
x ∈ T , the nodes x · c, for c ∈ D, are the successors of x. A path π of a tree T is a set
π ⊆ T such that ε ∈ π and for every x ∈ π, either x is a leaf or there exists a unique
c ∈ D such that x · c ∈ π. Given an alphabet Σ, a Σ-labeled D-tree is a pair hT, τ i
where T is a tree and τ : T → Σ maps each node of T to a letter in Σ.
A transducer is a labeled finite graph with a designated start node, where the edges
are labeled by D and the nodes are labeled by Σ. A Σ-labeled D-tree is regular if
it is the unwinding of some transducer. More formally, a transducer is a tuple T =
hD, Σ, S, sin , η, Li, where D is a finite set of directions, Σ is a finite alphabet, S is a
finite set of states, sin ∈ S is an initial state, η : S ×D → S is a deterministic transition
function, and L : S → Σ is a labeling function. We define η : D∗ → S in the standard
way: η(ε) = sin , and for x ∈ D∗ and d ∈ D, we have η(x · d) = η(η(x), d).
Intuitively, A Σ-labeled D-tree hD∗ , τ i is regular if there exists a transducer T =
hD, Σ, S, sin , η, Li such that for every x ∈ D∗ , we have τ (x) = L(η(x)). We then say
that the size of the regular tree hD∗ , τ i, denoted kτ k, is |S|, the number of states of T .
2 A note to readers who are discouraged by the fact our method goes via several intermediate automata:
it is possible to combine the reductions into one construction, and in fact we describe here also a direct
translation of universal co-Büchi automata into nondeterministic Büchi automata. In practice, however, it
is beneficial to have many intermediate automata, as each intermediate automaton undergoes optimization
constructions that are suitable for its particular type [Fri03, FW02, GKSV03].
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For a set X, let B + (X) be the set of positive Boolean formulas over X (i.e.,
Boolean formulas built from elements in X using ∧ and ∨), where we also allow
the formulas true (an empty conjunction) and false (an empty disjunction). For a
set Y ⊆ X and a formula θ ∈ B + (X), we say that Y satisfies θ iff assigning true to
elements in Y and assigning false to elements in X \ Y makes θ true. An Alternating
tree automaton is A = hΣ, D, Q, qin , δ, αi, where Σ is the input alphabet, D is a set of
directions, Q is a finite set of states, δ : Q × Σ → B + (D × Q) is a transition function,
qin ∈ Q is an initial state, and α specifies the acceptance condition (a condition that
defines a subset of Qω ; we define several types of acceptance conditions below).
The alternating automaton A runs on Σ-labeled full D-trees. A run of A over a Σlabeled D-tree hT, τ i is a (T ×Q)-labeled IN-tree hTr , ri. Each node of Tr corresponds
to a node of T . A node in Tr , labeled by (x, q), describes a copy of the automaton that
reads the node x of T and visits the state q. Note that many nodes of Tr can correspond
to the same node of T . The labels of a node and its successors have to satisfy the
transition function. Formally, hTr , ri satisfies the following:
1. ε ∈ Tr and r(ε) = hε, qin i.
2. Let y ∈ Tr with r(y) = hx, qi and δ(q, τ (x)) = θ. Then there is a (possibly
empty) set S = {(c0 , q0 ), (c1 , q1 ), . . . , (cn−1 , qn−1 )} ⊆ D × Q, such that S
satisfies θ, and for all 0 ≤ i ≤ n − 1, we have y · i ∈ Tr and r(y · i) = hx · ci , qi i.
For example, if hT, τ i is a {0, 1}-tree with τ (ε) = a and δ(qin , a) = ((0, q1 ) ∨
(0, q2 )) ∧ ((0, q3 ) ∨ (1, q2 )), then, at level 1, the run hTr , ri includes a node labeled
(0, q1 ) or a node labeled (0, q2 ), and includes a node labeled (0, q3 ) or a node labeled
(1, q2 ). Note that if, for some y, the transition function δ has the value true, then y
need not have successors. Also, δ can never have the value false in a run.
A run hTr , ri is accepting if all its infinite paths satisfy the acceptance condition.
Given a run hTr , ri and an infinite path π ⊆ Tr , let inf (π) ⊆ Q be such that q ∈
inf (π) if and only if there are infinitely many y ∈ π for which r(y) ∈ T × {q}. That
is, inf (π) contains exactly all the states that appear infinitely often in π. We consider
here three acceptance conditions defined as follows3
• A path π satisfies a Büchi acceptance condition α ⊆ Q if and only if inf (π) ∩
α 6= ∅.
• A path π satisfies a co-Büchi acceptance condition α ⊆ Q if and only if inf (π)∩
α = ∅.
• A path π satisfies a parity acceptance condition α = {F1 , F2 , . . . , Fh } with
F1 ⊆ F2 ⊆ · · · ⊆ Fh = Q iff the minimal index i for which inf (π) ∩ Fi 6= ∅
is even. The number h of sets in α is called the index of the automaton.
For the three conditions, an automaton accepts a tree iff there exists a run that
accepts it. We denote by L(A) the set of all Σ-labeled trees that A accepts.
3 In the proof of Theorem 4.3, we also refer to the Rabin and Streett conditions, but their definition is
irrelevant for the proof.
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Below we discuss some special cases of alternation automata. The alternating automaton A is nondeterministic if for all the formulas that appear in δ, if (c1 , q1 ) and
(c2 , q2 ) are conjunctively related, then c1 6= c2 . (i.e., if the transition is rewritten in
disjunctive normal form, there is at most one element of {c} × Q, for each c ∈ D, in
each disjunct). The automaton A is universal if all the formulas that appear in δ are
conjunctions of atoms in D × Q, and A is deterministic if it is both nondeterministic
and universal. The automaton A is a word automaton if |D| = 1.
In [MSS86], Muller et al. introduce alternating weak tree automata. In a weak
automaton, we have a Büchi acceptance condition α ⊆ Q and there exists a partition
of Q into disjoint sets, Q1 , . . . , Qm , such that for each set Qi , either Qi ⊆ α, in which
case Qi is an accepting set, or Qi ∩ α = ∅, in which case Qi is a rejecting set. In
addition, there exists a partial order ≤ on the collection of the Qi ’s such that for every
q ∈ Qi and q ′ ∈ Qj for which q ′ occurs in δ(q, σ), for some σ ∈ Σ, we have Qj ≤ Qi .
Thus, transitions from a state in Qi lead to states in either the same Qi or a lower one.
It follows that every infinite path of a run of an alternating weak automaton ultimately
gets “trapped” within some Qi . The path then satisfies the acceptance condition if and
only if Qi is an accepting set.
We denote each of the different types of automata by three letter acronyms in
{D, N, U, A} × {B, C, P, R, S, W } × {W, T }, where the first letter describes the
branching mode of the automaton (deterministic, nondeterministic, universal, or alternating), the second letter describes the acceptance condition (Büchi, co-Büchi, parity,
Rabin, Streett, or weak), and the third letter describes the object over which the automaton runs (words or trees). For example, APT are alternating parity tree automata
and UCT are universal co-Büchi tree automata.

