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The treewidthof a graph measures how close the graph is to a tree. Many prob-
lems that are intractable for general graphs, are tractablewhen the graph has bounded
treewidth. Recent works study the complexity of model checking for state transition sys-
tems of bounded treewidth. There is little reason to believe, however, that the treewidth
of the state transition graphs of real systems, which we refer to asglobal treewidth,
is bounded. In contrast, we consider in this paperconcurrenttransition systems, where
communication between concurrent components is modeled explicitly. Assuming bound-
edness of the treewidth of the communication graph, which werefer to aslocal treewidth,
is reasonable, since the topology of communication in concurrent systems is often con-
strained physically.

In this work we study the impact of local treewidth boundedness on the complexity
of verification problems. We first present a positive result,proving that a CNF formula
of bounded treewidth can be represented by an OBDD of polynomial size. We show,
however, that the nice properties of treewidth-bounded CNFformulas are not preserved
under existential quantification or unrolling. Finally, weshow that the complexity of
various verification problems is high even under the assumption of local treewidth
boundedness. In summary, while global treewidth boundedness does have computa-
tional advantages, it is not a realistic assumption; in contrast, local treewidth bounded-
ness is a realistic assumption, but its computational advantages are rather meager.

1 Introduction

Thetreewidthof a graph measures how close the graph is to a tree (trees havetreewidth
1). Many problems that are intractable (e.g. NP-hard, PSPACE-hard) for general graphs,
are polynomial or linear-time solvable when the graph has bounded treewidth (see
[5–7] for an overview). For example, constraint-satisfaction problems, which are NP-
complete, are PTIME-solvable when the variable-relatedness graph has bounded treewidth
[11, 14].

In [15, 22] the complexity of the model-checking problem is studied under the hy-
pothesis of bounded treewidth; that is, it is assumed that the model is a state transition
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system, whose underlying graph has bounded treewidth. Bounding treewidth yields a
large class of tractable model-checking problems. For example, while it is not known
whether model checkingµ-calculus formulas is in PTIME [18], it is in PTIME under
the bounded treewidth assumption [22].

We refer to the treewidth of the state transition graphs of transition systems as the
global treewidth. The global treewidth-boundedness assumption used in [15,22] is not,
in our opinion, useful to describe real-world verification problems. There is little rea-
son to believe that the global treewidth of real-world systems is bounded. For example,
it is easy to see that the graphs underlying systems with two counters are essentially
grids, which are known to have high treewidth [26]. In verification practice, real-world
systems are often modeled asconcurrenttransition systems, where communication be-
tween concurrent components is modeled explicitly. When weconsider the communi-
cation graph between the concurrent components (the component are the nodes, and an
edge exists between each pair of communicating nodes), assuming treewidth bounded-
ness is not unreasonable. Indeed, the topology of communication in concurrent systems
is often constrained physically; for example, by the need tolayout a circuit in silicon.
Such topological constraints are studied, for example, in [20, 23]. In [20] the width of a
Boolean circuit is related to the size of its corresponding OBDD, while in [23] bounded
cutwidth is used to explain why ATPG, an NP-complete verification problem, is so easy
in practice. Cutwidth boundedness is used also to improve symbolic simulation and
Boolean satisfiability in [4, 29]. These various notions of bounded width are assumed
because of the constrained topology of communication in concurrent systems.

In this paper, we refer to treewidth of the component communication graph aslocal
treewidth and study the impact of local-treewidth boundedness on the complexity of
verification problems. We believe that because the component communication graph
is often constrained physically, as noted above, assuming local treewidth boundedness
is natural and realistic. (In fact, the assumption of treewidth boundedness is less severe
than related assumption that are often made, such aspathwidthboundedness orcutwidth
boundedness [5–7].)

We first present a positive result. We prove that a CNF formulaof bounded treewidth
can be represented by an OBDD of polynomial size (treewidth here is defined on the
primal graph of the formula, where vertices represent variables and edges represent the
co-occurance of the variables in the same clause). Thus, if atransition relation of a
concurrent transition system is specified by a CNF formula with bounded treewidth,
then there is an OBDD of polynomial size representing it. In contrast, the OBDD of
transition relations often blow up, requiring symbolic model-checking techniques that
avoid building these OBDDs [2].

We then show that bounded local treewidth offers little computational advantage
for verification in general. First, we show that the small-OBDD property of bounded
treewidth CNF formulas is destroyed as soon as we apply existential quantification,
which is a basic operation in symbolic model checking, sincethe image operations in-
volves existential quantification [20]. We then show that treewidth boundedness of a
transition relation is not preserved under unrolling, which is a basic operation in SAT-
based bounded model checking (BMC) [3]. (Note that while satisfiability of CNF for-



mulas is NP-complete, satisfiability of bounded-treewidthCNF formulas can be solved
in polynomial time, cf. [1]).

Finally, we show that the complexity of various verificationproblems are high
even under the assumption of local treewidth boundedness. We review several veri-
fication problem for concurrent systems, including model checking, simulation, and
containment, and show that the known lower bounds (PSPACE-complete, EXPTIME-
complete, and EXPSPACE-complete, respectively [16, 19]) hold also under the assump-
tion of local treewidth boundedness. (Our results are robust: the lower bound apply even
under pathwidth boundedness or cutwidth boundedness.)

In summary, while global treewidth boundedness does have computational advan-
tages, it is not a realistic assumption. In contrast, local treewidth boundedness is a real-
istic assumption, but its computational advantages are rather meager.

