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Abstract
We review, in a unified framework, translations from five different logics—monadic second-order logic of one and two successors
(S1S and S2S), linear-time temporal logic (LTL), computation tree
logic (CTL), and modal µ-calculus (MC)—into appropriate models of
finite-state automata on infinite words or infinite trees. Together with
emptiness-testing algorithms for these models of automata, this yields
decision procedures for these logics. The translations are presented in
a modular fashion and in a way such that optimal complexity bounds
for satisfiability, conformance (model checking), and realizability are
obtained for all logics.

1

Introduction

In his seminal 1962 paper [Büc62], Büchi states: “Our results [. . . ] may
therefore be viewed as an application of the theory of finite automata to
logic.” He was referring to the fact that he had proved the decidability
of the monadic-second order theory of the natural numbers with successor
function by translating formulas into finite automata, following earlier work
by himself [Büc60], Elgot [Elg61], and Trakthenbrot [Tra62]. Ever since,
the approach these pioneers were following has been applied successfully in
many different contexts and emerged as a major paradigm. It has not only
brought about a number of decision procedures for mathematical theories,
for instance, for the monadic second-order theory of the full binary tree
[Rab69], but also efficient algorithms for problems in verification, such as a
highly useful algorithm for LTL model checking [VW86a].
We are grateful to Detlef Kähler, Christof Löding, Oliver Matz, and Damian Niwiński
for comments on drafts of this paper.
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The “automata-theoretic paradigm” has been extended and refined in
various aspects over a period of more than 40 years. On the one hand, the
paradigm has led to a wide spectrum of different models of automata, specifically tailored to match the distinctive features of the logics in question, on
the other hand, it has become apparent that there are certain automatatheoretic constructions and notions, such as determinization of automata on
infinite words [McN66], alternation [MS85], and games of infinite duration
[Büc77, GH82], which form the core of the paradigm.
The automata-theoretic paradigm is a common thread that goes through
many of Wolfgang Thomas’s scientific works. In particular, he has written
two influential survey papers on this topic [Tho90a, Tho97].
In this paper, we review translations from five fundamental logics, monadic second-order logic of one successor function (S1S), monadic secondorder logic of two successor functions (S2S), linear-time temporal logic
(LTL), computation tree logic (CTL), and the modal µ-calculus (MC) into
appropriate models of automata. At the same time, we use these translations to present some of the core constructions and notions in a unified
framework. While adhering, more or less, to the chronological order as far as
the logics are concerned, we provide modern translations from the logics into
appropriate automata. We attach importance to present the translations in
a modular fashion, making the individual steps as simple as possible. We
also show how the classical results on S1S and S2S can be used to derive
first decidability results for the three other logics, LTL, CTL, and MC, but
the focus is on how more refined techniques can be used to obtain good
complexity results.
While this paper focuses on the translations from logics into automata,
we refer the reader to the excellent surveys [Tho90a, Tho97] and the books
[GTW02, PP03] for the larger picture of automata and logics on infinite
objects and the connection with games of infinite duration.
Basic Notation and Terminology
Numbers. In this paper, the set of natural numbers is denoted ω, and
each natural number stands for the set of its predecessors, that is, n =
{0, . . . , n − 1}.
Words. An alphabet is a nonempty finite set, a word over an alphabet A
is a function n → A where n ∈ ω for a finite word and n = ω for an infinite
word. When u : n → A is a word, then n is called its length and denoted
|u|, and, for every i < n, the value u(i) is the letter of u in position i. The
set of all finite words over a given alphabet A is denoted A∗ , the set of all
infinite words over A is denoted Aω , the empty word is denoted ε, and A+
stands for A∗ \ {ε}.
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When u is a word of length n and i, j ∈ ω are such that 0 ≤ i, j < n,
then u[i, j] = u(i) . . . u(j), more precisely, u[i, j] is the word u0 of length
max{j − i + 1, 0} defined by u0 (k) = u(i + k) for all k < |u0 |. In the same
fashion, we use the notation u[i, j). When u denotes a finite, nonempty
word, then we write u(∗) for the last letter of u, that is, when |u| = n, then
u(∗) = u(n − 1). Similarly, when u is finite or infinite and i < |u|, then
u[i, ∗) denotes the suffix of u starting at position i.
Trees. In this paper, we deal with trees in various contexts, and depending
on these contexts we use different types of trees and model them in one way
or another. All trees we use are directed trees, but we distinguish between
trees with unordered successors and n-ary trees with named successors.
A tree with unordered siblings is, as usual, a tuple T = (V, E) where V
is a nonempty set of vertices and E ⊆ V × V is the set of edges satisfying
the usual properties. The root is denoted root(T ), the set of successors of
a vertex v is denoted sucsT (v), and the set of leaves is denoted lvs(T ).
Let n be a positive natural number. An n-ary tree is a tuple T =
(V, suc0 , . . . , sucn−1 ) where V is the set of vertices and, for every i < n, suci
is the ith successor relation satisfying the condition that for every vertex
there is at most one ith successor (and the other obvious conditions). Every
n-ary tree is isomorphic to a tree where V is a prefix-closed nonempty subset
of n∗ and suci (v, v 0 ) holds for v, v 0 ∈ V iff v 0 = vi. When a tree is given
in this way, simply by its set of vertices, we say that the tree is given in
implicit form. The full binary tree, denoted Tbin , is 2∗ and the full ω-tree is
ω ∗ . In some cases, we replace n in the above by an arbitrary set and speak
of D-branching trees. Again, D-branching trees can be in implicit form,
which means they are simply a prefix-closed subset of D∗ .
A branch of a tree is a maximal path, that is, a path which starts at
the root and ends in a leaf or is infinite. If an n-ary tree is given in implicit
form, a branch is often denoted by its last vertex if it is finite or by the
corresponding infinite word over n if it is infinite.
Given a tree T and a vertex v of it, the subtree rooted at v is denoted T ↓v.
In our context, trees often have vertex labels and in some rare cases edge
labels too. When L is a set of labels, then an L-labeled tree is a tree with a
function l added which assigns to each vertex its label. More precisely, for
trees with unordered successors, an L-labeled tree is of the form (V, E, l)
where l : V → E; an L-labeled n-ary tree is a tuple (V, suc0 , . . . , sucn−1 , l)
where l : V → E; an L-labeled n-ary tree in implicit form is a function
t : V → L where V ⊆ n∗ is the set of vertices of the tree; an L-labeled
D-branching tree in implicit form is a function t : V → L where V ⊆ D∗
is the set of vertices of the tree. Occasionally, we also have more than one
vertex labeling or edge labelings, which are added as other components to
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the tuple.
When T is an L-labeled tree and u is a path or branch of T , then the
labeling of u in T , denoted lT (u), is the word w over L of the length of u
and defined by w(i) = l(u(i)) for all i < |u|.
Tuple Notation. Trees, graphs, automata and the like are typically described as tuples and denoted by calligraphic letters such as T , G , and
so on, possibly furnished with indices or primed. The individual compo0
nents are referred to by V T , E G , E T , . . . . The ith component of a tuple
t = (c0 , . . . , cr−1 ) is denoted pri (t).

2

Monadic Second-Order Logic of One Successor

Early results on the close connection between logic and automata, such as
the Büchi–Elgot–Trakhtenbrot Theorem [Büc60, Elg61, Tra62] and Büchi’s
Theorem [Büc62], center around monadic second-order logic with one successor relation (S1S) and its weak variant (WS1S). The formulas of these
logics are built from atomic formulas of the form suc(x, y) for first-order
variables x and y and x ∈ X for a first-order variable x and a set variable
(monadic second-order variable) X using boolean connectives, first-order
quantification (∃x), and second-order quantification for sets (∃X). The two
logics differ in the semantics of the set quantifiers: In WS1S quantifiers only
range over finite sets rather than arbitrary sets.
S1S and WS1S can be used in different ways. First, one can think of them
as logics to specify properties of the natural numbers. The formulas are
interpreted in the structure with the natural numbers as universe and where
suc is interpreted as the natural successor relation. The most important
question raised in this context is:
Validity. Is the (weak) monadic second-order theory of the natural numbers
with successor relation decidable? (Is a given sentence valid in the natural
numbers with successor relation?)
A slightly more general question is:
Satisfiability. Is it decidable whether a given (W)S1S formula is satisfiable
in the natural numbers?
This is more general in the sense that a positive answer for closed formulas only already implies a positive answer to the first question. Therefore,
we only consider satisfiability in the following.
Second, one can think of S1S and WS1S as logics to specify the behavior
of devices which get, at any moment in time, a fixed number of bits as input
and produce a fixed number of bits as output (such as sequential circuits),
see Figure 1. Then the formulas are interpreted in the same structure as
above, but for every input bit and for every output bit there will be exactly
one free set variable representing the moments in time where the respective
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Figure 1. Sequential device
bit is true. (The domain of time is assumed discrete; it is identified with
the natural numbers.) A formula will then be true for certain input-output
pairs—coded as variable assignments—and false for the others.
For instance, when we want to specify that for a given device with one
input bit, represented by the set variable X, and one output bit, represented
by Y , it is the case that for every other moment in time where the input
bit is true the output bit is true in the subsequent moment in time, we can
use the following formula:
∃Z(“Z contains every other position where X is true” ∧
∀x(x ∈ Z → “the successor of x belongs to Y ”)).
That the successor of x belongs to Y is expressed by ∀y(suc(x, y) → y ∈ Y ).
That Z contains every other position where X is true is expressed by the
conjunction of the three following conditions, where we assume, for the
moment, that the “less than” relation on the natural numbers is available:
• Z is a subset of X, which can be stated as ∀x(x ∈ Z → x ∈ X),
• If X is nonempty, then the smallest element of X does not belong to Z,

which can be stated as ∀x(x ∈ X ∧ ∀y(y < x → ¬y ∈ X) → ¬x ∈ Z).
• For all x, y ∈ X such that x < y and such that there is no element of

X in between, either x or y belongs to Z, which can be stated as
∀x∀y(x ∈ X ∧ y ∈ X ∧ x < y ∧
∀z(x < z ∧ z < y → ¬z ∈ X) → (x ∈ Z ↔ ¬y ∈ Z)).
To conclude the example, we need a formula that specifies that x is less than
y. To this end, we express that y belongs to a set which does not contain x
but with each element its successor:
∃X(¬x ∈ X ∧ ∀z∀z 0 (z ∈ X ∧ suc(z, z 0 ) → z 0 ∈ X) ∧ y ∈ X).
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The most important questions that are raised with regard to this usage of
(W)S1S are:
Conformance. Is it decidable whether the input-output relation of a given
device satisfies a given formula?
Realizability. Is it decidable whether for a given input-output relation there
exists a device with the specified input-output relation (and if so, can a
description of this device be produced effectively)?
Obviously, it is important what is understood by “device”. For instance,
Church, when he defined realizability in 1957 [Chu60], was interested in
boolean circuits. We interpret device as “finite-state device”, which, on a
certain level of abstraction, is the same as a boolean circuit.
In this section, we first describe Büchi’s Theorem (Section 2.1), from
which we can conclude that the first two questions, satisfiability and conformance, have a positive answer. The proof of Büchi’s Theorem is not very
difficult except for a result about complementing a certain type of automaton model for infinite words, which we then establish (Section 2.2). After
that we prove a result about determinization of the same type of automaton
model (Section 2.3), which serves as the basis for showing that realizability is decidable, too. The other ingredient of this proof, certain games of
infinite duration, are then presented, and finally the proof itself is given
(Section 2.4).
2.1

Büchi’s Theorem

The connection of S1S and WS1S to automata theory, more precisely, to
the theory of formal languages, is established via a simple observation. Assume that ϕ is a formula such that all free variables are set variables among
V0 , . . . , Vm−1 , which we henceforth denote by ϕ = ϕ(V0 , . . . , Vm−1 ). Then
the infinite words over [2]m , the set of all column vectors of height m with
entries from {0, 1}, correspond in a one-to-one fashion to the variable assignments α : {V0 , . . . , Vm−1 } → 2ω , where 2M stands for the power set of any
set M . More precisely, for every infinite word u ∈ [2]ω
m let αu be the variable assignment defined by αu (Vj ) = {i < ω : u(i)[j] = 1}, where, for every
a ∈ [2]m , the expression a[j] denotes entry j of a. Then αu ranges over all
variable assignments as u ranges over all words in [2]ω
m . As a consequence,
we use u |= ϕ, or, when “weak quantification” (only finite sets are considered) is used, u |=w ϕ rather than traditional notation such as N, α |= ϕ
(where N stands for the structure of the natural numbers). Further, when
ϕ is a formula as above, we define two formal languages of infinite words
depending on the type of quantification used:
L (ϕ) = {u ∈ [2]ω
m : u |= ϕ},

w
L w (ϕ) = {u ∈ [2]ω
m : u |= ϕ}.
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Figure 2. Example for a Büchi automaton
We say that ϕ defines the language L (ϕ) and weakly defines the language
L w (ϕ). Note that, for simplicity, the parameter m is not referred to in our
notation.
Büchi’s Theorem states that the above languages can be recognized by an
appropriate generalization of finite-state automata to infinite words, which
we introduce next. A Büchi automaton is a tuple
A = (A, Q, QI , ∆, F )
where A is an alphabet, Q is a finite set of states, QI ⊆ Q is a set of initial
states, ∆ ⊆ Q × A × Q is a set of transitions of A , also called its transition
relation, and F ⊆ Q is a set of final states of A . An infinite word u ∈ Aω is
accepted by A if there exists an infinite word r ∈ Qω such that r(0) ∈ QI ,
(r(i), u(i), r(i + 1)) ∈ ∆ for every i, and r(i) ∈ F for infinitely many i. Such
a word r is called an accepting run of A on u. The language recognized by
A , denoted L (A ), is the set of all words accepted by A .
For instance, the automaton in Figure 2 recognizes the language corresponding to the formula
∀x(x ∈ V0 → ∃y(x < y ∧ y ∈ V1 )),
which says that every element from V0 is eventually followed by an element
from V1 . In Figure 2, qI is the state where everything is fine; q1 is the
state where the automaton is waiting for an element from V1 to show up;
q2 is used when from some point onwards all positions belong to V0 and V1 .
Nondeterminism is used to guess that this is the case.
Büchi’s Theorem can formally be stated as follows.
Theorem 2.1 (Büchi, [Büc62]).
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1. There exists an effective procedure that given a formula ϕ = ϕ(V0 , . . . , Vm−1 )
outputs a Büchi automaton A such that L (A ) = L (ϕ).
2. There exists an effective procedure that given a Büchi automaton A
over an alphabet [2]m outputs a formula ϕ = ϕ(V0 , . . . , Vm−1 ) such
that L (ϕ) = L (A ).
The proof of part 2 is straightforward. The formula which needs to
be constructed simply states that there exists an accepting run of A on
the word determined by the assignment to the variables Vi . One way to
construct ϕ is to write it as ∃X0 . . . ∃Xn−1 ψ where each set variable Xi
corresponds exactly to one state of A and where ψ is a first-order formula
(using < in addition to suc) which states that the Xi ’s encode an accepting
run of the automaton (the Xi ’s must form a partition of ω and the above
requirements for an accepting run must be satisfied): 0 must belong to one
of the sets Xi representing the initial states; there must be infinitely many
positions belonging to sets representing final states; the states assumed at
adjacent positions must be consistent with the transition relation.
The proof of part 1 is more involved, although the proof strategy is
simple. The desired automaton A is constructed inductively, following the
structure of the given formula. First-order variables, which need to be dealt
with in between, are viewed as singletons. The induction base is straightforward and two of the three cases to distinguish in the inductive step are so,
too: disjunction on the formula side corresponds to union on the automaton
side and existential quantification corresponds to projection. For negation,
however, one needs to show that the class of languages recognized by Büchi
automata is closed under complementation. This is not as simple as with
finite state automata, especially since deterministic Büchi automata are
strictly weaker than nondeterministic ones, which means complementation
cannot be done along the lines known from finite words.
In the next subsection, we describe a concrete complementation construction.
Büchi’s Theorem has several implications, which all draw on the following almost obvious fact. Emptiness for Büchi automata is decidable. This
is easy to see because a Büchi automaton accepts a word if and only if
in its transition graph there is a path from an initial state to a strongly
connected component which contains a final state. (This shows that emptiness can even be checked in linear time and in nondeterministic logarithmic
space.)
Given that emptiness is decidable for Büchi automata, we can state that
the first question has a positive answer:
Corollary 2.2 (Büchi, [Büc62]). Satisfiability is decidable for S1S.
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Proof. To check whether a given S1S formula ϕ = ϕ(V0 , . . . , Vm−1 ) is satisfiable one simply constructs the Büchi automaton which is guaranteed to
exist by Büchi’s Theorem and checks this automaton for emptiness. q.e.d.
Observe that in the above corollary we use the term “satisfiability” to
denote the decision problem (Given a formula, is it satisfiable?) rather than
the question from the beginning of this section (Is it decidable whether . . . ).
For convenience, we do so in the future too: When we use one of the terms
satisfiability, conformance, or realizability, we refer to the corresponding
decision problem.
For conformance, we first need to specify formally what is meant by a
finite-state device, or, how we want to specify the input-output relation of
a finite-state device. Remember that we think of a device as getting inputs
from [2]m and producing outputs from [2]n for given natural numbers m
and n. So it is possible to view an input-output relation as a set of infinite
words over [2]m+n . To describe an entire input-output relation of a finitestate device we simply use a nondeterministic finite-state automaton. Such
an automaton is a tuple
D = (A, S, SI , ∆)
where A is an alphabet, S is a finite set of states, SI ⊆ S is a set of initial
states, and ∆ ⊆ S × A × S is a transition relation, just as with Büchi
automata. A word u ∈ Aω is accepted by D if there exists r ∈ S ω with
r(0) ∈ SI and (r(i), u(i), r(i + 1)) ∈ ∆ for every i < ω. The set of words
accepted by D, denoted L (D), is the language recognized by D. Observe
that L (D) is exactly the same as the language recognized by the Büchi
automaton which is obtained from D by adding the set S as the set of final
states.
Conformance can now be defined as follows: Given an S1S formula
ϕ = ϕ(X0 , . . . , Xm−1 , Y0 , . . . , Yn−1 ) and a finite-state automaton D with
alphabet [2]m+n , determine whether u |= ϕ for all u ∈ L (D).
There is a simple approach to decide conformance. We construct a
Büchi automaton that accepts all words u ∈ L (D) which do not satisfy the
given specification ϕ, which means we construct a Büchi automaton which
recognizes L (D) ∩ L (¬ϕ), and check this automaton for emptiness. Since
Büchi’s Theorem tells us how to construct an automaton A that recognizes
L (¬ϕ), we only need a construction which, given a finite-state automaton
D and a Büchi automaton A , recognizes L (A ) ∩ L (D). The construction
depicted in Figure 3, which achieves this, is a simple automata-theoretic
product. Its correctness can be seen easily.
Since we already know that emptiness is decidable for Büchi automata,
we obtain:
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The product of a Büchi automaton A and a finite-state automaton D,
both over the same alphabet A, is the Büchi automaton denoted A × D
and defined by
A × D = (A, Q × S, QI × SI , ∆, F × S)
where
∆ = {((q, s), a, (q 0 , s0 )) : (q, a, q 0 ) ∈ ∆A and (s, a, s0 ) ∈ ∆D }.
Figure 3. Product of a Büchi automaton with a finite-state automaton
Corollary 2.3 (Büchi, [Büc62]). Conformance is decidable for S1S.
From results by Stockmeyer and Meyer [SM73, Sto74], it follows that
the complexity of the two problems from Corollaries 2.2 and 2.3 is nonelementary, see also [Rei01].
Another immediate consequence of Büchi’s Theorem and the proof of
part 2 as sketched above is a normal form theorem for S1S formulas. Given
an arbitrary S1S formula, one uses part 1 of Büchi’s Theorem to turn it
into an equivalent Büchi automaton and then part 2 to reconvert it to a
formula. The proof of part 2 of Büchi’s Theorem is designed in such a way
that a formula will emerge which is of the form ∃V0 . . . ∃Vn−1 ψ where ψ is
without second-order quantification but uses <. Such formulas are called
existential S1S formulas.
Corollary 2.4 (Büchi-Thomas, [Büc62, Tho82]). Every S1S formula is
equivalent to an existential S1S formula, moreover, one existential set quantifier is sufficient.
To conclude this subsection we note that using the theory of finite automata on finite words only, one can prove a result weaker than Büchi’s
Theorem. In the statement of this theorem, automata on finite words are
used instead of Büchi automata and the weak logic is used instead of the
full logic. Moreover, one considers only variable assignments for the free set
variables that assign finite sets only. The latter is necessary to be able to
describe satisfying assignments by finite words. Such a result was obtained
independently by Büchi [Büc60], Elgot [Elg61], and Trakhtenbrot [Tra62],
preceding Büchi’s work on S1S.
2.2 Complementation of Büchi Automata
Büchi’s original complementation construction, more precisely, his proof of
the fact that the complement of a language recognized by a Büchi automaton
can also be recognized by a Büchi automaton, as given in [Büc62], follows an
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algebraic approach. Given a Büchi automaton A , he defines an equivalence
relation on finite words which has
1. only a finite number of equivalence classes and
2. the crucial property that U V ω ⊆ L (A ) or U V ω ∩ L (A ) = ∅ for all
its equivalence classes U and V .
Here, U V ω stands for the set of all infinite words which can be written as
uv0 v1 v2 . . . where u ∈ U and vi ∈ V for every i < ω. To complete his proof
Büchi only needs to show that
(a) each set U V ω is recognized by a Büchi automaton,
(b) every infinite word over the given alphabet belongs to such a set, and
(c) the class of languages recognized by Büchi automata is closed under
union.
To prove (b), Büchi uses a weak variant of Ramsey’s Theorem; (a) and (c)
are easy to see. The equivalence relation Büchi defines is similar to Nerode’s
congruence relation. For a given word u, he considers
(i) all pairs (q, q 0 ) of states for which there exists a path from q to q 0
labeled u and
(ii) all pairs (q, q 0 ) where, in addition, such a path visits a final state,
and he defines two nonempty finite words to be equivalent if they agree on
these pairs. If one turns Büchi’s “complementation lemma” into an actual
complementation construction, one arrives at a Büchi automaton of size
2
2θ(n ) where n denotes the number of states of the given Büchi automaton.
Klarlund [Kla91] and Kupferman and Vardi [KV01] describe complementation constructions along the following lines. Given a Büchi automaton A
and a word u over the same alphabet, they consider the run DAG of A
on u, which is a narrow DAG which contains exactly the runs of A on u.
Vertices in this run DAG are of the form (q, i) with q ∈ Q and i ∈ ω and
all runs where the ith state is q visit this vertex. They show that u is not
accepted by A if and only if the run DAG can be split into at most 2n alternating layers of two types where within the layers of the first type every
vertex has proper descendants which are labeled with nonfinal states and
where within the layers of the second type every vertex has only a finite
number of descendants (which may be final or nonfinal). This can easily be
used to construct a Büchi automaton for the complement: It produces the
run DAG step by step, guesses for each vertex to which layer it belongs,
and checks that its guesses are correct. To check the requirement for the
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layers of the second type, it uses the Büchi acceptance condition. The size
of the resulting automaton is 2θ(n log n) . Optimizations lead to a construction with (0.97n)n states [FKV06], while the best known lower bound is
(0.76n)n , established by Yan [Yan06]. For practical implementations of the
construction by Kupferman and Vardi, see [GKSV03].
In Section 2.2.2, we describe a complementation construction which is
a byproduct of the determinization construction we explain in Section 2.3.
Both constructions are based on the notion of reduced acceptance tree,
introduced by Muller and Schupp [MS95] and described in what follows.
2.2.1

Reduced Acceptance Trees

Recall the notation and terminology with regard to binary trees introduced
in Section 1.
Let A be a Büchi automaton as above, u an infinite word over the alphabet A. We consider a binary tree, denoted Tu , which arranges all runs of A
on u in a clever fashion, essentially carrying out a subset construction that
distinguishes between final and nonfinal states, see Figure 4 for a graphical
illustration.
The tree Tu = (Vu , lu ) is a 2Q -labeled tree in implicit form defined
inductively as follows.
(i) ε ∈ Vu and lu (ε) = QI .
S
(ii) Let v ∈ Vu , Q0 = lu (v), a = u(|v|), and Q00 = {∆(q, a) : q ∈ Q0 }.
Here and later, we use ∆(q, a) to denote {q 0 ∈ Q : (q, a, q 0 ) ∈ ∆}.
• If Q00 ∩ F 6= ∅, then v0 ∈ Vu and lu (v0) = Q00 ∩ F .
• If Q00 \ F 6= ∅, then v1 ∈ Vu and lu (v1) = Q00 \ F .

