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• Softmax Classifier
• Inference vs Training
• Gradient Descent (GD)
• Stochastic Gradient Descent (SGD)
• mini-batch Stochastic Gradient Descent (SGD)

• Max-Margin Classifier
• Regression vs Classification
• Issues with Generalization / Overfitting

• Regularization  / momentum

Previous



Neural Networks
• The Perceptron Model
• The Multi-layer Perceptron (MLP)
• Forward-pass in an MLP (Inference)
• Backward-pass in an MLP (Backpropagation)

Today’s Class



Perceptron Model
Frank Rosenblatt (1957) - Cornell University

More: https://en.wikipedia.org/wiki/Perceptron
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Perceptron Model
Frank Rosenblatt (1957) - Cornell University

More: https://en.wikipedia.org/wiki/Perceptron
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How Do We Get Two-Layer Perceptron
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*𝑊 + 𝑊 + 𝑋%
= *𝑊 + 𝑊 + 𝑋%
= ,𝑊 + 𝑋%

Where

,𝑊 = *𝑊 + 𝑊

X

How Do We Get Two-Layer Perceptron



Two-Layer Perceptron
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Activation Functions

𝑠𝑖𝑔𝑚𝑜𝑖𝑑 𝑥 =
1

1 + 𝑒&' ∈ 0,1



Activation Functions

𝑡𝑎𝑛ℎ 𝑥 =
𝑒' − 𝑒&'

𝑒' + 𝑒&' ∈ −1,1



Activation Functions

𝑠𝑡𝑒𝑝 𝑥 = ?1, 𝑥 > 0
0, otherwise



Activation Functions

Rectified Linear Unit

𝑅𝑒𝐿𝑈 𝑥 = ?𝑥, 𝑥 > 0
0, otherwise



Two-Layer Perceptron
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Forward Pass: Short Version

L𝑦 = *𝑊 + 𝑎𝑐𝑡𝑖𝑣𝑎𝑡𝑖𝑜𝑛 𝑊 + 𝑋%

𝑙𝑜𝑠𝑠 = 𝑠𝑜𝑚𝑒_𝑙𝑜𝑠𝑠_𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑦, L𝑦
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Concrete Version: Linear Softmax
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

𝑔( = 𝑤(!𝑥)! + 𝑤("𝑥)" + 𝑤(#𝑥)# + 𝑤($𝑥)$ + 𝑏(
𝑔* = 𝑤*!𝑥)! + 𝑤*"𝑥)" + 𝑤*#𝑥)# + 𝑤*$𝑥)$ + 𝑏*
𝑔+ = 𝑤+!𝑥)! + 𝑤+"𝑥)" + 𝑤+#𝑥)# + 𝑤+$𝑥)$ + 𝑏+

𝑓( = 𝑒,!/(𝑒,!+𝑒," + 𝑒,#)
𝑓* = 𝑒,"/(𝑒,!+𝑒," + 𝑒,#)
𝑓+ = 𝑒,#/(𝑒,!+𝑒," + 𝑒,#)
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Linear Softmax
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

𝑔( = 𝑤(!𝑥)! + 𝑤("𝑥)" + 𝑤(#𝑥)# + 𝑤($𝑥)$ + 𝑏(
𝑔* = 𝑤*!𝑥)! + 𝑤*"𝑥)" + 𝑤*#𝑥)# + 𝑤*$𝑥)$ + 𝑏*
𝑔+ = 𝑤+!𝑥)! + 𝑤+"𝑥)" + 𝑤+#𝑥)# + 𝑤+$𝑥)$ + 𝑏+

𝑓( = 𝑒,!/(𝑒,!+𝑒," + 𝑒,#)
𝑓* = 𝑒,"/(𝑒,!+𝑒," + 𝑒,#)
𝑓+ = 𝑒,#/(𝑒,!+𝑒," + 𝑒,#)

𝑤 =
𝑤(! 𝑤(" 𝑤(# 𝑤($
𝑤*! 𝑤*" 𝑤*# 𝑤*$
𝑤+! 𝑤+" 𝑤+# 𝑤+$

𝑏 = 𝑏( 𝑏* 𝑏+
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Linear Softmax
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

