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Abstract

We design FourierSAT, an incomplete SAT solver based
on Fourier analysis of Boolean functions, a technique to rep-
resent Boolean functions by multilinear polynomials. By a
reduction from SAT to continuous optimization, we propose
an algebraic framework for solving systems consisting of dif-
ferent types of constraints. The idea is to leverage gradi-
ent information to guide the search process in the direction
of local improvements. Empirical results demonstrate that
FourierSAT is more robust than other solvers on certain
classes of benchmarks.

1 Introduction
Despite of the fact that CNF is most commonly used in SAT
solving, non-CNF constraints are playing important roles in
theoretical computer science and other engineering areas,
e.g., XOR constraints in cryptography (Bogdanov, Khovra-
tovich, and Rechberger 2011) and cardinality constraints
(CARD) in discrete optimization (Costa et al. 2009). The
combination of different types of constraints enhances the
expressive power of Boolean formulas. Nevertheless, com-
pared to that of CNF-SAT solving, efficient SAT solvers that
can handle non-CNF constraints are less well studied.

One way to deal with non-CNF constraints is to encode
them in CNF. However, different encodings differ from the
size, the ability to detect inconsistencies by unit propaga-
tion and solution density (Prestwich 2009). It is generally
observed that the running time of SAT solvers relies heavily
on the detail of encodings. (Quimper and Walsh 2007)

Another way is to extend the existing SAT solvers to
adapt to non-CNF clauses (Soos, Nohl, and Castelluccia
2009) (Elffers and Nordstrm 2018). Such specialized exten-
sions, however, often require different techniques for differ-
ent types of constraints. Meanwhile, general ideas for solv-
ing hybrid constraints uniformly are still lacking.

The primary contribution of this work is the design of a
novel algebraic framework as well as a versatile, robust in-
complete SAT solver—FourierSAT—for solving hybrid
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Boolean constraints. The main technique we used is the
Fourier transform on Boolean functions (O’Donnell 2014).
By transforming Boolean functions into “nice” polynomials,
numerous properties can be analyzed mathematically. One
of the attractive properties of our method is, different types
of constraints are handled uniformly.

2 Problem Definition
Let x = (x1, ..., xn) be a sequence of n Boolean variables.
A Boolean function f(x) is a mapping from {−1, 1}n to
{−1, 1}, where −1 stands for True and 1 for False. A
vector a ∈ {−1, 1}n is called an assignment. A formula f =
c1∧c2∧· · ·∧cm is the conjunction ofm Boolean functions,
where each ci is called a clause and belongs to a type from
{CNF (or-ing), XOR, CARD (cardinality constraints), NAE
(Not-all-equal)}.

Let the set of clauses of f be C(f) with m = |C(f)|
and n be the number of variables of f . A model of f is an
assignment that evaluates all the clauses in C(f) to −1. We
aim to design a framework to find a model of f .

3 A Reduction from SAT to Continuous
Optimization

We use Fourier transform, a technique for transforming a
Boolean function into a multilinear polynomial, to construct
our objective function.

Instead of computing Fourier coefficients of a monolithic
logic formula (#P-hard), we take advantage of factoring,
constructing a polynomial for a formula by the Fourier ex-
pansions of its clauses. Excitingly, Fourier expansions of
four types of clauses mentioned in Section 2 all have closed
form representations. For a formula f , we define the objec-
tive function associated with f , denoted by Ff , by the sum
of Fourier expansions of f ’s clauses, i.e.,

Ff =
∑

c∈C(f)

FEc

where FEc denotes the Fourier expansion of clause c.
Example 1. Suppose f = (x1 ∨ x2) ∧ (x2 ∨ ¬x3). Then,
C(f) = {x1 ∨ x2, x2 ∨ ¬x3} and

Ff = −1 + 1
2x1 + x2 − 1

2x3 +
1
2x1x2 −

1
2x2x3.
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(a) Results on vertex covering
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(b) Results on parity learning with error
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(c) Results on random CNF-XOR-CARD

Figure 1: Experimental Results (best viewed online)

Then we relax the domain from discrete to continuous.
Theorem 1 reduces SAT to a multivariate minimization
problem over [−1, 1]n. All the proofs and algorithms can
be found in the supplemental material.

Theorem 1. (Reduction) f is satisfiable if and only if

min
x∈[−1,1]n

Ff (x) = −m.

4 Theoretical and Experimental Results
We first claim that when we minimize our objective func-
tion, we are in fact maximizing the expectation of the num-
ber of satisfied clauses, after a randomized rounding.

Theorem 2. For a ∈ [−1, 1]n, let R be a randomized
rounding function defined by P[R(a)i = −1] = 1−ai

2 and
P[R(a)i = 1] = 1+ai

2 . Let mSAT(R(a)) be the number of
satisfied clauses by R(a), then

E[mSAT(R(a))] =
m−Ff (a)

2

Compared to local search SAT solvers which only make
progress when the number of satisfied clauses increases, our
framework makes progress as long as the value of the poly-
nomial decreases, even by a small amount.

Finding the global minimum of a multilinear polynomial
is NP-hard in general. Theorem 3 indicates that local minima
are also meaningful. It also shows how we relate a continu-
ous assignment to a discrete one.

Theorem 3. Suppose a ∈ [−1, 1]n is a local minimum of
Ff on [−1, 1]n. We construct b ∈ {−1, 1}n as follows: let
bi = ai where ai ∈ {−1, 1} and assign −1 or 1 arbitrarily
to other coordinates of b, then

mSAT(b) =
m− Ff (a)

2

Since the objective function is constrained, continuous
and differentiable, projected gradient descent (PGD) (Nes-
terov 2014) is a candidate for solving our optimization prob-
lem. Theorem 4 shows that PGD converges to an approxi-
mate critical point in polynomial time.

Theorem 4. (Convergence speed) With the step size η =
1
nm , PGD converges to a ε-projected-critical point (where
||G(x)|| < ε, G(x) is the projected gradient) of Ff in
O(nm

2

ε2 ) iterators.

A critical point can be either a local minimum or a saddle
point. In the supplemental material we design algorithms to
escape saddle points and identify local minima.

We implemented our method as FourierSAT and com-
pared it with several SAT solvers and CARD encodings on
three classes of benchmarks. Results are shown in Figure 1.
Due to the maturity of modern SAT solvers such as Cryp-
tominiSAT (CMS), it is not surprising that FourierSAT
is not the best solver on some benchmarks, especially
for long XOR clauses. Nevertheless, as a versatile solver,
FourierSAT is comparable with many well-developed,
specialized solvers. We also notice that FourierSAT
seems to suffer less from scaling exponentially.

5 Conclusion
We propose a novel algebraic framework for solving
Boolean formulas consisting of hybrid constraints. Our
study on multilinear polynomial leads to the discovery of
attractive features of this method. The experimental results
indicate that FourierSAT is comparable with state-of-
the-art solvers on certain hybrid Boolean benchmarks. We
believe this work provides a new case and perspective for
bridging continuous and discrete optimization.
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