The resulting tree is called the run tree of u with respect to A .
A partial run of A on u is a word r ∈ Q+ ∪ Qω satisfying r(0) ∈ QI and
(r(i), u(i), r(i + 1)) ∈ ∆ for all i such that i + 1 < |r|. A run is an infinite
partial run.
Every partial run r of A on u determines a path b in the run tree: The
length of b is |r| − 1 and b(i) = 0 if r(i + 1) ∈ F and b(i) = 1 otherwise,
for i < |r| − 1. We write r for this path and call it the 2-projection of r.
Clearly, if r is an accepting run of A on u, then r has infinitely many left
turns, where a left turn is a vertex which is a left successor. Conversely, if
b is an infinite branch of Tu , then there exists a run r of A on u such that
r = b, and if b has infinitely many left turns, then r is accepting. This
follows from Kőnig’s lemma.
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Figure 4. Run tree and reduced run tree
From this, we can conclude:
Remark 2.5. An infinite word u is accepted by a Büchi automaton A if
and only if its run tree has a branch with an infinite number of left turns.
We call such a branch an acceptance witness.
The tree Tu has two other interesting properties, which we discuss next.
The first one is that Tu has a “left-most” acceptance witness, provided there
is one at all. This acceptance witness, denoted bu , can be constructed as
follows. Inductively, assume bu (i) has already been defined for all i < n in a
way such that there is an acceptance witness with prefix b0 = bu (0) . . . bu (n−
1). If there is an acceptance witness with prefix b0 0, we set bu (n) = 0.
Otherwise, there must be an acceptance witness with prefix b0 1, and we
set bu (n) = 1. Clearly, this construction results in an acceptance witness.
One can easily prove that bu is the left-most acceptance witness in the
sense that it is minimal among all acceptance witnesses with respect to the
lexicographical ordering (but we do not need this here).
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The second interesting property says something about the states occurring to the left of bu . We say a state q is persistent in a vertex v of a branch
b of Tu if there is a run r of A on u such that r = b and q ∈ r(|v|),
in other words, q is part of a run whose 2-projection contains v. A word
v ∈ {0, 1}∗ is said to be left of a word w ∈ {0, 1}∗ , denoted v <lft w, if
|v| = |w| and v <lex w, where <lex denotes the lexicographical ordering.
The crucial property of bu is:
Lemma 2.6. Let u be an infinite word accepted by a Büchi automaton A ,
w a vertex on the left-most acceptance witness bu , and q a state which is
persistent in w on bu . Then q ∈
/ lu (v) for every v ∈ Vu such that v <lft w.
Proof. Assume that w is a vertex on bu and that v ∈ Vu is left of w, let
n = |v| (= |w|). For contradiction, assume q is persistent in w on bu and
q ∈ lu (v) ∩ lu (w). Since q ∈ lu (v), we know there is a partial run r of A on
u with r = v and r(n) = q.
Since q is persistent in w on bu there exists a run r0 of A on u such
that r0  = bu and r0 (n) = q. Then r0 [n, ∞) is an uninitialized run of
A on u[n, ∞) starting with q, where an uninitialized run is one where
it is not required that the first state is the initial state. This implies that
r00 = rr0 (n, ∞) is a run of A on u. Moreover, r(i) = r00 (i) for all i ≥ n, which
implies r00  is an acceptance witness, too. Let c be the longest common
prefix of r00  and bu . We know that c0 ≤prf r00  and c1 ≤prf bu , which
is a contradiction to the definition of bu —recall that r00  is an acceptance
witness.
q.e.d.
The above fact can be used to prune Tu in such a way that it has finite
width, but still contains an acceptance witness if and only if u is accepted
by A . We denote the pruned tree by Tu0 = (Vu0 , lu0 ) and call it the reduced
acceptance tree. Informally, Tu0 is obtained from Tu by keeping on each
level only the first occurrence of a state, reading the level from left to right,
see Figure 4. Formally, the reduced acceptance tree is inductively defined
as follows.
(i) ε ∈ Vu0 and lu0 (ε) = QI .
S
(ii) Let v ∈ Vu0 , Q0 = lu0 (v), a = u(|v|), and Q00 = {∆(q, a) : q ∈ Q0 },
just as above.
lu0 (w) has already been defined for w <lft v0
S Assume
0
and let Q̄ = {lu (w) : w ∈ Vu0 and w <lft v0}.
0
• If Q00 ∩ F \ Q̄ 6= ∅, then v0 ∈ Vu0 and lu
(v0) = Q00 ∩ F \ Q̄.
0
• If Q00 \ (F ∪ Q̄) 6= ∅, then v1 ∈ Vu0 and lu
(v1) = Q00 \ (F ∪ Q̄).

As a consequence of Lemma 2.6, we have:
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Corollary 2.7. Let A be a Büchi automaton and u an infinite word over
the same alphabet. Then u ∈ L (A ) iff Tu0 contains an acceptance witness.
Since Tu0 is a tree of width at most |Q|, it has at most |Q| infinite
branches. So u is not accepted by A if and only if there is some number n
such that b(i) is not a left turn for all infinite branches b of Tu0 . This fact
can be used to construct a Büchi automaton for the complement language,
as will be shown in what follows.
2.2.2 The Complementation Construction
Let n be an arbitrary natural number and v0 <lft v1 <lft . . . <lft vr−1 be
such that {v0 , . . . , vr−1 } = {v ∈ Vu0 : |v| = n}, that is, v0 , . . . , vr−1 is the
sequence of all vertices on level n of Tu0 , from left to right. We say that
lu0 (v0 ) . . . lu0 (vr−1 ), which is a word over the alphabet 2Q , is slice n of Tu0 .
It is straightforward to construct slice n + 1 from slice n, simply by
applying the transition relation to each element of slice n and removing
multiple occurrences of states just as with the construction of Tu0 . Suppose
Q0 . . . Qr−1 is slice n and a = u(n). Let Q00 , . . . , Q02r−1 be defined by
Q02i = ∆(Qi , a) ∩ F \ Q̄i ,
Q02i+1 = ∆(Qi , a) \ (F ∪ Q̄i ),
S
where Q̄i = j<2i Q0j . Further, let j0 < j1 < · · · < js−1 be such that
{j0 , . . . , js−1 } = {j < 2r : Q0j 6= ∅}. Then Q0j0 . . . Q0js−1 is slice n + 1 of Tu0 .
This is easily seen from the definition of the reduced run tree.
We say that a tuple U = Q0 . . . Qr−1 is a slice over Q if ∅ 6= Qi ⊆ Q
holds for i < r and if Qi ∩ Qj = ∅ for all i, j < r with i 6= j. The sequence
Q0j0 . . . Q0js−1 from above is said to be the successor slice for U and a and is
denoted by δslc (Q0 . . . Qr−1 , a).
The automaton for the complement of L (A ), denoted A C , works as
follows. First, it constructs slice after slice as it reads the given input word.
We call this the initial phase. At some point, it guesses
(i) that it has reached slice n or some later slice, with n as described right
after Corollary 2.7, and
(ii) which components of the slice belong to infinite branches.
The rest of its computation is called the repetition phase. During this
phase it carries out the following process, called verification process, over
and over again. It continues to construct slice after slice, checking that (i)
the components corresponding to vertices on infinite branches all continue
to the right (no left turn anymore) and (ii) the components corresponding to
the other branches die out (do not continue forever). The newly emerging
components corresponding to branches which branch off to the left from
the vertices on the infinite branches are marked. As soon as all branches
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supposed to die out have died out, the process starts all over again, now
with the marked components as the ones that are supposed to die out.
To be able to distinguish between components corresponding to infinite branches, branches that are supposed to die out, and newly emerging
branches, the components of the slice tuples are decorated by inf, die, or
new. Formally, a decorated slice is of the form (Q0 . . . Qr−1 , f0 . . . fr−1 )
where Q0 . . . Qr−1 is a slice and fi ∈ {inf, die, new} for i < r. A decorated
slice where fi 6= die for all i < r is called final.
The definition of the successor of a decorated slice is slightly more involved than for ordinary slices, and such a successor may not even exist.
Assume a decorated slice as above is given, let V stand for the entire slice
and U for its first component (which is an ordinary slice). Let the Q0j ’s and
ji ’s be defined as above. The successor slice of V with respect to a, denoted
δd (V, a), does not exist if there is some i < r such that Q02i+1 = ∅ and
fi = inf, because this means that a branch guessed to be infinite and without left turn dies out. In all other cases, δd (V, a) = (δslc (U, a), fj00 . . . fj0s−1 )
where the fj0 ’s are defined as follows, depending on whether the automaton
is within the verification process (V is not final) or at its end (V is final):
0
0
= fi for every i < r, except when
= f2i+1
Slice V is not final. Then f2i
0
fi = inf. In this case, f2i = new and f2i+1 = fi .
0
0
= die for every i < r, except when
= f2i+1
Slice V is final. Then f2i
0
0
= die.
fi = inf. In this case, f2i+1 = inf and f2i

These choices reflect the behavior of the automaton as described above.
To describe the transition from the first to the second phase formally,
assume U is a slice and a ∈ A. Let ∆s (U, a) contain all decorated slices
(δslc (U, a), f0 . . . fs−1 ) where fi ∈ {inf, die} for i < s. This reflects that the
automaton guesses that certain branches are infinite and that the others are
supposed to die out. The full construction of A C as outlined in this section
is described in Figure 5. A simple upper bound on its number of states is
(3n)n .
Using LC to denote the complement of a language, we can finally state:
Theorem 2.8. Let A be a Büchi automaton with n states. Then A C is a
C
Büchi automaton with (3n)n states such that L (A C ) = L (A ) .
2.3 Determinization of Büchi Automata
As noted above, determinstic Büchi automata are strictly weaker than nondeterministic ones in the sense that there are ω-languages that can be recognized by a nondeterministic Büchi automaton but by no deterministic Büchi
automaton. (Following classical terminology, a Büchi automaton is called
deterministic if |QI | = 1 and there is a function δ : Q × A → Q such that
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Let A be a Büchi automaton. The Büchi automaton A C is
defined by
A C = (A, Qs ∪ Qd , QI , ∆0 , F 0 )
where the individual components are defined as follows:
Qs = set of slices over Q,
Qd = set of decorated slices over Q,
F 0 = set of final decorated slices over Q,
and where for a given a ∈ A the following transitions belong
to ∆0 :
• (U, a, δslc (U, a)) for every U ∈ Qs ,
• (U, a, V ) for every U ∈ Qs and V ∈ ∆s (U, a),
• (V, a, δd (V, a)) for every V ∈ Qd , provided δd (V, a) is

defined.

Figure 5. Complementing a Büchi automaton
∆ = {(q, a, δ(q, a)) : a ∈ A ∧ q ∈ Q}.) It turns out that this is due to the
weakness of the Büchi acceptance condition. When a stronger acceptance
condition—such as the parity condition—is used, every nondeterministic
automaton can be converted into an equivalent deterministic automaton.
The determinization of Büchi automata has a long history. After a
flawed construction had been published in 1963 [Mul63], McNaughton, in
1966 [McN66], was the first to prove that every Büchi automaton is equivalent to a deterministic Muller automaton, a model of automata on infinite words with an acceptance condition introduced in Muller’s work. In
[ES84b, ES84a], Emerson and Sistla described a determinization construction that worked only for a subclass of all Büchi automata. Safra [Saf88]
was the first to describe a construction which turns nondeterministic Büchi
automata into equivalent deterministic Rabin automata—a model of automata on infinite words with yet another acceptance condition—which has
optimal complexity in the sense that the size of the resulting automaton
is 2θ(n log n) and one can prove that this is also a lower bound [Mic88]. In
1995, Muller and Schupp [MS95] presented a proof of Rabin’s Theorem via
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an automata-theoretic construction which has an alternative determinization construction with a similar complexity built-in; Kähler [Käh01] was
the first to isolate this construction, see also [ATW06]. Kähler [Käh01] also
showed that based on Emerson and Sistla’s construction one can design
another determinization construction for all Büchi automata which yields
automata with of size 2θ(n log n) , too. In 2006, Piterman [Pit06] showed how
Safra’s construction can be adapted so as to produce a parity automaton of
the same complexity.
The determinization construction described below is obtained by applying Piterman’s improvement of Safra’s construction to Muller and Schupp’s
determinization construction. We first introduce parity automata, then
continue our study of the reduced acceptance tree, and finally describe the
determinization construction.
2.3.1 Parity Automata
A parity automaton is very similar to a Büchi automaton. The only difference is that a parity automaton has a more complex acceptance condition,
where every state is assigned a natural number, called priority, and a run
is accepting if the minimum priority occurring infinitely often (the limes
inferior) is even. States are not just accepting or rejecting; there is a whole
spectrum. For instance, when the smallest priority is even, then all states
with this priority are very similar to accepting states in Büchi automata: If
a run goes through these states infinitely often, then it is accepting. When,
on the other hand, the smallest priority is odd, then states with this priority should be viewed as being the opposite of an accepting state in a Büchi
automaton: If a run goes through these states infinitely often, the run is
not accepting. So parity automata allow for a finer classification of runs
with regard to acceptance.
Formally, a parity automaton is a tuple
A = (A, Q, QI , ∆, π)
where A, Q, QI , and ∆ are as with Büchi automata, but π is a function
Q → ω, which assigns to each state its priority. Given an infinite sequence
r of states of this automaton, we write valπ (r) for the limes inferior of the
sequence π(r(0)), π(r(1)), . . . and call it the value of the run with respect
to π. Since Q is finite, the value of each run is a natural number. A run
r of A is accepting if its value is even. In other words, a run r of A is
accepting if there exists an even number v and a number k such that
(i) π(r(j)) ≥ v for all j ≥ k and
(ii) π(r(j)) = v for infinitely many j ≥ k.
Consider, for example, the parity automaton depicted in Figure 6. It
recognizes the same language as the Büchi automaton in Figure 2.
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The values in the circles next to the names of the states are the priorities.

Figure 6. Deterministic parity automaton

As far as nondeterministic automata are concerned, Büchi automata
and parity automata recognize the same languages. On the one hand, every
Büchi automaton can be viewed as a parity automaton where priority 1 is
assigned to every non-final state and priority 0 is assigned to every final
state. (That is, the parity automaton in Figure 6 can be regarded as a
deterministic Büchi automaton.) On the other hand, it is also easy to
see that every language recognized by a parity automaton is recognized by
some Büchi automaton: The Büchi automaton guesses a run of the parity
automaton and an even value for this run and checks that it is indeed the
value of the run. To this end, the Büchi automaton runs in two phases. In
the first phase, it simply simulates the parity automaton. At some point, it
concludes the first phase, guesses an even value, and enters the second phase
during which it continues to simulate the parity automaton but also verifies
(i) and (ii) from above. To check (i), the transition relation is restricted
appropriately. To check (ii), the Büchi acceptance condition is used. This
leads to the construction displayed in Figure 7. The state space has two
different types of states: the states from the given Büchi automaton for the
first phase and states of the form (q, k) where q ∈ Q and k is a priority for
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Let A be a parity automaton. The Büchi automaton Apar
is defined by
Apar = (A, Q ∪ Q × E, QI , ∆ ∪ ∆0 , {(q, k) : π(q) = k})
where E = {π(q) : q ∈ Q ∧ π(q) mod 2 = 0} and ∆0 contains
• (q, a, (q 0 , k)) for every (q, a, q 0 ) ∈ ∆, provided k ∈ E,

and
• ((q, k), a, (q 0 , k)) for every (q, a, q 0 ) ∈ ∆, provided

π(q 0 ) ≥ k and k ∈ E.

Figure 7. From parity to Büchi automata
the second phase. The priority in the second component never changes; it
is the even value that the automaton guesses.
Remark 2.9. Let A be a parity automaton with n states and k different
even priorities. Then the automaton Apar is an equivalent Büchi automaton
with (k + 1)n states.
2.3.2 Approximating Reduced Run Trees
Let A be a Büchi automaton as above and u ∈ Aω an infinite word. The
main idea of Muller and Schupp’s determinization construction is that the
reduced acceptance tree, Tu0 , introduced in Section 2.2.1, can be approximated by a sequence of trees which can be computed by a deterministic
finite-state automaton. When these approximations are adorned with additional information, then from the sequence of the adorned approximations
one can read off whether there is an acceptance witness in the reduced
acceptance tree, which, by Remark 2.5, is enough to decide whether u is
accepted.
For a given number n, the nth approximation of Tu0 , denoted Tun , is the
subgraph of Tu0 which consists of all vertices of distance at most n from the
root and which are on a branch of length at least n. Only these vertices can
potentially be on an infinite branch of Tu0 . Formally, Tun is the subtree of
Tu0 consisting of all vertices v ∈ Vu0 such that there exists w ∈ Vu0 satisfying
v ≤prf w and |w| = n, where ≤prf denotes the prefix order on words.
Note that from Lemma 2.6 we can conclude:
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Remark 2.10. When u is accepted by A , then for every n the prefix of
length n of bu is a branch of Tun .
The deterministic automaton to be constructed will observe how approximations evolve over time. There is, however, the problem that, in
general, approximations grow as n grows. But since every approximation
has at most |Q| leaves, it has at most |Q| − 1 internal vertices with two
successors—all other internal vertices have a single successor. This means
that their structure can be described by small trees of bounded size, and only
their structure is important, except for some more information of bounded
size. This motivates the following definitions.
A segment of a finite tree is a maximal path where every vertex except
for the last one has exactly one successor, that is, it is a sequence v0 . . . vr
such that
(i) the predecessor of v0 has two successors or v0 is the root,
(ii) vi has exactly one successor for i < r, and
(iii) vr has exactly two successors or is a leaf.
Then every vertex of a given finite tree belongs to exactly one segment.
A contraction of a tree is obtained by merging all vertices of a segment
into one vertex. Formally, a contraction of a finite tree T in implicit form
is a tree C together with a function c : t → V C , the contraction map, such
that the following two conditions are satisfied:
(i) For all v, w ∈ V T , c(v) = c(w) iff v and w belong to the same segment.
When p is a segment of T and v one of its vertices, we write c(p) for
c(v) and we say that c(v) represents p.
(ii) For all v ∈ V T and i < 2, if vi ∈ V T and c(v) 6= c(vi), then
sucC
1 (c(v), c(vi)).
Note that this definition can easily be adapted to the case where the given
tree is not in implicit form.
We want to study how approximations evolve over time. Clearly, from
the nth to the (n + 1)st approximation of Tu0 segments can disappear, several segments can be merged into one, new segments of length one can
emerge, and segments can be extended by one vertex. We reflect this in
the corresponding contractions by imposing requirements on the domains
of consecutive contractions.
A sequence C0 , C1 , . . . of contractions with contraction maps c0 , c1 , . . .
is a contraction sequence for u if the following holds for every n:
(i) Cn is a contraction of the nth approximation of Tu0 .
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(ii) Let p and p0 be segments of Tun and Tun+1 , respectively. If p is a
prefix of p0 (including p = p0 ), then cn+1 (p0 ) = cn (p) and p0 is called
an extension of p in n + 1.
(iii) If p0 is a segment of Tun+1 which consists of vertices not belonging
to T , then cn+1 (p0 ) ∈
/ V Cn , where V Cn denotes the set of vertices of
Cn .
Since we are interested in left turns, we introduce one further notion. Assume that p and p0 are segments of Tun and Tun+1 , respectively, and p is a
prefix of p0 , just as in (ii) above. Let p00 be such that p0 = pp00 . We say that
cn+1 (p0 ) (which is equal to cn (p)) is left extending in n + 1 if there is a left
turn in p00 .
For a graphical illustration, see Figure 8.
We can now give a characterization of acceptance in terms of contraction
sequences.
Lemma 2.11. Let C0 , C1 , . . . be a contraction sequence for an infinite word
u with respect to a Büchi automaton A . Then the following are equivalent:
(A) A accepts u.
(B) There is a vertex v such that
(a) v ∈ V Cn for almost all n and
(b) v is left extending in infinitely many n.
Proof. For the implication from (A) to (B), we start with a definition. We
say that a segment p of the nth approximation is part of bu , the left-most
acceptance witness, if there are paths p0 and p1 such that bu = p0 pp1 . We
say a vertex v represents a part of bu if there exists i such that for all j ≥ i
the vertex v belongs to V Cj and the segment represented by v is part of bu .
Observe that from Remark 2.10 we can conclude that the root of C0 is such
a vertex (where we can choose i = 0). Let V be the set of all vertices that
represent a part of bu and assume i is chosen such that v ∈ V Cj for all j ≥ i
and all v ∈ V . Then all elements from V form the same path in every Cj
for j ≥ i, say v0 . . . vr is this path.
If the segment representing vr is infinitely often extended, it will also be
extended by a left turn infinitely often (because bu is an acceptance witness),
so vr will be left extending in infinitely many i.
So assume that vr is not extended infinitely often and let i0 ≥ i be
such that the segment represented by vr is not extended any more for j ≥
i0 . Consider Ci0 +1 . Let v 0 be the successor of vr such that the segment
represented by v 0 is part of bu , which must exist because of Remark 2.10.
Clearly, for the same reason, v 0 will be part of V Cj for j ≥ i0 + 1, hence
v 0 ∈ V —a contradiction.
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Depicted is the beginning of the contraction sequence for u = bbaaab . . . with
respect to the automaton from Figure 4. Note that, just as in Figure 4, we simply
write qi for {qi }.

Figure 8. Contraction sequence

For the implication from (B) to (A), let v be a vertex as described in (B),
in particular, let i be such that v ∈ V Cj for all j ≥ i. For every j ≥ i, let pj
be the segment represented by v in Cj . Since pi ≤prf pi+1 ≤prf pi+2 ≤prf . . .
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we know there is a vertex w such that every pj , for j ≥ i, starts with w.
Since the number of left turns on the pj ’s is growing we know there is an
infinite path d starting with w such that pj ≤prf d for every j ≥ i and
such that d is a path in Tu0 with infinitely many left turns. The desired
acceptance witness is then given by the concatenation of the path from the
root to w, the vertex w itself excluded, and d.
q.e.d.
2.3.3 Muller–Schupp Trees
The only thing which is left to do is to show that a deterministic finite-state
automaton can construct a contraction sequence for a given word u and that
a parity condition is strong enough to express (B) from Lemma 2.11. It turns
out that when contractions are augmented with additional information, they
can actually be used as the states of such a deterministic automaton. This
will lead us to the definition of Muller–Schupp trees.
Before we get to the definition of these trees, we observe that every
contraction has at most |Q| leaves, which means it has at most 2|Q| − 1
vertices. From one contraction to the next in a sequence of contractions, at
most |Q| new leaves—and thus at most |Q| new vertices—can be introduced.
In other words:
Remark 2.12. For every infinite word u, there is a contraction sequence
C0 , C1 , . . . such that V Ci ⊆ V for every i for the same set V with 3|Q|
vertices, in particular, V = {0, . . . , 3|Q| − 1} works.
A Muller-Schupp tree for A is a tuple
M = (C , lq , ll , R, h)
where
• C is a contraction with V C ⊆ {0, . . . , 3 |Q| − 1},
• lq : lvs(C ) → 2Q is a leaf labeling,
• ll : V C → {0, 1, 2} is a left labeling,
• R ∈ {0, . . . , 3|Q| − 1}∗ is a latest appearance record, a word without

multiple occurrences of letters, and
• h ≤ |R| is the hit number.

To understand the individual components, assume C0 , C1 , . . . is a contraction sequence for u with V Cn ⊆ {0, . . . , 3|Q| − 1} for every n. (Recall that
Remark 2.12 guarantees that such a sequence exists.) The run of the deterministic automaton on u to be constructed will be a sequence M0 , M1 , . . .
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of Muller-Schupp trees Mn = (Cn , lqn , lln , Rn , hn ), with contraction map cn
for Cn and such that the following conditions are satisfied.
Leaf labeling. For every n and every leaf v ∈ lvs(Tun ), the labeling of v will
be the same as the labeling of the vertex of the segment representing the
segment of this leaf, that is, lqn (cn (v)) = lu0 (v).
Left labeling. For every n and every v ∈ V Cn :
(i) if v represents a segment without left turn, then ln (v) = 0,
(ii) if v is left extending in n, then lln (v) = 2, and
(iii) lln (v) = 1 otherwise.
Clearly, this will help us to verify (b) from Lemma 2.11(B).
Latest appearance record. The latest appearance record Rn gives us the
order in which the vertices of Cn have been introduced. To make this more
precise, for every n and v ∈ V Cn , let
dn (v) = min{i : v ∈ V Cj for all j such that i ≤ j ≤ n}
be the date of introduction of v. Then Rn is the unique word v0 . . . vr−1
over V Cn without multiple occurrences such that
• {v0 , . . . , vr−1 } = V Cn ,
• either dn (vj ) = dn (vk ) and vj < vk or dn (vj ) < dn (vk ), for all j and

k such that j < k < r.
We say that v ∈ V Cn has index j if Rn (j) = v.
Hit number. The hit number hn gives us the number of vertices whose
index has not changed. Let Rn = v0 . . . vr−1 as above. The value hn is the
maximum number ≤ r such that dn (vj ) < n for j < h. In other words, the
hit number gives us the length of the longest prefix of Rn which is a prefix
of Rn−1 .
We need one more definition before we can state the crucial property
of Muller–Schupp trees. Let M be any Muller–Schupp tree as above and
m the minimum index of a vertex with left labeling 2 (it is left extending).
If such a vertex does not exist, then, by convention, m = n. We define
π(M ), the priority of M , as follows. If m < h, then π(M ) = 2m, and else
π(M ) = 2h + 1.
Lemma 2.13. Let A be a Büchi automaton, u a word over the same
alphabet, and M0 , M1 , . . . a sequence of Muller–Schupp trees satisfying the
above requirements (leaf labeling, left labeling, latest appearance record, hit
number). Let p∞ = valπ (M0 M1 . . . ), that is, the smallest value occurring
infinitely often in π(M0 )π(M1 ) . . . . Then the following are equivalent:
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(A) A accepts u.
(B) p∞ is even.
Proof. For the implication from (A) to (B), let v be a vertex as guaranteed
by (B) in Lemma 2.11. There must be some n and some number i such that
v = Rn (i) = Rn+1 (i) = . . . and Rn [0, i] = Rn+1 [0, i] = . . . . This implies
hj > i for all j ≥ n, which means that if pj is odd for some j ≥ n, then
pj > 2i. In addition, since v is left extending for infinitely many j, we have
pj ≤ 2i and even for infinitely many j. Thus, p∞ is an even value (less than
or equal to 2i).
For the implication from (B) to (A), assume that p∞ is even and n is
0
such that pj ≥ p∞ for all j ≥ n. Let n0 ≥ n be such that pn = p∞ and let
0
v be the vertex of Cn0 which gives rise to pn (left extending with minimum
index). Then v ∈ V Cj for all j ≥ n0 and v has the same index in all these
Cj . That is, whenever pj = p∞ for j ≥ n0 , then v is left extending. So
(B) from Lemma 2.11 is satisfied and we can conclude that u is accepted
by A .
q.e.d.
2.3.4 The Determinization Construction
In order to arrive at a parity automaton, we only need to convince ourselves that a deterministic automaton can produce a sequence M0 , M1 , . . .
as above. We simply describe an appropriate transition function, that is,
we assume a Muller–Schupp tree M and a letter a are given, and we describe how M 0 is obtained from M such that if M = Mn and a = u(n),
then M 0 = Mn+1 . This is, in principle, straightforward, but it is somewhat
technical. One of the issues is that during the construction of M 0 we have
trees with more than 3 |Q| vertices. This is why we assume that we are also
given a set W of 2 |Q| vertices disjoint from {0, . . . , 3 |Q| − 1}.
A Muller-Schupp tree M 0 is called an a-successor of M if it is obtained
from M by applying the following procedure.
(i) Let Vnew = {0, . . . , 3 |Q| − 1} \ V C .
(ii) To each leaf v, add a left and right successor from W .
Let w0 , . . . , w2r−1 be the sequence of these successors in the order
from left to right.
(iii) For i = 0 to r − 1, do:
(a) Let v be the predecessor of w2i and Q0 = l(w0 ) ∪ · · · ∪ l(w2i−1 ).
(b) Set lq (w2i ) = ∆(lq (v), a) ∩ F \ Q0 and lq (w2i+1 ) = ∆(lq (v), a) \
(F ∪ Q0 ).
(c) Set lq (w2i ) = 2 and lq (w2i+1 ) = 0.
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(iv) Remove the leaf labels from the old leaves, that is, make lq undefined
for the predecessors of the new leaves. Mark every leaf which has label
∅. Recursively mark every vertex whose two successors are marked.
Remove all marked vertices.
(v) Replace every nontrivial segment by its first vertex, and set its left
labeling to
(a) 2 if one of the other vertices of the segment is labeled 1 or 2,
(b) 0 if each vertex of the segment is labeled 0, and
(c) 1 otherwise.
(vi) Replace the vertices from W by vertices from Vnew .
0

(vii) Let R0 be obtained from R by removing all vertices from V C \ V C
0
from R and let R1 be the sequence of all elements from V C \ V C
0
according to the order < on V . Then R = R0 R1 .