𝑔 = 𝑤𝑥% + 𝑏%
𝑤 =

𝑤(! 𝑤(" 𝑤(# 𝑤($
𝑤*! 𝑤*" 𝑤*# 𝑤*$
𝑤+! 𝑤+" 𝑤+# 𝑤+$

𝑏 = 𝑏( 𝑏* 𝑏+

𝑓( = 𝑒,!/(𝑒,!+𝑒," + 𝑒,#)
𝑓* = 𝑒,"/(𝑒,!+𝑒," + 𝑒,#)
𝑓+ = 𝑒,#/(𝑒,!+𝑒," + 𝑒,#)
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Linear Softmax
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

𝑔 = 𝑤𝑥% + 𝑏%

𝑓 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝑔)

𝑤 =
𝑤(! 𝑤(" 𝑤(# 𝑤($
𝑤*! 𝑤*" 𝑤*# 𝑤*$
𝑤+! 𝑤+" 𝑤+# 𝑤+$

𝑏 = 𝑏( 𝑏* 𝑏+
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Linear Softmax
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

𝑓 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝑤𝑥% + 𝑏%)
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Two-Layer Perceptron + Softmax
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

𝒂𝟏 = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑤[!]𝑥% + 𝑏[!]% )

𝑓 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝑤["]𝒂𝟏% + 𝑏["]% )
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N-layer Perceptron (MLP) + Softmax
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

𝒂𝟏 = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑤[!]𝑥% + 𝑏[!]% )

𝑓 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝑤[0]𝑎0&!% + 𝑏[0]% )

𝑎" = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑤["]𝒂𝟏𝑻 + 𝑏["]% )

…

𝑎2 = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑤[2]𝑎2&!% + 𝑏[2]% )

…



Forward pass (Forward-propagation)
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𝐿𝑜𝑠𝑠 = 𝐿(𝑦&, B𝑦&)
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How to train the parameters?
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

𝑎! = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝒘[𝟏]𝑥% + 𝒃[𝟏]𝑻 )

𝑓 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝒘[𝒏]𝑎0&!% + 𝒃[𝒏]𝑻 )

𝑎" = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝒘[𝟐]𝑎!% + 𝒃[𝟐]𝑻 )
…

𝑎2 = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝒘[𝒌]𝑎2&!% + 𝒃[𝒌]𝑻 )
…

How to find 
the optimal W, b

𝑙 = 𝑙𝑜𝑠𝑠(𝑓, 𝑦)
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How to train the parameters?
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

SGD, but we need the 
gradients of W, b 

(millions of parameters)

𝜕𝑙
𝜕𝑤[2])6

𝜕𝑙
𝜕𝑏 2 )

𝑎! = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝒘[𝟏]𝑥% + 𝒃[𝟏]𝑻 )

𝑓 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝒘[𝒏]𝑎0&!% + 𝒃[𝒏]𝑻 )

𝑎" = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝒘[𝟐]𝑎!% + 𝒃[𝟐]𝑻 )
…

𝑎2 = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝒘[𝒌]𝑎2&!% + 𝒃[𝒌]𝑻 )
…

𝑙 = 𝑙𝑜𝑠𝑠(𝑓, 𝑦)
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How to train the parameters?
[1 0    0]𝑦! =𝑥! = [𝑥!& 𝑥!' 𝑥!( 𝑥!)] =𝑦! = [𝑓* 𝑓+ 𝑓,]

Chain rule + 
Reusing the Gradients

𝑎! = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝒘[𝟏]𝑥% + 𝒃[𝟏]𝑻 )

𝑓 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝒘[𝒏]𝑎0&!% + 𝒃[𝒏]𝑻 )

𝑎" = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝒘[𝟐]𝑎!% + 𝒃[𝟐]𝑻 )
…

𝑎2 = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝒘[𝒌]𝑎2&!% + 𝒃[𝒌]𝑻 )
…

𝑙 = 𝑙𝑜𝑠𝑠(𝑓, 𝑦)

𝜕𝑙
𝜕𝑤[2])6

=
𝜕𝑙

𝜕𝑎0&!
𝜕𝑎0&!
𝜕𝑎0&"

…
𝜕𝑎2
𝜕𝑎2&!