The paper is organized as follows: In Section 2 we prove the small-OBDD property
for transition relations of bounded treewidth, but then show that this property does not
help in symbolic model checking and in bounded model checking. Finally, in Section 3
we show that lower bound for model checking, simulation, andcontainment hold also
under the assumption of local treewidth boundedness.

2 Transition Relation: OBDDs size and BMC

The notions of treewidth and pathwidth were introduced in [25, 26].

Definition 2.1. A tree decomposition of a graphG = (V,E) is a pair (T,X), where
T = (I, F ) is a tree whose node set isI and edge set isF , andX = {Xi|i ∈ I} is a
family of subsets ofV , one for each node ofT , such that:

–
⋃

i∈I Xi = V .
– for every edges(v, w) ∈ E, there exists ani ∈ I with {v, w} ⊆ Xi.
– for all i, j, k ∈ I: if j is on the path fromi to k in T , thenXi ∩Xk ⊆ Xj.

Thewidth of a tree decomposition(T,X) is maxi∈I |Xi| − 1. The treewidthof a
graphG is the minimum width over all possible tree decompositions of G. The notions
of path decomposition and pathwidth are defined analogously, with the treeT in the tree
decomposition restricted to be a path. By Corollary 24 in [7], we know that for a graph
G with n vertices we have thatpathwidth(G) = O(treewidth(G) · log n). Clearly,
treewidth(G) ≤ pathwidth(G).

Definition 2.2. The Gaifman graph of a CNF formula is a graph having one vertexfor
each variable and an edge(v1, v2) if the variablesv1 andv2 occur in the same clause
of the formula. By treewidth (pathwidth) of a CNF formula we refer to the treewidth
(pathwidth) of its Gaifman graph.

Ordered Boolean decision diagrams (OBDDs) [8] are a canonical form represen-
tation for Boolean formulas. An OBDD is a rooted, directed acyclic graph with one
or two terminal nodes labeled0 or 1, and a set of variable nodes of out-degree two.
The variables respect a given linear order on all paths from the root to a leaf. Each
path represents an assignment to each of the variables on thepath. Since there can be



exponentially more paths than vertices and edges, OBDDs canbe substantially more
compact than traditional representations like CNF. In manycase, however, going from
CNF representation to OBDD representation may cause an exponential blow-up [2].
We now show that this is not the case when the CNF formula has bounded treewidth.

Theorem 2.1. A CNF formulaC with n variables and pathwidthq has an OBDD of
sizeO(n2q).

Proof. Let the path decomposition ofC be(P,L). Assume without loss of generality
thatP = {1, . . . , k}. We construct a variable order from the path decomposition as
follows: DefineFirst(x) = min({p ∈ P | v ∈ L(p)}) andLast(x) = max({p ∈
P | v ∈ L(p)}). Now sort the variables in increasing lexicographic order according
to (First(x), Last(x)); that is, define the variable order so that ifx < y, then either
First(x) < First(y) or First(x) = First(y) andLast(x) < Last(y). We show
that, using this variable order, there are at most2q nodes per level. The claim then
follows.

For each clausec, we definemin(c) as the index of the lowest ordered variable in
c and correspondingly formax(c). Consider leveli of the OBDD, corresponding to
the variablexi. The clause setC can be partitioned into three classes with respect to
level i, Cended = {c | max(c) < i}, Ccur = {c | min(c) ≤ i < max(c)}, and
Cuntouched = {c | i < min(c)}.

A nodeu at leveli corresponds to a setAu of partial assignments to variables, where
each partial assignmenta ∈ Au is an element in2{x1...xi−1}. For a partial assignment
a and a clause setD, we write a |= D if a is a model ofD, i.e, for each clause
c ∈ D, a satisfies some literal inc. From the semantics of OBDDs, we know that
all partial assignmentsa in Au are equivalent with respect to extensions, i.e., given
a′ ∈ 2{xi,...,xn} and a ∈ Au, we have thata ∪ a′ |= C iff for every a′′ ∈ Au,
a′′ ∪ a′ |= C. If for a ∈ Au, a 6|= Cended, then we know that for every extensiona ∪ a′

of a we have thata ∪ a′ 6|= Cended, soa ∪ a′ 6|= C. Thus, the nodeu is identical to
Boolean 0 and should not exist at leveli. It follows that for everya ∈ Au, a |= Cended.
We also know that all clauses inCuntouched have none of their variables assigned by
a ∈ Au.

Each partial assignmenta at level i can be associated with a subsetMa ⊆ Ccur

whereMa = {c | c ∈ Ccur, a |= c}, i.e., the clauses inCcur that are already satisfied
by a before reading the variablexi. We know that none of the clauses inCcur have
failed (all literals assigned to false) so far, since by definition of Ccur all such clauses
have literals with variables beyondxi−1. Suppose that for two distinct nodesu andv
at leveli there existsau ∈ Au andav ∈ Av such thatMau

= Mav
. Sinceu andv are

distinct, there is a partial assignmenta ∈ 2{xi,...,xn} that distinguishes betweenu and
v; say,au ∪ a |= C andav ∪ a 6|= C. Sinceau andav, however, both satisfyCended,
both are undefined on the variables ofCuntouched, and we also have, by assumption,
thatMau