3 From APT to NBT via UCT
UCT are a special case of APT: the transition function of a UCT contains only conjunctions and the acceptance condition corresponds to a parity condition of index 2.
UCT are indeed strictly less expressive than APT. Consider for example the language
L of {0, 1}-labeled trees where hT, τ i ∈ L iff there is a path π ⊆ T such that for
infinitely many x ∈ π, we have τ (x) = 0. It is easy to construct an APT (in fact, even
an NBT [Rab70]) that recognizes L. By [Rab70], however, no NBT can recognize the
complement of L. Hence, by [MSS86], no UCT can recognize L.
In this section we show that though UCT are less expressive than APT, they are very
powerful. On the one hand, the emptiness problem for APT is easily reducible to the
emptiness problem for UCT. On the other hand, it is easy to translate UCT into NBT so
that emptiness is preserved (that is, the NBT is empty iff the UCT is empty). Thus, as
discussed in Section 1, traditional decidability algorithms that end up in a complicated
APT nonemptiness check, can be much simplified. We also show that UCT are useful
for tasks traditionally assigned to APT. Thus, in many cases it is possible to skip the
construction of an APT and go directly to a UCT. This includes the realizability and
synthesis problems for LTL specifications [PR89], and the problem of translating an
LTL specification into a DPW with a minimal index. We will discuss these applications
in Section 5.
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3.1 From APT to UCT
Consider an APT A = hΣ, D, Q, qin , δ, αi. Recall that the transition function δ :
Q × Σ → B + (D × Q) maps a state and a letter to a formula in B + (D × Q). A
restriction of δ is a partial function η : Q → 2D×Q . For a letter σ ∈ Σ, we say that
a restriction η is relevant to σ if for all q ∈ Q for which δ(q, σ) is satisfiable (i.e.,
δ(q, σ) is not false), the set η(q) satisfies δ(q, σ). If δ(q, σ) is not satisfiable, then
η(q) is undefined. Intuitively, by choosing the atoms that are going to be satisfied,
η removes the nondeterminism in δ. Let F be the set of restrictions of δ. Note that
|F | is exponential in |δ|. A running strategy of A for a Σ-labeled D-tree hT, τ i is
an F -labeled tree hT, f i. We say that hT, f i is relevant to hT, τ i if for all x ∈ T ,
the restriction f (x) is relevant to τ (x). When hT, f i is relevant to hT, τ i, it induces a
unique (up to the order of siblings in the run tree) run hTf , rf i of A on hT, τ i: whenever
the run hTf , rf i is in state q as it reads a node x ∈ T , it proceeds according to f (x)(q).
Formally, hTf , rf i is a (T × Q)-labeled IN-tree that satisfies the following:
1. ε ∈ Tf and rf (ε) = (ε, qin ).
2. Consider a node y ∈ Tf with rf (y) = (x, q). Let f (x)(q) = {(c0 , q0 ), (c1 , q1 ),
. . ., (cn−1 , qn−1 )} ⊆ D × Q. For all 0 ≤ i ≤ n − 1, we have y · i ∈ Tr and
rf (y · i) = hx · ci , qi i. The only children of y in Tf are these required for the
satisfaction of the above.
We say that a running strategy hT, f i is good for hT, τ i if hT, f i is relevant to hT, τ i
and the run hTf , rf i is accepting. Note that a node x of hT, f i may be read by several
copies of A. All these copies proceed according to the restriction f (x), regardless the
history of the run so far. Thus, the run hTf , rf i is memoryless. By [EJ91], an APT A
accepts hT, τ i iff A has a memoryless accepting run on hT, τ i. Hence the following
theorem.
Theorem 3.1 [EJ91] The APT A accepts hT, τ i iff there exists a running strategy
hT, f i that is good for hT, τ i.
Annotating input trees with restrictions enables us to transform an APT to a UCT
with polynomially many states: let Σ′ ⊆ Σ × F be such that for all hσ, ηi ∈ Σ′ , we
have that η is relevant to σ. Note that since we restrict attention to pairs in which η is
relevant to σ, the size of Σ′ is still exponential in |δ|. We refer to a Σ′ -labeled tree as
hT, (τ, f )i, where τ and f are the projections of Σ′ on Σ and F , respectively.
Theorem 3.2 Let A be an APT with n states, transition function of size m, and index h.
There is a UCT A′ with O(nh) states and alphabet of size 2O(m) such that L(A) 6= ∅
iff L(A′ ) 6= ∅.
Proof: The UCT A′ accepts a Σ′ -labeled D-tree iff A accepts its projection on Σ. For
that, A′ accepts a tree hT, (τ, f )i iff hT, f i is good for hT, τ i. By Theorem 3.1, it then
follows that A′ accepts hT, (τ, f )i iff A accepts hT, τ i. Note that since Σ′ contains
only pairs hσ, ηi for which η is relevant to σ, it must be that f is relevant to τ , thus A′
only has to check that all the paths in the run tree hTf , rf i satisfy the parity acceptance
6

condition. Since the running strategy hT, f i removes the nondeterminism in δ, the
construction of A′ is similar to a translation of a universal parity tree automaton into a
universal co-Büchi tree automaton, which is dual to the known translation of Rabin (or
co-parity) word automata to Büchi word automata [Cho74].
Formally, let A = hΣ, Q, qin , δ, αi with α = {F1 , F2 , . . . , F2h }, and let F0 = ∅.
We define the UCT A′ = hΣ′ , Q × {0, . . . , h − 1}, δ ′ , hqin , 0i, α′ i, where4
• For every q ∈ Q, σ ∈ Σ, and η ∈ F , we have
V
V
– δ ′ (hq, 0i, hσ, ηi) = 0≤i<h (c,s)∈(η(q)\(D×F2i )) (c, hs, ii).
V
– For every 1 ≤ i < h, we have δ ′ (hq, ii, hσ, ηi) = (c,s)∈(η(q)\(D×F2i )) (c, hs, ii).
S
• α′ = 0≤i<h (F2i+1 × {i}).

The automaton A′ consists of h copies of A, with the states of the i-th copy being
labeled by i, for 0 ≤ i ≤ h − 1. A copy associated with index i, for 0 ≤ i ≤ h − 1,
checks that if a path in the run hTf , rf i visits F2i only finitely often, then the path also
visits F2i+1 only finitely often. The run of A′ starts at the “master copy”, Q × {0},
and it branches as suggested by the restriction in the input. From the master copy, A′
branches to the other copies: for each transition of A suggested by η, the automaton
A′ branches to the master copy and to all the other h − 1 copies. Once A′ moves to
a copy associated with index i, it stays there forever, unless when it has to move to a
state from F2i . The acceptance condition of A′ guarantees that if A′ stays in the i-th
copy forever (in which case it reaches the i-th copy in a suffix of a path of hTf , rf i that
has no visits to F2i , indicating that corresponding path visits F2i only finitely often), it
visits only finitely many states in F2i+1 .

As discussed in Section 1, APT are of special interest as it is possible to translate µcalculus formulas into APT. By translating other types of alternating tree automata into
UCT, our approach can be applied to other temporal logics as well. We describe such
two cases below. The logic CTL⋆ is weaker than the µ-calculus and CTL⋆ formulas
can be translated into alternating hesitant automata [KVW00]. Since the acceptance
condition of a hesitant automaton is similar to a Rabin condition with a single pair, the
construction of the UCT of Theorem 3.2 in that case involves only a linear blow-up in
the state space.
An extension of the standard µ-calculus, called the full µ-calculus, which includes
both forward and backward modalities, is studied in [Var98]. It is shown there that
a full µ-calculus formula can be translated into a two-way APT, denoted 2APT. The
emptiness problem for 2APT is solved in [Var98] via a reduction to NPT that uses
Safra’s construction. A closer examination of the construction in [Var98] shows that it
proceeds in two steps: (1) It is shown that a 2APT A can be translated into a UPT A′
over a larger alphabet such that L(A) 6= ∅ iff L(A′ ) 6= ∅; (2) The UPT A′ is translated
to an NPT using Safra’s construction. Using Theorem 3.2, we can translate A′ into
a UCT and skip step (2). Thus, we obtain a Safraless decision procedure for the full
µ-calculus.
4 Note

that an empty conjunction evaluates to false.
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3.2 From UCT to NBT
We now describe an emptiness preserving translation of UCT to NBT. The correctness
proof of the construction is given in Section 4. There, we also suggest to use AWT as an
intermediate step in the construction. While this adds a step to our chain of reductions,
it enables further optimizations of the result.
Theorem 3.3 Let A be a UCT with n states. There is an NBT A′ over the same alpha2
bet such that L(A′ ) 6= ∅ iff L(A) 6= ∅, and the number of states in A′ is 2O(n log n) .
Proof: Let A = hΣ, D, Q, qin , δ, αi, and let k = (2n!)n2n 3n (n + 1)/n!. Note that
k is 2O(n log n) . Let R be the set of functions f : Q → {0, . . . , k} in which f (q) is
even for all q ∈ α. For g ∈ R, let odd (g) = {q : g(q) is odd}. We define A′ =
′
hΣ, D, Q′ , qin
, δ ′ , α′ i, where
• Q′ = 2Q × 2Q × R.
′
• qin
= h{qin }, ∅, g0 i, where g0 maps all states to k.

• For q ∈ Q, σ ∈ Σ, and c ∈ D, let δ(q, σ, c) = δ(q, σ) ∩ ({c} × Q). For two
functions g and g ′ in R, a letter σ, and direction c ∈ D, we say that g ′ covers
hg, σ, ci if for all q and q ′ in Q, if q ′ ∈ δ(q, σ, c), then g ′ (q ′ ) ≤ g(q). Then, for
all hS, O, gi ∈ Q′ and σ ∈ Σ, we define δ as follows.
– If O 6= ∅, then δ ′ (hS, O, gi, σ) =
^
_
hδ(S, σ, c), δ(O, σ, c) \ odd (gc ), gc i.
c∈D gc covers hg,σ,ci

– If O = ∅, then δ ′ (hS, O, gi, σ) =
^
_
hδ(S, σ, c), δ(S, σ, c) \ odd (gc ), gc i.
c∈D gc covers hg,σ,ci

• α′ = 2Q × {∅} × R.