𝜕𝑎2&!
𝜕𝑤 2 )6



Back-propagation: Application of Chain Rule



Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf

𝑓 𝑥 = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑 𝑤𝑥! + 𝑏 =
1

1 + 𝑒" #!$!%#"$"%&

𝑤' ≔ 2.0

𝑥' ≔ −1.0

𝑏 ≔ −3.0

𝑤( ≔ −3.0

𝑥( ≔ −2.0

∗

∗

−2.0

6.0

+
4.0

+
1.0

𝜎
0.73



Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf

𝑓 𝑥 = 𝜎 𝑔 =
1

1 + 𝑒")
, 𝑔 = 𝑧 + 𝑏, 𝑧 = 𝑤𝑥! = 𝑤'𝑥' + 𝑤(𝑥(

𝜕𝑓
𝜕𝜎

= 1.0

𝜎 g = 0.73

𝑤' ≔ 2.0

𝑥' ≔ −1.0

𝑏 ≔ −3.0

𝑤( ≔ −3.0

𝑥( ≔ −2.0

∗

∗

−2.0

6.0

+
4.0

+
1.0

𝜎



Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf

1.0

0.73

𝑤' ≔ 2.0

𝑥' ≔ −1.0

𝑏 ≔ −3.0

𝑤( ≔ −3.0

𝑥( ≔ −2.0

∗

∗

−2.0

6.0

+
4.0

+

𝑔 = 1.0

𝜎
𝜕𝑓
𝜕𝑔

=?

𝑓 𝑥 = 𝜎 𝑔 =
1

1 + 𝑒")
, 𝑔 = 𝑧 + 𝑏, 𝑧 = 𝑤𝑥! = 𝑤'𝑥' + 𝑤(𝑥(



Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf
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1
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Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf

1.0
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𝑓 𝑥 = 𝜎 𝑔 =
1

1 + 𝑒")
, 𝑔 = 𝑧 + 𝑏, 𝑧 = 𝑤𝑥! = 𝑤'𝑥' + 𝑤(𝑥(



Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf
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@
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𝑓 𝑥 = 𝜎 𝑔 =
1

1 + 𝑒")
, 𝑔 = 𝑧 + 𝑏, 𝑧 = 𝑤𝑥! = 𝑤'𝑥' + 𝑤(𝑥(



Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf
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𝑓 𝑥 = 𝜎 𝑔 =
1

1 + 𝑒")
, 𝑔 = 𝑧 + 𝑏, 𝑧 = 𝑤𝑥! = 𝑤'𝑥' + 𝑤(𝑥(



Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf
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𝑤' ≔ 2.0

𝑥' ≔ −1.0
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𝑓 𝑥 = 𝜎 𝑔 =
1

1 + 𝑒")
, 𝑔 = 𝑧 + 𝑏, 𝑧 = 𝑤𝑥! = 𝑤'𝑥' + 𝑤(𝑥(
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Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf

1.0

0.73

𝑤' ≔ 2.0

𝑥' ≔ −1.0

𝑏 ≔ −3.0

𝑤( ≔ −3.0
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∗

∗
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+
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+
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𝑓 𝑥 = 𝜎 𝑔 =
1

1 + 𝑒")
, 𝑔 = 𝑧 + 𝑏, 𝑧 = 𝑤𝑥! = 𝑤'𝑥' + 𝑤(𝑥(

0.2

0.2

𝜕𝑓
𝜕𝑤'

=
𝜕𝑓
𝜕𝑔

@
𝜕𝑔
𝜕𝑤'

= 0.2 @ 𝑥' = −0.2



Back-propagation: Example [*]