= Mav
, we must have thatau ∪ a |= C iff av ∪ a |= C – a contradiction. It

follows thatMau
6= Mav

.
Let j = First(xi). We know thatL(j) contains at mostq + 1 variables, including

xi. LetV ari = L(j)∩{x1, . . . , xi−1}, thenV ari has at mostq variables. Suppose that
u andv are two nodes at leveli such that there existsau ∈ Au andav ∈ Av where



au andav agree onV ari. We show thenMau
= Mav

. Consider a clausec ∈ Ccur.
We know that all the variables ofc occur inL(k) for somek. We cannot havek < j,
since then we’d havec ∈ Cended, sok ≥ j. If xh occurs inc for someh < i, then
by constructionxh ∈ L(j′) for somej′ ≤ j. By the property of path decompositions
it follows thatxh ∈ L(j). Sinceau andav agree onV ari, it follows that they agree
on c. We showed that ifu andv are distinct, then for everyau ∈ Au andav ∈ Av,
Mau

6= Mav
. It follows thatau andav cannot agree onV ari. SinceV ari has at most

q variables, there can be at most2q nodes at leveli. The claim follows since the OBDD
asn levels.

The relationship described in Theorem 2.1 between pathwidth and OBDD size was
first shown in [17]. The proof there goes via a variant of a DPLL-based satisfiability
algorithm. Our argument here is direct and show how to obtainan OBDD variable
order from a path decomposition.

Recall that we know that for a graphGwith n vertices we have thatpathwidth(G) =
O(treewidth(G) · log n).

Corollary 2.1. A CNF formulaC withn variables and treewidth widthq has an OBDD
of size polynomial inn and exponential inq.

While Theorem 2.1 suggests that OBDD-based algorithms are tractable on bounded
width problems, typical model-checking algorithms do morethan just build OBDDs
that correspond to CNF formulas. OBDDs are often used to perform symbolic image
operations, which requires applying existential quantification to OBDDs [20]. While it
is often claimed that fixed-parameter tractability impliestractability for the bounded-
parameter case, the constant factor resulting from the blowup of the parameter needs to
be considered on a case-by-case basis. Often, super-exponential blowups in the param-
eter indicates that the problem is not practically tractable. The following theorem shows
that Theorem 2.1 is not likely to be useful in model checking,since using quantification
on bounded-width formulas leads to such a super-exponential blowup on the constant
factor that is based on the parameter.

Theorem 2.2. There exists a formulaC in CNF withn variables and pathwidthq, and
a subset of variablesX such that(∃X)C under every variable order does not have a
OBDD of sizen2f(q), for a sub-exponential functionf .

Proof. We consider the hidden-weighted bit (HWB) function, which is shown in [9] to
have a OBDD size ofΩ(1.14m) under arbitrary variable order, wherem is the number
of input bits. The HWB function is a Boolean function2m → {0, 1}, where for an
m-bit input vectorA, the output is thewth bit ofA, w being the number of1s inA (the
bit countof A). The OBDD is defined on the set of variablesA[0] toA[m− 1].

We consider the case wherem = 2k, k > 3, and use a CNF formula to represent the
HWB function. Clearly, from the upper bounds shown in Corollary 2.1, a direct transla-
tion can not result in bounded pathwidth; we use(m+ 1)k + 1 additional existentially
quantified variables to facilitate the CNF encoding. In the additional variables, there are
m + 1 counters (atk bits each), which we callX0, . . .Xm, and a single bit witness



w. EachXi is used to guess the number of1s occurring afterA[i]. The bit witnessw
guesses the value ofA[X0]. We use CNF constraints to check the correctness of our
guesses. The CNF formulaC is the conjunction of all the following constraints. (= and
+ are short hand defined on bit vectors of sizek):

– For each0 ≤ i < m, we defineC1
i := (A[i] → Xi = Xi+1 +1)∧ (¬A[i] → Xi =

Xi+1). This asserts that ifXi is a correct guess iffXi+1 is a correct guess.
– For each0 ≤ i < m, we defineC2

i := (X0 = i) → (A[i] ↔ w). This asserts that
w is a correct guess ifX0 is a correct guess.

– Cg := w. Since we are building the OBDD representing inputs where the HWB
function returns1, w is asserted to true.

– The well-formedness constraint isCwf := Xm = 0. This asserts thatXm is a
correct guess. Combined with theC1

i s, they assert that allXis are correct guesses.

The only shorthand we used above is= and+ on bit vectors of lengthk, both of
which can be written out in CNF with no additional variables andO(k2) clauses. Now,
(∃X0) . . . (∃Xm)(∃w)C characterizes the HWB function.

Next we show there is a path decomposition ofC of width 3k+1. There is one node
per bit inA, ordered from0 tom−1. Each node contains the support for the constraints
C1

i andC2
i (the last node also containsCg andCwf with no additional variables). In

turn, each nodei contains the variablesA[i], w, X0,Xi, andXi+1, giving a pathwidth
of 3k + 1.

Consider the relationship between the size of the OBDD and the pathwidth. As-
sume we have a BDD of sizen2f(q), where the pathwidth isq and the number of
variables isn, andf is a sub-exponential function. Here,q = 3k + 1 andn = (m +
1)k + 1 + m = (2k + 1)(k + 1). The size of the OBDDS is then((2k + 1)(k +
1))2f(3k+1) < 2(k+3)2f(3k+1) = 2f(3k+1)+k+3 = 2g(k). Sincef is sub-exponential,g
is sub-exponential as well. But from [9], the lower bound forthe size of such OBDDs
is Ω(1.14m) = Ω(2log 1.14×2k

), which contradicts withg being sub-exponential. So
such small OBDDs cannot exist.