(viii) Let h0 ≤ |R| be the maximal number such that R(i) = R0 (i) for all
i < h0 .
The full determinization construction is given in Figure 9. Summing up, we
can state:
Theorem 2.14. (McNaughton-Safra-Piterman, [Büc62, Saf88, Pit06]) Let
A be a Büchi automaton with n states. Then A det is an equivalent deterministic parity automaton with 2θ(n log n) states and 2n + 1 different priorities.
Proof. The proof of the correctness of the construction described in Figure 9
is obvious from the previous analysis. The claim about the size of the resulting automaton can be established by simple counting arguments. q.e.d.
The previous theorem enables to determine the expressive power of WS1S:
Corollary 2.15. There exists an effective procedure that given an S1S
formula ϕ = ϕ(V0 , . . . , Vm−1 ) produces a formula ψ such that L (ϕ) =
L w (ψ). In other words, every S1S formula is equivalent to a WS1S formula.
Sketch of proof. Given such a formula ϕ, one first uses Büchi’s Theorem to
construct a Büchi automaton A such that L (ϕ) = L (A ). In a second
step, one converts A into an equivalent deterministic parity automaton B,
using the McNaughton–Safra–Piterman Theorem. The subsequent step is
the crucial one. Assume Q0 = {q0 , . . . , qn−1 } and, for every u ∈ [2]ω
m , let ru
be the (unique!) run of B on u. For every i < n, one constructs a formula
ψi = ψi (x) such that u, j |= ψi (x) if and only if ru (j) = qi for u ∈ [2]ω
m
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Let A be a Büchi automaton. The deterministic parity automaton A det is defined by
A det = (A, M, MI , δ, π)
where
• M is the set of all Muller–Schupp trees over Q,
• MI is the Muller–Schupp tree with just one vertex and

leaf label QI ,
• δ is such that δ(M , a) is an a-successor of M (as de-

fined above), and
• π is the priority function as defined for Muller–Schupp

trees.

Figure 9. Determinization of a Büchi automaton
and j ∈ ω. These formulas can be built as in the proof of part 2 of Büchi’s
Theorem, except that one can restrict the sets Xi to elements ≤ j, so weak
quantification is enough. Finally, the formulas ψi (x) are used to express
acceptance.
q.e.d.
2.4

The Büchi–Landweber Theorem

The last problem remaining from the problems listed at the beginning of
this section is realizability, also known as Church’s problem [Chu60, Chu63].
In our context, it can be formalized more precisely as follows.
For letters a ∈ [2]m and b ∈ [2]n , we define aa b ∈ [2]m+n by (aa b)[i] =
a[i] for i < m and aa b[i] = b[i−m] for i with m ≤ i < m + n. Similarly, when
∞
u and v are words of the same length over [2]∞
n and [2]n , respectively, then
a
u v is the word over [2]m+n with the same length defined by (ua v)(i) =
a
u(i) v(i) for all i < |u|. Realizability can now be defined as follows: Given
a formula
ϕ = ϕ(X0 , . . . , Xm−1 , Y0 , . . . , Yn−1 ),
a
determine whether there is a function f : [2]+
m → [2]n such that u v |= ϕ
ω
ω
holds for every u ∈ [2]m and v ∈ [2]n defined by v(i) = f (u[0, i]).
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Using the traditional terminology for decision problems, we say that ϕ is
an instance of the realizability problem, f is a solution if it has the desired
property, and ϕ is a positive instance if it has a solution.
Observe that the function f represents the device that produces the
output in Figure 1: After the device has read the sequence a0 . . . ar of bit
vectors (with m entries each), it outputs the bit vector f (a0 . . . ar ) (with n
entries).
In the above definition of realizability, we do not impose any bound on
the complexity of f . In principle, we allow f to be a function which is not
computable. From a practical point of view, this is not very satisfying. A
more realistic question is to ask for a function f which can be realized by a
finite-state machine, which is a tuple
M = (A, B, S, sI , δ, λ)
where A is an input alphabet, B is an output alphabet, S is a finite set of
states, sI ∈ S the initial state, δ : S × A → S the transition function, and
λ : S → B the output function. To describe the function realized by M we
first define δ ∗ : A∗ → S by setting δ(ε) = sI and δ ∗ (ua) = δ(δ ∗ (u), a) for all
u ∈ A∗ and a ∈ A. The function realized by M , denoted fM , is defined by
fM (u) = λ(δ(sI , u)) for every u ∈ A+ .
A solution f of an instance of the realizability problem is called a finitestate solution if it is realized by a finite-state machine.
Finite-state realizability is the variant of realizability where one is interested in determining whether a finite-state solution exists. We later see
that there is no difference between realizability and finite-state realizability.
Several approaches have been developed to solving realizability; we follow a game-based approach. It consists of the following steps: We first
show that realizability can be viewed as a game and that solving realizability means deciding who wins this game. We then show how the games
associated with instances of the realizability problem can be reduced to finite games with a standard winning objective, namely the parity winning
condition. Finally, we use known results on finite games with parity winning
conditions to prove the desired result.
2.4.1 Game-Theoretic Formulation
There is a natural way to view the realizability problem as a round-based
game between two players, the environment and the (device) builder. In
each round, the environment first provides the builder with an input, a
vector a ∈ [2]m , and then the builder replies with a vector b ∈ [2]n , resulting
in a combined vector aa b. In this way, an infinite sequence of vectors is
constructed, and the builder wins the play if this sequence satisfies the
given S1S formula. Now, the builder has a winning strategy in this game if
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and only if the instance of the realizability problem we are interested in is
solvable.
We make this more formal in what follows. A game is a tuple
G = (P0 , P1 , pI , M, Ω)
where P0 is the set of positions owned by Player 0, P1 is the set of positions
owned by Player 1 (and disjoint from P0 ), pI ∈ P0 ∪P1 is the initial position,
M ⊆ (P0 ∪ P1 ) × (P0 ∪ P1 ) is the set of moves, and Ω ⊆ P ω is the winning
objective for Player 0. The union of P0 and P1 is the set of positions of the
game and is denoted by P .
A play is simply a maximal sequence of positions which can be obtained
by carrying out moves starting from the initial position, that is, it is a word
u ∈ P + ∪ P ω such that u(0) = pI , (u(i), u(i + 1)) ∈ M for every i < |u|,
and if |u| < ω, then there is no p such that (u(∗), p) ∈ M . This can also be
thought of as follows. Consider the directed graph (P, M ), which is called
the game graph. A play is simply a maximal path through the game graph
(P, M ) starting in pI .
A play u is a win for Player 0 if u ∈ Ω∪P ∗ P1 , else it is a win for Player 1.
In other words, if a player cannot move he or she loses right away.
A strategy for Player α are instructions for Player α how to move in every
possible situation. Formally, a strategy for Player α is a partial function
σ : P ∗ Pα → P which
(i) satisfies (u(∗), σ(u)) ∈ M for all u ∈ dom(σ) and
(ii) is defined for every u ∈ P ∗ Pα ∩ pI P ∗ satisfying u(i + 1) = σ(u[0, i])
for all i < |u| − 1 where u(i) ∈ Pα .
Observe that these conditions make sure that a strategy is defined when
Player α moves according to it. A play u is consistent with a strategy σ if
u(i + 1) = σ(u[0, i]) for all i such that u(i) ∈ Pα . A strategy σ is called a
winning strategy for Player α if every play consistent with σ is a win for
Player α. We then say that Player α wins the game.
The analogue of a finite-state solution is defined as follows. A strategy
σ for Player α is finite-memory if there exists a finite set C, called memory,
an element mI ∈ C, the initial memory content, a function µ : C × P → C,
called update function, and a function ξ : C × Pα → P such that σ(u) =
ξ(µ∗ (u), u(∗)) for every u ∈ dom(σ), where µ∗ is defined as δ ∗ above. That
is, the moves of Player α depend on the current memory contents and the
current position.
An even stronger condition than being finite-state is being memoryless.
A strategy σ is memoryless if it is finite-state for a memory C which is a
singleton set. As a consequence, if σ is memoryless, then σ(up) = σ(u0 p)
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Let ϕ = ϕ(X0 , . . . , Xm−1 , Y0 , . . . , Yn−1 ) be an S1S formula.
The game G [ϕ] is defined by
G [ϕ] = ([2]m , {pI } ∪ [2]n , pI , M, Ω)
where pI is some initial position not contained in [2]m ∪ [2]n
and
M = ([2]m × [2]n ) ∪ (({pI } ∪ [2]n ) × [2]m ),
Ω = {pI u0 v0 . . . : (u0 a v0 )(u1 a v1 ) . . . |= ϕ}.

Figure 10. Game for a realizability instance
for all u, u0 ∈ P ∗ with up, u0 p ∈ dom(σ). So in this case, we can view a
strategy as a partial function Pα → P . In fact, we use such functions to
describe memoryless strategies.
We can now give the game-theoretic statement of the realizability problem. For an instance ϕ, consider the game G [ϕ] described in Figure 10.
Lemma 2.16. Let ϕ = ϕ(X0 , . . . , Xm−1 , Y0 , . . . , Yn−1 ) be an S1S formula.
Then the following are equivalent:
(A) The instance ϕ of the realizability problem is solvable.
(B) Player 0 wins the game G [ϕ].
Moreover, ϕ is a positive instance of finite-state realizability if and only if
Player 0 has a finite-memory winning strategy in G [ϕ].
Proof. For the implication from (A) to (B), let f : [2]+
m → [2]n be the
solution of an instance ϕ of the realizability problem. We define a partial function σ : pI ([2]m [2]n )∗ [2]m → [2]n by setting σ(pI a0 b1 . . . br−1 ar ) =
f (a0 . . . ar ) where ai ∈ [2]m for i ≤ r and bj ∈ [2]n for j < r. It is easy to
see that σ is a winning strategy for Player 0 in G [ϕ]. Conversely, a winning strategy σ for Player 0 can easily be transformed into a solution of the
instance ϕ of the realizability problem.
To prove the additional claim, one simply needs to observe that the
transformations used in the first part of the proof convert a finite-state
solution into a finite-memory strategy, and vice versa. The state set of the
finite-state machine used to show that a solution to the realizability problem
is finite-state can be used as memory in a proof that the winning strategy
constructed above is finite-memory, and vice versa.
q.e.d.
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Let G be a game and A a deterministic parity automaton
with alphabet P such that L (A ) = Ω. The expansion of G
by A is the game
G × A = (P0 × Q, P1 × Q, (pI , qI ), M 0 , π 0 )
where
M 0 = {((p, q), (p0 , δ(q, p0 ))) : q ∈ Q ∧ (p, p0 ) ∈ ∆}
and π 0 ((p, q)) = π(q) for all p ∈ P and q ∈ Q.

Figure 11. Product of a game with a deterministic parity automaton
In our definition of game, there is no restriction on the winning objective
Ω, but since we are interested in winning objectives specified in S1S, we
focus on parity winning conditions—remember that every S1S formula can
be turned into a deterministic parity automaton. It will turn out that
parity conditions are particularly apt to an algorithmic treatment while
being reasonably powerful.
2.4.2 Reduction to Finite Parity Games
A winning objective Ω of a game G is a parity condition if there is a natural
number n and a function π : P → n such that u ∈ Ω iff valπ (u) mod 2 = 0
for all u ∈ P ω . If this is the case, we replace Ω by π and speak of a parity
game.
We next show that if Ω is a winning objective and A a deterministic
parity automaton such that L (A ) = Ω, then we can “expand” a game
G with winning objective Ω into a parity game, simply by running A in
parallel with the moves of the players. The respective product construction
is given in Figure 11.
Lemma 2.17. Let G be a finite game and A a deterministic parity automaton such that L (A ) = Ω. Then the following are equivalent:
(A) Player 0 wins G .
(B) Player 0 wins G × A .
Moreover, there exists a finite-memory winning strategy for Player 0 in G
iff there exists such a strategy in G × A .
Proof. The proof is straightforward. We transform a winning strategy for
Player 0 in G into a winning strategy for Player 0 in G × A and vice versa.
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First, we define uδ for every u ∈ P ∗ to be a word of the same length
where the letters are determined by uδ (i) = (u(i), δ ∗ (qI , u[0, i])) for every
i < |u|.
Let σ : P ∗ P0 → P be a winning strategy for Player 0 in G . We transform
this into σ 0 : (P × Q)∗ (P0 × Q) → P × Q by letting σ 0 (uδ ) = σ(u) for every
u ∈ dom(σ). It is easy to check that this defines a strategy and that this
strategy is indeed winning.
Given a winning strategy σ 0 : (P × Q)∗ (P0 × Q) → P × Q, we define a
winning strategy σ : P ∗ P0 → P for Player 0 simply by forgetting the second
component of the position. That is, for every u such that uδ ∈ dom(σ 0 ) we
set σ(u) = σ 0 (uδ ). Observe that this does not lead to any ambiguities, that
is, σ is well-defined, because A is a deterministic automaton. It is easy to
check that this defines a strategy and that this strategy is indeed winning.
If we have a finite-memory strategy σ for G , say with memory C, we
can use the same memory C and a modified update function to show that
σ 0 as defined above is finite-state. Conversely, if we have a finite-memory
strategy σ 0 , say with memory C, we can use memory Q × C to show that σ
as constructed above is finite-memory, too.
q.e.d.
Corollary 2.18. Let ϕ = ϕ(X0 , . . . , Xm−1 , Y0 , . . . , Yn−1 ) be an instance of
the realizability problem for S1S and A a deterministic parity automaton
recognizing L (ϕ). Then the following are equivalent:
(A) The instance ϕ of the realizability problem is solvable.
(B) Player 0 wins the game G × A .
Moreover, if Player 0 has a finite-memory winning strategy in G × A , then
ϕ has a finite-state solution.
Using the fact that it can be determined effectively whether Player 0
wins a finite parity game (see Theorem 2.20 below), we obtain:
Theorem 2.19 (Büchi-Landweber, [BL69]). The realizability problem is
decidable for S1S.
2.4.3 Background on Games
In this section, we provide background on games, which we already used to
solve Church’s problem and which we need in various places.
Since plays of games may be infinite, it is not at all clear whether in a
given game one of the two players has a winning strategy, that is, whether
the game has a winner. When this is the case one says that the game
is determined. It is said to be memoryless determined if there exists a
memoryless winning strategy.
Theorem 2.20 (Emerson-Jutla-Mostowski, [EJ91b, Mos91]). Every parity
game is memoryless determined.
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That every parity game is determined follows immediately from a result
by Martin [Mar75].
For S1S realizability it is enough to know that the winner in a parity
game can be effectively determined. In a later section, we need to know
more about the computational complexity of this problem, in particular,
we need to know how it depends on the number of priorities occurring in a
game:
Theorem 2.21 (Jurdziński, [Jur00]). Every parity game with n positions,
m edges, and at most d different priorities in every strongly connected component of its game graph can be decided in time O(n + mnbd/2c ) and an
appropriate memoryless winning strategy can be computed within the same
time bound.
2.5

Notes

Büchi’s Theorem has been the blueprint for many theorems characterizing
monadic second-order logic by automata. The most important theorem to
mention is Rabin’s Theorem [Rab69], which extends Büchi’s Theorem to
the monadic theory of two successor relations and is the subject of the next
section. Other early results, besides the Büchi–Elgot–Trakthenbrot theorem and Büchi’s Theorem, are a result by Büchi [Büc65] on ordinals and
a result by Doner [Don70] (see also Thatcher and Wright [TW68]), which
characterizes monadic second-order logic over finite trees in terms of automata and allows to prove that the weak monadic theory of two successor
relations is decidable. Later results deal, for instance, with finite and infinite traces (certain partial orders) [Tho90b, EM93], see also [DG], pictures
(matrices with letters as entries) [GRST96], see also [GR, MS], and weighted
automata [DG05]. In some of these cases, the proofs are much harder than
for S1S and Büchi automata.
When establishing a characterization of automata in terms of monadic
second-order logic, proving part 2—the description of the behavior of an
automaton by a monadic second-order formula—is straightforward very often and leads to existential monadic second-order formulas, just as for S1S.
The other direction—from full monadic second-order logic to automata—
fails, however, for various automaton models because closure under complementation (negation) cannot be shown. In such cases, a partial result
can sometimes nevertheless be obtained by showing that every existential
monadic second-order formula can be translated into an automaton. This
is, for instance, the case for pictures [GRST96], see also [MS].
Büchi’s Theorem characterizes monadic second-order logic in terms of
finite-state automata on infinite words. It is only natural to ask whether
there are fragments of monadic second-order logics or other logics similar in
expressive power to monadic second-order logic that can be characterized in
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a comparable fashion. We have already seen that the existential fragment
of S1S has the same expressive power as S1S, but one can prove that firstorder logic with ordering (and successor) or with successor only is strictly
less expressive than S1S. The first of the two logics can be characterized
just as in the case of finite words as defining exactly
(i) the star-free languages of infinite words,
(ii) the languages expressible in linear-time temporal logic, and
(iii) the languages of infinite words which are recognized by counter-free
automata
[Kam68, Tho79, Per86, Zuc86], the second can be characterized as the weak
version of locally threshold testability [Tho82].
Ever since Büchi’s seminal work automata on infinite words and formal
languages of infinite words have been a major topic in research, motivated
both from a mathematical and a computer science perspective. There have
been many (successful) attempts to adapt the facts known from classical
automata theory and the classical theory of formal languages to the setting with infinite words, for instance, regular expressions were extended to
ω-regular expressions and the algebraic theory of regular languages was extended to an algebraic theory of ω-regular languages. But there are also
new issues that arise for infinite words, which are essentially irrelevant for
finite words. For example, the set of infinite words over a given alphabet
can easily be turned into a topological space and it is interesting to study
how complex languages are that can be recognized by finite-state automata.
One particularly interesting issue are the different types of acceptance
conditions that are available for automata on infinite words. In our exposition, we work with Büchi and parity acceptance, but there are many more
acceptance conditions which are suggested and widely used throughout the
literature. The most prominent are: Streett [Str82], Rabin [Rab69], and
Muller conditions [Mul63]. An important question regarding all these different acceptance conditions is which expressive power they have, depending
on whether they are used with deterministic or nondeterministic automata.
It turns out that when used with nondeterministic automata all the aforementioned conditions are not more powerful than nondeterministic Büchi
automata and when used with deterministic automata they are all as powerful as deterministic parity automata. In other words, each of the three
conditions is just as good as the parity condition. Given McNaughton’s
Theorem, this is not very difficult to show. In almost all cases, asymptotically optimal conversions between the various conditions are known [Saf88].
Recent improvements are due to Yan [Yan06].
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It is not only the type of acceptance condition that can be varied, but
also the type of “mode”. In this section, we have dealt with deterministic
and nondeterministic automata. One can either look for
(i) modes in between or
(ii) modes beyond nondeterminism.
As examples for (i) we mention unambiguous automata [Arn83], which are
Büchi automata which admit at most one accepting run for each word, and
prophetic automata [CPP], which are Büchi automata with the property
that there is exactly one run on each word (besides partial runs that cannot
be continued), be it accepting or not.
Examples for (ii) are alternating automata on infinite words, which are
explained in detail in Section 4. Since they are, in principle, stronger than
nondeterministic automata, they often allow for more succinct representations, which is why they have been studied extensively from a practical and
complexity-theoretic point of view. Moreover, they can often be used to
make automata-theoretic constructions more modular and transparent and
help to classify classes of languages. For instance, the Kupferman–Vardi
complementation construction for Büchi automata uses what are called
weak alternating automata as an intermediate model of automaton, see
also [Tho99].
As can be seen from the Büchi–Landweber theorem, games of infinite
duration are intimately connected with the theory of automata on infinite
words. This becomes even more obvious as soon as alternating automata
come into the picture, because they can be viewed as defining families of
games in a uniform fashion. These games play a similar role in the theory
of automata on infinite trees, as will be explained in the next section. Regardless of this, these games are interesting in their own right and there is
an extensive literature on them. One of the major open problems is the
computational complexity of parity games. The best upper bounds are that
the problem is in UP ∩ co-UP, which is a result by Jurdziński [Jur98], that
it can be solved by subexponential algorithms, see, for instance, [JPZ06],
and polynomial time algorithms when the underlying game graphs belong
to certain restricted classes of graphs, see, for instance, [BDHK06].