3.3 Complexity
Combining Theorems 3.2 and 3.3, we get the desired reduction from the nonemptiness
problem for APT to the nonemptiness problem for NBT:
Theorem 3.4 Let A be an APT with n states, transition function of size m, and index
2 2
h. There is an NBT A′ with 2O(n h log nh) states and alphabet of size 2O(m) such that
L(A) 6= ∅ iff L(A′ ) 6= ∅.
We now analyze the complexity of the nonemptiness algorithm for APT that follows.
8

Theorem 3.5 The nonemptiness problem for an APT with n states, transition function
2 2
of size m, and index h can be solved in time 2O(log |D|+m+n h log nh) .
2

2

Proof: By Theorem 3.4, the NBT induced by the APT has 2O(n h log nh) states and
alphabet of size 2O(m) . The transitions of the NBT are such that the successors of
a certain state in a particular direction are independent of its successors in other directions. Thus, the transition function of the NBT specifies for each state, letter, and
2 2
direction, a set of possible states, and it is therefore of size 2O(log |D|+m+n h log nh) .
The nonemptiness problem for NBT can be solved in time quadratic in the size of the
2 2
transition function [VW86], so we get 2O(log |D|+m+n h log nh) .
This coincides with the known upper bound that is based on Safra’s construction.
Indeed, there, one first constructs a DPT with (nh)O(nh) states and index O(nh). The
alphabet size of the DPT is 2O(m) . Since the DPT is deterministic, the size of its
transition function is the product of its state space size, alphabet size, and branching
degree, which is 2O(log |D|+m+nh log(nh)) The nonemptiness problem for DPT with
transition function of size x, state space of size y, and index z requires time xy O(z)
2 2
[Jur00], so we get 2O(log |D|+m+n h log nh)) , which coincides with our bound. The
main advantage of our approach is the simplicity of the algorithm; the complexity
analysis here just serves to show that this simplicity does not involve a worse upper
bound.

4 A proof of the UCT to NBT construction
Recall that runs of alternating tree automata are labeled trees. By merging nodes that
are roots of identical subtrees, it is possible to maintain runs in graphs. In Section 4.1,
we prove a bounded-size run graphs property for UCT. In Section 4.2, we show how
the bounded-size property enables a simple translation of UCT to AWT. In Section 4.3,
we translate these AWT to NBT. Combining the translations results in the construction
presented in Theorem 3.3.

4.1 Useful Observations
Consider a UCT A = hΣ, D, Q, qin , δ, αi. Recall that a run hTr , ri of A on a Σ-labeled
D-tree hT, τ i is a (T × Q)-labeled tree in which a node y with r(y) = hx, qi stands
for a copy of A that visits the state q when it reads the node x. Assume that hT, τ i is
regular, and is generated by a transducer T = hD, Σ, S, sin , η, Li. For two nodes y1
and y2 in Tr , with r(y1 ) = hx1 , q1 i and r(y2 ) = hx2 , q2 i, we say that y1 and y2 are
similar iff q1 = q2 and η(x1 ) = η(x2 ). By merging similar nodes into a single vertex,
we can represent the run hTr , ri by a finite graph Gr = hV, Ei, where V = S × Q
and E(hs, qi, hs′ , q ′ i) iff there is c ∈ D such that (c, q ′ ) ∈ δ(q, L(s)) and η(s, c) = s′ .
We restrict Gr to vertices reachable from the vertex hsin , qin i. We refer to Gr as the
run graph of A on T . A run graph of A is then a run graph of A on some transducer
T . We say that Gr is accepting iff every infinite path of Gr has only finitely many αvertices (vertices in S × α). Since A is universal and T is deterministic, the run hTr , ri
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is memoryless in the sense that the merging does not introduce to Gr paths that do not
exist in hTr , ri, and thus, it preserves acceptance. Formally, we have the following:
Lemma 4.1 Consider a UCT A. Let hT, τ i be a tree generated by a transducer T . The
run tree hTr , ri of A on hT, τ i is accepting iff the run graph Gr of A on T is accepting.
Proof: We say that a path π = y0 , y1 · y2 · · · of hTr , ri corresponds to a path π ′ =
hs0 , q0 i, hs1 , q1 i, hs2 , q2 i, . . . of Gr iff s0 = sin , q0 = qin , and there is a path x0 , x1 , x2 , . . .
of T , with xi+1 = xi · ci , such that for all i ≥ 0, we have that r(yi ) = hxi , qi i and
η(si , ci ) = si+1 . Thus, π ′ describes the states of T and A that the copy of A whose
evolution is recorded in the path π visits. Clearly, π has infinitely many nodes yi
with r(yi ) ∈ T × α iff π ′ visits infinitely many α-vertices. By the definition of Gr ,
each path of hTr , ri corresponds to a single path of Gr . Also, each path π ′ of Gr
has at least one path π of hTr , ri such that π corresponds to π ′ . To see this, note
that since hT, τ i is induced by T , then T = D∗ and for all x ∈ D∗ , we have that
τ (x) = L(η(x)). In addition, by the definition of Gr , for all i ≥ 0 there is ci ∈ D such
that (ci , qi+1 ) ∈ δ(qi , L(si )) and η(si , ci ) = si+1 ; the sequence of these xi ’s induces
a path x0 , x1 , x2 , x3 , . . . of T , with xi+1 = xi · ci . The run of A on hT, τ i contains
a copy that reads this path and visits q0 , q1 , q2 , . . ., and the path π of hTr , ri describes
this copy. Hence, hTr , ri has an infinite path that visits infinitely many states in α iff
Gr has an infinite path with infinitely many α-vertices, and we are done.
Note that Gr is finite, and its size is bounded by S × Q. We now bound S and
get a bounded-size run-graph property for UCT. The size of S depends on the blow-up
involved in NBW determinization. By [Saf88], an NBW with n states can be translated
to an equivalent deterministic Streett word automaton (DSW) with 2O(n log n) states.
Here, we need an exact bound, so we analyze the complexity of the construction in
[Saf88] carefully:
Lemma 4.2 Given an NBW with n states, it is possible to construct an equivalent DSW
with (2n!)n2n 3n (n + 1)/n! states.
Proof: By [Saf88, Saf89], the state space of the DSW is the set of tuples ht, π, i1 , i2 i,
where t is a labeled ordered tree over n nodes (a tree in which the successors of each
node are ordered), π is a permutation of 1, . . . , n, and 1 ≤ i1 , i2 ≤ n + 1. Each
node of t is labeled by a number in {1, . . . , n} (the names of the node) and a color in
{0, 1, 2}. In addition, each node is labeled by a subset of {1, . . . , n}, corresponding
to the subset of states of the NBW associated with the node. The trees t are such
that if a node is labeled with a subset containing state i ∈ {1, . . . , n}, then so are
its ancestors. Also, the state i cannot belong to the subsets labeling other nodes of
the same level. Therefore, the labeling of the nodes by subsets of {1, . . . , n} can be
encoded by a function that maps a state i ∈ {1, . . . , n} to the lowest leftmost node
such that i belongs to its labeled subset. Thus, the number of different labels is the
product of nn (for the name), 3n (for the color), and nn (for the subsets). There are
cat (n − 1) ordered trees over n nodes, where cat stands for Catalan number. The
explicit formula for cat (n) is (2n!)/(n!(n+1)!). This, together with the nn 3n nn factor
for the possible labels of the nodes, and the n!(n + 1)2 factor for π, i1 , and i2 , gives a
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(2n!)22n log n 3n n!(n + 1)2 /(n!(n + 1)!) bound, which equals (2n!)n2n 3n (n + 1)/n!.
√
n
Note that applying Stirling’s Approximation
n! ≈ 2πn(n/e)
√ , we cannapproxi√
2n 2n n
mate the bound in Theorem 4.2 by 4πn(2n/e) n 3 (n+1)/ 2πn(n/e) , which,
for n ≥ 9, is bounded by n3n 6n .
We can now obtain a bounded-size run-graph property for UCT.
Theorem 4.3 A UCT A with n states is not empty iff A has an accepting run graph
with at most (2n!)n2n+1 3n (n + 1)/n! vertices.
Proof: Assume first that A has an accepting run graph Gr (of any size) on some
transducer T . Let hT, τ i be the tree generated by T . Thus, T = D∗ and for all x ∈ D∗
we have that τ (x) = L(η(x)). Consider the run hTr , ri of A on hT, τ i. By Lemma 4.1,
hTr , ri is accepting. Hence, A is not empty.
For the other direction, consider the UCT A. By [EJ91], there is a DRT Ad equivalent to A, which is constructed as follows. Let A′ be an NBW that runs over a branch
of an input tree for A and checks whether A has a rejecting path over this branch. The
NBW A′ has the same state space as A. Let A′′ be a DSW A′′ that is equivalent to
A′ (by Lemma /4.2). Now, we complement A′′ (by dualizing its acceptance condition)
and run the complementary DRW over all branches of the input tree to check that all
paths of the run tree of A are accepting. This yields the DRT Ad that is equivalent to
A.
By Lemma 4.2, the DRT Ad has at most n′ = (2n!)n2n 3n (n + 1)/n! states. By
[Eme85], an NRT with n′ states is not empty iff it accepts a regular tree generated by
a transducer with n′ states. The state space of the run graph of A on such a transducer
is then bounded by nn′ = (2n!)n2n+1 3n (n + 1)/n!. Since the run of A on the tree is
accepting, Lemma 4.1 implies that so is the run graph.
We note that an improvement in the upper bound of Theorem 4.3 would lead to an
improvement in the complexity of our decision procedure. In fact, as we further discuss
in Section 7, even an improvement in the width of such a run graph would improve the
complexity of the decision procedure.
Consider a graph G ⊆ Gr . We say that a vertex hs, qi is finite in G iff all the paths
that start at hs, qi are finite. We say that a vertex hs, qi is α-free in G iff all the vertices
in G that are reachable from hs, qi are not α-vertices. Note that, in particular, an α-free
vertex is not an α-vertex.
Given a run hTr , ri, we define a sequence G0 ⊇ G1 ⊇ G2 ⊇ . . . of graphs,
subgraphs of Gr , as follows.
• G0 = Gr .
• G2i+1 = G2i \ {hs, qi | hs, qi is finite in G2i }.
• G2i+2 = G2i+1 \ {hs, qi | hs, qi is α-free in G2i+1 }.
Lemma 4.4 A run graph Gr = hV, Ei is accepting iff there is l ≤ |V | + 1 for which
Gl is empty.
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Proof: Assume first that Gr is accepting. We prove that for all l ≥ 1, the graph Gl
has at most |V | + 1 − l vertices. In particular, G|V |+1 has at most 0 vertices, so there is
l ≤ |V |+1 for which Gl is empty. The proof proceeds by an induction on l. Clearly, G1
has at most |V | vertices. For the induction step, we prove that (1) for all i ≥ 1, if G2i is
not empty, then it contains at least one finite vertex, and (2) for all i ≥ 0, if G2i+1 is not
empty, then it contains at least one α-free vertex. It follows that the transition from Gl
to Gl+1 involves a removal of at least one vertex, and we are done. We start with Claim
(2). Consider the graph G2i . If G2i contains only finite vertices, then G2i+1 is empty,
and we are done. We prove that if G2i contains a vertex that is not finite, then there must
be some α-free vertex in G2i+1 . To see this, assume, by way of contradiction, that G2i
contains a vertex hs0 , q0 i that is not finite and no vertex in G2i+1 is α-free. Consider
the graph G2i+1 . All the vertices in G2i+1 are not finite, and therefore, each of the
vertices in G2i+1 has at least one successor. Consider the vertex hs0 , q0 i in G2i+1 .
Since, by the assumption, it is not α-free, there exists an α-vertex hs′0 , q0′ i reachable
from hs0 , q0 i. Let hs1 , q1 i be a successor of hs′0 , q0′ i. By the assumption, hs1 , q1 i
is also not α-free. Hence, there exists an α-vertex hs′1 , q1′ i reachable from hs1 , q1 i.
Let hs2 , q2 i be a successor of hs′1 , q1′ i. By the assumption, hs2 , q2 i is also not α-free.
Thus, we can continue similarly and construct an infinite sequence of vertices hsj , qj i,
hs′j , qj′ i such that for all j, the vertex hs′j , qj′ i is an α-vertex reachable from hsj , qj i,
and hsj+1 , qj+1 i is a successor of hs′j , qj′ i. Such a sequence, however, corresponds to
a path in Gr that visits α infinitely often, contradicting the assumption that Gr is an
accepting run graph.
It is left to prove Claim (1). Assume by way of contradiction that there is i ≥ 1
such that G2i is not empty and yet it contains no finite vertex. Then, G2i+1 = G2i .
Recall that G2i is obtained from G2i−1 by removing all the α-free vertices. Therefore,
G2i contains no α-free vertex. Hence G2i+1 contains no α-free either, contradicting
Claim (2).
Assume now that Gr is rejecting. Then, Gr contains an infinite path π with infinitely many α-vertices. We prove that for all i ≥ 0, all the vertices hs, qi in π are in
G2i . The proof proceeds by induction on i. The vertices in π are clearly members of
G0 . Also, if all the vertices in π are members of G2i , it must be that they are neither
finite nor α-free in G2i+1 , so they stay in G2i+2 .
Let Gr be an accepting run graph. Given a vertex hs, qi in Gr , the rank of hs, qi,
denoted rank(s, q), is defined as follows:

2i
If hs, qi is finite in G2i .
rank (s, q) =
2i + 1 If hs, qi is α-free in G2i+1 .
By Lemma 4.4, there is l ≤ |V | + 1 for which Gl is empty, Therefore, every vertex
gets a well-defined rank, smaller than |V |.
Lemma 4.5 Consider a run graph Gr = hV, Ei.
1. For every vertex hs, qi in Gr and i ≤ |V |, we have hs, qi 6∈ Gi iff rank (s, q) < i.
2. For every two vertices hs, qi =
6 hs′ , q ′ i in Gr , if hs′ , q ′ i is reachable from hs, qi,
′ ′
then rank (s , q ) ≤ rank (s, q).
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Proof: We start with Claim (1): for every vertex hs, qi in Gr and i ≤ |V |, we have
hs, qi 6∈ Gi iff rank (s, q) < i.
We first prove that if rank (s, q) < i then hs, qi 6∈ Gi . Let rank (s, q) = j. By the
definition of ranks, hs, qi is finite or α-free in Gj . Hence, hs, qi 6∈ Gj+1 . Hence, as
i > j, also hs, qi 6∈ Gi .
For the other direction, we proceed by an induction on i. Since G0 = Gr , the
case where i = 0 is immediate. For the induction step, consider i ≤ |V | and assume
the lemma holds for all j < i. Consider a vertex hs, qi 6∈ Gi . If hs, qi 6∈ Gi−1 , the
lemma’s requirement follows from the induction hypothesis. Otherwise, hs, qi ∈ Gi−1
and we distinguish between two cases. If i is even, then hs, qi is α-free in Gi−1 .
Accordingly, rank (s, q) = i − 1, and we are done. If i is odd, then hs, qi is finite in
Gi−1 . Accordingly, rank (s, q) = i − 1, and we are done too.
We now prove Claim (2): for every two vertices hs, qi =
6 hs′ , q ′ i in Gr , if hs′ , q ′ i is
′ ′
reachable from hs, qi, then rank (s , q ) ≤ rank (s, q).
If rank (s, q) = i is odd, then hs, qi is α-free in Gi . Hence, either hx′ , q ′ i is not in
Gi , in which case, by Claim (1), its rank is strictly smaller than i, or hx′ , q ′ i is in Gi ,
in which case, being reachable from hs, qi, it must by α-free in Gi and have rank i.
If rank (s, q) = i is even, then hs, qi is finite in Gi . Hence, either hx′ , q ′ i is not in
Gi , in which case, by Claim (1), its rank is strictly smaller than i, or hx′ , q ′ i is in Gi ,
in which case, being reachable from hs, qi, it must be finite in Gi and have rank i.
Note that no α-vertex gets an odd rank. Hence, by Lemma 4.5, we have the following.
Lemma 4.6 In every infinite path in an accepting run graph Gr , there exists a vertex
hs, qi with an odd rank such that all the vertices hs′ , q ′ i on the path that are reachable
from hs, qi have rank (s′ , q ′ ) = rank (s, q).

4.2 From UCT to AWT
For an integer k, let [k] = {0, . . . , k}, and let [k]even and [k]odd be the restriction of
[k] to its even and odd members, respectively.
Theorem 4.7 Let A be a UCT with n states. There is an AWT A′ over the same alphabet such that L(A′ ) 6= ∅ iff L(A) 6= ∅, and the number of states in A′ is 2O(n log n) .
Proof: Let A = hΣ, D, Q, qin , δ, αi, and let k = (2n!)n2n+1 3n (n + 1)/n!. The
AWT A′ accepts all the regular trees hT, τ i ∈ L(A) that are generated by a transducer
T = hD, Σ, S, sin , η, Li with at most (2n!)n2n+1 3n (n + 1)/n! states. Note that the
run graph of A on such hT, τ i is accepting and is of size most k. By Theorem 4.3, we
′
have that L(A′ ) 6= ∅ iff L(A) 6= ∅. We define A′ = hΣ, D, Q′ , qin
, δ ′ , α′ i, where
• Q′ = Q × [k]. Intuitively, when A′ is in state hq, ii as it reads the node x ∈ T , it
guesses that the rank of the vertex hη(x), qi of Gr is i. An exception is the initial
′
state qin
explained below.

′
• qin
= hqin , ki. That is, qin is paired with k, which is an upper bound on the rank
of hη(ε), qin i.
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• We define δ ′ by means of a function
release : B + (D × Q) × [k] → B + (D × Q′ ).
Given a formula θ ∈ B + (D × Q), and a rank i ∈ [k], the formulaWrelease(θ, i) is
obtained from θ by replacing an atom (c, q) by the disjunction i′ ≤i (c, hq, i′ i).
For example, release((1, q) ∧ (2, s), 2) = ((1, hq, 2i) ∨ (1, hq, 1i) ∨ (1, hq, 0i)) ∧
((2, hs, 2i) ∨ (2, hs, 1i) ∨ (2, hs, 0i)).

Now, δ ′ : Q′ × Σ → B + (D × Q′ ) is defined, for a state hq, ii ∈ Q′ and σ ∈ Σ,
as follows.

release(δ(q, σ), i) If q 6∈ α or i is even.
δ ′ (hq, ii, σ) =
false
If q ∈ α and i is odd.