Next we show that our construction is almost worst case, i.e., there is a closely
related upper-bound.

Theorem 2.3. For a CNF formulaC =
∧
c on n variables with pathwidthq and a

subset of variablesX , the formula(∃X)C has an OBDD of sizeO((n− |X |)22q

).

Proof. To get the upper bound, we use the same approach as the Theorem2.1, i.e., we
show an upper bound of22q

nodes for nodes at each leveli by counting the number of
equivalence classes.

We usesupp(C) to denote the set of variables that occur inC, and defineY =
supp(C) − X as the set offree variables in(∃X)C. We use the same variable order
as Theorem 2.1, and name the variables inY asy1, y2. . .ym according to the variable
order. For a setZ ⊆ supp(C), we useZ<i to denote the subset that appears beforeyi

in the variable order. Also,Zj is used to denote the subset ofZ that occurs in path-
decomposition nodej. Each nodeu corresponding to a variableyi represents a set of
assignmentsAu to Y<i, encoded by the paths to the node from the root of the OBDD.



Consider an assignmenta ∈ Au. For each assignmentb ∈ 2X<i to the quantified
variables occurring beforeyi, we have a corresponding set of clauses inC that are
satisfied bya∪b. Assume thatyi occurs in nodek of the path decomposition ofC. Recall
thatC can be partitioned intoCended, Ccur, andCuntouched based on the variableyi.
Define the functionFa : 2Xk,<i → {⊥} ∪ 2Ccur such that for each assignmentb to
Xk,<i, Fa(b) = ⊥ if there is no extensionb′ (onX<i) of b such thata ∪ b′ |= Cended;
otherwise,Fa(b) = S whereS ⊆ Ccur is the clauses inCcur satisfied bya∪b. Now, we
show that two distinct nodesu andv corresponding toyi do not contain assignments
au in Au andav in Av such thatFau

= Fav
. Assume the contrary. Sinceu andv

are distinct, w.l.o.g., there is an assignmenta to Y≥i such thatau ∪ a |= (∃X)C and
av ∪ a 6|= (∃X)C. Take an assignmentb on X whereau ∪ a ∪ b |= C. Let b′ be
a restriction ofb to the variables inXk ∪ X≥i, and letb′′ be a restriction ofb to the
variables inXk,<i. It is clear thata ∪ b′ |= Cuntouched. We know thatFau

(b′′) 6= ⊥,
sinceb restricted toX<i, which we callbau

, satisfiesau ∪ bau
|= Cended. SinceFau

=
Fav

, Fav
(b′′) = Fau

(b′′) 6= ⊥. Again, we have an extensionbav
(from the definition of

Fav
) of b′′ to X<i whereav ∪ bav

|= Cended. For a clausec ∈ Ccur, if c ∈ Fau
(b′′),

thenc ∈ Fav
(b′′), soav ∪ bav

|= c. Otherwise,a ∪ b′ |= c, sinceau ∪ a ∪ b |= c and
au ∪ b′′ 6|= c. So,av ∪ bav

∪ a∪ b′ |= Ccur. In summary,av ∪ a∪ bav
∪ b′ |= C, which

contradicts withav ∪ a 6|= (∃X)C.
Now we count the number of possible functions forFa. For eachb ∈ 2Xk,<i , the

number of possible choices ofFa(b) is 1 + 2|Yk,<i| since the satisfaction of clauses in
Ccur depends only onb and assignments toYk,<i. Thus, the number of possible such

Fas is (1 + 2|Yk,<i|)2
|Xk,<i|

≤ (2|Yk,<i|+1)2
|Xk,<i|

= 2(|Yk,<i|+1)2|Xk,<i|

≤ 22q

since
q ≥ |Xk,<i| + |Yk,<i|.

The combination of the possible count ofFas and the fact that distinct nodes induce
distinctFas gives us a bound of22q

nodes at each level, i.e., a size bound of(n−|X |)22q

for the whole OBDD.

The double exponential blowup for the OBDD size of quantifiedbounded pathwidth
formulas on the pathwidth prevents us from usingpathwidth(G) = O(treewidth(G)log n)
to achieve a polynomial size OBDD for quantified bounded treewidth formulas. Whether
a non-polynomial lower bound exists for the OBDD size of quantified bounded treewidth
formulas is left for future research.

Let us now consider the effect of the local bounded treewidthon the complexity of
Bounded Model Checking (BMC). In bounded model checking, variable substitutions
are used to create distinct copies of the system. Given a formula f with support set
V = {v1, v2, . . . vn}, and a substitution variable setV ′ = {v′1, v

′
2, . . . v

′
n}, we write

f [V/V ′] to represent a copy off where eachvi in f is replaced withv′i. To unroll a
system tok iterations, we createk + 1 copies of the state variable setV , which we
call V 0, V 1, . . . V k. The transition relation is a formula overV ∪ V ′, whereV is the
current state variables andV ′ is the next state variables. The BMCunrolling would
contain

∧
0≤i≤k−1 TR[V/V i, V ′/V i+1], in addition to initial and property constraints.

In the following theorem, we show that BMC unrolling does notpreserve the bounded
treewidth.



Theorem 2.4. Even though the transition relation of a concurrent transition system,
represented by a CNFTR(V, V ′), has bounded treewidth, its unrolling can have un-
bounded treewidth.