3

Monadic-Second Order Logic of Two Successors

Büchi’s Theorem is a blueprint for Rabin’s result on monadic second-order
logic of two successors (S2S). The formulas of that logic are built just as
S1S formulas are built, except that there are two successor relations and not
only one. More precisely, while in S1S the atomic formulas are of the form
x ∈ X and suc(x, y) only, in S2S the atomic formulas are of the form x ∈ X,
suc0 (x, y), and suc1 (x, y), where suc0 (x, y) and suc1 (x, y) are read as “y is
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the left successor of x” and “y is the right successor of x”, respectively. S2S
formulas are interpreted in the full binary tree Tbin .
As a first simple example, we design a formula with one free set variable
X which holds true if and only if the set assigned to X is finite. This can
be expressed by saying that on every branch there is a vertex such that the
subtree rooted at this vertex does not contain any element from X. This
leads to:
∀Y (“Y is a branch of the binary tree” →
∃y(y ∈ Y ∧ ∀z(y ≤ z → ¬z ∈ X))),
where ≤ is meant to denote the prefix order on the vertices of Tbin . That
Y is a branch of Tbin can easily be expressed as a conjunction of several
simple conditions:
• Y is not empty, which can be stated as ∃x(x ∈ Y ),
• with each element of Y its predecessor (provided it exists) belongs

to Y , which can be stated as ∀x∀y(y ∈ Y ∧ (suc0 (x, y) ∨ suc1 (x, y)) →
x ∈ Y ), and
• each element of Y has exactly one successor in Y , which can be stated

as ∀x∀y∀z(x ∈ Y ∧ suc0 (x, y) ∧ suc1 (x, z) → (y ∈ Y ↔ z ∈
/ Y )).
To conclude the example, we define x ≤ y by stating that every successorclosed set containing x contains y as well:
∀X(x ∈ X ∧ ∀z∀z 0 (z ∈ X ∧ (suc0 (z, z 0 ) ∨
suc1 (z, z 0 )) → z 0 ∈ X) → y ∈ X).
Observe that we have a universally quantified set variable in this formula,
whereas in Section 2 we use an existentially quantified set variable to define
ordering for the natural numbers. In both situations, one can use either
type of quantifier.
As a second example, we consider the property that on every branch
there are only finitely many elements from X. This can be specified by:
∀Y (“Y is a branch of the binary tree” →
∃y(y ∈ Y ∧ ∀z(x ≤ z ∧ z ∈ Y → ¬z ∈ X))),
using the same auxiliary formulas from above.
The most important question about S2S is whether satisfiability is decidable. A positive answer to this question implies decidability of the monadic
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second-order theory of the binary tree and a number of related theories as
Rabin showed in his 1969 paper [Rab69].
That satisfiability of an S2S formula is decidable can, in principle, be
shown in the same way as the analogous statement for S1S: One first proves
that every S2S formula can be translated into an equivalent automaton—
this time a tree automaton—and then shows that emptiness for the automata involved is decidable. This is the approach that Rabin took in
[Rab69], and which we follow here, too.
3.1

Rabin’s Theorem

In his original paper [Rab69] Rabin used what we nowadays call Rabin tree
automata to characterize S2S. We use the same model of tree automaton
but with a simpler acceptance condition, the parity acceptance condition,
which we also use in the context of S1S.
It is not clear right away how a tree automaton model should look like,
but it turns out that it is reasonable to envision a tree automaton as follows.
Starting in an initial state at the root of the tree the automaton splits up
into two copies, one which proceeds at the left successor of the root and
one which proceeds at the right successor of the root. The states which are
assumed at these vertices are determined by the initial state and the label of
the root. Then, following the same rules, the copy of the automaton residing
in the left successor of the root splits up into two copies which proceed at
the left successor of the left successor of the root and the right successor of
the left successor of the root, and so on. In this way, every vertex of the
tree gets assigned a state, and a tree is accepted if the state labeling of each
branch satisfies the acceptance condition.
Formally, a parity tree automaton is a tuple
A = (A, Q, qI , ∆, π),
where A, Q, and π are as with parity (word) automata (see Section 2.3.1),
qI is an initial state instead of a set of initial states, and ∆ is a transition
relation satisfying ∆ ⊆ Q × A × Q × Q. Such an automaton runs on full Alabeled binary trees which are given implicitly. A run of A on a binary tree
t : 2∗ → A is a binary tree r : 2∗ → Q such that (r(u), t(u), r(u0), r(u1)) ∈ ∆
for all u ∈ 2∗ . It is accepting if for every infinite branch u ∈ 2ω its labeling
satisfies the parity condition, that is, if valπ (r(u(0))r(u(1)) . . . ) mod 2 = 0.
As an example, consider the set L of all binary trees over {0, 1} with
only finitely many vertices labeled 1 on each branch, which is very similar
to the second property discussed above. It is straightforward to construct
a parity tree automaton that recognizes L. The main idea is to use two
states, q0 and q1 , to indicate which label has just been read and to use the
parity condition to check that on every path there are only finitely many
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vertices labeled q1 . In other words, we have A = {0, 1}, Q = {qI , q0 , q1 },
∆ = {(q, a, qa , qa ) : a ∈ A, q ∈ Q}, π(qI ) = 0, and π(qa ) = a + 1 for a ∈ A.
Rabin, in [Rab69], proved a complete analogue of Büchi’s theorem. We
state Rabin’s Theorem using the same notation as in the statement of
Büchi’s Theorem, which means, for instance, that we write L (A ) for the
set of all trees accepted by a parity tree automaton A .
Theorem 3.1 (Rabin, [Rab69]).
(i) There exists an effective procedure that given an S2S formula ϕ =
ϕ(V0 , . . . , Vm−1 ) outputs a parity tree automaton A such that L (A ) =
L (ϕ).
(ii) There exists an effective procedure that given a parity tree automaton
A over an alphabet [2]m outputs a formula ϕ = ϕ(V0 , . . . , Vm−1 ) such
that L (ϕ) = L (A ).
To prove part 2 one can follow the same strategy as with S1S: One simply constructs a formula that describes an accepting run of a given parity
tree automaton. Proofs of part 2 of Theorem 3.1 can also be carried out
as with S1S: One uses a simple induction on the structure of the formula.
The induction base and all but one case to be considered in the inductive
step are almost straightforward. The difficult step is—just as with Büchi
automata—negation. One has to show that the complement of a tree language recognized by a parity tree automaton can be recognized by a parity
tree automaton, too. This result, also known as Rabin’s complementation
lemma, can be proved in different ways. We present a proof which, in spirit,
is very similar to what can be found in Büchi’s [Büc77] and Gurevich and
Harrington’s [GH82] work. At its heart, there is a game-theoretic description of acceptance (Section 3.2). The complementation construction itself
has the determinization from Theorem 2.14 built in (Section 3.3).
3.2 The Automaton-Pathfinder Game
Let A be a parity tree automaton as above and t : 2∗ → A a binary tree.
We consider a parity game where one can think of Player 0 as proving to
Player 1 that t is accepted by A , as follows. The game starts at the root
of the tree and Player 0 suggests a transition which works at the root of
the tree, which means it must start with the initial state and it must show
the symbol the root is labeled with. Then Player 1 chooses the left or right
successor of the root, say she chooses the left successor. Now it’s Player 0’s
turn again. He must choose a transition which works for the left successor,
which means it must start with the state chosen for the left successor in the
transition chosen in the previous round and it must show the symbol the left
successor is labeled with. Then Player 1 chooses one of the two successors,
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Let A be a parity tree automaton and t : 2∗ → A a tree over
the same alphabet. The automaton-pathfinder game for A
and t is the parity game G [A , t] defined by
G [A , t] = (2∗ × Q, 2∗ × ∆, (ε, qI ), M0 ∪ M1 , π 0 )
where
every word u ∈ 2∗ , state q ∈ Q,
and
(q, t(u), q0 , q1 )
∈
∆,
the
move
((u, q), (u, (q, t(u), q0 , q1 )) belongs to M0 ,

• for

• for every word u ∈ 2∗ , transition (q, t(u), q0 , q1 ) ∈ ∆,

and i < 2, the move ((u, (q, t(u), q0 , q1 ), (ui, qi )) belongs to M1 , and
• π 0 ((u, q)) = π(q) for all u ∈ 2∗ and q ∈ Q.

Figure 12. Automaton-pathfinder game
and so on. As the play proceeds, a sequence of transitions is constructed.
Player 0 wins this play when the respective sequence of the source states of
the transitions satisfies the parity condition.
The precise definition of the parity game is given in Figure 12. Observe
that for convenience the priority function is only partially defined. This
does not cause any problems since there is an infinite number of vertices
with priorities assigned to them on every path through the game graph.
Lemma 3.2 (Gurevich-Harrington, [GH82]). Let A be a parity tree automaton and t : 2∗ → A a tree over the same alphabet. Then the following
are equivalent:
(A) A accepts t.
(B) Player 0 wins G [A , t].
Proof. For the implication from (A) to (B), we show how to convert an
accepting run r : 2∗ → Q of A on t into a winning strategy for Player 0 in
G [A , t]. A strategy σ for Player 0 is defined on words of the form
u = (ε, q0 )(ε, τ0 )(a0 , q1 )(a0 , τ1 )(a0 a1 , q2 ) . . . (a0 . . . an−1 , qn )
with q0 = qI , qi ∈ Q for i ≤ n, τi ∈ ∆, and ai ∈ {0, 1} for i < n.
For such a word u, we set vu = a0 . . . an−1 . After the explanations given
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Let A be a parity tree automaton. The emptiness game
G∅ [A ] is defined by
G∅ [A ] = (Q, ∆, qI , M0 ∪ M1 , π)
where
∈ Q and (q, a, q0 , q1 )
(q, (q, a, q0 , q1 )) belongs to M0 ,

• for q

∈

∆, the move

• for every (q, a, q0 , q1 ) ∈ ∆ and i < 2, the move

((q, a, q0 , q1 ), qi ) belongs to M1 .

Figure 13. Emptiness game for a parity tree automaton
above on how one should think of the game, it should be clear that we set
σ(u) = (u, (qn , a, q 0 , q 1 )) with q i = r(vu i) for i < 2. It is easy to check
that this defines a winning strategy, because every play conform with σ
corresponds to a branch of the run r.
Conversely, assume σ is a winning strategy for Player 0 in the above
game. Then an accepting run r can be defined as follows. For every partial
play u as above which is conform with σ, we set r(vu ) = qn . It is straightforward to check that this defines an accepting run, because every path in
r corresponds to a play of G [A , t] conform with σ.
q.e.d.
There is a similar parity game—the emptiness game—which describes
whether a given parity tree automaton accepts some tree. In this game,
when Player 0 chooses a transition, he does not need to take into account any
labeling; he simply needs to make sure that the transition is consistent with
the previously chosen transition. The full game is described in Figure 13.
With a proof similar to the one of Lemma 3.2, one can show:
Lemma 3.3. Let A be a parity tree automaton. Then L (A ) 6= ∅ if and
only if Player 0 wins G∅ [A ].
Taking Theorem 2.21 into account, we obtain:
Corollary 3.4 (Rabin, [Rab69]). The emptiness problem for parity tree
automata is decidable.
Rabin proved, in some sense, a stronger result, because he used tree automata with Rabin acceptance condition. As a further consequence, taking
Rabin’s Theorem into account, we note:
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Corollary 3.5 (Rabin, [Rab69]). Satisfiability is decidable for S2S.
3.3 Complementation of Parity Tree Automata
We can finally turn to the question of how to arrive at a parity tree automaton for the complement of a set of trees accepted by a given parity
tree automaton. We are given a parity tree automaton A and we want to
C
construct a parity tree automaton which recognizes L (A ) , where for each
C
tree language L over some alphabet A we write L for the set of all trees
over A which do not belong to L.
We describe the entire construction as a composition of several simpler
constructions. More precisely, we first show that for every tree in the complement there exists a tree over an enhanced alphabet which witnesses its
membership to the complement. The second step is to prove that the set
of these witnesses can be recognized by a universal parity tree automaton.
The third step consists in showing that universal parity tree automaton can
be converted into (ordinary nondeterministic) parity tree automata, and the
final step shows how to reduce the enhanced alphabet to the real one.
The first key step is to combine the automaton-pathfinder game with
memoryless determinacy. To this end, we encode memoryless (winning)
strategies for the pathfinder in trees. Observe that a memoryless strategy
for the pathfinder in G [A , t] for some automaton A and some tree t is
simply a (partial) function σ : 2∗ × ∆ → 2∗ × Q. Since, by construction
of G [A , t], we always have σ(u, (q, a, q0 , q1 )) = (ui, qi ) for some i < 2, we
can view such a function as a function 2∗ × ∆ → 2, which, in turn, can be
viewed as a function 2∗ → 2∆ . The latter is simply a 2∆ -labeled tree. When
we further encode the given tree t in that tree, we arrive at the following
notion of complement witness for (A × 2∆ )-labeled trees.
Let A be a parity tree automaton and t0 : 2∗ → A × 2∆ a tree. For
simplicity, we write t0 (u) as (au , fu ) for every u ∈ 2∗ . The tree t0 is a
complement witness if for every branch u ∈ 2ω the following holds. If
τ0 τ1 · · · ∈ ∆ω with τi = (qi , au[0,i) , qi0 , qi1 ) is such that q0 = qI and qi+1 = qib
where b = fu[0,i) (τi ) for every i, then valπ (q0 q1 . . . ) mod 2 = 1, that is,
q0 q1 . . . is not accepting with respect to π.
After the explanation given above, Theorem 2.20 now yields the lemma
below, where we use the following notation. Given a tree t0 : 2∗ → A × B
for alphabet A and B, we write pr0 (t0 ) for the tree defined by pr0 (t0 )(u) =
pr0 (t0 (u)) for every u ∈ 2∗ , that is, we simply forget the second component
of every label.
Lemma 3.6. Let A be a parity tree automaton and t : 2∗ → A a tree over
the same alphabet. Then the following are equivalent:
C
(A) t ∈ L (A ) .
(B) There is a complement witness t0 for A such that pr0 (t0 ) = t.
q.e.d.
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Using more notation, we can state the above lemma very concisely. First,
we extend projection to tree languages, that is, given a tree language L over
some alphabet A × B, we write pr0 (L) for {pr0 (t) : t ∈ L}. Second, given
a parity tree automaton A , we write C (A ) for the set of all complement
witnesses for A . Then Lemma 3.6 simply states:
Remark 3.7. For every parity tree automaton A ,
C

L (A ) = pr0 (C (A )).
So, clearly, once we have a parity tree automaton for C (A ), we also
C
have a parity tree automaton for L (A ) , because we only need to omit the
second component from the letters in the transition function to obtain the
desired automaton.
It is not straightforward to find a parity tree automaton that recognizes
C (A ); it is much easier to show that C (A ) is recognized by a universal
parity tree automaton. Such an automaton is a tuple
A = (A, Q, qI , ∆, π)
where A, Q, qI , and π are as with parity tree automata and ∆ ⊆ Q × A ×
2 × Q. Let t : 2∗ → A be a tree over A. A word r ∈ Qω is said to be a
run for branch u ∈ 2ω if (r(i), t(u[0, i)), u(i), r(i + 1)) ∈ ∆ for every i and
r(0) = qI . A tree is accepted if every r ∈ Qω which is a run for some branch
satisfies the parity acceptance condition.
We can now rephrase Lemma 3.6 in terms of the new automaton model.
We can express the complement of a tree language recognized by a parity
tree automaton as the projection of a tree language recognized by a universal
parity tree automaton. The latter is defined in Figure 14. Observe that the
runs for the branches in this automaton correspond to the words τ0 τ1 . . . in
the definition of complement witness.
We immediately obtain:
Remark 3.8. For every parity tree automaton A ,
C (A ) = L (A cw ).
To complete the description of the complementation procedure, we need
to explain how a universal parity tree automaton can be converted into a
parity tree automaton. One option for such a construction is depicted in
Figure 16. It uses McNaughton’s Theorem, namely that every nondeterministic Büchi automaton can be turned into a deterministic parity automaton.
The idea is that the tree automaton follows all runs of a given branch at
the same time by running a deterministic word automaton in parallel.
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Let A be a parity tree automaton. The universal parity tree
automaton A cw is defined by
A cw = (A × 2∆ , Q, qI , ∆0 , π + 1)
where (q, (a, f ), d, q 0 ) ∈ ∆0 if there exists τ = (q, a, q0 , q1 ) ∈
∆ such that f (τ ) = d and qd = q 0 , and where π + 1 stands
for the priority function π 0 defined by π 0 (q) = π(q) + 1.

Figure 14. Universal parity tree automaton for complement witnesses
Let Q be a finite set of states and π : Q → ω a priority function. Let Q
be the alphabet consisting of all binary relations over Q. Then every word
u ∈ Q ω generates a set of infinite words v ∈ Qω , denoted hui, defined by
hui = {v ∈ Qω : ∀i((v(i), v(i + 1)) ∈ u(i))},
and called the set of paths through u, because one can think of hui as the
set of all infinite paths through the graph which is obtained by “collating” u(0), u(1), . . . . We are interested in a deterministic parity automaton
A [Q, π] which checks that all paths through a given u satisfy the given parity condition, that is, which has the following property. For every u ∈ Q ω ,
u ∈ L (A [Q, π])

iff

∀v(v ∈ hui → valπ (v) mod 2 = 0).

(1.1)

Using Theorem 2.14, such an automaton, which we call a generic automaton
for Q and π, can easily be constructed, as can be seen from Figure 15.
Observe that, by construction,
u ∈ L (C )

iff

∃v(v ∈ hui ∧ valπ (v) mod 2 = 1),

for every u ∈ Q ω . We conclude:
Remark 3.9. Let Q be a finite state set and π : Q → ω a priority function.
Then 1.1 holds for every u ∈ Q ω .
Given the generic automaton, it is now easy to convert universal tree
automata into nondeterministic ones: One only needs to run the generic
automaton on all paths. This is explained in detail in Figure 16.
Lemma 3.10. Let A be a universal parity tree automaton. Then L (A ) =
L (A nd ).
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Let Q be a finite set of states and π : Q → ω a priority
function. Consider the parity word automaton
B = (Q, Q, QI , ∆, π + 1)
where ∆ = {(q, R, q 0 ) : (q, q 0 ) ∈ R}. Let C be an equivalent
Büchi automaton (Figure 7) and D a deterministic parity automaton equivalent to C (Figure 9). The automaton A [Q, π]
is defined by
A [Q, π] = (Q, QD , qID , δ D , π + 1).

Figure 15. Generic automaton for state set and priority function
Proof. For convenience, we write B for A [QA , π A ].
First observe that for every t : 2∗ → A there is exactly one run of A nd
on t. This is because ∆ is such that for every s ∈ S and a ∈ A, there is
exactly one transition in ∆ of the form (s, a, s0 , s1 ). For a given t, let rt
denote this run. So in order to determine whether a tree is accepted by
A nd , we only need to determine whether rt is accepting. To this end, we
consider a branch w ∈ 2ω of this tree.
By construction of A nd , the labeling of w in rt is the run of B on
u = R0u R1u . . . where Riu = Rt(w[0,i)),w(i) . So hui is the set of runs of A
on branch w. In view of Remark 3.9, this implies that w is accepting as a
branch of rt if and only if all runs of A on w are accepting. From this, the
claim of the lemma follows immediately.
q.e.d.
This was also the last missing piece in the construction from a given
parity tree automaton to a parity tree automaton for its complement:
Lemma 3.11 (Rabin, [Rab69]). There is an effective procedure that turns
a given parity tree automaton A into a parity tree automaton A C that
recognizes the complement of the language recognized by A .
q.e.d.
3.4 Notes
Rabin’s Theorem is important from a mathematical (logical) point of view
because it is a very strong decidability result and can as such be used to
show the decidability of many theories, see, for instance, Rabin’s original
paper [Rab69] and the book [BGG97]. A very specific question to ask is
how one can prove that the monadic second-order (or first-order) theory
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Let A be a universal parity tree automaton and assume
that the generic automaton for QA and π A is given as
A [QA , π A ] = (Q A , S, sI , δ, π). The parity tree automaton
A nd is defined by
A nd = (A, S, sI , ∆, π)
where for every a ∈ A and s ∈ S,
τs,a = (s, a, δ(s, Ra,0 ), δ(s, Ra,1 ))
with Ra,d = {(q, q 0 ) : (q, a, d, q 0 ) ∈ ∆A } for d < 2 and
∆ = {τs,a : a ∈ A ∧ s ∈ S}.

Figure 16. From universal to nondeterministic parity tree automata

of a certain structure is decidable using the fact that it is decidable for
the binary tree. There is a wide spectrum of techniques that have been
developed to this end and are explained in detail in [BCL], see also [Cau].
It may seem that the results proved for S1S and automata on infinite
words extend to S2S and automata on infinite trees in a straightforward
fashion. This is true in many respects, but there are important differences.
Most importantly, it is neither true that every tree language recognized by
a parity tree automaton can be recognized by a Büchi tree automaton nor is
it true that WS2S is equally expressive as S2S. There is, however, an interesting connection between Büchi tree automata and WS2S: a set of trees is
definable in WS2S if and only if it is recognized by a Büchi tree automaton
and its complement is so, too, which was proved by Rabin [Rab70]. Moreover, being definable in WS2S is equivalent to being recognized by a weak
alternating tree automaton [KV99]. It is true though that every S2S formula is equivalent to an existential S2S formula. Also note that the second
formula given as example at the beginning of this section is one which cannot be recognized by a Büchi tree automaton, let alone specified in WS2S.
Another noticeable difference between automata on infinite words and automata on infinite trees is that unambiguous tree automata are weaker than
nondeterministic ones, which is a result due to Niwiński and Walukiewicz
[NW]. Its proof was recently simplified considerably by Carayol and Löding
[CL07].
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The most complicated automata-theoretic building block of our proof
of Rabin’s theorem is McNaughton’s Theorem, the determinization of word
automata. It is not clear to which extent McNaughton’s Theorem is necessary for the proof of Rabin’s Theorem. The proof presented here is based
on a translation in the sense that for every S2S formula ϕ we construct
an automaton A such that L (A ) = L (ϕ) and it makes full use of a
determinization construction. There are other proofs, such as the one by
Kupferman and Vardi [KV05], which do not rely on the entire construction
but only on the fact that there are determinization constructions with a
certain bound on the number of states. These constructions, however, yield
a slightly weaker result in the sense that they only reduce S2S satisfiability
to tree automaton emptiness. In the proof presented here, determinization
is used to turn a universal automaton into a nondeterministic one, which
could be called a de-universalization construction. It would be interesting
to see if one can also go in the reverse direction, that is, whether there is
a determinization construction which can be built on a de-universalization
construction.
At the end of the previous section, we mentioned that topological questions are interesting in the context of infinite words and automata on infinite
words. This is even more true for infinite trees, see [ADNM].

4

Linear-Time Temporal Logic

Although originally introduced in this context, S1S and WS1S have only
very rarely been used to specify properties of (finite-state) devices (see
[HJJ+ 95] for a noticeable exception). For S2S, this is even more true; it
has almost always been used to obtain decidability for logical theories as
pointed out in Section 3. But the ever-increasing number of real computational devices and large-scale production lines of such devices has called
for appropriate specification logics. In this section, we consider a logic that
was introduced in this regard and show how it can be dealt with using automata theory, in particular, we show how specifically tailored automata can
be used to obtain optimal upper bounds for problems such as satisfiability,
conformance—in this context called model checking—, and realizability.
4.1

LTL and S1S

Linear-time temporal logic (LTL) is a modal logic designed to specify temporal relations between events occurring over time, designed by Kamp [Kam68]
to formally describe temporal relationships expressible in natural language
and introduced into computer science by Pnueli [Pnu77] (see also the work
by Burstall [Bur74] and Kröger [Krö77]) as an appropriate specification language for systems with nonterminating computations. Nowadays, LTL is
widely spread and used in practice.
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From a syntactic point of view LTL is propositional logic augmented by
temporal operators. LTL formulas are built from tt and propositional variables using negation (¬), disjunction (∨), and the binary temporal operator
XU called “strict until” and used in infix notation. For instance, when p is
a propositional variable, then ¬p ∧ tt XU p is an LTL formula. When P is a
finite set of propositional variables and ϕ an LTL formula with propositional
variables from P , then ϕ is called a formula over P .
LTL formulas are typically interpreted in infinite words, more precisely,
given a finite set P of propositional variables, an LTL formula ϕ over P , a
word u ∈ (2P )ω , and i ≥ 0, it is defined what it means that ϕ holds in u at
position i, denoted u, i |= ϕ:
• u, i |= tt,
• u, i |= p if p ∈ u(i), for every p ∈ P ,
• u, i |= ¬ϕ if u, i 6|= ϕ, for every LTL formula ϕ over P ,
• u, i |= ϕ ∨ ψ if u, i |= ϕ or u, i |= ψ, for LTL formulas ϕ and ψ over P ,

and
• u, i |= ϕ XU ψ if there exists j > i such that u, j |= ψ and u, i0 |= ϕ for

all i0 such that i < i0 < j.
So ϕ XU ψ means that the formula ϕ holds true in the future until a point is
reached where ψ holds true. For a word u as above and an LTL formula ϕ
we say that ϕ holds in u, denoted u |= ϕ, if u, 0 |= ϕ. The language defined
by ϕ is L (ϕ) = {u ∈ (2P )ω : u |= ϕ}, where, for convenience, we do not
refer to P in the notation.
Clearly, there are many more basic temporal relations than just “until”.
So, often, other temporal operators are used:
• “next” is denoted X and defined by Xϕ = ¬tt XU ϕ,
• “sometime in the future” is denoted XF and defined by XFϕ = ttXUϕ,

and
• “always in the future” is denoted XG and defined by XGϕ = ¬XF¬ϕ.

In many situations, it is convenient to include the current point in time,
which leads to defining F by Fϕ = ϕ ∨ XFϕ and, similarly, G by Gϕ = ¬F¬ϕ
as well as U by ϕ U ψ = ψ ∨ (ϕ ∧ ϕ XU ψ).
It is remarkable that Kamp in his 1968 thesis [Kam68] proved that every
temporal relation expressible in natural (English) language can be expressed
in linear-time temporal logic as defined above. As a yardstick for what is
expressible in natural language he used first-order logic, considering formula

Automata: From Logics to Algorithms

693

with one free variable. To be precise, to obtain his result Kamp also had
to add a past version of until, called since. That until by itself is enough to
express everything expressible in first-order logic when only sentences are
considered was proved by Gabbay, Pnueli, Shelah, and Stavi [GPSS80].
A typical LTL formula is
G(pr → XFpa )
which expresses that for every occurrence of pr there is a later occurrence
of pa , or, simply, every “request” is followed by an “acknowledge”.
Another, more complicated, example is a formula expressing that competing requests are served in order. We assume that r0 and r1 are propositional variables indicating the occurrence of requests and a0 and a1 are
matching propositional variables indicating the occurrence of acknowledgments. We want to specify that whenever an r0 request occurs while no r1
request is pending, then a1 does not occur before the next occurrence of a0 .
We first specify that starting from an r0 request there is an a1 acknowledgment before an a0 acknowledgment:
α = r0 ∧ (¬a0 XU (a1 ∧ ¬a0 )).
Next, we observe that there are two different types of situations where
an r0 request can occur while no r1 request is pending. The first type
of situation is when there has been no r1 request before the r0 request in
question. The second type is when a1 occurred before the r0 request in
question and in between there has been no r1 request. For each type of
situation, we have a separate disjunct in our formula:
¬(¬r1 U (¬r1 ∧ α)) ∨ ¬F(a1 ∧ ¬r1 U (¬r1 ∧ α)).
Clearly, in the context of LTL all the algorithmic problems discussed for
S1S—satisfiability, conformance (model checking), and realizability—can be
discussed. For instance, we can ask whether a given formula ϕ over P is
satisfiable in the sense that there exists a word u ∈ (2P )ω such that u |= ϕ
or, given ϕ and a finite-state automaton D over 2P , we can ask whether
u |= ϕ for all u ∈ L (D).
We can show in just one step that all these problems are decidable,
namely by showing that every LTL formula is equivalent to an S1S formula;
the results from Section 2 then apply. Unfortunately, the decision procedures that one obtains in this way have a nonelementary complexity. We
can do better by using specifically tailored automata-theoretic constructions. We first present, however, the translation into S1S and then only
turn to better decision procedures.
We start by defining the notion of equivalence we use to express the correctness of our translation. Let P = {p0 , . . . , pr−1 } be a set of propositional
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variables. Rather than interpreting LTL formulas over P in words over 2P ,
we interpret them in words over [2]r , where we think of every letter a ∈ 2P
as the letter b ∈ [2]r with b[j] = 1 iff pj ∈ a for every j < r. We say that an
S1S formula ψ = ψ(V0 , . . . , Vr−1 ) is equivalent to an LTL formula ϕ over P
if for every u ∈ [2]ω
r the following holds: u |= ϕ iff u |= ψ.
In the proposition below, we make a stronger statement, and this involves
the notion of global equivalence, which is explained next. Given a word
u ∈ [2]ω
r , a position i, and an S1S formula ψ = ψ(V0 , . . . , Vr−1 , x) where
x is a first-order variable, we write u, i |= ψ if ψ holds true when the set
variables are assigned values according to u and x is assigned i. We say
that ψ is globally equivalent to an LTL formula ϕ over P if the following
holds: u, i |= ϕ iff u, i |= ψ for every u ∈ [2]ω
r and every i.
Proposition 4.1. Let P = {p0 , . . . , pr−1 } be a finite set of propositional
variables and x a first-order variable. For every LTL formula ϕ over P a
globally equivalent S1S formula ϕ̃ = ϕ(V0 , . . . , Vr−1 , x) can be constructed.
Observe that ∃x(∀y¬suc(y, x) ∧ ϕ̃) will be equivalent to ϕ.
Proof. A proof can be carried out by a straightforward induction on the
structure of ϕ. When ϕ = tt, we choose ϕ̃ = (x = x), and when ϕ = pj , we
take ϕ̃ = x ∈ Vj .
In the inductive step, we distinguish various cases. When ϕ = ¬ψ, we
can choose ϕ̃ = ¬ψ̃. Similarly, when ϕ = ψ ∨ χ, we can choose ϕ̃ = ψ̃ ∨ χ̃.
Finally, assume ϕ = ψ XU χ. Then we choose
ϕ̃ = ∃z(x < z ∧ χ̃(V0 , . . . , Vr−1 , z) ∧ ∀y(x < y < z → ψ̃(V0 , . . . , Vr−1 , y))),
which simply reflects the semantics of XU.

q.e.d.