[*] borrowed from http://cs231n.stanford.edu/slides/2016/winter1516_lecture4.pdf

1.0

0.73

𝑤' ≔ 2.0

𝑥' ≔ −1.0

𝑏 ≔ −3.0

𝑤( ≔ −3.0

𝑥( ≔ −2.0

∗

∗

−2.0

6.0

+
4.0

+
1.0

𝜎
0.2

0.2

0.2

𝑓 𝑥 = 𝜎 𝑔 =
1

1 + 𝑒")
, 𝑔 = 𝑧 + 𝑏, 𝑧 = 𝑤𝑥! = 𝑤'𝑥' + 𝑤(𝑥(

0.2

0.2

−0.2

−0.39

−0.39

−0.59



Back-propagation

• Backprop from scratch: check out 
cs231n from Stanford 

• May appear in interviews

https://cs231n.github.io/optimization-2/
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(mini-batch) Stochastic Gradient Descent (SGD)

𝜆 = 0.01

for e = 0, num_epochs do

end

Initialize w and b randomly

𝑑𝑙(𝑤, 𝑏)/𝑑𝑤 𝑑𝑙(𝑤, 𝑏)/𝑑𝑏Compute: and
Update w:

Update b:

𝑤 = 𝑤 − 𝜆 𝑑𝑙(𝑤, 𝑏)/𝑑𝑤

𝑏 = 𝑏 − 𝜆 𝑑𝑙(𝑤, 𝑏)/𝑑𝑏

Print: 𝑙(𝑤, 𝑏) // Useful to see if this is becoming smaller or not. 
end

for b = 0, num_batches do

𝑙(𝑤, 𝑏) =/
!∈)

−log 𝑓!,+,-.+(𝑤, 𝑏)

For Softmax Classifier



Automatic Differentiation

You only need to write code for the forward pass,
backward pass is computed automatically.

Frameworks such as Pytorch will “record” the operations performed on 
tensors and compute gradients through the “recorded” 

operations when requested.

Pytorch (Facebook -- mostly):

Tensorflow (Google -- mostly):

DyNet (team includes UVA Prof. Yangfeng Ji): 

https://pytorch.org/

https://www.tensorflow.org/

http://dynet.io/



• Provided in Assignment 4.

Example



Defining a Linear Softmax classifier



Defining a Linear Softmax classifier

Parent class



Defining a Linear Softmax classifier

Linear layer



Defining a Linear Softmax classifier

Activation function



Defining a Linear Softmax classifier

Forward pass



Using a Linear Softmax classifier



Training a Linear Softmax classifier



What is trainLoader?



Training a Linear Softmax classifier (improved)

This depends on the model 
but we don’t need it
anymore



Defining a Two-layer Neural Network



Questions?
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Perceptron Model
Frank Rosenblatt (1957) - Cornell University

More: https://en.wikipedia.org/wiki/Perceptron

𝑓 𝑥 = $1, if )
!"#

$
𝑤!𝑥! + 𝑏 > 0

0, otherwise

𝑥!

𝑥"

𝑥#

𝑥$

!

𝑤!
𝑤"
𝑤#
𝑤$

!?



Backward pass (Back-propagation)

𝑎!

𝑎"

𝑎#

𝑎$

!

𝑥!

𝑥"

𝑥#

𝑥$

!

!

!

!

.𝑦! 𝑦!

𝜕𝐿
𝜕𝑧!

=
𝜕
𝜕𝑧!

𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝑧!)
𝜕𝐿
𝜕𝑎/

01
02!

= 0
02!

𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝑝!)
01
0 34!

01
0 34!

= 0
0 34!

𝐿(𝑦&, B𝑦&)

𝜕𝐿
𝜕𝑥/

= (
𝜕
𝜕𝑥/

/
!#$

%
𝑤&!"𝑥! + 𝑏&)

𝜕𝐿
𝜕𝑧!

𝜕𝐿
𝜕𝑤&!"

=
𝜕𝑥/
𝜕𝑤&!"

𝜕𝐿
𝜕𝑥/

𝜕𝐿
𝜕𝑎/

= (
𝜕
𝜕𝑎/

/
!#$

%
𝑤'!𝑎! + 𝑏')

𝜕𝐿
𝜕𝑝&

𝜕𝐿
𝜕𝑤'!

=
𝜕𝑎/
𝜕𝑤'!

𝜕𝐿
𝜕𝑎/