That is, if the current guessed rank is i then, by employing release, the run can
move in its successors to every rank that is smaller than or equal to i. If, however,
q ∈ α and the current guessed rank is odd, then, by the definition of ranks, the
current guessed rank is wrong, and the run is rejecting.
• α′ = Q × [k]odd . That is, infinitely many guessed ranks along each path should
be odd.
It is easy to see that A′ is weak: each rank i ∈ [k] induces the set Qi = Q × {i} in
the partition. The acceptance condition α′ then requires the run to get stuck in a set
associated with an odd rank.
We prove that A′ accepts all the regular trees hT, τ i ∈ L(A) that are generated
by a transducer T = hD, Σ, S, sin , η, Li with at most (2n!)n2n+1 3n (n + 1)/n! states.
Note that the run graph of A on such hT, τ i is accepting and is of size most k. By
Theorem 4.3, we then have that L(A′ ) 6= ∅ iff L(A) 6= ∅.
We first prove that L(A′ ) ⊆ L(A). Consider a tree hT, τ i accepted by A′ . Let
hTr , r′ i be the accepting run of A′ on hT, τ i. Consider the T × Q-labeled tree hTr , ri
where for all y ∈ Tr with r′ (y) = (x, hq, ii), we have r(y) = (x, q). Thus, hTr , ri
projects out the [k] element of the labels of hTr , r′ i. It is easy to see that hTr , ri is
a run of A on hT, τ i. Indeed, the transitions of A′ only annotate transitions of A by
ranks. We show that hTr , ri is an accepting run. Since hTr , r′ i is accepting, then, by
the definition of α′ , each infinite path of hTr , r′ i gets trapped in a set Q × {i} for some
odd i. By the definition of δ ′ , no accepting run can visit a state hq, ii with an odd i and
q ∈ α. Hence, the infinite path actually gets trapped in the subset (Q \ α) × {i} of
Q × {i}. Consequently, in hTr , ri, all the paths visits states in α only finitely often,
and we are done.
It is left to prove that if T = hD, Σ, S, sin , η, Li is a transducer with at most
(2n!)n2n 3n (n + 1)/n! states and the run graph of A on T is accepting, then A′ accepts
the regular tree generated by T . Let T be as above and let Gr be the accepting run
graph of A on T . Consider the (T × Q′ )-labeled IN-tree hTr′ , r′ i defined as follows.
• ε ∈ Tr′ and r′ (ε) = (ǫ, hqin , ki).
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• Let y ∈ Tr′ be such that r′ (y) = (x, hq, ii). By the definition of hTr′ , r′ i so far,
hη(x), qi is a vertex in Gr . Let δ(q, τ (x)) = {hc1 , q1 i, . . . , hcm , qm i}. By the
definition of Gr , the vertex hη(x), qi has successors hs1 , q1 i, . . . , hsm , qm i such
that for all 1 ≤ i ≤ m, we have that η(η(x), ci ) = si . Then, for all 1 ≤ i ≤ m,
we have y · i ∈ Tr′ , and r′ (y · i) = (x · ci , hqi , rank (η(xi ), qi )i).

We claim that hTr′ , r′ i is an accepting run of A′ on hT, τ ′ i. We first prove that hTr′ , r′ i
′
is a legal run. Since qin
= hqin , ki, the root of Tr′ is labeled legally. We now consider
′
the other nodes of Tr . Let {(s1 , q1 ), . . . , (sm , qm )} be the successors of (ε, qin ) in Gr ,
with si = η(sin , ci ). As k is the maximal rank that a vertex can get, each successor (si , qi ) has rank (si , qi ) ≤ k. Thus, as k is even, the set {(c1 , hq1 , rank (x1 , q1 )i),
. . ., (cm , hqm , rank (xm , qm )i)} satisfies δ ′ (hqin , ki, τ (ε)). Hence, the first level of
Tr′ is labeled legally. For the other levels, consider a node y ∈ Tr′ such that y 6= ε.
Let r′ (y) = (x, hq, ji). By the definition of hTr′ , r′ i, we have that (η(x), q) is a vertex of Gr with rank (η(x), q) = j. Let {(s1 , q1 ), . . . , (sm , qm )} be the successors of
(η(x), q) in Gr with si = η(sin , ci ). By Lemma 4.5, for all 1 ≤ i ≤ m, we have
rank (si , qi ) ≤ j. Also, by the definition of ranks, it cannot be that q ∈ α and j is odd.
Therefore, the set {(c1 , hq1 , rank (η(x1 ), q1 )i), . . ., (cm , hqm , rank (η(xm ), qm )i)} satisfies δ ′ (hq, ji, τ (x)). Hence, the tree hTr′ , r′ i is a legal run of A′ on hT, τ ′ i. Finally,
by Lemma 4.6, each infinite path of hTr′ , r′ i gets trapped in a set with an odd index,
thus hTr′ , r′ i is accepting.

4.3 From AWT to NBT
In [MH84], Miyano and Hayashi describe a translation of ABW to NBW. In Theorem 4.8 below (see also [Mos84]), we present (a technical variant of) their translation,
adapted to tree automata,
Theorem 4.8 Let A be an ABT with n states. There is an NBT A′ with 2O(n) states,
such that L(A′ ) = L(A).

Proof: The automaton A′ guesses a subset construction applied to a run of A. At a
given node x of a run of A′ , it keeps in its memory the set of states in which the various
copies of A visit node x in the guessed run. In order to make sure that every infinite path
visits states in α infinitely often, A′ keeps track of states that “owe” a visit to α. Let
A = hΣ, D, Q, qin , δ, αi. Then A′ = hΣ, D, 2Q × 2Q , h{qin }, ∅i, δ ′ , 2Q × {∅}i, where
δ ′ is defined as follows. We first need the following notation. For a set V
S ⊆ Q and a
letter σ ∈ Σ, let sat (S, σ) be the set of subsets of D × Q that satisfy q∈S δ(q, σ).
Also, for two sets O ⊆ S ⊆ Q and a letter σ ∈ Σ, let pair sat(S, O, σ) be such
that hS ′ , O′ i ∈ pair sat (S, O, σ) iff S ′ ∈ sat (S, σ), O′ ⊆ S ′ , and O′ ∈ sat (O, σ).
Finally, for a direction c ∈ D, we have Sc′ = {s : (c, s) ∈ S ′ } and Oc = {o : (c, o) ∈
O′ }.
Now, δ is defined, for all hS, Oi ∈ 2Q × 2Q and σ ∈ Σ, as follows.
• If O 6= ∅, then

δ ′ (hS, Oi, σ) =

_

hS ′ ,O′ i∈

pair sat (S,O,σ)
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^

c∈D

(c, hSc′ , Oc′ \ αi).

Thus, A′ sends to direction c the set Sc′ of states that are sent to direction c (in
different copies) in the guessed run. Each such Sc′ is paired with a subset Oc′ of
Sc′ of the states that still owe a visit to α.
• If O = ∅, then

δ ′ (hS, Oi, σ) =

_

^

S ′ ∈sat (S,σ) c∈D

(c, hSc′ , Sc′ \ αi).

Thus, when no state owes a visit to α, the requirement to visit α is reinforced on
all the states in Sc′ .

4.4 Complexity
Combining Theorems 4.7 and 4.8, one can reduce the nonemptiness problem for UCT
to the nonemptiness problem for NBT. Consider a UCT A with n states. If we translate
A to an NBT by going through the AWT we have obtained in Theorem 4.7, we end
O(n log n)
up with an NBT with 22
states, as the AWT has 2O(n log n) states. In order to
complete the proof of Theorem 3.3, we now exploit the special structure of the AWT
2
in order to get an NBT with only 2O(n log n) states.
Theorem 4.9 Let A be a UCT with n states. There is an NBT A′ over the same alpha2
bet such that L(A′ ) 6= ∅ iff L(A) 6= ∅, and the number of states in A′ is 2O(n log n) .
Proof: Let A = hΣ, D, Q, qin , δ, αi with |Q| = n. Let k = (2n!)n2n+1 3n (n + 1)/n!
Consider a state hS, Oi of the NBT constructed from A as described above. Each of the
sets S and O is a subset of Q × [k]. We say that a set P ⊆ Q × [k] is consistent iff for
every two states hq, ii and hq ′ , i′ i in P , if q = q ′ then i = i′ . We claim the following:
(1) Restricting the states of the NBT to pairs hS, Oi for which S is a consistent subset of
2
Q × [k] is allowable; that is, the resulting NBT is equivalent. (2) There are 2O(n log n)
consistent subsets of Q × [k].
In order to prove Claim (1), recall that the AWT visiting a state hq, ii when reading
a node x ∈ T corresponds to a guess that the rank of the vertex hη(x), qi of an accepting
run graph Gr is i. Since every vertex in Gr has a unique rank, the copies of AWT that
are generated in an accepting run that corresponds to Gr are consistent, in the sense
that the different copies that read the same node x agree on the rank that hη(x), qi has
in Gr . When the NBT visits a state hS, Oi, all the states in S correspond to copies of
the AWT that read the same node. Hence, a state hS, Oi for which S is inconsistent
corresponds to a node in the run of the AWT whose copies are inconsistent. Hence, the
NBT can ignore states hS, Oi with inconsistent S.
In order to prove Claim (2), observe that we can characterize a consistent set by the
projection of its pairs on Q, augmented by an assignment f : Q → [k]. Since there are
2
2n such projections and k n = 2O(n log n) such assignments, we are done.
By the two claims, as O is always a subset of S, we can restrict the state space of
2
the NBT to 2O(n log n) states. The construction that follows is described in the proof
of Theorem 3.3.
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5 More Applications
In Section 3, we show how UCT can help in solving the emptiness problem for APT.
One immediate application is the decidability problem for µ-calculus, which is easily
reduced to APT emptiness [EJ91, KVW00]. Another immediate application is the
language-containment problem for NPT: given two NPT A1 and A2 , we can check
whether L(A1 ) is contained in L(A2 ) by checking the nonemptiness of the intersection
of A1 with the complement of A2 . Since it is easy to complement A2 by dualizing it
[MS87], it is easy to define this intersection as an APT.
In this section we describe more, less immediate, applications of our approach. In
particular, we show that UCT are often useful for tasks traditionally assigned to APT.
Thus, in many cases it is possible to skip the construction of an APT and go directly
to a UCT. We demonstrate this below with the realizability and synthesis problems for
LTL, and the problem of translating LTL formulas into deterministic parity automata
of a minimal index (in particular, translating LTL formulas into DBW). We note that
these problems involve both a decision problem (namely, is the formula realizable? can
the formula be translated into a DPW with a given index?) as well as a construction
problem (namely, construct a realizing strategy; construct an equivalent DPW). As
discussed in Section 6.2, while our Safraless approach simplifies the algorithms and
improves the complexity of the decidability problems, the fact it uses a simplified class
of automata (that is, co-Büchi rather than parity) causes the constructions to have more
states than these constructed by the traditional algorithm.