Observe that the above proof even shows that every formula is equivalent
to a first-order formula (without set quantification but with ordering), and
a slightly more careful proof would show that three first-order variables
are sufficient [IK89]. Kamp’s seminal result [Kam68] is the converse of the
above proposition when first-order logic with ordering is considered instead
of S1S.
As a consequence of Proposition 4.1, we can state:
Corollary 4.2. LTL satisfiability, model-checking, and realizability are decidable.
This result is not very satisfying, because in view of [SM73, Sto74] the
decision procedures obtained in this way have nonelementary complexity.
As it turns out, it is much better to translate LTL directly into Büchi
automata and carry out the same constructions we have seen for S1S all
over again. The key is a good translation from LTL into Büchi automata.
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4.2 From LTL to Büchi Automata
Vardi and Wolper [VW86a, VW94] were the first to describe and advocate a
separate translation from LTL into Büchi automata, resulting in essentially
optimal bounds for the problems dealt with in Section 2. These bounds
were originally achieved by Sistla and Clarke [SC82, SC85], for satisfiability
and model checking, and by Pnueli and Rosner [PR89], for realizability.
There are several ways of translating LTL into Büchi automata. We
present two translations, a classical and a modern translation: the first one
goes from an LTL formula via a generalized Büchi automaton to an ordinary Büchi automaton, while the second one goes via very weak alternating
automata.
Both of the constructions we are going to present are based on formulas
in positive normal form, which we define next. The operator “release”,
denoted XR, is defined by ϕ XR ψ = ¬(¬ϕ XU ¬ψ). In a certain sense, ϕ XR ψ
expresses that the requirement of ψ to hold is released by the occurrence of
ϕ. LTL formulas in positive normal form are built starting from tt, ff, p,
and ¬p using ∨, ∧, XU, and XR, that is, negations are only allowed to occur
right in front of propositional variables.
The following identities show that every LTL formula can be transformed
into an equivalent LTL formula in positive normal form which is not longer
than the given one.
Lemma 4.3. For LTL formulas ϕ and ψ over a finite set P of propositional
variables, u ∈ (2P )ω , and i ≥ 0, the following holds:
u, i |= ¬tt

iff

u, i |= ff,

u, i |= ¬¬ϕ

iff

u, i |= ϕ,

u, i |= ¬(ϕ ∨ ψ)

iff

u, i |= ¬ϕ ∧ ¬ψ,

u, i |= ¬(ϕ XU ψ)

iff

u, i |= ¬ϕ XR ¬ψ.

Proof. A proof can be carried out in a straightforward fashion, using the
definition of the semantics of LTL.
q.e.d.
As mentioned above, the other ingredient for our translation are generalized Büchi automata, introduced in [GPVW95]. Such an automaton is a
tuple
A = (A, Q, QI , ∆, F )
where the first four components are as with ordinary Büchi automata, the
only difference is in the last component: F is a set of subsets of Q, each
called an acceptance set of A . A run r is accepting if for every acceptance set
F ∈ F there exist infinitely many i such that r(i) ∈ F . So generalized Büchi
automata can express conjunctions of acceptance conditions in a simple way.
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The essential idea for constructing a generalized Büchi automaton equivalent to a given LTL formula is as follows. As the automaton reads a given
word it guesses which subformulas are true. At the same time it verifies
its guesses. This is straightforward for almost all types of subformulas, for
instance, when the automaton guesses that ¬p is true, it simply needs to
check that p ∈
/ a if a is the current symbol read. The only subformulas that
are difficult to handle are XU-subformulas, that is, subformulas of the form
ψ XU χ. Checking that such a subformula is true cannot be done directly
or in the next position in general because the “satisfaction point” for an
XU-formula—the position where χ becomes true—can be in the far future.
Of course, by keeping ψ XU χ in the state the automaton can remember
the obligation to eventually reach a satisfaction point, but the acceptance
condition is the only feature of the automaton which can be used to really
check that reaching the satisfaction point is not deferred forever.
The complete construction is described in Figure 17; it uses sub(ϕ) to
denote the set of all subformulas of a formula ϕ including ϕ itself. Note that
for every XU-subformula ψ XU χ there is a separate acceptance set, which
contains all states which do not have an obligation for eventually satisfying
this subformula or satisfy it in the sense that χ is an obligation too.
Theorem 4.4 (Gerth-Peled-Vardi-Wolper, [GPVW95]). Let P be a finite
set of propositional variables and ϕ an LTL formula over P with n subformulas and k XU-subformulas. Then A [ϕ] is a generalized Büchi automaton
with 2n states and k acceptance sets such that L (A [ϕ]) = L (ϕ).
Proof. We first show L (A [ϕ]) ⊆ L (ϕ). Let u ∈ L (A [ϕ]) and let r be an
accepting run of A [ϕ] on u. We claim that for every i, if ψ ∈ r(i), then
u, i |= ψ. The proof is by induction on the structure of ψ. If ψ = tt, ψ = ff,
ψ = p, or ψ = ¬p, then this follows directly from (i) or (ii). If ψ = χ ∨ ζ, the
claim follows from the induction hypothesis and (iii). Similarly, the claim
holds for a conjunction.
Assume ψ = χ XR ζ. Then (vi) tells us that
(a) χ XR ζ, ζ ∈ r(j) for every j > i or
(b) there exists j ≥ i such that χ XR ζ, ζ ∈ r(i0 ) for i0 with i < i0 < j and
χ, ζ ∈ r(j).
From the induction hypothesis and (a), we can conclude that we have
u, i0 |= ζ for all i0 > i, which means u, i |= ψ. Similarly, from the induction hypothesis and (b), we can conclude that we have u, i0 |= ζ for all
i0 such that i < i0 ≤ j and u, j |= χ, which implies u, i |= ψ, too.
Finally, assume ψ = χ XU ζ. From (v), we obtain that
(a) χ XU ζ ∈ r(j) for all j > i or
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Let P be a finite set of propositional variables and ϕ an LTL
formula over P in positive normal form. The generalized
Büchi automaton for ϕ with respect to P , denoted A [ϕ], is
defined by
A [ϕ] = (2P , 2sub(ϕ) , QI , ∆, F )
where a triple (Ψ, a, Ψ0 ) with Ψ, Ψ0 ⊆ sub(ϕ) and a ∈ 2P
belongs to ∆ if the following conditions are satisfied:
(i) ff ∈
/ Ψ,
(ii) p ∈ Ψ iff p ∈ a, for every p ∈ P ,
(iii) if ψ ∨ χ ∈ Ψ, then ψ ∈ Ψ or χ ∈ Ψ,
(iv) if ψ ∧ χ ∈ Ψ, then ψ ∈ Ψ and χ ∈ Ψ,
(v) if ψ XU χ ∈ Ψ, then χ ∈ Ψ0 or {ψ, ψ XU χ} ⊆ Ψ0 ,
(vi) if ψ XR χ, then {ψ, χ} ⊆ Ψ0 or {χ, ψ XR χ} ⊆ Ψ0 ,
and where
QI = {Ψ ⊆ sub(ϕ) : ϕ ∈ Ψ},
F = {FψXUχ : ψ XU χ ∈ sub(ϕ)},
with FψXUχ defined by
FψXUχ = {Ψ ⊆ sub(ϕ) : χ ∈ sub(ϕ) or ψ XU χ ∈
/ Ψ}.

Figure 17. From LTL to generalized Büchi automata
(b) there exists j such that χ XU ζ ∈ r(i0 ) for all i0 with i < i0 < j and
ζ ∈ r(j).
Just as with XR, we obtain u, i |= ψ from the induction hypothesis and
(b). So we only need to show that if (a) occurs, we also have (b). Since
r is accepting, there is some Ψ ∈ FχXUζ such that r(j) = Ψ for infinitely
many j. Assuming (a), we can can conclude ζ ∈ Ψ, which, by induction
hypothesis, means we also have (b).
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For the other inclusion, L (ϕ) ⊆ L (A [ϕ]), we simply show that for a
given u such that u |= ϕ the word r defined by r(i) = {ψ ∈ sub(ϕ) : u, i |= ψ}
is an accepting run of A [ϕ] on u. To this end, we need to show that
(a) r starts with an initial state,
(b) (r(i), u(i), r(i + 1)) ∈ ∆ for all i, and
(c) r(i) ∈ FψXUχ for infinitely many i, for every formula ψ XU χ ∈ sub(ϕ).
That (a) is true follows from the assumption u |= ϕ. Condition (b) is
true simply because of the semantics of LTL. To see that (c) is true, let
ψ XU χ ∈ sub(ϕ). We distinguish two cases. First, assume there exists i
such that u, j 6|= χ for all j > i. Then u, j 6|= ψ XU χ for all j ≥ i, hence
r(j) ∈ FψXUχ for all j ≥ i, which is enough. Second, assume there are
infinitely many i such that u, i |= χ. Then χ ∈ r(i) for the same values of i,
which is enough, too.
q.e.d.
Generalized Büchi automata can be converted into equivalent Büchi automata in a straightforward fashion. The idea is to check that every acceptance set is visited infinitely often by visiting these sets one after the
other, in a fixed order, and repeating this process over and over again. In
Figure 18, a respective construction is described. The second component
of the state space is a counter which is used to keep track of the acceptance set to be visited next. When this counter reaches its maximum, every
acceptance set has been visited once, and it can be reset.
Remark 4.5. Let A be a generalized Büchi automaton with n states and
k acceptance sets. Then A BA is an equivalent Büchi automaton with at
most (k + 1)n states.
Corollary 4.6 (Vardi-Wolper, [VW86a, VW94]). There exists an effective
procedure that given an LTL formula ϕ with n states and k XU-subformulas
outputs a Büchi automaton A with at most (k + 1)2n states such that
L (A ) = L (ϕ).
4.3 From LTL to Alternating Automata
The above translation from LTL into Büchi automata serves our purposes
perfectly. We can use it to derive all the desired results about the complexity
of the problems we are interested in, satisfiability, model checking, and
realizability, as will be shown in the next subsection. There is, however, a
translation using alternating automata, which is interesting in its own right.
The motivation behind considering such a translation is to pass from the
logical framework to the automata-theoretic framework in an as simple as
possible fashion (to be able to apply powerful automata-theoretic tools as
early as possible).
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Let A be a generalized Büchi automaton with F =
{F0 , . . . , Fk−1 }. The Büchi automaton A BA is defined by
A BA = (A, Q × {0, . . . , k}, QI , ∆0 , Q × {k})
where ∆0 contains for every (q, a, q 0 ) ∈ ∆ the following transitions:
• ((q, k), a, (q 0 , 0)),
• ((q, i), a, (q 0 , i)) for every i < k,
• ((q, i), a, (q 0 , i + 1)) for every i < k such that q 0 ∈ Fi .

Figure 18. From generalized Büchi to ordinary Büchi automata
Alternating automata are provided with a feature to spawn several copies
of themselves while running over a word. Formally, an alternating Büchi
automaton is a tuple
A = (P, Q, qI , δ, F )
where P , Q, and qI are as usual, F is a Büchi acceptance condition, and δ is
a function which assigns to each state q a transition condition, where every
transition condition δ(q) is a positive boolean combination of formulas of
the type p and ¬p, for p ∈ P , and #q, for q ∈ Q. More precisely, the set of
transition conditions over P and Q, denoted TC(P, Q), is the smallest set
such that
(i) tt, ff ∈ TC(P, Q),
(ii) p, ¬p ∈ TC(P, Q) for every p ∈ P ,
(iii) #q ∈ TC(P, Q) for every q ∈ Q,

(iv) γ ∧ γ 0 , γ ∨ γ 0 ∈ TC(P, Q) for γ, γ 0 ∈ TC(P, Q).

A run of such an automaton on a word u ∈ (2P )ω is a tree R labeled with
elements from (Q ∪ TC(P, Q)) × ω such that lR (root(R)) = (qI , 0) and the
following conditions are satisfied for every v ∈ V R , assuming lR (v) = (γ, i):
(i) γ 6= ff,
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The automaton has states qI , q0 , q1 , . . . , q10 where q0 is the
only final state and the transition function δ is defined by
• δ(qI ) = #qI ∨ #q0 ,

• δ(q0 ) = #q0 ∧ ((p ∧ #q1 ) ∨ ¬p),

• δ(qi ) = #qi+1 for all i such that 0 < i < 10,
• δ(q10 ) = p.

Figure 19. Example for an alternating automaton
(ii) if γ = p for some p ∈ P , then p ∈ u(i),
(iii) if γ = ¬p for some p ∈ P , then p ∈
/ u(i).
(iv) if γ = q, then v has a successor v 0 such that lR (v 0 ) = (δ(q), i),
(v) if γ = #q 0 , then v has a successor v 0 such that lR (v 0 ) = (q 0 , i + 1),

(vi) if γ = γ0 ∧γ1 , then v has successors v0 and v1 such that lR (vj ) = (γj , i)
for j < 2,
(vii) if γ = γ0 ∨ γ1 , then there exists j < 2 such that v has a successor v 0
with lR (v 0 ) = (γj , i).
An infinite branch b of R is accepting if there are infinitely many i such that
lR (b(i)) ∈ F × ω, in other words, there are infinitely many vertices with a
final state in the first component of their labeling. The run is accepting if
every infinite branch of it is accepting.
As a simple example, consider the language L10 over 2P where P = {p}
which contains all words u satisfying the following condition: There exists
some number i such that p ∈ u(j + 10) for all j ≥ i with p ∈ u(j). If
we wanted to construct a nondeterministic automaton for this language, we
could not do with less than 1000 states, but there is a small alternating automaton that recognizes this language. It simply guesses the right positions
i and for each such position it spawns off a copy of itself checking that after
10 further steps p holds true again. The details are given in Figure 19.
It is (vi) from above which forces the tree to become a real tree, that is,
it requires that a vertex has two successors (unless γ0 = γ1 ). So this is the
condition that makes the automaton alternating: For a run to be accepting,
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Let ϕ be an LTL formula in positive normal form over P and
Q the set which contains for each ψ ∈ sub(ϕ) an element
denoted [ψ]. The automaton A alt [A] is defined by
A alt [ϕ] = (P, Q, [ϕ], δ, F )
where
δ([tt]) = tt,
δ([p]) = p,
δ([ψ ∨ χ]) = δ([ϕ]) ∨ δ([ψ]),

δ([ff]) = ff,
δ([¬p]) = ¬p,
δ([ψ ∧ χ]) = δ([ϕ]) ∧ δ([ψ]),

δ([ψ XU χ]) = #[χ] ∨ (#[ψ] ∧ #[ψ XU χ]),
δ([ψ XR χ]) = #[ψ] ∧ (#[ψ] ∨ #[ψ XR χ]),

and F contains all the elements [ψ] ∈ Q where ψ is not a
XU-formula.

Figure 20. From an LTL formula to an alternating automaton
both alternatives have to be pursued. We can think of the automaton as
splitting into two copies.
The translation from LTL to alternating Büchi automata, given in Figure 20, is straightforward as it simply models the semantics of LTL. It exploits the fact that ψXUχ and ψXRχ are equivalent to Xχ∨(Xψ∧X(ψXUχ))
and Xχ ∧ (Xψ ∨ X(ψ XR χ)), respectively. Note that we use the notation
[ψ] to distinguish subformulas of ϕ from transition conditions (p0 ∧ p1 is
different from [p0 ∧ p1 ]).
The transition function of A alt [ϕ] has an interesting property, which we
want to discuss in detail. Let ≤ be any linear ordering which extends the
partial order on Q defined by [ψ] ≤ [χ] if ψ ∈ sub(χ). For every ψ ∈ sub(ϕ)
and every [χ] occurring in δ([ψ]), we have [χ] ≤ [ψ]. Following Gastin and
Oddoux [GO01], we call an automaton satisfying this property a very weak
alternating automaton.
The transition function of A alt [ϕ] has an even stronger structural property, which we explain next. For a given symbol a ∈ 2P , a transition
condition γ, a state q ∈ Q, and a set Q0 ⊆ Q, we define what it means
that Q0 is an a-successor of q with respect to γ, denoted q →a,γ Q0 . This is
defined inductively:
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• q →a,tt ∅,
• q →a,p ∅ if p ∈ a, and, similarly, q →a,¬p ∅ if p ∈
/ a,
0

• q →a,#q {q 0 },
• q →a,γ0 ∨γ1 Q0 if q →a,γ0 Q0 or q →a,γ1 Q0 ,
• q →a,γ0 ∧γ1 Q0 if there exists Q0 , Q1 ⊆ Q such that Q0 = Q0 ∪ Q1 ,

q →a,γ0 Q0 , and q →a,γ1 Q1 .
Note that q →a,γ Q0 has a natural interpretation in terms of runs. If a
vertex v of a run is labeled (q, i) and Q0 is the set of all states q 0 such that
(q 0 , i+1) is a label of a descendant of v, then q →a,γ Q0 , provided, of course,
that the run is minimal, which we can and will henceforth assume without
loss of generality.
We use q →a Q0 as an abbreviation for q →a,δ(q) Q0 . We say a state q is
persistent if there exists Q0 such that q ∈ Q0 and q →a Q0 for some letter a.
Using the new notation, we can give an equivalent definition of being a
very weak alternating automaton. It simply means that there exists a linear
ordering ≤ on the states of the automaton such that if q →a Q0 , then q 0 ≤ q
for all q 0 ∈ Q0 .
The automaton A alt [ϕ] has the following property. For every persistent
state q there exists a state q 0 such that
(i) q →a {q 0 } for every letter a and
(ii) whenever q →a Q0 , then either q ∈ Q0 or Q0 = {q 0 }.
(Every q ∈
/ F is of the form [ψ XU χ], which means that we can choose
q 0 = [χ].) We call very weak alternating automata that have this property
ultra weak alternating automata and a state as q 0 above a discharging state
for q and denote it by q d .
Lemma 4.7. Let ϕ be an LTL formula with n subformulas. Then A alt [ϕ] is
an ultra weak alternating automaton with n states such that L (A alt [ϕ]) =
L (ϕ).
Proof. We only need to prove its correctness, which we do by an induction
on the structure of ϕ. We start with a simple observation. Let R be
an accepting run of A alt [ϕ] on u and v ∈ V R labeled ([ψ], i) for some
ψ ∈ sub(ϕ). Then R↓v can be turned into an accepting run of A alt [ψ]
on u[i, ∗) by changing each second component j of a vertex label by j − i.
Clearly, for this to be true R needs to be minimal (see above).
For the induction base, first assume ϕ = tt or ϕ = ff. There is nothing
to show. Second, assume ϕ = p. Suppose u |= ϕ. Then p ∈ u(0), that is,
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the two-vertex tree where the root is labeled ([p], 0) and its only successor
is labeled (p, 0) is an accepting run of A alt [ϕ] on u. Conversely, if R is a
(minimal) run of A alt [ϕ] on u, then R has two vertices labeled ([p], 0) and
(p, 0), respectively. This implies p ∈ u(0), which, in turn, implies u |= ϕ.
An analogous argument applies to ¬p.
In the inductive step, first assume ϕ = ψ0 ∧ ψ1 . If there exists an
accepting run R of A alt [ϕ] on u, then, because of δ([ϕ]) = δ([ψ0 ]) ∧ δ([ψ1 ]),
the root has successors v0 and v1 such that lR (vi ) = (δ([ψi ]), 0). For every
i, we can turn R↓vi into an accepting run Ri of A alt [ψi ] on u by adding a
new root labeled ([ψi ], 0). By induction hypothesis, we obtain u |= ψi for
every i, hence u |= ϕ. Conversely, assume u |= ϕ. Then u |= ψi for i < 2,
and, by induction hypothesis, there exist accepting runs Ri of A alt [ψi ] on
u for i < 2. These runs can be turned into an accepting run of A alt [ϕ]
on u by simply making their vertex sets disjoint, removing their roots, and
adding a new common root labeled ([ϕ], 0).
A similar argument applies to formulas of the form ψ0 ∨ ψ1 .
Next, assume ϕ = ψ XU χ. Suppose R is an accepting run of A alt [ϕ]
on u and let v0 be the root of this run. Also, let ui = u[i, ∗) for every
i. Then, by definition of accepting run, lR (v0 ) = ([ψ XU χ], 0). From the
definition of the transition function we can conclude that v0 has a successor,
say v1 , which is labeled by (#[χ]∨(#[ψ]∧#[ψXUχ]), 0), which, in turn, has a
successor, say v2 , which is labeled by either (#[χ], 0) or (#[ψ]∧#[ψXUχ], 0).
In the first case, there is a further successor labeled ([χ], 1) and we obtain
u1 |= χ from the induction hypothesis, hence, u |= ϕ. In the second case,
we know there exist successors v3 and v30 of v2 labeled (#[ψ XU χ], 0) and
(#[ψ], 0), respectively, which themselves have successors v4 and v40 labeled
([ψ XU χ], 1) and ([ψ], 1), respectively. By induction hypothesis, we obtain
u1 |= ψ. Applying the same arguments as before, we find that either there
is a vertex labeled ([χ], 2) or there are vertices v8 and v80 labeled [(ψ XU
χ, 2)] and ([ψ], 2), respectively. In the first case, we get u |= ϕ because
we also know u1 |= ψ, whereas in the second case we can again apply the
same arguments as before. Continuing in this fashion, we find that the
only case which remains is the one where we have an infinite sequence of
vertices v4 , v8 , v12 , . . . on the same branch and every vertex with label in
Q × ω is labeled ([ϕ], i), which means that this branch is not accepting—a
contradiction.
For the other direction, assume u |= ϕ and use the same notation as
before. Then there is some j > 0 such that uj |= χ and ui |= ψ for all i
with 0 < i < j. By induction hypothesis, there are accepting runs Ri for i
with 0 < i < j of A alt [ψ] on ui and an accepting run Rj of A alt [χ] on uj .
Assume that v1 , . . . , vj are the roots of these trees and assume that their sets
of vertices are pairwise disjoint. Then we can construct an accepting run R

704

M. Y. Vardi, Th. Wilke

for A alt [ϕ] on u as follows. The vertices of R are the vertices of the Rk ’s and,
0
00
in addition, the new vertices w0 , w00 , w000 , w0000 , ŵ0 , w1 , . . . , wj−1 , wj−1
, wj−1
.
The labeling is as follows:
• wi is labeled ([ϕ], i) for i < j,
• wi0 is labeled (#[χ] ∨ (#[ψ] ∧ #[ϕ]), i) for i < j,
• wi00 is labeled (#[ψ] ∧ #[ϕ], i) for i < j − 1,
• wi000 is labeled (#[ϕ], i) for i < j − 1,

• ŵi is labeled (#[ψ], i) for i < j − 1, and
• wj00 is labeled (#[χ], j − 1).

The tree R has all edges from the Rk ’s and, in addition,
00
0
vj is a path and
wj−1
• edges such that w0 w00 w000 w0000 . . . wj−1 wj−1

• edges (wi0 , ŵi ) and (ŵi , vi ) for every i < j.

This yields an accepting run of A alt [ϕ] on u.
Finally, XR can be dealt with in a similar fashion.

q.e.d.

It is not very difficult to translate alternating Büchi automata into
nondeterministic Büchi automata, as was shown by Miyano and Hayashi
[MH84], but it yields a worse upper bound compared to a translation from
ultra weak alternating automata to Büchi automata. This is why we present
the latter. Another advantage of this translation is that it can be simplified
by going through alternating generalized Büchi automata.
The main idea of the translation from ultra weak alternating automata to
(generalized) Büchi automata is to use a powerset construction to keep track
of the individual branches of an accepting run of the alternating automaton.
There are two technical problems that we face in the translation. First, we
need to take care of the vertices in the runs which are not labeled with a
state (but with a transition condition), and, second, we need to take care
of the acceptance condition. The first problem is similar to removing εtransitions and the second problem can be solved by using the fact that the
automata are ultra weak. The entire construction is described in Figure 21.
Lemma 4.8. Let A be an ultra weak alternating automaton with n states
and k final states. Then A gBA is an equivalent generalized Büchi automaton
with 2n states and k acceptance sets.
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Let A be an ultra weak alternating automaton over a finite set P of propositional variables. The generalized Büchi
automaton for A , denoted A gBA , is defined by
A gBA = (2P , 2Q , {qI }, ∆, F )
where
• the

transition relation ∆ contains a transition
(Q0 , a, Q00 ) if for every q ∈SQ0 there exists a set Qq
such that q →a,δ(q) Qq and q∈Q0 Qq ⊆ Q00 and

• the set F of acceptance sets contains for every q ∈
/F

the set Fq defined by {Q0 ⊆ Q : q d ∈ Q0 or q ∈
/ Q0 }.