Proof. As an example, we take the case where the state variable setV is{x1, x2, . . . xw}
and the transition function is defined byx′i := (xi−1 ↔ xi) ↔ xi+1. The CNF for tran-
sition relationTR(V, V ′) clearly has bounded pathwidth (where each path decomposi-
tion node consists of the variablesxi, xi+1, x

′
i, x

′
i+1), and, in turn, bounded treewidth.

Now we considering Gaifman graph of the unrolling. An example where two copies
are unrolled is shown in Figure 1. The state variable forxi at iterationj is denoted as
xj

i . We can see clearly that if we unroll, say,w+2 copies, the Gaifman graph will have
aw × w grid as a minor, which implies unbounded pathwidth (and treewidth) [12].

x1
1 x1

2 x1
3 x1

n

x2
1 x2

2 x2
3 x2

n

x3
1 x3

2 x3
3 x3

n

Fig. 1. TheTR(k) in Theorem 2.4, fork = 3

3 Model Checking, Containment, Simulation

We now introduce definitions of non-deterministic transition systems with bounded
concurrency [16]. A non-deterministic transition system with bounded concurrency
(concurrent transition systemfor short) is a tupleP = 〈O,P1, . . . , Pn〉 consisting of a
finite setO of observable eventsandn componentsP1, . . . , Pn for somen ≥ 1. Each
componentPi is a tuple〈Oi,Wi,W

0
i , δi, Li〉, where:

– Oi ⊆ O is a set of local observable events. TheOj are not necessarily pairwise dis-
joint; hence, observable events may be shared by several components. We require
that

⋃n
j∈I Oj = O.

– Wi is a finite set of states, and we require that theWj be pairwise disjoint. Also we
letW =

⋃n
j∈I Wj .

– W 0
i ⊆Wi is the set of initial states.

– δi ⊆ Wi × β(W ) ×Wi is a transition relation, whereβ(W ) denotes the set of all
Boolean propositional formulae overW .

– Li : Wi → 2Oi is a labeling function that labels each state with a set of local
observable events. The intuition is thatLi(w) are the events that occur, or hold, in
w.



Since states are labeled with sets of elements fromO, we refer toΣ = 2O as the
alphabetof P . While each component ofP has its local observable events and its own
states and transitions, these transitions depend not only on the component’s current state
but also on the current states of the other components. Also,as we shall now see, the
labels of the components are required to agree on shared observable events.

A configurationof P is a tuplec = 〈w1, w2, . . . , wn, σ〉 ∈W1×W2×· · ·×Wn×Σ,
satisfyingLi(wi) = σ∩Oi for all 1 ≤ i ≤ n. Thus, a configuration describes the current
state of each of the components, as well as the set of observable events labeling these
states. The requirement onσ implies that these labels areconsistent, i.e., for anyPi and
Pj , and for eacho ∈ Oi∩Oj , eithero ∈ Li(wi)∩Lj(wj) (in which case,o ∈ σ), oro 6∈
Li(wi) ∪ Lj(wj) (in which case,o 6∈ σ). For a configurationc = 〈w1, w2, . . . , wn, σ〉,
we term〈w1, w2, . . . , wn〉 theglobal stateof c, and we termσ thelabelof c, and denote
it by L(c). A configuration isinitial if for all 1 ≤ i ≤ n, we havewi ∈ W 0

i . We useC
to denote the set of all configurations of a given systemP , andC0 to denote the set of
all its initial configurations. We also usec[i] to refer toPi’s state inc.

For a propositional formulaθ in B(W ) and a global statep = 〈w1, w2, . . . , wn〉, we
say thatp satisfiesθ if assigningtrue to states inp andfalse to states not inp makesθ
true. For example,s1∧ (t1 ∨ t2), with s1 ∈W1 and{t1, t2} ⊆W2, is satisfied by every
global state in whichP1 is in states1 andP2 is in eithert1 or t2. We shall sometimes
write disjunctions as sets, so that the above formula can be written {s1} ∧ {t1, t2}.
Formulas inB(W ) that appear in transitions are calledconditions.

Given two configurationsc = 〈w1, w2, . . . , wn, σ〉 andc′ = 〈w′
1, w

′
2, . . . , w

′
n, σ

′〉,
we say thatc′ is asuccessor ofc in P , and writesuccP (c, c′), if for all 1 ≤ i ≤ n there
is 〈wi, θi, w

′
i〉 ∈ δi such that〈w1, w2, . . . , wn〉 satisfiesθi. In other words, a successor

configuration is obtained by simultaneously applying to allthe components a transition
that is enabled in the current configuration. Note that by requiring that successors are
indeed configurations, we are saying that transitions can only lead to states satisfying
the consistency criterion, to the effect that they agree on the labels for shared observable
events.1

Given a configurationc, ac-computationof P is an infinite sequenceπ = c0, c1, . . .
of configurations, such thatc0 = c and for all i ≥ 0 we havesuccP (ci, ci+1). A
computationof P is a c-computation for somec ∈ C0. The computationc0, c1, . . .
generatesthe infinitetraceρ ∈ Σω, defined byρ = L(c0) ·L(c1) · · · . We useT (P c) to
denote the set of all traces generated byc-computations, and thetrace setT (P ) of P is
then defined as

⋃
c∈C0

T (P c). In this way, each concurrent transition systemP defines
a subset ofΣω. We say thatP acceptsa traceρ if ρ ∈ T (P ). Also, we say thatP is
emptyif T (P ) = ∅; i.e.,P has no computation, and thatP is universalif T (P ) = Σω;
i.e., every trace inΣω is generated by some fair computation ofP .