5.1 LTL Realizability and Synthesis
Given an LTL formula ψ over the sets I and O of input and output signals, the realizability problem for ψ is to decide whether there is a strategy f : (2I )∗ → 2O ,
generated by a transducer5 such that all the computations of the system generated
by f satisfy ψ [PR89]. Formally, a computation ρ ∈ (2I∪O )ω is generated by f if
ρ = (i0 ∪ o0 ), (i1 ∪ o1 ), (i2 ∪ o2 ), . . . and for all j ≥ 1, we have oj = f (i0 · i1 · · · ij−1 ).
The traditional algorithm for solving the realizability problem translates the LTL
formula into an NBW, applies Safra’s construction in order to get a DPW Aψ for it,
expands Aψ to a DPT A∀ψ that accepts all the trees all of whose branches satisfy ψ,
and then checks the nonemptiness of A∀ψ with respect to I-exhaustive 2I∪O -labeled
2I -trees, namely 2I∪O -labeled 2I -trees that contain, for each word w ∈ (2I )ω , at least
one path whose projection on 2I is w [PR89]. Thus, the algorithm applies Safra’s
determinization construction, and has to solve the nonemptiness problem for DPT. For
O(n log n)
ψ of length n, the DPW Aψ has 22
states and index 2O(n) . This is also the size
of the DPT A∀ψ , making the overall complexity doubly-exponential, which matches
the lower bound in [Ros92]. We now show how UCW can be used instead of DPW.
Intuitively, universal automata have the desired property, enjoyed also by deterministic
automata but not by nondeterministic automata, of having the ability to run over all
branches of an input tree. In addition, since complementation of LTL is trivial, the
5 It

is known that if some transducer that generates f exists, then there is also a finite-state transducer.
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known translations of LTL into NBW can be used in order to translate LTL into UCW6 .
Formally, we have the following.
Theorem 5.1 The realizability problem for an LTL formula can be reduced to the
nonemptiness problem for a UCT with exponentially many states.
Proof: A strategy f : (2I )∗ → 2O can be viewed as a 2O -labeled 2I -tree. We define
a UCT Sψ such that Sψ accepts a 2O -labeled 2I -tree hT, τ i iff τ is a good strategy for
ψ.
Let A¬ψ = h2I∪O , Q, qin , δ, αi be an NBW for ¬ψ [VW94]. Thus, A¬ψ accepts
O I
′
exactly all the words in (2I∪O )ω that do not satisfy ψ. Then,
V Sψ
V = h2 , 2 , Q, q′ in , δ , αi,
O
′
where for every q ∈ Q and o ∈ 2 , we have δ (q, o) = i∈2I q′ ∈δ(q,i∪o) (i, q ). Thus,
from state q, reading the output assignment o ∈ 2O , the automaton Sψ branches to each
direction i ∈ 2I , with all the states q ′ to which δ branches when it reads i ∪ o in state
q. It is not hard to see that Sψ accepts a 2O -labeled 2I -tree hT, τ i iff for all the paths
{ε, i0 , i0 · i1 , i0 · i1 · i2 , . . .} of T , the infinite word (i0 ∪ τ (ε)), (i1 ∪ τ (i0 )), (i2 ∪ τ (i0 ·
i1 )), . . . is not accepted by A¬ψ ; thus all the computations generated by τ satisfy ψ.
Since the size of A¬ψ is exponential in the length of ψ, so is Sψ , and we are done.
For an LTL formula of length n, the size of the automaton Sψ is 2O(n) , making
the overall complexity doubly-exponential, matching the complexity of the traditional
algorithm , as well as the lower bound [Ros92].
The synthesis problem for an LTL formula ψ is to find a a transducer that generates
a strategy realizing ψ. Known algorithms for the nonemptiness problem can be easily
extended to return a transducer [Rab70]. The algorithm we present here also enjoys
this property, thus it can be used to solved not only the realizability problem but also
the synthesis problem.
In the supervisory-control problem, one has to disable some of the controllable
transitions of a given system in order for it to satisfy a given specification [RW89]. The
problem is similar to the synthesis problem: in both problems the goal is to synthesize
a correct system, where in supervisory control, some information about the system is
already given. Formally, the system, also called a plant, is a nondeterminstic transducer
T = h2I , 2O , S, Sin , η, Li, with Sin ⊆ S and η : S × 2I → 2S . Note that T may
have several possible computations on a given sequence of inputs. A control strategy
for T is a function f : (2O )∗ → 2I that maps the sequence of outputs the system has
generated so far to an input enabled by the environment. We say that a computation
over I and O of is consistent with f and T if the inputs follow f and the outputs
follow T . Formally. a computation ρ ∈ (2I∪O )ω is consistent with f and T if ρ =
(i0 ∪ o0 ), (i1 ∪ o1 ), (i2 ∪ o2 ), . . . is such that there is a sequence s0 , s1 , s2 , . . . of states
of T such that s0 ∈ Sin , i0 = f (ǫ), and o0 = L(s0 ), and for all j ≥ 1, we have
sj ∈ η(sj−1 , ij−1 ), ij = f (o0 · o1 · · · oj−1 ), and oj = L(sj ).
Our Safraless solution to the synthesis problem, which is described in the proof of
Theorem 5.1, can be adjusted to solve also the supervisory-control problem. Essentially, rather than defining Sψ to branch to all the directions in 2I and read letters
6 For

an application of these properties in the area of infinite games, see [ATM03].
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in 2O , we define it to run over an unwinding of the system, and has in its alphabet information about whether particular inputs are disabled or enabled. Formally,
Sψ = h2I , 2O , S × Q, Sin × {qin }, δ ′ , αi, where for every s ∈ S, q ∈ Q, and i ∈ 2I ,
we have
^
^
^
(o, hs′ , q ′ i).
δ ′ (hs, qi, i) =
o∈2O s′ ∈η(s,i):L(s′ )=o q′ ∈δ(q,i∪L(s))

Thus, from state hs, qi, reading the input assignment i ∈ 2I , the automaton Sψ branches
to each direction o ∈ 2O with all the states hs′ , q ′ i such that T may branch to s′ from
s when it reads i, the output in s′ is o, and δ branches to q ′ when it reads i ∪ L(s) in
state q.
The synthesis problem often arise in a setting in which the system has incomplete
information about the environment. As described in [KV00], the solution to the synthesis problem with incomplete information for branching temporal logic can be reduced
to the nonemptiness problem of APT, thus our Safraless procedure for the latter is of
use also in this context.