Figure 21. From ultra weak to generalized Büchi automata

Proof. The claim about the number of states and the number of acceptance
sets is obvious. We only need to show that the translation is correct.
First, assume u ∈ L (A ). Then there is an accepting run R of A on
u (which we assume to be minimal again). We say a vertex v ∈ V R is a
state vertex if the first component of its label is a state. Let R 0 be the
tree which is obtained from R by “removing” the non-state vertices while
keeping their edges. Formally, R 0 is constructed inductively as follows. We
start with the root of R, which is a state vertex by definition. Then, once
we have a vertex v of R 0 , we add all state vertices v 0 of R as successors of
v to R 0 which can be reached from v in R via a path without state vertices
(not counting the first and last vertex).
The tree R 0 has the following property. When v is a vertex labeled (q, i)
and {v0 , . . . , vm−1 } is the set of its successors where vj is labeled (qj , ij ),
then q →u(i) {q0 , . . . , qm−1 } and ij = i + 1 for every j < m. This is because
the definition of →a,γ simply models the requirements of a run.
Using the above property of R 0 we can easily construct a run r of A gBA
on u as follows. We simply let r(i) be the set of all q such that there exists
a vertex v in R 0 labeled (q, i). By definition of A gBA , this is a run. What
remains to be shown is that r is an accepting run.
Assume q ∈
/ F and i is an arbitrary number. We have to show that
there exists j ≥ i such that r(j) ∈ Fq . If there is some j ≥ i such that
q∈
/ r(j), this is true. So assume that q ∈ r(j) for all j ≥ i. By construction
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of R 0 there exists a vertex v0 in R 0 which is labeled (q, i). If one of the
successors of v0 is labeled q d in the first component, then r(i + 1) ∈ Fq ,
which is enough. If, on the other hand, all successors are labeled distinct
from q d in their first component, then, since A is assumed to be ultra weak,
one of the successors, say v1 , is labeled q in the first component. We can
apply the same argument as before to v1 now. We find that r(i + 2) ∈ Fq
or we find a successor v2 of v1 with q in the first component of its label,
too. If we continue like this and we do not find r(j) such that r(j) ∈ Fq , we
obtain an infinite path v0 v1 . . . in R 0 where every vi is labeled q in the first
component. This path can be prefixed such it becomes a branch of R, and
this branch is not accepting—a contradiction to the assumption that R is
accepting.
For the other direction, assume u ∈ (2P )ω is accepted by A gBA and let r
be an accepting run of A gBA on u. For every i and every q ∈ r(i), let Qiq be
S
a set such that q →u(i),δ(q) Qiq for all q ∈ r(i) and {Qiq : q ∈ r(i)} ⊆ r(i).
By definition of A gBA , such sets exist. For some combinations of q and i
there might be several choices for Qiq . By convention, if q d ∈ r(i + 1), we
let Qiq = {q d }, which is a possible choice since A is assumed to be ultra
weak. Using these sets, we construct a tree R 0 from r inductively as follows.
We start with the root and label it (qI , 0). If we have a vertex v labeled
(q, i), we add a successor to v for every q 0 ∈ Qiq and label it (q 0 , i + 1). By
expanding R 0 according to the semantics of the transition conditions, we
obtain a tree R which is a run of A on u. It remains to be shown that this
run is accepting. Assume this is not the case. Then, because A is ultra
weak, there is a non-final state q, a branch v0 v1 . . . of R 0 , and a number
i such that the label of vj is (q, j) for all j ≥ i. This implies q ∈ Qiq for
all j ≥ i. Since r is accepting, we know that there exists j > i such that
q∈
/ r(j) or q d ∈ r(j). The first condition is an immediate contradiction. So
assume q d ∈ r(j) for some j > i. Since we have q ∈ r(j − 1), we also have
Qjq = {q d } by construction—a contradiction.
q.e.d.
Combining the previous lemma and Remark 4.5 yields an alternative
proof of Corollary 4.6. Very weak alternating automata are interesting for
another reason, too:
Theorem 4.9 (Rohde, [Roh97]). For every very weak alternating automaton A there exists an LTL formula ϕ such that L (ϕ) = L (A ).
This was also proved by Löding and Thomas [LT00] and a proof of it can
be found in [DG].
4.4 LTL Satisfiability, Model Checking, and Realizability
We can now return to the problems we are interested in, satisfiability, validity, model checking, and realizability.
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Theorem 4.10 (Clarke-Emerson-Sistla, [CES83]). LTL satisfiability is PSPACEcomplete.
Proof. Given an LTL formula ϕ over a set P of propositional variables,
we construct a Büchi automaton equivalent to ϕ and check this automaton for nonemptiness. Clearly, this procedure is correct. To determine its
complexity, we use the following simple fact from complexity theory.
(†) Let f : A∗ → B ∗ be a function computable in PSPACE and L ⊆ B ∗ a
problem solvable in nondeterministic logarithmic space. Then f −1 (P ) ∈
PSPACE.
When we apply (†) to the situation where f computes the above Büchi
automaton equivalent to ϕ and L is the problem whether a Büchi automaton
accepts some word, then we obtain that our problem is in PSPACE.
For the lower bound, we refer the reader to [CES83] or [Sch02].

q.e.d.

For model checking, the situation is essentially the same as with S1S.
When we are given a finite-state automaton D over the alphabet 2P for
some finite set of propositional variables and ϕ is an LTL formula over P ,
we write D |= ϕ if u |= ϕ for all u ∈ L (D). LTL model checking is the
problem, given D and ϕ, to determine whether D |= ϕ, that is, whether
L (D) ⊆ L (ϕ).
Theorem 4.11. (Sistla-Clarke-Lichtenstein-Pnueli, [SC85, LP85])
(i) LTL model checking is PSPACE-complete.
(ii) Given a formula ϕ with n subformulas and a finite-state automaton
D of size m, whether D |= ϕ holds can be checked in time 2O(n) m.
Proof. The same approach as in Section 2.1 yields the desired upper bounds.
Given a finite set of propositional variables P , a finite-state automaton D
over 2P , and an LTL formula over P , we first construct the product A × D
where A is a Büchi automaton equivalent to ¬ϕ. We have L (A × D) = ∅
if and only if D |= ϕ. So, to conclude, we apply an emptiness test.
The number of states of the product is at most (k + 1)2n · m where n is
the size of ϕ, k is the number of XU-formulas in ϕ (after transformation to
positive normal form), and m is the number of states of D. Using the same
complexity-theoretic argument as in the proof of Theorem 4.10, we obtain
part 1.
Part 2 follows from the fact that an emptiness test for a Büchi automaton
can be carried out in time linear in the size of the automaton.
For the lower bound, we refer the reader to [CES83].

q.e.d.
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Finally, we turn to realizability, which is defined as with S1S (see Section 2.4). An LTL realizability instance is an LTL formula over a set
P = {p0 , . . . , pm−1 , q0 , . . . , qn−1 } of propositional variables. Just as earlier in this section, we interpret such formulas in words over [2]m+n , which
means that a solution of such an instance is a function f : [2]+
m → [2]n satisfying the requirement known from the S1S setting, that is, ua v |= ϕ holds
ω
for every u ∈ [2]ω
m and v ∈ [2]n defined by v(i) = f (u[0, i]) for every i.
We can use the same technique as in Section 3 to obtain the following result:
Theorem 4.12 (Pnueli-Rosner, [PR89]). LTL realizability is complete for
doubly exponential time. Moreover, for every positive instance a finite-state
machine realizing a finite-state solution can be computed within the same
time bound.
Proof. Consider the following algorithm for solving a given instance ϕ over
{p0 , . . . , pm−1 , q0 , . . . , qn−1 }. First, consider the game G [ϕ] which is obtained using the construction from Figure 10 with the S1S formula replaced
by the LTL formula. Second, compute a Büchi automaton A equivalent
to ϕ according to Corollary 4.6. Third, turn A into a deterministic parity automaton B according to 2.14. Fourth, let G = G [ϕ] × B be the
game obtained from expanding G [ϕ] by B. Fifth, solve the game G using
Theorem 2.21. Player 0 wins G if and only if ϕ is a positive instance of
realizability.
To prove the desired complexity bound let n be the number of subformulas of ϕ and observe the following. The size of A is at most (n+1)2n . Theren
fore, the worst-case size of B is 2O(2 n log n ) and B has at most 3(n + 1)2n
priorities. Theorem 2.21 now gives the desired upper bound.
The additional claim about the finite-state solution follows from Lemmas 2.16 and 2.17. For the lower bound, see [Ros92].
q.e.d.
In the remainder of this section, we present an alternative approach to
solving the realizability problem, which is interesting in its own right.
Let ϕ be an instance of the realizability problem as above. Formally,
a solution of ϕ is a function f : [2]+
m → [2]n . Such a function is the same
as a [2]m -branching [2]n -labeled tree (where the root label is ignored). In
other words, the set of all solutions of a given instance of the realizability
problem is a tree language. This observation transforms the realizability
problem into the framework of tree languages and tree automata, and we
can apply tree-automata techniques to solve it.
Let t : [2]∗m → [2]n be any [2]m -branching [2]n -labeled tree. The tree
can be turned into a potential solution to the instance ϕ if the label of
the root is forgotten. The resulting function is denoted by t−ε . We set
Lsol (ϕ) = {t : [2]∗m → [2]n : t−ε solves ϕ}.
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We next show that Lsol (ϕ) is a tree language which can be recognized
by a universal tree automaton. We need, however, a more general notion of
universal tree automaton as in Section 3.3. Also, we need to massage the
formula ϕ a little to arrive at a simple automata-theoretic construction.
A universal co-Büchi tree automaton with set of directions D is a tuple
(A, D, Q, qI , ∆, F )
where A, Q, qI , and F are as usual, and where D is a finite set of directions
and ∆ ⊆ Q × A × D × Q is a transition relation. Following the definition
from Section 3.3, a word r ∈ Qω is said to be a run for branch u ∈ Dω
if (r(i), t(u[0, i)), u(i), r(i + 1)) ∈ ∆ for every i and r(0) = qI . A tree is
accepted if every r ∈ Qω which is a run for some branch satisfies the coBüchi acceptance condition. The latter means that r(i) ∈ F only for finitely
many i.
The technical problem one faces when constructing an automaton for
Lsol (ϕ) is that a tree automaton has transitions of the form (q, a, d, q 0 ),
so, when applied to the above setting, in one transition the automaton
consumes an output of the device we are looking for and the next input.
For our construction it would be much better to have automata that in
one transition consume an input and a corresponding output. Rather than
modifying our standard automaton model, we resolve the issue on the logical
side. For a given formula ϕ = ϕ(p0 , . . . , pm−1 , q0 , . . . , qn−1 ) we consider the
formula ϕX defined by
ϕX = ϕ(p0 , . . . , pm−1 , Xq0 , . . . , Xqn−1 ).
(Recall that X stands for the temporal operator “next”.) This formula
moves the output one position to the right, more precisely,
a

a

a

L (ϕ) = {d0 a1 d1 a2 . . . : d0 a a0 d1 a1 · · · ∈ L (ϕX )}.

(1.2)

A universal co-Büchi tree automaton for a given LTL formula ϕ as above
is now easily constructed, as can be seen in Figure 22.
Lemma 4.13. Let ϕ = ϕ(p0 , . . . , pm−1 , q0 , . . . , qn−1 ) be an instance of the
LTL realizability problem. Then L (A real [ϕ]) = Lsol (ϕ).
q.e.d.
Universal co-Büchi tree automata for D-branching trees as defined above
are a special case of universal parity tree automata for D-branching trees,
which can be turned into nondeterministic parity tree automata for Dbranching trees in the same fashion as this was explained for automata on
binary trees in Figure 16. The same is true for the emptiness test for parity
tree automata on D-branching trees, which can be solved by constructing
a parity game along the lines of the construction depicted in Figure 13 and
solving this game.
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Let ϕ = ϕ(p0 , . . . , pm−1 , q0 , . . . , qn−1 ) be an instance of the
LTL realizability problem and A a Büchi automaton such
that L (A ) = L (¬ϕX ). The universal co-Büchi tree automaton for ϕ, denoted A real [ϕ], is defined by
A real [ϕ] = ([2]n , [2]m , Q, qI , ∆0 , F )
where
∆0 = {(q, a, d, q 0 ) : (q, da a, q 0 ) ∈ ∆}.

Figure 22. From an LTL realizability instance to a universal tree automaton

4.5

Notes

The automata-theoretic decision procedure for LTL model checking described in this section has had a great practical impact, because it has been
implemented in an industrial setting, see, for instance, [Hol97], and used
to verify real-world computing systems (mostly hardware). Much research
has gone into improving the algorithm in several respects, but also into
extending its applicability, for instance, more expressive logics and larger
classes of devices have been looked at, see, for instance, [BFG+ 05, CRST06,
FWW97, KPV02]. It is also noteworthy that LTL is the basis for industrial
specification languages such as as ForSpec [AFF+ 02] and PSL [EF06] and
that the automata-theoretic approach underlies industrial implementations
of specification languages [AKTZ06].
An important aspect of this section is the use of alternating automata,
which were introduced into the theory of automata on infinite objects by
Muller, Schupp, and Saoudi [MSS88]. The only gain from this presented in
the current section is Theorem 4.9, but this is probably the least important
aspect in this context. What is more important is that weak alternating
automata are as powerful as nondeterministic Büchi automata, which was
proved by Kupferman and Vardi [KV97, KV99]. This result motivated new
research, which, for instance, brought about new complementation constructions [KV97, KV99, Tho99]. As we see in the subsequent section, alternation
is even more important in the context of tree languages.
We refer to [Var07] for a collection of open algorithmic issues with regard
to automata-theoretic LTL model checking.
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Computation Tree Logic

Certain temporal properties of a system cannot be specified when runs of
the system are considered separately, as we do this with LTL. For instance,
when one wants to specify that no matter which state a system is in there
is some way to get back to a default state, then this cannot be stated in
LTL. The reason is that the property says something about how a run can
evolve into different runs.
This observation motivates the introduction of specification logics that
compensate for the lack of expressive power in this regard. The first logic
of this type, called UB, was introduced by Ben-Ari, Manna, and Pnueli
[BAMP81] in 1981. Another logic of this type is computation tree logic
(CTL), designed by Clarke and Emerson [EC82], which is interpreted in the
“computation tree” of a given transition system. This is the logic we study
in this section, in particular, we study satisfiability and model checking for
this logic.
Many of the proofs in this section are very similar to proofs in the
previous section. In these cases, we only give sketches, but describe the
differences in detail.
5.1 CTL and Monadic Second-Order Logic
CTL mixes path quantifiers and temporal operators in a way such that a
logic arises for which model checking can be carried out in polynomial time.
The syntax of CTL is as follows:
• tt and ff are CTL formulas,
• every propositional variable is a CTL formula,
• if ϕ is a CTL formula, then so is ¬ϕ,
• if ϕ and ψ are formulas, then so are ϕ ∨ ψ, E(ϕ XU ψ), and A(ϕ XU ψ).

CTL formulas are interpreted in transition systems, which we introduce
next. Such a system is a simple, state-based abstraction of a computing
device. Formally, it is a tuple
S = (P, S, →, l)
where P is a finite set of propositional variables, S is a set of states, → ⊆
S × S is a transition relation in infix notation, and l : S → 2P is a labeling
function assigning to each state which propositional variables are true in it.
A computation of such a transition system starting in a state s is a word
u ∈ S + ∪ S ∞ such that
(i) u(0) = s,
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(ii) u(i) → u(i + 1) for all i with i + 1 < |u|, and
(iii) u is maximal in the sense that if u is finite, then u(∗) must not have
any successor.
Given a CTL formula ϕ, a transition system S over the same set P of
propositional variables, and a state s of S , it is defined whether ϕ holds
true in S at s, denoted S , s |= ϕ:
• S , s |= tt and S , s 6|= ff,
• S , s |= p if p ∈ l(s),
• S , s |= ¬ϕ if S , s 6|= ϕ,
• S , s |= ψ ∨ χ if S , s |= ψ or S , s |= χ, for ψ and χ CTL formulas,
• S , s |= E(ψ XU χ) if there exists a computation u of S starting at

s and j > 0 such that S , u(j) |= χ and S , u(i) |= ψ for all i with
0 < i < j.

• S , s |= A(ψ XU χ) if for all computations u of S starting at s there

exists j > 0 such that S , u(j) |= χ and S , u(i) |= ψ for all i with
0 < i < j.

Just as with LTL, other operators can be defined:
• “in all computations always” is defined by AGϕ = ϕ ∧ ¬E(tt XU ¬ϕ),
• “in some computation eventually” is defined by EFϕ = ϕ ∨ E(tt XU ϕ).

An interesting property one can express in CTL is the one discussed above,
namely that from every state reachable from a given state a distinguished
state, indicated by the propositional variable pd , can be reached:
AG EFpd .

(1.3)

Another property that can be expressed is that every request, indicated by
the propositional variable pr , is eventually acknowledged, indicated by the
propositional variable pa :
AG(pr → AX AFpa ).

(1.4)

It is interesting to compare the expressive power of CTL with that of
LTL. To this end, it is reasonable to restrict the considerations to infinite
computations only and to say that a CTL formula ϕ and an LTL formula
ψ are equivalent if for every transition system S and every state s ∈ S
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the following holds: S , s |= ϕ iff l(u(0))l(u(1)) . . . |= ψ for all infinite
computations u of S starting in s.
The second property from above can be expressed easily in LTL, namely
by the formula G(pr → XFpa ), that is, this formula and (1.4) are equivalent.
Clarke and Draghicescu showed that a CTL property is equivalent to some
LTL formula if and only if it is equivalent to the LTL formula obtained by
removing the path quantifiers [CD88]. But it is not true that every LTL
formula which can be expressed in CTL is expressible by a CTL formula
which uses universal path quantifiers only. This was shown by Bojanczyk
[Boj07].
An LTL formula which is not expressible in CTL is
GFp,

(1.5)

which was already pointed out by Lamport [Lam80].
In order to be able to recast satisfiability and model checking in a (tree)
automata setting, it is crucial to observe that CTL formulas cannot distinguish between a transition system and the transition system obtained
by “unraveling” it. Formally, the unraveling of the transition system S at
state s ∈ S, denoted Ts (S ), is the tree inductively defined by:
• s is the root of Ts (S ),
• if v ∈ S + is an element of V Ts (S ) and v(∗) → s0 , then vs0 ∈ V Ts (S )

and (v, vs0 ) ∈ E Ts (S ) ,

• lTs (S ) (v) = lS (v(∗)) for every v ∈ V Ts (S ) .

Henceforth, a tree with labels from 2P , such as the unraveling of a transition
system, is viewed as a transition system in the canonical way. When we
interpret a CTL formula in a tree and do not indicate a vertex, then the
formula is interpreted at the root of the tree.
The formal statement of the above observation can now be phrased as
follows.
Lemma 5.1. For every CTL formula ϕ, transition system S , and state
s ∈ S,
S , s |= ϕ

iff

Ts (S ) |= ϕ.

Proof. This can be proved by a straightforward induction on the structure
of ϕ, using a slightly more general claim:
S , s0 |= ϕ

iff

Ts (S ), v |= ϕ

for every state s0 ∈ S and every vertex v of Ts (S ) where v(∗) = s0 . q.e.d.
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The previous lemma says that we can restrict attention to trees, in
particular, a CTL formula is satisfiable if and only if there is a tree which is
a model of it. So when we translate CTL formulas into logics on trees which
satisfiability is decidable for, then we also know that CTL satisfiability is
decidable.
We present a simple translation of CTL into monadic second-order logic.
There is, however, an issue to be dealt with: S2S formulas specify properties
of binary trees, but CTL is interpreted in transition systems where each
state can have more than just two successors. A simple solution is to use a
variant of S2S which allows any number of successors but has only a single
successor predicate, suc. Let us call the resulting logic SUS. As with LTL,
we identify the elements of 2P for P = {p0 , . . . , pn−1 } with the elements of
[2]n .
Proposition 5.2. Let P = {p0 , . . . , pn−1 } be an arbitrary finite set of
propositional variables. For every CTL formula ϕ over P an SUS formula
ϕ̃ = ϕ̃(X0 , . . . , Xn−1 ) can be constructed such that T |= ϕ if and only if
T |= ϕ̃ for all trees T over 2P (or [2]n ).
Proof. What we actually prove is somewhat stronger, analogous to the proof
for LTL. We construct a formula ϕ̂ = ϕ̂(X0 , . . . , Xn−1 , x) such that T , v |=
ϕ if and only if T , v |= ϕ̂ for all trees T and v ∈ V T . We can then set
ϕ̃ = ∃x(ϕroot (x) ∧ ϕ̂) where ϕroot (x) = ∀y(¬suc(y, x)) specifies that x is the
root.
For the induction base, assume ϕ = pi . We can set ϕ̂ to x ∈ Xi .
Similarly, for ϕ = ¬pi we can set ϕ̂ to ¬x ∈ Xi .
In the inductive step, we consider only one of the interesting cases,
namely where ϕ = A(ψ XU χ). We start with a formula ϕclosed = ϕclosed (X)
which is true if every element of X has a successor in X provided it has a
successor at all:
ϕclosed = ∀x(x ∈ X ∧ ∃y(suc(x, y)) → ∃y(suc(x, y) ∧ y ∈ X)).
We next write a formula ϕpath (x, X) which is true if X is a maximum path
starting in x:
ϕpath = x ∈ X ∧ ϕclosed (X) ∧
∀Y (x ∈ Y ∧ ϕclosed (Y ) ∧ Y ⊆ X → X = Y ).
We can then set
ϕ̂ = ∀X(ϕpath (x, X) →
∃z(z ∈ X ∧ ¬z = x ∧ χ̂(z) ∧ ∀y(x < y < z → ψ̂(y))).
The other CTL operators can be dealt with in a similar fashion.

q.e.d.
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The desired decidability result now follows from the following result on
SUS.
Theorem 5.3 (Walukiewicz, [Wal96]). SUS satisfiability is decidable.
This result can be proved just as we proved the decidability of satisfiability for S2S, that is, using an analogue of Rabin’s Theorem. This analogue
will use a different kind of tree automaton model which takes into account
that the branching degree of the trees considered is unbounded and that
there is one predicate for all successors. More precisely, a transition in such
an automaton is of the form (q, a, QE , QA ) where QE , QA ⊆ Q. Such a transition is to be read as follows: If the automaton is in state q at a vertex
labeled a, then for every q 0 ∈ QE there exists exactly one successor that
gets assigned q 0 and all the successors that do not get assigned any state in
this fashion get assigned a state from QA . In particular, if QE = QA = ∅,
then the vertex must not have a successor. In [Wal96], Walukiewicz actually presents a theorem like Büchi’s and Rabin’s: He shows that there is
a translation in both directions, from SUS formulas to such automata and
back.
Corollary 5.4. CTL satisfiability and model checking are decidable.
That model checking is decidable follows from the simple observation
that in SUS one can define the unraveling of every finite transition system.
We conclude this introduction to CTL with further remarks on SUS and
its relationship to CTL. There is a logic related to SUS which was already
studied by Rabin and which he denoted SωS. This is the logic interpreted
in the countably branching tree ω ∗ where, for each i, there is a separate
successor relation suci (·, ·). Observe that—as noted in [JW96]—in this logic
one cannot even express that all successors of the root belong to a certain
set, which can easily be expressed in CTL and SUS.
Observe, too, that in SUS one can express that every vertex of a tree
has at least two successors, namely by
∀x(∃y0 ∃y1 (suc(x, y0 ) ∧ suc(x, y1 ) ∧ ¬y0 = y1 ).
This is, however, impossible in CTL. More precisely, CTL cannot distinguish
between bisimilar transition systems whereas SUS can do this easily.
5.2 From CTL to Nondeterministic Tree Automata
We next show how to arrive at good complexity bounds for satisfiability and
model checking by following a refined automata-theoretic approach. For
satisfiability, we can use nondeterministic automata and vary the approach
we used for handling LTL in Section 4, while for model checking, we have
to use alternating tree automata.
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As pointed out above, the nondeterministic tree automaton model we defined in Section 3 was suited for binary trees only, which is not enough in the
context of CTL. Here, we need an automaton model that can handle trees
with arbitrary branching degree. We could use the tree automaton model
explained in Section 5.1, but there is another model which is more appropriate. Following Janin and Walukiewicz [JW95], we use a tree automaton
model which takes into account that properties like the one mentioned at
the end of Section 5.1 cannot be expressed in CTL.
A generalized Büchi tree automaton in this context is a tuple
A = (A, Q, QI , ∆, F )
where A, Q, QI , and F are as with generalized Büchi (word) automata and
∆ ⊆ Q × A × 2Q is a transition relation.
A transition of the form (q, a, Q0 ) is to be read as follows: If the automaton is in state q at vertex v and reads the label a, then it sends each state
from Q0 to at least one of the successors of v and every successor of v is at
least sent one of the states from Q0 ; the same successor can get sent several
states.
Formally, a run of A on a tree T is a (Q×V T )-labeled tree R satisfying
the following conditions.
(i) The root of R is labeled (q, root(T )) for some q ∈ QI .
(ii) For every vertex w ∈ V R , if (q, v) is the label of w, then there exists
a transition (q, l(v), Q0 ) ∈ ∆ such that:
(a) For every v 0 ∈ sucsT (v) there exists w0 ∈ sucsR (w) labeled
(q 0 , v 0 ) for some q 0 ∈ Q0 , that is, every successor of v occurs
in a label of a successor of w.
(b) For every q 0 ∈ Q0 there exist v 0 ∈ sucsT (v) and w0 ∈ sucsR (w)
such that w0 is labeled (q 0 , v). That is, every state from Q0 occurs
at least once among all successors of w.
Such a run is accepting if every branch is accepting with respect to the given
generalized Büchi condition just as this was defined for generalized Büchi
word automata.
Observe that in this model the unlabeled tree underlying a run may not
be the same as the unlabeled tree underlying a given input tree. Copies of
subtrees may occur repeatedly.
As an example, let P = {p} and A = 2P and consider the tree language L
which contains all trees over A that satisfy the property that every branch is
either finite or labeled {p} infinitely often. An appropriate Büchi automaton
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has two states, qI and q{p} , where qI is initial and qp is final, and the
transitions are (q, a, {qa }) and (q, a, ∅) for any state q and letter a.
The idea for translating a given CTL formula into a nondeterministic
tree automaton follows the translation of LTL into nondeterministic word
automata: In each vertex, the automaton guesses which subformulas of the
given formula are true and verifies this. The only difference is that the path
quantifiers E and A are taken into account, which is technically somewhat
involved. The details are given in Figure 23, where the following notation
and terminology is used. Given a set Ψ of CTL formulas over a finite set
P of propositional variables and a letter a ∈ 2P we say that Ψ is consistent
with a if
• ff ∈
/ Ψ,
• p ∈ Ψ iff p ∈ a, for all p ∈ P , and
• for ψ ∈ Ψ, if ψ = ψ0 ∨ ψ1 , then ψi ∈ Ψ for some i < 2, and if