Thesizeof a concurrent transition systemP is the sum of the sizes of its compo-
nents. Symbolically,|P | = |P1|+· · ·+|Pn|. Here, for a componentPi = 〈Oi,Wi,W

0
i , δi, Li, αi〉,

we define|Pi| = |Oi| + |Wi| + |δi| + |Li| + |αi|, where|δi| =
∑

〈w,θ,w′〉∈δi
|θ|,

|Li| = |Oi| · |Wi|, and|αi| is the sum of the cardinalities of the sets inαi. Clearly,P
can be stored in spaceO(|P |).

1 This requirement could obviously have been imposed implicitly in the transition relation.



WhenP has a single component, we say that it is asequential transition system.
Note that the transition relation of a sequential transition system can be really viewed
as a subset ofW × W , and that a configuration of a sequential transition system is
simply a labeled state.

Now, we introduce the definitions about thelocal and global treewidth, and the
degree of a graph.
Definition 3.1. The communication graph of a concurrent transition systemP is a
graph having one vertex for each component and an edge(vi, vj) if either the com-
ponent forvi and the component forvj share observable events or if the transition
relation of one of the components forvi or vj refer to the variables of the other.
Definition 3.2. The local treewidth of the concurrent transition systemP is the treewidth
of its communication graph.
By the Theorem 2.2 in [16], every concurrent transition systemP can be translated into
a sequential transition system of size2O(|P |).
Definition 3.3. The global treewidth of the concurrent transition systemP is the treewidth
of its equivalent sequential transition system.
Definition 3.4. The degree of a graph the maximum vertex degree, in other words, the
maximum count of arcs connected to a single vertex in the graph.

A graph with bounded pathwidth and bounded degree has bounded cutwidth [28]. The
pathwidth bound implies many other structural restrictions [27].

Example 3.1.We construct a concurrent transition systemP to encode a (ripple-carry)
binary counter; it can count up to2n usingn components. Each componentPi is used to
store thei-th bit (the bit with weight2i−1), soP1 is the least significant bit andPn is the
most significant bit. The observable events are the bit-values stored by each component,
and the counter works by ripple-carry propagation.

Formally, given the numbern of bits, P is 〈{bit1, . . . , bitn}, P1, . . . , Pn〉, where
Pi = 〈{biti}, {s

i
00, s

i
01, s

i
10}, {I

i}, δi, Li〉. For each statesi
jk, the subscriptj represent

the carry status, and the subscriptk represent the bit state; for example, the statesi
10

represents the case where the value of biti is 0 and a carry is propagated toward bit
i+ 1. Ii is an initial state, described below.

In Figure 2 we show the processPi. The edges are labeled by the condition of the
transition relation:ci−1 means that the carry of the processPi−1 is 1, and it corresponds
to si−1

10 , ¬ci−1 means that the carry ofPi is 0 and it corresponds tosi−1
00 ∨ si−1

01 .
We remark thatP1 corresponds to the least significant bit of the counter, and thec0

is always1. We defineδi andLi as follows:

– δi = {〈si
00,¬ci−1, s

i
00〉, 〈s

i
00, ci−1, s

i
01〉, 〈s

i
01,¬ci−1, s

i
01〉, 〈s

i
01, ci−1, s

i
10〉, 〈s

i
10,¬ci−1, s

i
00〉,

〈si
10, ci−1, s

i
01〉, }.

– Li(s
i
00) = Li(s

i
10) = ∅, Li(s

i
01) = {biti}.

Note if we start withsi
00 for all states, the ripple-carry nature of the counter would

take2n+n−1 cycles to flip the carry state of the most significant bit, so weinitialize the
counter with the binary representation ofn−1 to ensure the carry on the most significant
bit will happen after exactly2n cycles. The communication graph of this counter have
constant pathwidth, since each componentPi interacts only with the componentsPi−1

andPi+1, thus forming a path.
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Fig. 2. A cell of the counter

In the following, we introduce the definitions for the verification problems that we
consider here: model checking, containment, simulation.

The temporal logics [24] often used in the model checking areCTLandLTL, which
are fragments ofCTL∗. The logicCTL∗ combines both branching-time and linear-time
operators [13]. For the sake of simplicity, we consider LTL (Linear-Time Temporal
Logic). It has three unary modal operators (X ,G, andF ) and one binary modal operator
(U ). Their meaning is:Xφ is true in particular state if and only if the formulaφ is true in
the next state;Gφ is true if and onlyφ is true from now on;Fφ is true ifφ will become
true at some time in the future;φUψ is true ifψ will eventually become true andφ stays
true until then. The semantics of LTL is based on computations of transition systems.
Intuitively, Fφ is true in a state of a transition system ifφ is true in some following
state, that is the transition system reaches a state in whichφ is true. In modal logic
literature, transition systems are called Kripke structure, and computations of Kripke
structure are called Kripke models [10]. The model checkingproblem is to decide if all
runs of a transition system satisfy the LTL formula. In formal verification, we encode
the behavior of a system as a concurrent transition system, and a property we want to
check as an LTL formula.

The problems that formalize correct trace-based and tree-based implementations
of a system arecontainmentandsimulation, respectively. These problems are defined
below with respect to two concurrent transition systemsP = 〈O,P1, . . . , Pn〉 andP ′ =
〈O′, P ′

1, . . . , P
′
m〉 with O ⊇ O′, and with possibly different numbers of components.