5.2 Translation of LTL formulas to DBW
DBW form a strict subset of NBW [Lan69]. For an LTL formula ψ, we say that ψ
is in DBW if the language of words satisfying ψ can be recognized by a DBW. Not
all LTL formulas are in DBW. For example, while there is no DBW for the language
of all words over the alphabet {a, b} that contains only finitely many a’s, it is easy
to specify this language with the LTL formula F G¬a (“eventually always not a”). It
turned out that an LTL formula ψ is in DBW iff ψ has an equivalent alternation-free
µ-calculus formula [KV98a]. Current methods for deciding whether an LTL formula
ψ is in DBW start with a construction of an NBW for ψ [VW94], then determinize it to
a DPW using Safra’s determinization construction, and then check whether the DPW
has an equivalent DBW [KPB94]. In this section we describe how UCW can be used
instead of DPW.
Theorem 5.2 The problem of deciding whether an LTL formula is in DBW can be
reduced to the nonemptiness problem of a UCT with exponentially many states.
Proof: By [Lan69], an ω-regular language L ⊆ Σω is in DBW iff there is some
regular language R ⊆ Σ∗ such that L = limR; i.e., w ∈ L iff w has infinitely many
prefixes in R. A regular language R can be represented by a {0, 1}-labeled Σ-tree
hΣ∗ , fR i where for all x ∈ Σ∗ , we have fR (w) = 1 iff x ∈ R. For an LTL formula
ψ over AP , we say that a {0, 1}-labeled (2AP )-tree h(2AP )∗ , f i is a DBW witness for
ψ if for all paths w ⊆ (2AP )ω , we have that w satisfies ψ iff there are infinitely many
x ∈ w with f (x) = 1. By [Lan69], ψ can be recognized by a DBW iff it has a DBW
witness. We construct a UCT over {0, 1}-labeled (2AP )-trees that accepts exactly all
the DBW witnesses of ψ.
+
−
Let A+ = h2AP , Q+ , qin
, δ + , α+ i and A− = h2AP , Q− , qin
, δ − , α− i be NBWs
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for ψ and ¬ψ, respectively [VW94]7 . Thus, A+ accepts exactly all the words in
(2AP )ω that satisfy ψ, and A− complements it. We define an NBW Sψ over the alphabet 2AP × {0, 1}. For a word w ∈ 2AP × {0, 1}, we use w[1] and w[2] in order to refer
to the projection of w on 2AP and {0, 1}, respectively. The NBW Sψ accepts a word
w if one of the following holds.
• w[1] satisfies ψ and w[2] has only finitely many 1’s, or
• w[1] does not satisfy ψ and w[2] has infinitely many 1’s.
It is easy to define Sψ as a union of two NBWs, the first obtained by intersecting A+
with an NBW for “finitely many 1’s”, and the second obtained by intersecting A− with
an NBW for “infinitely many 1’s”. By dualizing Sψ , we get a UCW S̃ψ that accepts
exactly all the words w ∈ 2AP × {0, 1} for which w[1] satisfies ψ iff w[2] has infinitely
many 1’s. We can run S̃ψ on {0, 1}-labeled 2AP -trees so that it accepts exactly all the
DBW witnesses for ψ. Formally, if S̃ψ = h2AP × {0, 1}, Q, qin, δ, αi, then the UCT
is Wψ = h{0, 1}, 2AP , Q, qin , δ, αi where for all q ∈ Q and τ ∈ {0, 1}, we have
^
^
(σ, s).
δ(q, τ ) =
σ∈2AP s∈δ(q,hσ,τ i)

Now, suppose that ψ is in DBW and Wψ is not empty. Then, by [Rab70], the
nonemptiness test of its equivalent NBT returns a transducer T with edges labeled by
2AP and states labeled by {0, 1}. Note that T is deterministic. By defining the states
of T with label 1 to be accepting, we get a DBW equivalent to ψ. Thus, when our
test returns a positive answer, it can also translate the LTL formula into an equivalent
DBW.

5.3 Translating LTL formulas to DPW
While DPW are not less expressive than NPW, fixing the index of a DPW does result in a strict subset of NPW. In fact, if we denote the set of DPW with index h by
DPW[h], then DPW[h] form a strict subset of DPW[h + 1] [Kam85]. Since it is possible to specify the languages described in [Kam85] by LTL formulas, the above strict
hierarchy remains valid when we restrict attention to languages that are generated by
LTL formulas. Recall that the Büchi acceptance condition is a special case of the parity
acceptance condition. Indeed, a Büchi condition α is equivalent to a parity condition
{∅, α, Q} of index 3. In this section we extend the reasoning described in Section 5.2
to parity automata with a fixed index. For an LTL formula ψ and an integer h ≥ 2, we
say that ψ is of index h if the language of words satisfying ψ can be recognized by a
DPW[h]. Current methods for deciding whether an LTL formula ψ is of index h start
with a construction of an NBW for ψ [VW94], then determinize it to a DPW using
7 Using the construction in [VW94], the NBWs A+ and A− differ only in their sets of initial states. Our
construction, however, does not make a use of this fact, thus A+ and A− can be optimized, and we assume,
for simplicity, that each of them has a single initial state.
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Safra’s determinization construction, and then check whether the DPW has an equivalent DPW[h] [KPB95, KPBV95]. In this section we describe how UCW can be used
instead of DPW. In case the LTL formula has an equivalent DPW[h], our procedure
returns it without first constructing a DPW of a larger index.
Theorem 5.3 The problem of deciding the minimal index of an LTL formula can be
reduced to the nonemptiness problem of a UCT with exponentially many states.
Proof: For an LTL formula ψ over AP , we say that a regular {1, 2, . . . , h}-labeled
(2AP )-tree h(2AP )∗ , f i is a DPW[h] witness for ψ if for all paths w ⊆ (2AP )ω , we have
that w satisfies ψ iff the minimal letter c such that infinitely many x ∈ w have f (x) = c
is even. It is easy to see that a DPW[h] for ψ induces a DPW[h] witness. Indeed, if A
is a DPW[h] with α = {F1 , F2 , . . . , Fh } for ψ and the single run of A on a word w ∈
(2AP )∗ leads to a state in Fi , we define f (w) to be i. Also, since we restrict attention
to regular trees, a DPW[h] witness induces a DPW[h] for ψ. We construct a UCT over
{1, . . . , h}-labeled (2AP )-trees that accepts exactly all the DPW[h] witnesses of ψ.
+
−
Let A+ = h2AP , Q+ , qin
, δ + , α+ i and A− = h2AP , Q− , qin
, δ − , α− i be NBWs
for ψ and ¬ψ, respectively [VW94]. Thus, A+ accepts exactly all the words in (2AP )ω
that satisfy ψ, and A− complements it. We define an NBW Sψ over the alphabet
2AP × {1, . . . , h}. For a word w ∈ 2AP × {1, . . . , h}, we use w[1] and w[2] in order to
refer to the projection of w on 2AP and {1, . . . , h}, respectively. The NBW Sψ accepts
a word w if one of the following holds.
• w[1] satisfies ψ and the minimum letter that appears infinitely often in w[2] is
odd, or
• w[1] does not satisfy ψ and the minimum letter that appears infinitely often in
w[2] is even.
It is easy to define Sψ as a union of two NBWs, the first obtained by intersecting
A+ with an NBW for “the minimum letter that appears infinitely often is odd”, and
the second obtained by intersecting A− with an NBW for “the minimum letter that
appears infinitely often is even”. By dualizing Sψ , we get a UCW S̃ψ that accepts
exactly all the words w ∈ 2AP × {1, . . . , h} for which w[1] satisfies ψ iff the minimum
letter that appears infinitely often in w[2] is even. We can run S̃ψ on {1, . . . , h}-labeled
2AP -trees so that it accepts exactly all the DPW[h] witnesses for ψ. Formally, if S̃ψ =
h2AP ×{1, . . . , h}, Q, qin , δ, αi, then the UCT is Wψ = h{1, . . . , h}, 2AP , Q, qin , δ, αi
where for all q ∈ Q and τ ∈ {0, 1}, we have
^
^
(σ, s).
δ(q, τ ) =
σ∈2AP s∈δ(q,hσ,τ i)

As in the case of DBW, when the NBT equivalent to Sψ is not empty, its emptiness test returns a regular transducer with edges labeled (2AP ) and states labeled
{1, 2, . . . , h}, and hence a DPW[h] for ψ. For ψ of length n, Safra’s determinization construction results in a DPW Aψ of index 2O(n) . Thus, all LTL formulas can
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be translated to a DPW with an exponential index. This suggests a Safraless determinization construction for LTL formulas. Moreover, it suggests a Safraless optimized
determinization construction, where one starts with a small guess for the index of ψ
and increase the guess when necessary.
We note that in all the three applications described in this section, we used the fact
that we are able, given a specification ψ, to construct an NBW for ¬ψ of size exponential in |ψ|. When ψ is given in terms of an LTL formula, this exponential blow-up
is similar to the exponential blow-up in the translation of ψ to an NBW, making our
bounds similar, and even better, than known bounds to the problems. While it is possible to apply our constructions to a specification ψ that is given in terms of an NBW, the
exponential blow-up in that case is not acceptable. Indeed, since going from an LTL
formula to a DPW involves a doubly-exponential blow-up whereas going from NBW
to DPW involves only an exponential blow-up, the traditional solutions that use Safra’s
determinization construction perform exponentially better for ψ that is given in terms
of an NBW. It is an open problem whether a Safraless solution for the applications
described in this section exists also for specifications that are given in terms of NBW.
A positive answer applies to the realizability problem. Indeed, given an NBW A, the
system has a strategy f : (2I )∗ → 2O that realizes A iff the environment does not have
a strategy g : (2O )∗ → 2I that realizes the complement of A. Now, the complement of
A is a UCW, for which the construction we describe does apply. Thus, realizability of
NBW specifications can be reduced to realizabilty of UCW specifications.
Another point that is joint to the three applications has to do with the size of the
generated transducer, in case the decision procedure returns a positive answer. We will
get back to this point in Section 6.