ψ = ψ0 ∧ ψ1 , then {ψ0 , ψ1 } ⊆ Ψ.
Further, a set Ψ0 is a witness for E(ψ XUχ) if χ ∈ Ψ0 or {ψ, E(ψ XUχ)} ⊆ Ψ0 .
Similarly, Ψ0 is a witness for E(ψXRχ) if {ψ, χ} ⊆ Ψ0 or {χ, E(ψXRχ)} ⊆ Ψ0 .
The analogue terminology is used for A-formulas. When Ψ is a set of CTL
formulas, then ΨE denotes the formulas of the form E(ψXUχ) and E(ψXRχ),
that is, the set of all E-formulas in Ψ, and, similarly, ΨA denotes the set of
all A-formulas in Ψ.
The only interesting aspect of the construction is (iv) of the definition
of a transition. It would be more natural to omit (iv), and, indeed, the
construction would then also be correct, but the resulting automaton would
be too large. On the other hand, (iv) is not a real restriction, because
the semantics of CTL requires only one “witness” for every existential path
formula. The size of Q0 must be by one larger than the number of existential
subformulas because some of the successors of a vertex may not witness any
existential formula, but they must be assigned a state.
Before formally stating the correctness of the construction, we introduce
a notion referring to the number of different states which can be assigned
in a transition. We say that a nondeterministic tree automaton A is mbounded if |Q0 | ≤ m holds for every (q, a, Q0 ) ∈ ∆.
Lemma 5.5. Let ϕ be an arbitrary CTL formula with n subformulas, m
E-subformulas, and k U-subformulas. Then A [ϕ] is an (m + 1)-bounded
generalized Büchi tree automaton with 2n states, k acceptance sets, and
such that L (A [ϕ]) = L (ϕ).
Proof sketch. The claim about the size of the automaton is trivial. The
proof of its correctness can be carried out similar to the proof of Theo-
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Let P be a finite set of propositional variables, ϕ a CTL
formula over P in positive normal form, and Φ the set of
subformulas of ϕ. The generalized Büchi tree automaton for
ϕ with respect to P , denoted A [ϕ], is defined by
A [ϕ] = (2P , 2sub(ϕ) , QI , ∆, F )
where QI = {Ψ ⊆ 2sub(ϕ) : ϕ ∈ Ψ} and
F = {FQ[ψXUχ] : Q[ψ XU χ] ∈ sub(ϕ) and Q ∈ {E, A}}
with
FQ[ψXUχ] = {Ψ ⊆ Φ : χ ∈ Ψ or Q[ψ XU χ] ∈
/ Ψ},
and where ∆ contains a transition (Ψ, a, Q0 ) if the following
conditions are satisfied:
(i) Ψ is consistent with a,
(ii) for every ψ ∈ ΨE there exists Ψ0 ∈ Q0 which witnesses
it,
(iii) every Ψ0 ∈ Q0 witnesses every ψ ∈ ΨA ,
(iv) |Q0 | ≤ |sub(ϕ)E | + 1.

Figure 23. From CTL to generalized Büchi tree automata
rem 4.4, that is, one proves L (A [ϕ]) ⊆ L (ϕ) by induction on the structure of ϕ and L (ϕ) ⊆ L (A [ϕ]) by constructing an accepting run directly.
q.e.d.
It is very easy to see that the construction from Figure 18 can also be
used in this context to convert a generalized Büchi tree automaton into a
Büchi automaton. To be more precise, an m-bounded generalized Büchi
tree automaton with n states and k acceptance sets can be converted into
an equivalent m-bounded Büchi tree automaton with (k + 1)n states.
So in order to solve the satisfiability problem for CTL we only need
to solve the emptiness problem for Büchi tree automata in this context.
There is a simple way to perform an emptiness test for nondeterministic tree
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Let A be a nondeterministic Büchi tree automaton. The
emptiness game for A , denoted G∅ [A ], is defined by
G∅ [A ] = (Q, ∆, qI , M0 ∪ M1 , F )
where
M0 = {(q, Q0 ) : ∃a((q, a, Q0 ) ∈ ∆)},

M1 = {(Q0 , q) : q ∈ Q0 }.

Figure 24. Emptiness game for nondeterministic Büchi tree automaton
automata, namely by using the same approach as for nondeterministic tree
automata working on binary trees: The nonemptiness problem is phrased
as a game. Given a nondeterministic Büchi tree automaton A , we define
a game which Player 0 wins if and only if some tree is accepted by A . To
this end, Player 0 tries to suggest suitable transitions while Player 1 tries to
argue that Player 0’s choices are not correct. The details of the construction
are given in Figure 24.
Lemma 5.6. Let A be a nondeterministic Büchi tree automaton. Then
the following are equivalent:
(A) L (A ) 6= ∅.
(B) Player 0 wins G∅ [A ].
Proof. The proof of the lemma can be carried out along the lines of the
proof of Lemma 3.3. The only difference is due to the arbitrary branching
degree, which can easily be taken care of. One only needs to observe that
if there exists a tree which is accepted by A , then there is a tree with
branching degree at most |Q| which is accepted.
q.e.d.
We have the following theorem:
Theorem 5.7 (Emerson-Halpern-Fischer-Ladner, [EH85, FL79]). CTL satisfiability is complete for deterministic exponential time.
Proof. The decision procedure is as follows. A given CTL formula ϕ is first
converted into an equivalent generalized Büchi tree automaton A using the
construction from Figure 23. Then A is converted into an equivalent Büchi
tree automaton B using the natural adaptation of the construction presented in Figure 18 to trees. In the third step, B is converted into the Büchi
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game G∅ [B], and, finally, the winner of this game is determined. (Recall
that a Büchi condition is a parity condition with two different priorities.)
From Theorem 2.21 on the complexity of parity games it follows immediately that Büchi games (parity games with two different priorities) can
be solved in polynomial time, which means we only need to show that the
size of G∅ [B] is exponential in the size of the given formula ϕ and can be
constructed in exponential time. The latter essentially amounts to showing
that B is of exponential size.
Let n be the number of subformulas of ϕ. Then A is n-bounded with
2n states and at most n acceptance sets. This means that the number
2
of sets Q0 occurring in the transitions of A is at most 2n , so there are
2
at most 2n +2n transitions (recall that there are at most 2n letters in the
alphabet). Similarly, B is n-bounded, has at most (n + 1)2n states, and
2
2O(n ) transitions.
The upper bound is given in [FL79].
q.e.d.
5.3 From CTL to Alternating Tree Automata
One of the crucial results of Emerson and Clarke on CTL is that model
checking of CTL can be carried out in polynomial time. The decision procedure they suggested in [CES86] is a simple labeling algorithms. For every
subformula ψ of a given formula ϕ they determine in which states of a given
transition system S the formula ψ holds and in which it does not hold.
This is trivial for atomic formulas. It is straightforward for conjunction
and disjunction, provided it is known which of the conjuncts and disjuncts,
respectively, hold. For XR- and XU-formulas, it amounts to simple graph
searches.
Emerson and Clarke’s procedure cannot easily be seen as a technique
which could also be derived following an automata-theoretic approach. Consider the nondeterministic tree automaton we constructed in Figure 23. Its
size is exponential in the size of the given formula (and this cannot be
avoided), so it is unclear how using this automaton one can arrive at a
polynomial-time procedure.
The key for developing an automata-theoretic approach, which is due
to Kupferman, Vardi, and Wolper [KVW00], is to use alternating tree automata similar to how we used alternating automata for LTL in Section 4
and to carefully analyze their structure.
An alternating Büchi tree automaton is a tuple
A = (P, Q, qI , δ, F )
where P , Q, qI , and F are as usual and δ is the transition function which
assigns to each state a transition condition. The set of transition conditions
over P and Q, denoted TC(P, Q), is the smallest set such that
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(i) tt, ff ∈ TC(P, Q),
(ii) p, ¬p ∈ TC(P, Q) for every p ∈ P ,
(iii) every positive boolean combination of states is in TC(P, Q),
(iv) 3γ, 2γ ∈ TC(P, Q) where γ is a positive boolean combination of
states.
This definition is very similar to the definition for alternating automata on
words. The main difference reflects that in a tree a “position” can have
several successors: 3 expresses that a copy of the automaton should be sent
to one successor, while 2 expresses that a copy of the automaton should be
sent to all successors. So 3 and 2 are the two variants of #.
There is another, minor difference: For tree automata, we allow positive
boolean combinations of states as transitions conditions (without 3 or 2
occurring in it). We could have allowed this for word automata, too, but
it would not have helped us. Here, it makes our constructions simpler, but
the proofs will be slightly more involved.
Let T be a 2P -labeled tree. A tree R with labels from TC(P, Q) ×
T
V is a run of A on T if lR (root(R)) = (qI , root(T )) and the following
conditions are satisfied for every vertex w ∈ V R with label (γ, v):
• γ 6= ff,
• if γ = p, then p ∈ lT (w), and if γ = ¬p, then p ∈
/ lT (w),
• if γ = 3γ 0 , then there exists v 0 ∈ sucsT (v) and w0 ∈ sucsR (w) such

that lR (w0 ) = (γ 0 , v 0 ),

• if γ = 2γ 0 , then for every v 0 ∈ sucsT (v) there exists w0 ∈ sucsR (w)

such that lR (w0 ) = (γ 0 , v 0 ),

• if γ = γ0 ∨ γ1 , then there exists i < 2 and w0 ∈ sucsR (w) such that

lR (w0 ) = (γi , v),

• if γ = γ0 ∧ γ1 , then for every i < 2 there exists w0 ∈ sucsR (w) such

that lR (w0 ) = (γi , v).

Such a run is accepting if on every infinite branch there exist infinitely many
vertices w labeled with an element of F in the first component.
The example language from above can be recognized by an alternating
Büchi automaton which is slightly more complicated than the nondeterministic automaton, because of the restrictive syntax for transition conditions.
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Let ϕ be a CTL formula in positive normal form over P and
Q the set which contains for each ψ ∈ sub(ϕ) an element
denoted [ψ]. The automaton A alt [ϕ] is defined by
A alt [ϕ] = (P, Q, [ϕ], δ, F )
where
δ([tt]) = tt,
δ([p]) = p,
δ([ψ ∨ χ]) = [ϕ] ∨ [ψ],

δ([ff]) = ff,
δ([¬p]) = ¬p,
δ([ψ ∧ χ]) = [ϕ] ∧ [ψ],

δ([E(ψ XU χ)]) = 3([χ] ∨ ([ψ] ∧ [E(ψ XU χ)])),
δ([E(ψ XR χ)]) = 3([χ] ∧ ([χ] ∨ [E(ψ XR χ)])),

δ([A(ψ XU χ)]) = 2([χ] ∨ ([ψ] ∧ [A(ψ XU χ)])),
δ([A(ψ XR χ)]) = 2([χ] ∧ ([χ] ∨ [A(ψ XR χ)])),

and F contains all the elements [ψ] where ψ is not an XUformula.

Figure 25. From CTL to alternating tree automata
0
We use the same states as above and four further states, q, q{p}
, q⊥ , and
0
q⊥ . The transition function is determined by

δ(qI ) = q⊥ ∨ q,
0
δ(q{p} ) = q{p}
∧ (q⊥ ∨ q),
0
δ(q⊥ ) = 2q⊥
,

δ(q) = 2(qI ∨ q{p} ).

0
δ(q{p}
) = p,
0
δ(q⊥
) = ff,

The state q⊥ is used to check that the automaton is at a vertex without
successor.
In analogy to the construction for LTL, we can now construct an alternating tree automaton for a given CTL formula. This construction is
depicted in Figure 25.
Compared to the construction for LTL, there are the following minor
differences. First, the definition of the transition function is no longer inductive, because we allow positive boolean combinations in the transition
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function. Second, we have positive boolean combinations of states in the
scope of 3 and 2. This was not necessary with LTL, but it is necessary here.
For instance, if we instead had δ([E(ψXUχ)]) = 3[χ]∨(3[ψ]∧3[E(ψXUχ)]),
then this would clearly result in a false automaton because of the second
disjunct.
We can make a similar observation as with the alternating automata
that we constructed for LTL formulas. The automata are very weak in the
sense that when we turn the subformula ordering into a linear ordering ≤
on the states, then for each state q, the transition conditions δ(q) contains
only states q 0 such that q ≥ q 0 .
Lemma 5.8 (Kupferman-Vardi-Wolper, [KVW00]). Let ϕ be a CTL formula with n subformulas. The automaton A alt [ϕ] is a very weak alternating
tree automaton with n states and such that L (A alt [A]) = L (ϕ).
Proof. The proof can follow the lines of the proof of Lemma 4.7. Since the
automaton is very weak, a simple induction on the structure of the formula
can be carried out, just as in the proof of Lemma 4.7. Branching makes the
proof only technically more involved, no new ideas are necessary to carry it
out.
q.e.d.
As pointed out above, it is not our goal to turn A alt [ϕ] into a nondeterministic automaton (although this is possible), because such a translation
cannot be useful for solving the model checking problem. What we rather
do is to define a product of an alternating automaton with a transition system, resulting in a game, in such a way that the winner of the product of
A alt [ϕ] with some transition system S reflects whether ϕ holds true in a
certain state sI of S .
The idea is that a position in this game is of the form (γ, s) where γ is
a transition condition and s is a state of the transition system. The goal is
to design the game in such a way that Player 0 wins the game starting from
(qI , sI ) if and only if there exists an accepting run of the automaton on the
unraveling of the transition system starting at sI . This means, for instance,
that if γ is a disjunction, then we make the position (γ, s) a position for
Player 0, because by moving to the right position he should show which
of the disjuncts holds. If, on the other hand, γ = 2γ 0 , then we make the
position a position for Player 1, because she should be able to challenge
Player 0 with any successor of s. The details are spelled out in Figure 26,
where the following notation and terminology is used. Given an alternating
automaton A , we write sub(A ) for the set of subformulas of the values of
the transition function of A . In addition, we write sub+ (A ) for the set of
all γ ∈ sub(A ) where the maximum state occurring belongs to the set of
final states.
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Let A be an alternating Büchi tree automaton, S a transition system over the same set of propositional variables, and
sI ∈ S. The product of A and S at sI , denoted A ×sI S ,
is the Büchi game defined by
A ×sI S = (P0 , P1 , (qI , sI ), M, sub+ (A ) × S)
where
• P0 is the set of pairs (γ, s) ∈ sub(A ) × S where γ is

(i) a disjunction,
(ii) a 3-formula,

(iii) p for p ∈
/ l(s),
(iv) ¬p for p ∈ l(s), or
(v) ff,
and
• P1 is the set of pairs (γ, s) ∈ sub(A ) × S where γ is

(i) a conjunction,
(ii) a 2-formula,

(iii) p for some p ∈ l(s),
(iv) ¬p for some p ∈
/ l(s), or
(v) tt.
Further, M contains for every γ ∈ sub(A ) and every s ∈ S
moves according to the following rules:
• if γ = q for some state q, then ((γ, s), (δ(q), s)) ∈ M ,
• if γ = γ0 ∨ γ1 or γ = γ0 ∧ γ1 , then ((γ, s), (γi , s)) ∈ M

for i < 2,
• if γ = 3γ 0 or γ = 2γ 0 , then ((γ, s), (γ 0 , s0 )) ∈ M for all

s0 ∈ sucsS (s).

Figure 26. Product of a transition system and an alternating automaton
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Assume A is a very weak alternating Büchi automaton. Then A ×sI S
will need to be very weak in general in the sense that the game graph can be
extended to a linear ordering. Observe, however, that the following is true
for every position (q, s): All states in the strongly connected component of
(q, s) are of the form (γ, s0 ) where q is the largest state occurring in γ. So,
by definition of A ×sI S , all positions in a strongly connected component
of A ×sI S are either final or nonfinal. We turn this into a definition. We
say that a Büchi game is weak if for every strongly connected component
of the game graph it is true that either all its positions are final or none of
them is.
Lemma 5.9. Let A be an alternating Büchi tree automaton, S a transition system over the same finite set of propositional variables, and sI ∈ S.
Then TsI (S ) ∈ L (A ) iff Player 0 wins A ×sI S . Moreover, if A is a very
weak alternating automaton, then A ×sI S is a weak game.
Proof. The additional claim is obvious. For the other claim, first assume R
is an accepting run of A on TsI (S ). We convert R into a winning strategy
σ for Player 0 in A ×S . To this end, let w be a vertex of R with label (γ, v)
such that (γ, v) is a position for Player 0. Since R is an accepting run, w
has a successor, say w0 . Assume lR (w0 ) = (γ 0 , v 0 ). We set σ(u) = (γ, v 0 (∗))
where u is defined as follows. First, let n = |v|. Assume lR (u(i)) = (γi , vi )
for every i < n. We set u = (γ0 , v0 (∗))(γ1 , v1 (∗)) . . . (γn−1 , vn−1 (∗)). It can
be shown that this defines a strategy. Moreover, since R is accepting, σ is
winning.
For the other direction, a winning strategy is turned into an accepting
run in a similar manner.
q.e.d.
The proof shows that essentially there is no difference between a run
and a strategy—one can think of a run as a strategy. From this point of
view, an alternating automaton defines a family of games, for each tree a
separate game, and the tree language recognized by the tree automaton is
the set of all trees which Player 0 wins the game for.
The additional claim in the above lemma allows us to prove the desired
complexity bound for the CTL model checking problem:
Theorem 5.10 (Clarke-Emerson-Sistla, [CES86]). The CTL model checking problem can be solved in time O(mn) where m is the size of the transition system and n the number of subformulas of the CTL formula.
Proof. Consider the following algorithm, given a CTL formula ϕ, a transition system S , and a state sI ∈ S. First, construct the very weak alternating Büchi automaton A alt [ϕ]. Second, build the product A alt [ϕ] ×sI S .
Third, solve A alt [ϕ] ×sI S . Then Player 0 is the winner if and only if
S , sI |= ϕ.
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The claim about the complexity follows from the fact that the size of
A alt [ϕ]×sI S is mn and from Theorem 2.21. Note that weak games are parity games with one priority in each strongly connected component. q.e.d.
Obviously, given a CTL formula ϕ, a transition system S , and a state
sI one can directly construct a game that reflects whether S , sI |= ϕ. This
game would be called the model checking game for S , sI , and ϕ. The
construction via the alternating automaton has the advantage that starting
from this automaton one can solve both, model checking and satisfiability,
the latter by using a translation from alternating Büchi tree automata into
nondeterministic tree automata. We present such a translation in Section 6.
The translation from CTL into very weak alternating automata has another interesting feature. Just as the translation from LTL to weak alternating automata, it has a converse. More precisely, following the lines of
the proof of Theorem 4.9, one can prove:
Theorem 5.11. Every very weak alternating tree automaton is equivalent
to a CTL formula.
q.e.d.
5.4 Notes
The two specification logics that we have dealt with, LTL and CTL, can
easily be combined into a single specification logic. This led Emerson and
Halpern to introduce CTL∗ in 1986 [EH86].
An automata-theoretic proof of Corollary 5.7 was given first by Vardi
and Wolper in 1986 [VW86b]. Kupferman, Vardi, and Wolper, when proposing an automata-theoretic approach to CTL model checking in [KVW00],
also showed how other model checking problems can be solved following
the automata-theoretic paradigm. One of their results is that CTL model
checking can be solved in space polylogarithmic in the size of the transition
system.

6

Modal µ-Calculus

The logics that have been discussed thus far—S1S, S2S, LTL, and CTL—
could be termed declarative in the sense that they are used to describe
properties of sequences, trees, or transition systems rather than to specify
how it can be determined whether such properties hold. This is different for the logic we discuss in this section, the modal µ-calculus (MC),
introduced by Kozen in 1983 [Koz83]. This calculus has a rich and deep
mathematical and algorithmic theory, which has been developed over more
than 20 years. Fundamental work on it has been carried out by Emerson, Streett, and Jutla [SE84, EJ91b], Walukiewicz [Wal00], Bradfield and
Lenzi [Len96, Bra98], and others, and it has been treated extensively in
books, for instance, by Arnold and Niwiński [AN01] and Stirling [Sti01]. In
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this section, we study satisfiability (and model checking) for MC from an
automata-theoretic perspective. Given that MC is much more complex than
LTL or CTL, our exposition is less detailed, but gives a good impression of
how the automata-theoretic paradigm works for MC.
6.1

MC and Monadic Second-Order Logic

MC is a formal language consisting of expressions which are evaluated in
transition systems; every closed expression (without free variables) is evaluated to a set of states. The operations available for composing sets of states
are boolean operations, local operations, and fixed point operations.
Formally, the set of MC expressions is the smallest set containing
• p and ¬p for any propositional variable p,
• any fixed-point variable X,
• ϕ ∧ ψ and ϕ ∨ ψ if ϕ and ψ are MC expressions,
• h iϕ and [ ]ϕ if ϕ is an MC expression, and
• µXϕ and νXϕ if X is a fixed-point variable and ϕ an MC expression.

The operators µ and ν are viewed as quantifiers in the sense that one says
they bind the following variable. As usual, an expression without free occurrences of variables is called closed. The set of all variables occurring
free in an MC expression ϕ is denoted by free(ϕ). An expression is called a
fixed-point expression if it starts with µ or ν.
To define the semantics of MC expressions, let ϕ be an MC expression
over some finite set P of propositional variables, S a transition system,
and α a variable assignment which assigns to every fixed-point variable a
set of states of S . The value of ϕ with respect to S and α, denoted ||ϕ||α
S,
is defined as follows. The fixed-point variables and the propositional variables are interpreted according to the variable assignment and the transition
system:
S
S
||p||α
S = {s ∈ S : p ∈ l (s)},

S
||¬p||α
/ lS (s)},
S = {s ∈ S : p ∈

and
||X||α
S = α(X).
Conjunction and disjunction are translated into union and intersection:
α
α
||ϕ ∧ ψ||α
S = ||ϕ||S ∩ ||ψ||S ,

α
α
||ϕ ∨ ψ||α
S = ||ϕ||S ∪ ||ψ||S .
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The two local operators, h i and [ ], are translated into graph-theoretic operations:
α
||h iϕ||α
S = {s ∈ S : sucsS (s) ∩ ||ϕ||S 6= ∅},
α
||[ ]ϕ||α
S = {s ∈ S : sucsS (s) ⊆ ||ϕ||S }.

The semantics of the fixed-point operators is based on the observation that
α[X7→S 0 ]
for every expression ϕ, the function S 0 7→ ||ϕ||S
is a monotone function on 2S with set inclusion as ordering, where α[X 7→ S 0 ] denotes the
variable assignment which coincides with α, except for the value of the variable X, which is S 0 . The Knaster–Tarski Theorem then guarantees that
this function has a least and a greatest fixed point:
o
\n
α[X7→S 0 ]
||µXϕ||α
S 0 ⊆ S : ||ϕ||S
= S0 ,
S =
o
[n
α[X7→S 0 ]
0
0
||νXϕ||α
=
S
⊆
S
:
||ϕ||
=
S
.
S
S
In the first equation the last equality sign can be replaced by ⊆, while in the
second equation it can be replaced by ⊇. The above equations are—contrary
to what was said at the beginning of this section—declarative rather than
operational, but this can easily be changed because of the Knaster–Tarski
Theorem. For a given system S , a variable assignment α, an MC expression
ϕ, and a fixed-point variable X, consider the ordinal sequence (Sλ )λ , called
approximation sequence for ||µXϕ||α
S , defined by
[
α[X7→Sλ ]
S0 = ∅,
Sλ+1 = ||ϕ||S
,
Sλ0 =
Sλ ,
λ<λ0

where λ0 stands for a limit ordinal. Because of monotonicity, we have S0 ⊆
S1 ⊆ . . . . The definition of the sequence implies that if Sλ = Sλ+1 for any
0
λ, then Sλ0 = Sλ = ||µXϕ||α
S for all λ ≥ λ. Clearly, we have λ ≤ card(S)
for the smallest such λ, which, for finite transition systems, means there is
a simple (recursive) way to evaluate µXϕ. The same holds true for νXϕ,
where the approximation is from above, that is, S0 = S and the inclusion
order is reversed.
For notational convenience, we also use S , α, s |= ϕ to denote s ∈ ||ϕ||α
S
for any state s ∈ S. When ϕ is a closed MC expression, then the variable
assignment α is irrelevant for its interpretation, so we omit it and simply
write ||ϕ||S or S , s |= ϕ.
To give some examples for useful expressions, recall the CTL formula
(1.3) from Section 5.1. We can express its subformula EFpd by
ϕinner = µX(pd ∨ h iX),
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so that the full formula can be written as
νY (ϕinner ∧ [ ]Y ).
In a similar fashion, (1.4) can be expressed:
νY ((¬pr ∨ µX(pa ∨ [ ]X)) ∧ [ ]Y ).
It is more complicated to express the LTL formula (1.5); it needs a nested
fixed-point expression with mutually dependent fixed-point variables. We
first build an expression which denotes all states from which on all paths a
state is reachable where p is true and which belongs to a set Y :
ϕ0inner = µX((p ∧ Y ) ∨ [ ]X).
Observe that Y occurs free in ϕ0inner . The desired expression can then be
phrased as a greatest fixed point:
νY ϕ0inner .
It is no coincidence that we are able to express the two CTL formulas in
MC:
Proposition 6.1. For every CTL formula ϕ there exists a closed MC expression ϕ̃ such that for every transition system S and s ∈ S,
S , s |= ϕ

iff

S , s |= ϕ̃.