For technical convenience, we assume thatO = O′. Thecontainment problemfor P
andP ′ is to determine whetherT (P ) ⊆ T (P ′). That is, whether every trace accepted
by P is also accepted byP ′. If T (P ) ⊆ T (P ′), we say thatP ′ containsP and we
write P ⊆ P ′. While containment refers only to the set of computations ofP and
P ′, simulation refers also to the branching structure of the systems. Letc and c′ be
configurations ofP andP ′, respectively. A relationH ⊆ C×C′ is asimulation relation
from 〈P, c〉 to 〈P ′, c′〉 iff the following conditions hold [21].
1. H(c, c′).
2. For all configurationsa ∈ C anda′ ∈ C′ with H(a, a′), we haveL(a) = L(a′).
3. For all configurationsa ∈ C anda′ ∈ C′ with H(a, a′) and for every configura-

tion b ∈ C such thatsuccP (a, b), there exists a configurationb′ ∈ C′ such that
succP ′(a′, b′) andH(b, b′).



A simulation relationH is asimulation fromP to P ′ iff for every c ∈ C0 there exists
c′ ∈ C′

0 such thatH(c, c′). If there exists a simulation fromP to P ′, we say thatP
simulatesP ′ and we writeS � S′. Intuitively, it means that the systemP ′ has more
behaviors than the systemP . In fact, every tree embodied inP is also embodied inP ′.
Thesimulation problemis, givenP andP ′, to determine whetherS � S′.

In this section we consider the complexity of the reachability, containment and sim-
ulation problems for concurrent transition systems, underthe hypothesis of bounded
treewidth both in the communication graph and in each component. The complexity
of these problems has been studied in [16, 19]. We show that these problems have the
same complexity of the general case, even if each component has constant size (and
thus bounded treewidth and degree) and the communication graph has bounded path-
width and degree (and hence bounded treewidth). Our resultsare then robust; in fact a
bounded pathwidth implies many other structural restrictions [27].

In [19], the model-checking problem for temporal logics (e.g. CTL, LTL, CTL*) is
shown to be PSPACE-hard, also in the reachability case. The reachability case is when
the formula specifies an event that the transition system hasto reach. For example in
LTL, it is simply Fψ, whereψ is a Boolean formula. From the characteristic of the
concurrent transition system used in the proof, the following theorem holds.
Theorem 3.1. The CTL, LTL, and CTL* model checking for concurrent transition sys-
tems isPSPACE-hard also in the reachability case, and remainsPSPACE-hard even
if each component is fixed and the communication graph has bounded pathwidth and
bounded degree.

In [16] the simulation problem is shown to be EXPTIME-complete; from the char-
acteristic of the concurrent transition systems used in theproof, the following theorem
holds.
Theorem 3.2. The simulation problem for concurrent transition systems isEXPTIME-
hard, and remainsEXPTIME-hard even if each component is fixed and the communi-
cation graph has bounded pathwidth and bounded degree.

In [16] the containment problem is shown to be EXPSPACE-complete, but the
concurrent transition systems used in the proofs have communication graphs with un-
bounded pathwidth and unbounded degree.

Theorem 3.3. The containment problem for concurrent transition systemsisEXPSPACE-
hard, and remainsEXPSPACE-hard even if each component has fixed size and the com-
munication graph has bounded pathwidth and bounded degree.

Proof. To prove hardness, we carry out a reduction from deterministic exponential-
space-bounded Turing machines. Given a Turing machineT and inputu of lengthn, we
want to check whetherT accepts the wordu in space2n. we denote byΣ an alphabet for
encoding runs ofT (the alphabetΣ and the encoding are defined later). We writeu′ to
represent the initial tape-encoding ofu, i.e., if u is u1u2 . . . un, u′ is (q0, u1)u2 . . . un.
We then construct a transition systemPT over the alphabetΣ ∪ {$}, for some$ 6∈ Σ,
such that (i) the size ofPT is polynomial in|T | and linear inn, and (ii) #u(Σω +
(Σ∗ · $ω)) ⊆ T (PT ) iff T does not accept the wordu. The crucial point is that using
bounded concurrency, we can handle the exponential size of the tape byn components
that count to2n.



We assume, without loss of generality, that onceT reaches a final state it loops
there forever. The transition systemPT accepts all traces inΣω, and accepts a trace
w · $ω ∈ Σ∗ · $ω if either

1. w is not an encoding of a prefix of a legal computation ofT ,
2. w is an encoding of a prefix of a legal computation ofT , but, within this prefix, the

computation still has not reached a final state, or
3. w is an encoding of a prefix of a legal, but rejecting, computation of T over any

input.

Thus,PT rejects a tracew · $ω iff w encodes a prefix of a legal accepting computation
of T and the computation has already reached a final state. Hence,PT accepts all traces
in #u(Σω +Σ∗ · $ω) iff T does not accept the wordu.

Now to the details of the construction. LetT = 〈Γ,Q, 7→, q0, Facc, Frej〉, where
Γ is the alphabet,Q is the set of states, and7→: (Q × Γ ) → (Q × Γ × {L,R}) is
the transition function. We write(q, a) 7→ (q′, b, δ) for 7→ (q, a) = (q′, b, δ), with the
meaning that when in stateq and readinga in the current tape cell,T moves to stateq′,
writesb in the current tape cell and moves its head one cell to the leftor right, depending
on δ. Finally, q0 is T ’s initial state,Facc ⊆ Q is the set of final accepting states, and
Frej ⊆ Q is the set of final rejecting states.