6 In Practice
As discussed in Section 1, the intricacy of current constructions, which use Safra’s determinization, is reflected in the fact there is no implementation for them. The lack
of a simple implementation is not due to a lack of need: implementations of realizability algorithms exist, but they have to either restrict the specification to one that
generates “easy to determinize” automata [ST03, WMBSV05] or give up completeness [HRS05]. As we argue in this section, the simplicity of our construction not only
makes it amenable to implementation, but also enables important practical advantages
over the existing algorithms.

6.1 A symbolic implementation
Safra’s determinization construction involves complicated data structures: each state
in the deterministic automaton is associated with a labeled ordered tree. Consequently,
even though recent work describes a symbolic algorithm for the nonemptiness problem
for NPT [BKV04], there is no symbolic implementation of decision procedures that are
based on Safra’s determinization and NPT. Our construction, on the other hand, can be
implemented symbolically. Indeed, the state space of the NBT constructed in Theorem 3.3 consists of sets of states and a ranking function, it can be encoded by Boolean
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variables, and the NBT’s transitions can be encoded by relations on these variables
and a primed version of them. The fixpoint solution for the nonemptiness problem of
NBT (c.f., [VW86]) then yields a symbolic solution to the original UCT nonemptiness
problem. Moreover, when applied for the solution of the realizability problem, the
BDDs that are generated by the symbolic decision procedure can be used to generate a
symbolic witness strategy. The Boolean nature of BDDs then makes it very easy to go
from this BDD to a sequential circuit for the strategy. It is known that a BDD can be
viewed as an expression (in DAG form) that uses the “if then else” as a single ternary
operator. Thus, a BDD can be viewed as a circuit built from if-then-else gates. More
advantages of the symbolic approach are described in [HRS05]. As mentioned above,
[HRS05] also suggests a symbolic solution for the LTL synthesis problem. However,
the need to circumvent Safra’s determinization causes the algorithm in [HRS05] to be
complete only for a subset of LTL. Our approach circumvents Safra’s determinization
without giving up completeness.

6.2 An incremental approach
Recall that our construction is based on the fact we can bound the maximal rank that
a vertex of Gr can get by k – the bound on the size of the run graphs of A we consider. Often, the sequence G0 , G1 , G2 , . . . of graphs converges to the empty graph very
quickly, making the bound on the maximal rank much smaller (see [GKSV03] for an
analysis and experimental results for the case of UCW). Accordingly, we suggest to
regard k as a parameter in the construction, start with a small parameter, and increase
it if necessary. Let us describe the incremental algorithm that follows in more detail.
Consider the combined construction described in Theorem 3.3. Starting with a
UCT A with state space Q, we constructed an NBT A′ with state space 2Q × 2Q × R,
where R is the set of functions f : Q → [k] in which f (q) is even for all q ∈ α. For
l ≤ k, let R[l] be the restriction of R to functions with range [l], and let A′ [l] be the
NBT A′ with k being replaced by l. Recall that the NBT A′ [l] is empty iff all the run
graphs of A of size at most l are not accepting. Thus, coming to check the emptiness
of A, a possible heuristic would be to proceed as follows: start with a small l and
check the nonemptiness of A′ [l]. If A′ [l] is not empty, then A is not empty, and we can
terminate with a “nonempty” output. Otherwise, increase l, and repeat the procedure.
When l = k and A′ [l] is still empty, we can terminate with an “empty” output.
It is important to note that it is possible to take advantage of the work done during
the emptiness test of A′ [l1 ], when testing emptiness of A′ [l2 ], for l2 > l1 . To see this,
note that the state space of A′ [l2 ] consists of the union of 2Q × 2Q × R[l1 ] (the state
space of A′ [l1 ]) with 2Q × 2Q × (R[l2 ] \ R[l1 ]) (states whose f ∈ R[l2 ] has a state
that is mapped to a rank greater than l1 ). Also, since ranks can only decrease, once
the NBT A′ [l2 ] reaches a state of A′ [l1 ], it stays in such states forever. So, if we have
already checked the nonemptiness of A′ [l1 ] and have recorded the classification of its
states to empty and nonempty, the additional work needed in the nonemptiness test of
A′ [l2 ] concerns only states in 2Q × 2Q × (R[l2 ] \ R[l1 ]).
The incremental approach circumvents the fact that the k-fold blow-up that is introduced in the translation of a UCT to an AWT occurs for all UCT. With the incremental
algorithm, the k-fold blow occurs only in the worst case. As shown in [GKSV03],
23

experimental results show that in the case of word automata the construction ends up
with a small k. A point in favor of the Safrafull approach has to do with the bound
on the size of a “nonemptiness witness” in case the APT (or the UCT) is not empty.
Known algorithms for the nonemptiness problem of nondeterministic tree automata can
be easily extended to return a witness to the automaton’s nonemptiness. Such a witness
is a transducer that generates a tree accepted by the automaton whose nonemptiness is
checked (in the case of realizability, the witness is a synthesized strategy; in the case of
LTL determinization, the witness is a DBW or a DPW equivalent to the LTL formula).
The size of the witness is linear in the state space of the automaton. Both the Safrafull
and the Safraless approaches reduce the original problem to the nonemptiness problem
of a nondeterministic automaton. The Safraless approach avoids the parity condition
and uses instead the Büchi condition. This makes the nonemptiness test easier. Indeed,
the nonemptiness algorithm for NPT is exponential in the index of the NPT, while the
nonemptiness algorithm for NBT is quadratic. On the other hand, if we restrict attention to the bound on the size of the state space of the automaton (and thus, the size of a
witness), then the parity condition has an advantage: the Safraless approach translates
2
a UCT with n states to an NBT with 2O(n log n) states, whereas the Safrafull approach
O(n log n)
results in an NPT with 2
states. Such a Safraless bound on the size of a small
witness is still an open problem. With the incremental algorithm, however, we expect
the NBT whose emptiness we check to be much smaller than an NPT constructed with
no optimizations.

7 Discussion
In [KV01], we used alternating co-Büchi word automata in order to avoid Safra’s
construction in complementation of Büchi word automata. As here, the approach in
[KV01] involves an analysis of ranks. Alternating word automata are closely related
to nondeterministic tree automata and the analysis in [KV01] have proven to be useful also for solving the nonemptiness problem for nondeterministic parity tree automata
[KV98b]. By now, the simple construction in [KV01] has become the standard complementation construction [Tho98], has been implemented [GKSV03, Mer00], has led to
tighter and new Safraless complementation constructions for richer types of automata
on infinite words [FKV04, KV04], and has led to further implementations of alternating automata [Fin01].
Since the bounded-width property trivially holds for runs of word automata, the
analysis in [KV98b, KV01] is much simpler than the one required for alternating tree
automata, and indeed the problem of a Safraless decision procedure for them was left
open. In this work we solved this problem and showed how universal co-Büchi automata can be used in order to circumvent Safra’s determinization and the parity acceptance condition. Below we discuss a related theoretical point that is still open.
Our construction avoids the complicated determinization construction of Safra,
but its correctness proof makes use of the bounded-size run graph property, which
in turn makes use of Safra’s determinization. It is an open problem whether we can
have a Safraless proof, and whether such a proof can improve the construction further. Consider an infinite run tree hTr , ri of a UCT. We say that two nodes y1 and
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y2 of Tr are similar if r(y1 ) = r(y2 ). Thus, similar nodes correspond to different copies of the UCT, possibly with a different past, but with the same present: if
r(y1 ) = r(y2 ) = hx, qi, then both copies have to accept the subtree with root x from
the state q. Runs of UCT are memoryless in the sense that two copies of the UCT that
read similar nodes have the same future. Thus, by merging similar nodes on the run
tree, one gets a run DAG Gr of the UCT, which is accepting iff hTr , ri is accepting.
Recall that the bounded-size run graph property enables us to bound the maximal rank
that a vertex can get. The run DAG Gr is infinite, but we can also show (see [KV01]
for the case of words) that bounding its width (the number of different vertices in each
level) by an integer k leads to a ranking function in which the maximal rank is 2k. In
order to get a bounded-width DAG property, we need not bound the width of all run
DAGs—we only need to show that if the UCT is not empty then it has a accepting run
DAG of width at most k. We conjecture that a UCT is not empty iff it accepts a tree in
which nodes that are visited by the same set of states (recall that each node of the input
tree may be visited by several copies of the UCT) are roots of identical subtrees. Our
conjecture leads to an n2n bound on the width, for a UCT with n states. Proving the
conjuncture will not only make the proof Safraless, but will also reduce the maximal
rank that a vertex can get, and thus improves the construction further.
Acknowledgement We thank Nir Piterman for helpful discussions and comments on
an early draft of this paper.
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