Proof. The proof is a straightforward induction. We describe one case of
the inductive step. Assume ψ and χ are CTL formulas and ψ̃ and χ̃ are
MC expressions such that the claim holds. We consider ϕ = E(ψ XU χ) and
want to construct ϕ̃ as desired. We simply describe the semantics of ϕ by
a fixed-point computation:
ϕ̃ = h iµX(χ̃ ∨ (ψ̃ ∧ h iX̃)).
The other cases can be dealt with in the same fashion.

q.e.d.

The next observation is that as far as satisfiability is concerned, we can
restrict our considerations to trees, just with CTL (recall Lemma 5.1).
Lemma 6.2. For every MC expression ϕ, transition system S , variable
assignment α, and state s ∈ S,
S , α, s |= ϕ

iff

Ts (S ), α |= ϕ.

(Recall that when we view a tree as a transition system, then we interpret
formulas in the root of the tree unless stated otherwise.)
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Proof. This can be proved by a straightforward induction on the structure
of ϕ, using the following inductive claim:
{v ∈ V Ts (S ) : S , α, v(∗) |= ϕ} = ||ϕ||α
Ts (S ) .
This simply says that with regard to MC, there is no difference between a
state s0 in a given transition system S and every vertex v with v(∗) = s0
in the unraveling of S .
q.e.d.
Just as with CTL, the lemma allows us to work henceforth in the tree
framework. For a closed MC expression ϕ with propositional variables from
a set P = {p0 , . . . , pn−1 }, the tree language defined by ϕ, denoted L (ϕ), is
the set of all trees T over 2P such that T |= ϕ.
The next observation is that every MC expression can be translated into
a monadic second-order formula, similar to Proposition 5.2. Before we can
state the result, we define an appropriate equivalence relation between SUS
formulas and MC expressions. Recall that an SUS formula is true or not
for a given tree, while an MC expression evaluates to a set of vertices.
Let P = {p0 , . . . , pn−1 } be a set of propositional variables and ϕ an
MC expression over P with free fixed-point variables among X0 , . . . , Xm−1 .
We view the variables X0 , . . . , Xm−1 as further propositional variables and
identify each Xi with a set variable Vi and each pj with a set variable
Vm+j . So we can interpret ϕ and every SUS formula ψ = ψ(V0 , . . . , Vm+n−1 )
in trees over [2]m+n . We say ϕ is equivalent with such a formula ψ if
L (ϕ) = L (ψ).
Proposition 6.3. For every MC expression ϕ, an equivalent SUS formula
ϕ̃ can be constructed.
Proof. This can be proved by induction on the structure of ϕ, using a more
general claim. For every MC expression ϕ as above, we construct an SUS
formula ϕ̂ = ϕ̂(V0 , . . . , Vm+n−1 , z) such that for every tree T over [2]m+n
and v ∈ V T , we have:
T ↓v |= ϕ

iff

T , v |= ϕ̂(V0 , . . . , Vm+n−1 , z),

where T , v |= ϕ̂(V0 , . . . , Vm+n−1 , z) is defined in the obvious way, see Section 4.1 for a similar definition in the context of LTL. We can then set
ϕ̃ = ∃x(∀y(¬suc(y, x) ∧ ϕ̂(V0 , . . . , Vm+n−1 , x))).
The interesting cases in the inductive step are the fixed-point operators.
So let ϕ = µXi ψ and assume ψ̂ is already given. The formula ϕ̂ simply says
that z belongs to a fixed point and that every other fixed point is a superset
of it:
ϕ̂ = ∃Z(z ∈ Z ∧ ∀z 0 (ψ̂(. . . , Vi−1 , Z, Vi+1 , . . . , z 0 ) ↔ z 0 ∈ Z) ∧
∀Z 0 (∀z 0 (ψ(. . . , Vi−1 , Z 0 , Vi+1 , . . . , z 0 ) ↔ z 0 ∈ Z 0 ) → Z ⊆ Z 0 )).
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For the greatest fixed-point operator, the construction is analogous. q.e.d.
As a consequence, we can state:
Corollary 6.4 (Kozen-Parikh, [KP84]). MC satisfiability is decidable.
But, just as with LTL and CTL, by a translation into monadic secondorder logic we get only a nonelementary upper bound for the complexity.
6.2 From MC to Alternating Tree Automata
Our overall objective is to derive a good upper bound for the complexity of
MC satisfiability. The key is a translation of MC expressions into nondeterministic tree automata via alternating parity tree automata. We start with
the translation of MC expressions into alternating parity tree automata.
Alternating parity tree automata are defined exactly as nondeterministic Büchi tree automata are defined in Section 5.3 except that the Büchi
acceptance condition is replaced by a parity condition π.
Just as with LTL and CTL, the translation into alternating automata
reflects the semantics of the expressions in a direct fashion. The fixed-point
operators lead to loops, which means that the resulting tree automata will
no longer be very weak (not even weak). For least fixed points these loops
may not be traversed infinitely often, while this is necessary for greatest
fixed points. To control this, priorities are used: Even priorities are used for
greatest fixed-points, odd priorities for least fixed points. Different priorities
are used to take into account the nesting of fixed points, the general rule
being that outer fixed points have smaller priorities, because they are more
important.
For model checking, it will be important to make sure as few different
priorities as possible are used. That is why a careful definition of alternation
depth is needed. In the approach by Emerson and Lei [EL86], one counts
the number of alternations of least and greatest fixed points on the paths
of the parse tree of a given expression. Niwiński’s approach [Niw86] yields
a coarser hierarchy, which gives better upper bounds for model checking. It
requires that relevant nested subexpressions are “mutually recursive”.
Let ≤ denote the relation “is subexpression of”, that is, ψ ≤ ϕ if ψ ∈
sub(ϕ). Let ϕ be an MC expression. An alternating µ-chain in ϕ of length
l is a sequence
ϕ ≥ µX0 ψ0 > νX1 ψ1 > µX2 ψ2 > · · · > µ/νXl−1 ψl−1

(1.6)

where, for every i < l − 1, the variable Xi occurs free in every formula ψ
with ψi ≥ ψ ≥ ψi+1 . The maximum length of an alternating µ-chain in ϕ
is denoted by mµ (ϕ). Symmetrically, ν-chains and mν (ϕ) are defined. The
alternation depth of a µ-calculus expression ϕ is the maximum of mµ (ϕ)
and mν (ϕ) and is denoted by d(ϕ).
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We say an MC expression is in normal form if for every fixed-point
variable X occurring the following holds:
• every occurrence of X in ϕ is free or
• all occurrences of X in ϕ are bound in the same subexpression µXψ

or νXψ, which is then denoted by ϕX .
Clearly, every MC expression is equivalent to an MC expression in normal
form.
The full translation from MC into alternating parity tree automata can
be found in Figure 27, where the following notation is used. When ϕ is an
MC expression and µXψ ∈ sub(ϕ), then
(
d(ϕ) + 1 − 2dd(µXψ)/2e, if d(ϕ) mod 2 = 0,
dϕ (µXψ) =
d(ϕ) − 2bd(µXψ)/2c,
otherwise.
Similarly, when νXψ ∈ sub(ϕ), then
(
d(ϕ) − 2bd(νXψ)/2c,
if d(ϕ) mod 2 = 0,
dϕ (νXψ) =
d(ϕ) + 1 − 2dd(νXψ)/2e, otherwise.
This definition reverses alternation depth so it can be used for defining the
priorities in the alternating parity automaton for an MC expression. Recall
that we want to assign priorities such that the higher the alternation depth
the lower the priority and, at the same time, even priorities go to ν-formulas
and odd priorities to µ-formulas. This is exactly what the above definition
achieves.
It is obvious that A [ϕ] will have d(ϕ) + 1 different priorities in certain
cases, but from a certain point of view, these cases are not harmful. To
explain this, we introduce the notion of index of an alternating tree automaton. The transition graph of an alternating tree automaton A is the
graph with vertex set Q and where (q, q 0 ) is an edge if q 0 occurs in δ(q). The
index of A is the maximum number of different priorities in the strongly
connected components of the transition graph of A . Clearly, A [ϕ] has
index d(ϕ).
Theorem 6.5 (Emerson-Jutla, [EJ91b]). Let ϕ be an MC expression in
normal form with n subformulas. Then A [ϕ] is an alternating parity tree
automaton with n states and index d(ϕ) such that L (A [ϕ]) = L (ϕ).
To be more precise, A [ϕ] may have d(ϕ) + 1 different priorities, but in
every strongly connected component of the transition graph of A [ϕ] there
are at most d(ϕ) different priorities, see also Theorem 2.21.
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Let ϕ be a closed MC expression in normal form and Q a
set which contains for every ψ ∈ sub(ϕ) a state [ψ]. The
alternating parity tree automaton for ϕ, denoted A [ϕ], is
defined by
A [ϕ] = (P, Q, ϕ, δ, π)
where the transition function is given by
δ([¬p]) = ¬p,

δ([p]) = p,
δ([ψ ∨ χ]) = [ψ] ∨ [χ],
δ([h iψ]) = 3[ψ],
δ([µXψ]) = [ψ],
δ([X]) = [ϕX ],

δ([ψ ∧ χ]) = [ψ] ∧ [χ],
δ([[ ]ψ]) = 2[ψ],
δ([νXψ]) = [ψ],

and where
π([ψ]) = dϕ (ψ)
for every fixed-point expression ψ ∈ sub(ϕ).

Figure 27. From µ-calculus to alternating tree automata

Proof. The claims about the number of states and the index are obviously
true. The proof of correctness is more involved than the corresponding
proofs for LTL and CTL, because the automata which result from the translation are, in general, not weak.
The proof of the claim is by induction on the structure of ϕ. The base
case is trivial and so are the cases in the inductive step except for the
cases where fixed-point operators are involved. We consider the case where
ϕ = µXψ.
So assume ϕ = µXψ and T |= ϕ. Let f : 2V → 2V be defined by
X7→V 0
f (V 0 ) = ||ψ||T
.SLet (Vλ )λ be the sequence defined by V0 = ∅, Vλ+1 =
f (Vλ ), and Vλ0 = λ<λ0 Vλ for limit ordinals λ0 . We know that f has a
least fixed point, which is the value of ϕ in T , and that there exists κ such
that Vκ is the least fixed-point of f . We show by induction on λ that there
exists an accepting run of A [ϕ] on T ↓v for every v ∈ Vλ . This is trivial
when λ = 0 or when λ is a limit ordinal. When λ is a successor ordinal, say
λ = λ0 + 1, then Vλ = f (Vλ0 ). Consider the automaton A [ψ] where X is
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viewed as a propositional variable. By the outer induction hypothesis, there
exists an accepting run R of A [ψ] on T [X 7→ Vλ0 ]↓v, where T [X 7→ Vλ0 ]
is the obvious tree over 2P ∪{X} . We can turn R into a prefix R 0 of a run of
A [ϕ] on T ↓v by adding a new root labeled ([ϕ], v) to it. Observe that some
of the leaves w of R 0 may be labeled (X, v 0 ) with v 0 ∈ Vλ0 . For each such
v 0 there exists, by the inner induction hypothesis, an accepting run Rv0 of
A [ϕ] on T ↓v. Replacing w by Rv0 for every such leaf w yields a run R̂
of A [ϕ] on T ↓v. We claim this run is accepting. To see this, observe that
each infinite branch of R̂ is an infinite branch of R 0 or has an infinite path
of Rv0 for some v 0 as a suffix. In the latter case, the branch is accepting
for a trivial reason, in the former case, the branch is accepting because the
priorities in A [ψ] differ from the priorities in A [ϕ] by a fixed even number.
This completes the inductive proof. Since, by assumption, the root of T
belongs to Vκ , we obtain the desired result.
For the other direction, assume T is accepted by A [ϕ], say by a run R.
Let W be the set of all w ∈ V R such that ϕ is the first component of lR (w).
Observe that because of the definition of the priority function π there can
only be a finite number of elements from W on each branch of R. This is
because the priority function π is defined in a way such that if ψ ∈ sub(ϕ)
is a fixed-point formula with [ψ] in the strongly connected component of [ϕ]
in the transition graph of A [ϕ], then π([ϕ]) ≤ π([ψ]).
Consider the sequence (Vλ )λ of subsets of V R defined as follows:
• V0 = ∅,
• w ∈ Vλ+1 if all proper descendants of w in R belong to Vλ ∪ V R \ W ,

and
• Vλ0 =

S

λ<λ0

Vλ for every limit ordinal λ0 .

Using the induction hypothesis, one can prove by induction on λ that for
every w ∈ Vλ the second component of its label belongs to ||ϕ||T .
Since there are only a finite number of elements from W on each branch
of Vλ , one can also show that root(R) ∈ W , which proves the claim. q.e.d.
Before we turn to the conversion of alternating into nondeterministic
parity tree automata, we discuss model checking MC expressions briefly.
Model checking an MC expression, that is, evaluating it in a finite transition
system is “trivial” in the sense that one can simply evaluate the expression
according to its semantics, using approximation for evaluating fixed-point
operators as explained in Section 6.1. Using the fact that fixed-points of the
same type can be evaluated in parallel one arrives at an algorithm which is
linear in the product of the size of the expression and the size of the system,
but exponential in the depth of the alternation between least and greatest
fixed points.
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An alternative approach to model checking MC expressions is to proceed
as with CTL. Given a finite transition system S , an initial state sI ∈ S,
and an expression ϕ, one first constructs the alternating automaton A [ϕ],
then the product game A [ϕ] ×sI S (with a parity condition rather than
a Büchi condition), and finally solves this game. (Of course, on can also
directly construct the game.) As a consequence of the previous theorem
and Theorem 2.21, one obtains:
Theorem 6.6 (Seidl-Jurdziński, [Sei96, Jur00]). An MC expression of size
l and alternation depth d can be evaluated in a finite transition system with
m states and n transitions in time O((lm + ln(lm)bd/2c )).
q.e.d.
In fact, there is a close connection between MC model checking and
solving parity games: The two problems are interreducible, which means
all the remarks on the complexity of solving parity games at the end of
Section 2.5 are equally valid for MC model checking.
The above theorem tells us something about AMC, the set of all MC
expressions with alternation depth ≤ 1. These expressions can be evaluated in time linear in the product of the size of the transition system and
the length of the formula, which was first proved by Cleaveland, Klein,
and Steffen [CKS92] in general and by Kupferman, Vardi, and Wolper using automata-theoretic techniques [KVW00]. This yields a different proof
of Theorem 5.10: The straightforward translation from CTL into the µcalculus, see Proposition 6.1, yields alternation-free expressions of linear
size. From a practical point, it is interesting to note that model checking
tools indeed use the translation of CTL into AMC, see [McM93].
6.3 From Alternating to Nondeterministic Tree Automata
In view of Theorem 6.5, what we need to solve MC satisfiability is a translation of alternating tree automata into nondeterministic tree automata,
because we already know how to decide emptiness for these automata. To
be precise, we proved this only for Büchi acceptance conditions, see Figure 24, but the proof of this theorem extends to parity tree automata in a
straightforward manner.
One way of achieving a translation from alternating into nondeterministic automata is to proceed in two steps, where the intermediate result is an
alternating automaton with very restrictive transition conditions. We say
a transition condition is in normal form if it is a disjunction of transition
conditions of the form
^
^
2q ∧
3q.
q∈QA

q∈QE

The conversion of an ordinary alternating tree automaton into an alternating tree automaton with transition conditions in normal form is similar to
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removing ε-transitions. We describe it here for the case where the transition
conditions are simpler as in the general case, namely where each subformula
2γ or 3γ is such that γ is a state. Observe that all the transition conditions
in the construction described in Figure 27 are of this form. At the same
time, we change the format of the transition function slightly. We say an
alternating automaton is in normal form if its transition function δ is of the
form Q × 2P → TC(P, Q) where δ(q, a) is a transition condition in normal
form for q ∈ Q and a ∈ 2P . The notion of a run of an alternating automaton
is appropriately adapted.
To convert alternating automata into normal form, we start with a crucial definition. Let A be an alternating parity tree automaton, a ∈ 2P , and
q ∈ Q. We say a tree R labeled with transition conditions is a transition
tree for q and a if its root is labeled q and every vertex w with label γ
satisfies the following conditions:
• if γ = p, then p ∈ a, and if γ = ¬p, then p ∈
/ a,
• if γ = q 0 , then there exists w0 ∈ sucsR (w) such that lR (w0 ) = δ(q 0 ),
• if γ = 3q 0 or γ = 2q 0 , then w has no successor,

• if γ = γ0 ∨ γ1 , then there exists i < 2 and w0 ∈ sucsR (w) such that

lR (w0 ) = γi ,

• if γ = γ0 ∧ γ1 , then for every i < 2 there exists w0 ∈ sucsR (w) such

that lR (w0 ) = γi .

Further, every infinite branch of R is accepting with respect to π.
A transition tree as above can easily be turned into a transition condition
in normal form over an extended set of states, namely Q̄ = Q × π(Q). The
second component is used to remember the minimum priority seen on a path
of a transition tree, as explained below. Let QA be the set of pairs (q 0 , i)
such that 2q 0 is a label of a leaf of R, say w, and i is the minimum priority
on the path from the root of R to w. Similarly, let QE be the set of pairs
(q 0 , i) such that 3q 0 is a label of a leaf of R, say w, and i is the minimum
priority on the path from the root of R to w. The transition condition for
the transition tree R, denoted γR , is defined by
^
^
γR =
2(q 0 , i) ∧
3(q 0 , i).
(q 0 ,i)∈QA

(q 0 ,i)∈QE

The entire normalization construction is depicted in Figure 28.
Lemma 6.7. Let A be an alternating parity tree automaton with n states
and k different priorities. Then A norm is an alternating parity tree automaton in normal form with kn states and k different priorities.
q.e.d.
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Let A be an alternating parity tree automaton. The normalization of A is the alternating parity tree automaton A norm
defined by
A norm = (P, Q × π(Q), (qI , j), δ 0 , π 0 )
where
• j is any element of π(Q),
• π 0 ((q, i)) = i for all q ∈ Q and i ∈ π(Q), and
• δ 0 ((q, i), a) =

γR for q ∈ Q, i ∈ π(Q), and a ∈ 2P ,
with R ranging over all transition trees for q and a.
W

Figure 28. Normalizing transition conditions of alternating tree automata
The second step in our construction is a conversion of an alternating
automaton in normal form into a nondeterministic tree automaton, similar
to the conversion of universal parity tree automata into nondeterministic
tree automata explained in Section 3.3. Again, we heavily draw on the
generic automaton introduced in that section. Recall that given a finite state
set Q and a priority function π, the generic automaton is a deterministic
automaton over Q, the alphabet consisting of all binary relations over Q,
which accepts a word u ∈ Q ω if all v ∈ hui satisfy the parity condition π.
Given an alternating automaton in normal form, a set Q0 ⊆ Q, and a
letter a ∈ 2P , a set Q 0 ⊆ Q is a choice for Q0 and a if for every q ∈ Q0 there
exists a disjunct in δ(q) of the form
^
^
2q 0 ∧
3q 0
q 0 ∈QA
q

q 0 ∈QEq

such that the following conditions are satisfied:
(i) R ∈ Q 0 where R = {(q, q 0 ) : q ∈ Q0 ∧ q 0 ∈ QAq },
(ii) R ⊆ R0 for every R0 ∈ Q 0 with R as defined in the previous condition,
(iii) for every q ∈ Q0 and every q 0 ∈ QEq there exists R0 ∈ Q 0 such that
(q, q 0 ) ∈ R0 , and
(iv) |Q 0 | ≤ |Q| × |Q| + 1.

738

M. Y. Vardi, Th. Wilke

Let A be an alternating parity tree automaton in normal
form and B = A [QA , π A ] the generic automaton for QA
and π A .
The nondeterministic automaton A nd is defined by
A

A nd = (2P , 2Q × QB , ({qIA }, qIB ), ∆, π)
¯ ∈ ∆ if there
where π((Q0 , q)) = π B (q) and ((Q0 , q), a, Q)
exists a choice Q for Q0 and a such that
Q¯ = {(Q0 R, δ B (q, R)) : R ∈ Q}.

Figure 29. From alternating to nondeterministic tree automata
For a set Q0 ⊆ Q and a relation R ⊆ Q × Q, we write Q0 R for the set
{q 0 ∈ Q : ∃q(q ∈ Q0 ∧ (q, q 0 ) ∈ R}.
The details of the conversion from alternating parity tree automata in
normal form into nondeterministic tree automata can be found in Figure 29.
It is analogous to the construction depicted in Figure 16, which describes
how a universal parity tree automaton over binary trees can be turned into
a nondeterministic parity tree automaton. The situation for alternating
automata is different in the sense that the transition conditions of the form
3q 0 have to be taken care of, too, but this is captured by (iii) in the above
definition.
Lemma 6.8. Let A be an alternating parity automaton in normal form
with n states and k different priorities. Then And is an equivalent nondeterministic automaton with a number of states exponential in n and a number
of priorities polynomial in n.
Proof. The claims about the number of states and number of priorities are
obvious. The correctness proof can be carried out almost in the same fashion
as the proof of Lemma 3.10, except for one issue. In order to see that it
is admissible to merge all branches of a run on a certain branch of a given
tree into an element of Q ω , one has to use Theorem 2.20, the memoryless
determinacy of parity games.
q.e.d.
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As a consequence of Theorem 6.5 and Lemmas 6.7 and 6.8, we obtain:
Corollary 6.9. (Emerson-Streett-Jutla, [EJ91b]) Every MC expression can
be translated into an equivalent nondeterministic parity tree automaton
with an exponential number of states and a polynomial number of different
priorities.
In view of Lemma 5.6 and Theorem 2.21, we can also conclude:
Corollary 6.10 (Emerson-Jutla, [EJ91a]). MC satisfiability is complete
for exponential time.
For the lower bound, we refer to [EJ91a]. We finally note that a converse
of Corollary 6.9 also holds:
Theorem 6.11 (Niwiński-Emerson-Jutla-Janin-Walukiewicz, [Niw88,
EJ91b, JW95]). Let P be a finite set of propositional variables. For every
alternating parity tree automaton and every nondeterministic tree automaton over 2P , there exists an equivalent closed MC expression.
6.4 Notes
Satisfiability for MC is not only complexity-wise simpler than satisfiability
for S2S. The proofs for showing decidability of satisfiability for S2S all make
use of a determinization construction for automata on infinite words. The
“safraless decision procedures” advocated by Kupferman and Vardi [KV05]
avoid this, but they still use the fact that equivalent deterministic word
automata of a bounded size exist.
The nondeterministic tree automaton models for SUS and MC are not
only similar on the surface: A fundamental result by Janin and Walukiewicz
[JW96] states that the bisimulation-invariant tree languages definable in
SUS are exactly the tree languages definable in MC, where the notion of
bisimulation exactly captures the phenomenon that MC expressions (just
as CTL formulas) are resistant against duplicating subtrees.
MC has been extended in various ways with many different objectives.
With regard to adding to its expressive power while retaining decidability,
one of the most interesting results is by Grädel and Walukiewicz [GW99],
which says that satisfiable is decidable for guarded fixed-point logic. This
logic can be seen as an extension of the modal µ-calculus insofar as guarded
logic is considered a natural extension of modal logic, and guarded fixedpoint logic is an extension of guarded logic just as modal µ-calculus is an
extension of model logic by fixed-point operators. For further extensions, see
[LS02, VV04] and [KL]. Other important work with regard to algorithmic
handling of MC was carried out by Walukiewicz in [Wal01], where he studies
the evaluation of MC expressions on pushdown graphs.
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André Arnold, Jacques Duparc, Damian Niwiński, and Filip
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Marcin Jurdziński. Small progress measures for solving parity games. In Horst Reichel and Sophie Tison, editors, STACS
2000, 17th Annual Symposium on Theoretical Aspects of Computer Science, Lille, France, February 2000, Proceedings, volume 1770 of Lecture Notes in Computer Science, pages 290–301.
Springer, 2000.

[JW95]

David Janin and Igor Walukiewicz. Automata for the modal
mu-calculus and related results. In Jirı́ Wiedermann and Petr
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Preprint 78, Uniwersytet Gdańsk, Instytyt Matematyki, 1991.

[MS]

Oliver Matz and Nicole Schweikardt. Expressive power of
monadic logics on words, trees, pictures, and graphs. This volume.

[MS85]

David E. Muller and Paul E. Schupp. Alternating automata
on infinite objects, determinacy and rabin’s theorem. In Maurice Nivat and Dominique Perrin, editors, Automata on Infinite Words, Ecole de Printemps d’Informatique Théorique, Le
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