We encode a configuration ofT by a string in#Γ ∗(Q×Γ )Γ ∗, of the form#γ1γ2 . . .
(q, γi) . . . γ2n). The meaning of this is that thej’th cell, for 1 ≤ j ≤ 2n, is labeledγj ,
T is in stateq and its head points to thei’th cell.

We encode a computation ofT by a sequence of configurations, which is a word
overΣ = {#}∪Γ ∪ (Q×Γ ). Let#σ1 . . . σ2n#σ′

1 . . . σ
′
2n be two successive configu-

rations ofT in such a sequence. (Here, eachσi is inΣ.) If we setσ0 = σ2n+1 = # and
consider a triple〈σi−1, σi, σi+1〉, for 1 ≤ i ≤ 2n, it is clear that the transition function
of T prescribesσ′

i. In addition, along the encoding of the entire computation,# must
repeat exactly every2n +1 letters. Letnext(σi−1, σi, σi+1) denote our expectation for
σ′

i. That is, with theγ’s denoting elements ofΓ , we have:

– next(γi−1, γi, γi+1) = next(#, γi, γi+1) = next(γi−1, γi, #) = γi.

– next((q, γi−1), γi, γi+1) = next((q, γi−1), γi, #) =



γi if (q, γi−1) 7→ (q′, γ′

i−1, L)
(q′, γi) if (q, γi−1) 7→ (q′, γ′

i−1, R)

– next(γi−1, (q, γi), γi+1) = next(#, (q, γi), γi+1) = next(γi−1, (q, γi), #) = γ′

i,
where(q, γi) 7→ (q′, γ′

i, δ).
2

– next(γi−1, γi, (q, γi+1)) = next(#, γi, (q, γi+1)) =



γi if (q, γi+1) 7→ (q′, γ′

i+1, R)
(q′, γi) if (q, γi+1) 7→ (q′, γ′

i+1, L)

– next(σ2n , #, σ′

1) = #.

A necessary and sufficient condition for a trace to encode a legal computation ofT on
the wordu is that consecutive configurations are compatible withnext.

Now for the construction ofPT . PT is a concurrent process withn+1 components.
The first component,PM is the master process that accept all the tracesΣω, and accept
all non-accepting traces inΣ∗ · $ω. The other componentsP1, · · · , Pn, are used byPM

2 We assume thatT ’s head does not “fall” from the right or the left boundaries of the tape.
Thus, the case wherei = 1 and(q, γi) 7→ (q′, γ′

i, L) and the dual case wherei = 2n and
(q, γi) 7→ (q′, γ′

i, R) are not possible.



and their only task is perform the count as in Example 3.1; each of these processes is
associated with a bit (P1 with the least significant,Pn the most significant).

Let us describe the processPM . In spirit,PM follows the outline of the master pro-
cess in [16]. In the construction ofPM , we use the following block of statesGΣ3 , which
is used to generate sequences of triples(σi−1, σi, σi+1) ∈ Σ3. GΣ3 have|Σ3| states,
each representing a triple, and labeled by the middle state.For two triples(u, u′, u′′)
and(v, v′, v′′), there is an transition from the first to the second iffu′ = v andu′′ = v′.
PM can either start in a clique ofΣ states to generateΣω, or it can start in a block
of states (which we callInit) to generate non-accepting traces. All edges inInit have
conditiontrue. From a states in Init, we can reach a corresponding successor state,
which represents the same triple as the successors ofs in Init, in a new block of states
Bs, of which every state assertsc0 to start the count in the componentP1. In other
words,c0 =

∨
t∈Bs|s∈Init t. All edges into states inBs have conditiontrue, except

those that go into states with labelnext(s). As PM progresses inBs, the counter is
counting to2n. The edges into the state labeled withnext(s) have condition¬sn

10, and
from every state inBs, we can move to a state which is a self loop labeled$ with
conditionsn

10. This asserts that the trace we are generating is not a prefix of a legal
computation overT . Alternatively,PM can also start in a clique of size|Σ′| where
Σ′ = {#}∪Γ ∪{(Q−Facc)×Γ}, i.e., all the non-accepting symbols inΣ. Each edge
in the clique have conditiontrue, and each state in the clique can go to the self loop on
$ on conditiontrue. This captures all the (legal or illegal) non-accepting traces onT .

It is easy to see that|PT | is polynomial in |T | and linear inn. The processes
PM , P1, · · · , Pn have constant size.PM interacts only withP1 and withPn, the generic
Pi interacts only withPi−1 andPi+1: the communication graph is a ring and then it has
bounded pathwidth and degree.

Now, given the wordu = u1u2 . . . un, we constructP to be a concurrent transition
system that generates the language#(q0, u1)u2 . . . un(Σω + (Σ∗ · $ω)). In fact,P can
be easily taken to be a concurrent transition system withn+ 1 components, each with
|Σ| + 1 states, implemented as a shifter. In other words, the next state of componenti
is the current state of componenti+ 1, and componentn+ 1 can non-deterministically
generateΣω + (Σ∗ · $ω). Obviously, each component is of constant size, and the con-
current transition system is of bounded pathwidth and bounded degree. It follows that
T does not accept the wordu iff P ⊆ PT . By takingT to be an universal Turing
machine, we showed that the containment problem for concurrent transition systems is
EXPSPACE-hard even if each component has fixed size and the communication graph
has bounded pathwidth and bounded degree.
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